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Abstract. Consider a time-harmonic elastic wave scattering problem with
a bounded rigid obstacle embedded in a homogeneous and isotropic elastic

medium. This work is concerned with the inverse problem of recovering the

location and shape of the obstacle from near-field data generated by infinitely
many incident point source waves at a fixed energy. An outgoing-to-incoming

operator is defined for facilitating the factorization of the near-field operator.

Necessary properties of the factorization of the composition of the outgoing-
to-incoming operator and the near-field operator are shown to apply the range

identity to construct an indicator function for the reconstruction. Numerical
examples in 2D are presented to show the validity and accuracy of the inversion

algorithm.

1. Introduction. The obstacle scattering problem is one of the fundamental scat-
tering problems in physics. The direct obstacle scattering problem involves deter-
mining the scattered field from the known obstacle and given incident field, while
the inverse obstacle scattering problem aims to reconstruct the shape and location
of the obstacle from the measurement of the scattered field. It has been widely stud-
ied due to its diverse applications in many scientific areas [21, 22], such as radar
and sonar, medical imaging and geophysical exploration [2, 8]. Unlike acoustic and
electromagnetic waves, elastic wave is governed by the Navier equation, which is
more complex due to the coupling of longitudinal and transverse waves that propa-
gate at different speeds. Therefore, it presents challenges for inverse elastic obstacle
scattering problem on both mathematical analysis and computation.

Over the past few decades, significant progress has been made in both theo-
retical analysis and numerical methods for the inverse elastic obstacle scattering
problem. The uniqueness results using infinitely many incident plane waves have
been established in [9, 10] with full-phase far-field data and in [5] using phaseless
far-field data with a reference ball. Additionally, uniqueness results using infinitely
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many incident point sources were obtained in [1] with near-field data. Similar to
the acoustic case, this uniqueness result with near-field data could also be easily
proved by using Rellich’s lemma and the mixed reciprocity relation for elastic waves.
The numerical methods can be broadly classified into two types: the quantitative
method and the qualitative method. Quantitative methods, such as optimization-
based iterative approaches, include the domain derivatives [17], the continuation
method [26]. Qualitative methods, imaging based direct method, refers to the sam-
pling method and its variants, such as the linear sampling method [3], the direct
sampling method [13], and the factorization method [7, 19, 24]. While iterative
methods require prior information about the geometry and physical properties of
the obstacle and involve solving adjoint direct scattering problems at each iter-
ation, sampling methods overcome these difficulties but may yield less accurate
reconstructions compared to iterative methods.

The basic idea of the sampling methods is to design an indicator function which
attains large values inside the underlying scatterer and relative small values out-
side. In all of the sampling methods, the measurements may be divided into two
types: far-field data and near-field data. However, the theoretical analysis for far-
field data is more developed than that for near-field data. For the near-field case,
[11] established the factorization method for the near-field operator by introducing
the outgoing-to-incoming(OtI) operator. In their work, the OtI operator for the
Helmholtz equation was constructed on a spherical surface and the factorization
method worked for recovering both impenetrable and penetrable scatterers. This
approach was later extended by [25] to the inverse fluid-solid interaction problem
with non-spherical measurement surface. Additionally, [12] established a direct
sampling method using near-field measurements for inverse acoustic obstacle scat-
tering, and [20] proposed a modified sampling method applicable to inverse acoustic
cavity scattering problems.

The factorization method was first elaborated for the shape reconstruction of
an acoustically soft or hard scatterer in the original paper [14] and has been ex-
tended and developed since then [15]. It provides an explicit characterization of the
scattering obstacle which uses only the spectral system of the well-known far-field
operator. As far as inverse elastic scattering problems via the factorization method
is concerned, the number of available results is much smaller when compared with
its counterpart in acoustics. In this paper, we consider an inverse elastic scattering
problem of determining the shape and location of an obstacle using the factoriza-
tion method with near-field measurement data. The obstacle is assumed to be an
elastically rigid body embedded in an open space filled with a homogeneous and
isotropic elastic medium. Both the incident point sources and the receivers for
measuring the scattered field are located on a spherical closed surface. Motivated
by the works of [11] and [25], we propose a factorization method for this inverse
problem. We give an explicit expansion of the scattered field and fundamental
solution to the Navier equation. Then we define and illustrate properties of the
OtI operator and its adjoint operator. Finally, the near-field operator defined on a
spherical measurement surface is modified by the OtI operator such that possesses
a symmetric factorization similar to the factorization of the far-field operator case
can be achieved.

The paper is organized as follows: In Section 2, we formulate the problem in
three dimensions. Section 3 introduces the definition of the outgoing-to-incoming
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operator and the factorization of the modified near-field operator. Finally, Sec-
tion 4 presents numerical experiments conducted in two dimensions to validate the
proposed method.

2. Problem formulation. This paper is concerned with the time-harmonic scat-
tering of elastic waves by a bounded rigid obstacle at a fixed frequency. Our anal-
ysis will be mainly performed in 3D case, which can be carried over to 2D. Denote
by D ⊂ R3 a bounded obstacle with C2−smooth boundary ∂D. The exterior
Dc := R3 \D, assumed to be connected, is characterized by a mass density ρ > 0
and Lamé constants λ and µ, satisfying µ > 0 and 2µ + 3λ > 0. Without loss of
generality, we set ρ ≡ 1 in R3. Let BR := {x = (x1, x2, x3)

⊤ ∈ R3 : |x| < R} be a
ball of radius R > 0 such that D ⊂ BR, and let SR := {x ∈ R3 : |x| = R} denote
the boundary of BR. Here (·)⊤ represents the transpose of a vector or a matrix.
We write the unit sphere in R3 as S2 := {x ∈ R3 : |x| = 1}.

The propagation of time-harmonic elastic waves in Dc is governed by the time-
harmonic Navier equation

∆∗u+ ω2u = 0, x ∈ Dc, ∆∗ = µ∆+ (λ+ µ)∇(∇·), (1)

where u represents the scattered field and the angular frequency ω > 0 is constant.
The solution u of (1) can be decomposed into a sum of compressional and shear
waves,

u = up + us, up = −k−2
p ∇(∇ · u), us = −k−2

s ∇× (∇× u),

where kp := ω/
√
2µ+ λ, ks := ω/

√
µ are the compressional and shear wave num-

bers, respectively. The components up and us satisfy the vector Helmholtz equa-
tions

∆up + k2pup = 0, ∆us + k2sus = 0, x ∈ Dc.

Since the obstacle is elastically rigid, we impose the inhomogeneous Dirichlet bound-
ary condition

u = −uin, x ∈ ∂D, (2)

where uin is the incident field. The surface stress (or traction) operator T on the
boundary ∂D is defined as

Tu = 2µn · ∇u+ λn∇ · u+ µn×∇× u,
where n is the unit normal vector on ∂D directed into the exterior of D.

In this work, we consider the point source incident wave uin(x,y;a) with the
polarization direction a ∈ S2:

uin(x,y;a) = Π(x,y)a, x ̸= y, y ∈ Dc,

where Π(x,y) is the free-space Green’s tensor to the Navier equation, given by

Π(x,y) =
1

µ
Φks(x,y)I+

1

ω2
∇x∇⊤

x [Φks(x,y)− Φkp(x,y)], x ̸= y.

Here, I stands for the 3× 3 identity matrix, Φk(x,y) = exp(ik|x− y|)/(4π|x− y|)
is the free-space fundamental solution to the Helmholtz equation (∆ + k2)u = 0 in
R3. The scattered field corresponding to uin(x,y;a) is denoted as u = u(x,y;a).

To ensure the wellposedness of the direct problem, the scattered field u is required
to satisfy the Kupradze radiation condition

lim
r=|x|→∞

r

[
∂uα(x)

∂r
− ikαuα(x)

]
= 0, α = p, s, (3)
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uniformly in all directions x̂ = x/|x| ∈ S2. This condition (3) is known as the
Sommerfeld condition for the compressional and shear parts of u [16].

Given the incident field uin, the direct scattering problem (DP) for (1) − (3) is
to find the scattered field u for a known obstacle D. By using variational approach
in combination with properties of transparent operator for the Navier equation (1),
[4, 18] shows that the problem (DP) admits at most one solution u ∈ [H1

loc(D
c)]3.

The existence of a solution to the problem (DP) was proved in Theorem 1 in [9]
via the integral equation method. The inverse scattering problem is to reconstruct
the shape and location of the obstacle D from the near-field data {u(x,y;ai) :
x,y ∈ SR,ai ∈ S2, i = 1, 2, 3}, where ai (i = 1, 2, 3) are three linearly independent
polarizations. Theorem 3 and Theorem 4 in [9] prove that the far-field data for
incident plane waves uin(x) = d exp(ikpd·x)+q exp(iksd·x) for all d, q ∈ S2, d·q =
0 at a fixed frequency ω can uniquely determine the scatterer D. By using Rellich’s
lemma and the mixed reciprocity relation (see [23]), we can obtain that the near-field
data for incident point source can uniquely reconstruct the obstacle D.

3. Factorization of near-field operator. For g ∈ [L2(SR)]
3, we define the inci-

dent field ving as

ving (x) =

∫
SR

Π(x,y)g(y)ds(y), x ∈ R3. (4)

The scattered field corresponding to ving takes the form

vg(x) =

∫
SR

u(x,y; g(y))ds(y), x ∈ Dc, (5)

where u(x,y; g(y)) represents the scattered field generated by incident field Π(x,y)
g(y). Then we can define the near-field operator N : [L2(SR)]

3 → [L2(SR)]
3 by

(Ng)(x) =

∫
SR

u(x,y; g(y))ds(y), x ∈ SR. (6)

Clearly, Ng is the restriction to SR of the scattered field vg generated by the
incident wave ving .

In this section, we will establish a factorization of the near-field operator N for
incident point sources. Motivated by [11] in acoustics, we first introduce the elastic
OtI operator T and then get a symmetric factorization of the product operator T N .

3.1. Solution operator.

Definition 3.1. Given h ∈ [H
1
2 (∂D)]3, denoted by v ∈ [H1

loc(D
c)]3 the unique

solution to the boundary value problem

∆∗v + ω2v = 0, x ∈ Dc,

v = h, x ∈ ∂D,

and that v satisfies the Kupradze radiation condition (3). The solution operator is

defined as G : [H
1
2 (∂D)]3 → [L2(SR)]

3

Gh = v|SR
. (7)

Clearly, G maps the boundary value of a radiating solution on ∂D onto the
near-field pattern on SR.

Theorem 3.2. The solution operator G : [H
1
2 (∂D)]3 → [L2(SR)]

3 is compact,
injective with a dense range in [L2(SR)]

3.
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Proof. The injectivity of G follows from the uniqueness of the exterior Dirichlet
problem [9] and the analytic continuation argument. The compactness of G follows
from the fact that the scattering problem (1)− (3) has a solution u ∈ [H1

loc(D
c)]3,

and [H
1
2 (SR)]

3 can be compactly embedded into [L2(SR)]
3.

Denote u the unique solution to the scattering problem (1)−(3) with the bound-

ary value u = f ∈ [H
1
2 (∂D)]3. Then u can be expressed as

u(x) =

∫
∂D

{TΠ(x,y) · u(y)−Π(x,y) · Tu(y)}ds(y), x ∈ Dc. (8)

Then one has for g ∈ [L2(SR)]
3 that

(Gf , g)[L2(SR)]3 =

∫
SR

u(x) · g(x)ds(x)

=

∫
∂D

{u(y) · Tving (y)− Tu(y) · ving (y)}ds(y).
(9)

As both u and vg are radiating solutions, we find∫
∂D

{u(y) · Tvg(y)− Tu(y) · vg(y)}ds(y) = 0. (10)

Using the boundary condition ving + vg = 0, we derive form (9) and (10) that

(Gf , g)[L2(SR)]3 =

∫
∂D

u(y) · T
(
ving (y) + vg(y)

)
ds(y)

=

∫
∂D

f(y) · T
(
ving (y) + vg(y)

)
ds(y).

As a result, the adjoint operator G∗ can be characterized as G∗g = T
(
ving + vg

)
.

If G∗g = 0, then T
(
ving + vg

)
= 0, which implies that Tvg = −Tving on ∂D. By

virtue of (8) and the boundary condition ving = −vg = 0 on ∂D, one finds that

vg(x) = −
∫
∂D

{TΠ(x,y) · ving (y)−Π(x,y) · Tving (y)}ds(y), x ∈ Dc.

Since both ving and y → Π(x,y) for x ∈ Dc satisfy the Navier equation in D, the
Betti’s formula applied over D shows that

− vg(x)

=

∫
∂D

{TΠ(x,y) · ving (y)−Π(x,y) · Tving (y)}ds(y)

=

∫
D

{∆∗Π(x,y) · ving (y)−Π(x,y) ·∆∗ving (y)}dy

=

∫
D

{(∆∗Π(x,y) + ω2Π(x,y)) · ving (y)−Π(x,y) · (∆∗ving (y) + ω2ving (y))}dy

=0,

for all x ∈ Dc. Thus vg(x) = Tvg(x) = 0 on ∂D, which means that ving (x) =

Tving (x) = 0 on ∂D. Using the Holmgren’s uniqueness theorem, one finds that

ving = 0 in R3. The jump relation shows that g = T (ving )− − T (ving )+, where the

superscripts ′−′ and ′+′ denote respectively the limits from inside and outside of
BR. Thus g = 0, which means that G∗ is injective. Hence G has dense range by
Theorem 4.6 in [6].
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Define the incidence operator H : [L2(SR)]
3 → [H

1
2 (∂D)]3 by

(Hg)(x) =

∫
SR

Π(x,y)g(y)ds(y), x ∈ ∂D.

Since Π(x,y) = Π(x,y)⊤, the L2−adjoint H∗ : [H− 1
2 (∂D)]3 → [L2(SR)]

3 of H is
given by

(H∗φ)(x) =

∫
∂D

Π(x,y)φ(y)ds(y), x ∈ SR.

Here, for a matrix A = (aij), we define A := (aij). From the definition of N,G and
H, the following relation holds

N = −GH. (11)

3.2. Outgoing-to-incoming (OtI) operator. In this subsection we give the def-
inition of OtI operator on a spherical surface. Denote (r, θ, φ) the spherical coordi-
nates of x ∈ R3, where θ ∈ [0, 2π] and φ ∈ [0, π] are the Euler angles. Let

r̂ = (sin θ cosφ, sin θ sinφ, cos θ)⊤,

θ̂ = (cos θ cosφ, cos θ sinφ,− sin θ)⊤,

φ̂ = (− sinφ, cosφ, 0)⊤

be the unit vectors in the spherical coordinates. {r̂, θ̂, φ̂} forms a local orthonormal
basis, and r̂ is the unit outward normal vector on SR.

Let {Y m
n (θ, φ) : n = 0, 1, 2 . . . ,m = −n. . . . n} be the orthonormal sequence

of spherical harmonic functions of order n on the unit sphere. Define the vector
spherical harmonics:

Um
n (x̂) :=

1√
δn

∇S2Y
m
n (x̂),

V m
n (x̂) := x̂×Um

n (x̂),

Wm
n (x̂) := Y m

n (x̂) x̂,

where x̂ := x/|x| ∈ S2 and δn := n(n+ 1), n = 0, 1, 2 . . . ,m = −n . . . n. Denote by
∇S2 the surface gradient on S2. Set Mm

n (x̂) := (V m
n (x̂),Um

n (x̂),Wm
n (x̂)) ∈ C3×3.

We can easily show that {Mm
n (θ, φ) : n = 0, 1, 2 . . . ,m = −n. . . . n} form a complete

orthonormal system in [L2(S2)]3.
The radiating solution u to the Navier equation (1) in |x| ≥ R can be expressed

as (see [4, Section 2.4])

u(x) =

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(|x|)αm

n , (12)

where αm
n ∈ C3 and An(|x|) is defined as

An(|x|)

:=


h
(1)
n (ks|x|) 0 0

0 −
(
h
(1)
n (ks|x|) + ks|x|h(1)

′

n (ks|x|)
)
/|x|

√
δnh

(1)
n (kp|x|)/|x|

0 −
√
δnh

(1)
n (ks|x|)/|x| kph

(1)′

n (kp|x|)

.
(13)

Here, h
(1)
n and h

(1)′

n are the spherical Hankel functions of order n and its first
derivative, respectively.
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Definition 3.3. Let u be an outgoing solution to the problem (1)− (3). Suppose
that u admits the expansion (12) for all |x| ≥ R. Then the OtI mapping T :
Range(G) → [L2(SR)]

3 is defined as

T (u|SR
) = ũ|SR

(14)

with

ũ(x) := −
∞∑

n=0

n∑
m=−n

Mm
n (x̂)An(|x|)αm

n , |x| ≥ R. (15)

Here An(|x|) is defined in (13).

By definition, the operator T is linear, bounded and one-to-one. As u is an
outgoing wave satisfying the Kupradze radiation condition (3), ũ = ũp + ũs is
an incoming wave satisfying the Navier equation (1) and the incoming radiation
condition

lim
r=|x|→∞

r

[
∂ũα(x)

∂r
+ ikαũα(x)

]
= 0, α = p, s.

Theorem 3.4. The OtI mapping T : Range(G) → [L2(SR)]
3 takes the explicit form

(T φ)(x) = − 1

R2

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(R) [An(R)]

−1
∫
SR

Mm
n (ŷ)

⊤
φ(y)ds(y). (16)

Proof. For each φ ∈ Range(G), we have the expansion

φ(x) =

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(R)φ

m
n , |x| = R, (17)

where φm
n ∈ C3 and An(R) is defined in (13). Clearly,

An(R)φ
m
n =

1

R2

∫
SR

Mm
n (ŷ)

⊤
φ(y)ds(y).

Introduce the matrix Cn(R) := An(R)Qn(R), where the matrix Qn(R) is defined
as

Qn(R) :=

R/h
(1)
n (ksR) 0 0

0 R/h
(1)
n (ksR) 0

0 0 R/h
(1)
n (kpR)

 .

We claim that h
(1)
n (kR) ̸= 0 for all n > 0, k = kp, ks, R > 0. Otherwise, if there exists

some N ∈ N such that h
(1)
N (kR) = 0, then jN (kR) = yN (kR) = 0, k = kp, ks, R > 0.

This is contradictory to the Wronskian W (jn(t), yn(t)) = jn(t)y
′
n(t)− j′n(t)yn(t) =

1
t2 , n ∈ N. Here jn, yn denote the spherical Bessel function and spherical Neumann
function of order n, respectively. In addition, Lemma 2.15 in [4] shows that the
matrix Cn(R) is invertible for all n ≥ 0, R > 0. Then An(R) is invertible which
means that

φm
n =

1

R2
[An(R)]

−1
∫
SR

Mm
n (ŷ)

⊤
φ(y)ds(y). (18)

By the definition of T , it follows that

(T φ)(x) = − 1

R2

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(R) [An(R)]

−1
∫
SR

Mm
n (ŷ)

⊤
φ(y)ds(y).

The proof is complete.
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Next, we consider the expansion of the fundamental solution Π(x,y). Recall (see
[6, Theorem 2.11, 6.29]) that Φk(x,y) and Φk(x,y)I have the expansions

Φk(x,y) = ik

∞∑
n=0

n∑
m=−n

h(1)n (k|y|)Y m
n (ŷ)jn(k|x|)Y m

n (x̂) (19)

and

Φk(x,y)I =ik

∞∑
n=1

n∑
m=−n

jn(k|x|)V m
n (x̂)h(1)n (k|y|)V m

n (ŷ)⊤

+ ik−1
∞∑

n=1

n∑
m=−n

∇×
(
jn(k|x|)V m

n (x̂)
)
∇×

(
h(1)n (k|y|)V m

n (ŷ)
)⊤

+ ik−1
∞∑

n=0

n∑
m=−n

∇
(
jn(k|x|)Y m

n (x̂)
)
∇
(
h(1)n (k|y|)Y m

n (ŷ)
)⊤

,

(20)
which converge absolutely and uniformly on compact subsets of |x| < |y|.

From the relation ∇x∇xΦk(x,y) = −∇y∇xΦk(x,y) and Y
m
n = Y −m

n , we have

∇x∇⊤
xΦk(x,y) = −ik

∞∑
n=0

n∑
m=−n

∇
(
jn(k|x|)Y m

n (x̂)
)
∇
(
h(1)n (k|y|)Y m

n (ŷ)
)⊤

= −ik
∞∑

n=0

n∑
m=−n

∇ (jn(k|x|)Y m
n (x̂))∇

(
h(1)n (k|y|)Y m

n (ŷ)
)⊤

.

(21)

Combining equations (19)− (21), we obtain the expansion of Π as follows

Π(x,y) = i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)Bn(|x|) E [An(|y|)]⊤Mm

n (ŷ)⊤

= i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)Bn(|x|) E [An(|y|)]⊤Mm

n (ŷ)
⊤
,

(22)

which converge absolutely and uniformly on compact subsets of |x| < |y|. Here,
Bn(|x|) and E are defined as

Bn(|x|) :=

jn(ks|x|) 0 0
0 − (jn(ks|x|) + ks|x|j′n(ks|x|)) /|x| kpj

′
n(kp|x|)

0 −
√
δnjn(ks|x|)/|x|

√
δnjn(kp|x|)/|x|


(23)

and

E :=

ks/µ 0 0
0 1/(ksµ) 0
0 0 1/(kp(λ+ 2µ))

 . (24)

Lemma 3.5. T (Π(·, z)a|SR
) = Π(·, z)a|SR

for all |z| < R and a ∈ S2.

Proof. By virtue of Π(x, z) = [Π(x, z)]⊤ and (22), we have for |x| = R that

Π(x, z) = i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(R)E

⊤ [Bn(|z|)]⊤Mm
n (ẑ)

⊤

= i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(R)E

⊤ [Bn(|z|)]⊤Mm
n (ẑ)⊤.

(25)
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Thus by the definition (16) of T , we have

T (Π(·, z)a|SR
)

= − 1

R2

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(R) [An(R)]

−1
∫
SR

Mm
n (ŷ)

⊤
Π(y, z)ads(y).

(26)

Using the expansion of Π(x, z) in (25), we have∫
SR

Mm
n (ŷ)

⊤
Π(y, z)ads(y)

=i

∞∑
l=0

l∑
q=−l

∫
SR

Mm
n (ŷ)

⊤
Mq

l (ŷ)Al(R)E
⊤ [Bl(|z|)]⊤Mq

l (ẑ)
⊤
ads(y)

=i

∞∑
l=0

l∑
q=−l

∫
SR

Mm
n (ŷ)

⊤
Mq

l (ŷ)ds(y)Al(R)E
⊤ [Bl(|z|)]⊤Mq

l (ẑ)
⊤
a,

(27)

where l, q ∈ Z. Since {Mm
n (θ, φ) : n = 0, 1, 2 . . . ,m = −n. . . . n} form a complete

orthonormal system in [L2(S2)]3, we know that∫
SR

Mm
n (ŷ)

⊤
Mq

l (ŷ)ds(y) =

{
R2I, l = n, q = m,

0, else.
(28)

By substituting (28) into (27), we obtain∫
SR

Mm
n (ŷ)

⊤
Π(y, z)ads(y) = iR2An(R)E

⊤ [Bn(|z|)]⊤Mm
n (ẑ)

⊤
a. (29)

Inserting (29) into (26) gives

T (Π(·, z)a|SR
) = −i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(R)E

⊤ [Bn(|z|)]⊤Mm
n (ẑ)

⊤
a. (30)

As matrices E and Bn are real-valued, it’s easy to find that T (Π(·, z)a) =

Π(·, z)a.

Lemma 3.6. The adjoint operator T ∗ : [L2(SR)]
3 → [L2(SR)]

3 is given by

(T ∗φ)(x)

:= − 1

R2

∞∑
n=0

n∑
m=−n

Mm
n (x̂)

[
An(R)

−1
]⊤

[An(R)]
⊤
∫
SR

Mm
n (ŷ)

⊤
φ(y)ds(y).

(31)

Moreover, T ∗ is injective.

Proof. For each φ(x) ∈ [L2(SR)]
3, we have the expansion

φ(x) =

∞∑
n=0

n∑
m=−n

Mm
n (x̂)φm

n with φm
n =

1

R2

∫
SR

Mm
n (ŷ)

⊤
φ(y)ds(y) ∈ C3. (32)

Observing that

||φ||2[L2(SR)3] = R2
∞∑

n=0

n∑
m=−n

||φm
n ||2L2 .

If T ∗φ = 0, then

||T ∗φ||2[L2(SR)3] = R2
∞∑

n=0

n∑
m=−n

∣∣∣∣∣∣∣∣[An(R)
−1
]⊤

[An(R)]
⊤
φm

n

∣∣∣∣∣∣∣∣2
L2

= 0,
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which means that
[
An(R)

−1
]⊤

[An(R)]
⊤
φm

n = 0. It’s obvious that φm
n = 0, which

implies that φ(x) = 0.

3.3. Factorization of T N . In this subsection, we multiply the near-field operator
N with the OtI operator T and give a factorization of T N . First, we introduce the
single-layer integral operator S and the single-layer potential V by

(Sψ)(x) =

∫
∂D

Π(x,y)ψ(y)ds(y), x ∈ ∂D,

(Vψ)(x) =

∫
∂D

Π(x,y)ψ(y)ds(y), x ∈ R3,

where ψ ∈ [H− 1
2 (∂D)]3.

Let the operators H,H∗ and G be defined as in Section 3.1. The adjoint operator
H∗ can be factorized in terms of T , G and S as follows.

Theorem 3.7. H∗ = T GS.

Proof. Using the expansion of Π in (22), we obtain an expression of ving as follows:

ving (x) = i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)Bn(|x|) E [An(R)]

⊤
∫
SR

Mm
n (ŷ)

⊤
g(y)ds(y), |x| < R,

(33)
which together with the definition of H implies

(Hg)(x) = i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)Bn(|x|) E [An(R)]

⊤
∫
SR

Mm
n (ŷ)

⊤
g(y)ds(y), x ∈ ∂D.

(34)
Since jn is real valued, the adjoint operator H∗ takes the form

(H∗ψ)(x) = −i
∞∑

n=0

n∑
m=−n

Mm
n (x̂)An(R)

∫
∂D

E⊤ [Bn(|y|)]⊤Mm
n (ŷ)

⊤
ψ(y)ds(y),

(35)

for x ∈ SR, ψ ∈ [H− 1
2 (∂D)]3. Obviously, Vψ is a radiating solution to the Navier

equation (1). It follows from the expansion of Π in (22) that for |x| ≥ R,

(Vψ)(x) = i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(|x|)

∫
∂D

E⊤ [Bn(|y|)]⊤Mm
n (ŷ)]⊤ψ(y)ds(y).

Since (Vψ)(x)|∂D = (Sψ)(x), it’s obvious that

(GSψ)(x) = i

∞∑
n=0

n∑
m=−n

Mm
n (x̂)An(R)

∫
∂D

E⊤ [Bn(|y|)]⊤Mm
n (ŷ)]⊤ψ(y)ds(y).

Recalling the definition of T , we can verify that H∗ = T GS. The proof is
complete.

By Theorem 3.7 and the definition of the operators T , G, S, the operator T N
can be factorized as follows.

Theorem 3.8. (i) The near-field operator N has the factorization

T N = −GS∗G∗, G := T G. (36)

(ii) The operator G : [H
1
2 (∂D)]3 → [L2(SR)]

3 is compact with a dense range in
[L2(SR)]

3.
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Proof. (i) By (11), we have N = −GH. By Theorem 3.7, H = S∗G∗T ∗ = S∗G∗.
Hence T N = −T GH = −T GS∗G∗T ∗ = −GS∗G∗. The proof is complete.
(ii) As T ∗ is injective, the bounded operator T has a dense range in [L2(SR)]

3

by Theorem 4.6 in [6]. Together with Theorem 3.2, one can find that G = T G is
compact with a dense range in [L2(SR)]

3.

Throughout this paper, we define the function ϕa
z(·) = Π(·, z)a|SR

∈ [L2(SR)]
3,

a ∈ S2.

Lemma 3.9. For z ∈ BR and a ∈ S2, z ∈ D if and only if ϕa
z belongs to the range

of G.

Proof. For z ∈ D, the function u(x) := Π(x, z)a,x ∈ Dc, is the unique radiating
solution to the scattering problem (1) − (3) with the boundary condition f(x) :=
Π(x, z)a|∂D. It follows form the definition of G and Lemma 3.5 that (Gf)(x) =

Π(x, z)a,x ∈ SR. That is ϕ
a
z ∈ Range(G).

On the other hand, let z ∈ Dc and assume that Gf = ϕa
z for some f ∈

[H
1
2 (∂D)]3. Let v be the unique radiating solution to the scattering problem (1)−(3)

with the boundary condition v = f on ∂D. Since the operator T is injective,
Gf = ϕa

z means that (Gf)(x) = Π(x, z)a|SR
. Thus, we get v(x) = Π(x, z)a

for |x| ≥ R due to the uniqueness of the exterior Dirichlet problem. Therefore
v(x) = Π(x, z)a in Dc \ {z}, which contradicts with the analyticity of v in Dc. At

last, if z ∈ ∂D, it holds that Π(·, z)a|∂D /∈ [H
1
2 (∂D)]3, which contradicts with the

fact that v|∂D ∈ [H
1
2 (∂D)]3. Hence, z ∈ D.

Next we present some properties of the single-layer operator S (see [1, Lemmas
6.1, 6.2]), which extend the results [6, Lemma 5.37] from acoustic scattering to the
elastic case in 3D.

Lemma 3.10. Assume that ω2 is not the Dirichlet eigenvalue of the operator −∆∗

in D. Then
(i) The single-layer operator S : [H− 1

2 (∂D)]3 → [H
1
2 (∂D)]3 is an isomorphism.

(ii) Im⟨ψ, Sψ⟩ < 0 for ψ ∈ [H− 1
2 (∂D)]3 with ψ ̸= 0. Here, ⟨·, ·⟩ denotes the duality

between [H− 1
2 (∂D)]3 and [H

1
2 (∂D)]3.

(iii) Let Si : H
− 1

2 (∂D)3 → H
1
2 (∂D)3 be the single-layer operator for the frequency

ω = i. Then Si is compact, self-adjoint, and coercive.
(iv) The difference S − Si : [H

− 1
2 (∂D)]3 → [H

1
2 (∂D)]3 is compact.

Relying on properties of the operators G and S (see Lemmas 3.9 and 3.10), the
following range identity [15, Theorem 2.15] can be applied to the operator T N . For
an operator F , the operatorF♯ is defined as F♯ := |Re[exp(it)F ]| + |ImF | for some
t > 0.

Lemma 3.11. Let X ⊂ U ⊂ X∗ be a Gelfand triple with a Hilbert space U and a
reflexive Banach space X such that the imbedding is dense. Furthermore, let Y be
a second Hilbert space and let F : Y → Y,G : X → Y and T : X∗ → X be linear
bounded operators such that F = GTG∗. Assume that
(A1) G is compact with dense range.
(A2) There exists t ∈ [0, 2π] such that Re[exp(it)T ] has the form Re[exp(it)T ] =
T0+T1 with some compact operator T1 and some self-adjoint and coercive operator
T0 : X∗ → X, i.e., there exists c > 0

⟨φ, T0φ⟩ ≥ c||φ||2 for all φ ∈ X∗.
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(A3) ImT is compact and non-negative on Range(G∗) ⊂ X∗, i.e., ⟨φ, (ImT )φ⟩ ≥ 0
for all φ ∈ Range(G∗).
(A4) Re[exp(it)T ] is one-to-one or ImT is strictly positive on the closure Range(G∗)

of Range(G∗), i.e.,⟨φ, (ImT )φ⟩) > 0 for all φ ∈ Range(G∗) with φ ̸= 0.

Then the operator F♯ is positive, and the ranges of G : X → Y and F
1/2
♯ : Y → Y

coincide.

Applying Lemma 3.11, we have the following result.

Theorem 3.12. Assume that ω2 is not the Dirichlet eigenvalue of the operator
−∆∗ in D. Let z ∈ BR and ϕa

z be given in Lemma 3.9. Denote by λj ∈ C the
eigenvalues of the operator
(T N)♯ with the corresponding normalized eigenfunctions ψj ∈ [L2(SR)]

3. Then

(i) z ∈ D if and only if ϕa
z belongs to the range Range

(
(T N)

1/2
♯

)
of (T N)

1/2
♯ .

(ii) z ∈ D if and only if

Wa(z) :=

 ∞∑
j=1

|⟨ϕa
z ,ψj⟩[L2(SR)]3 |2

|λj |

−1

> 0. (37)

Proof. Set t = 0, F = T N,G = G, T = S∗, T0 = Si, T1 = Re(S− Si),X = H
1
2 (∂D)3

and Y = [L2(SR)]
3. Then application of Lemmas 3.9, 3.10 and 3.11 gives (i). The

assertion (ii) follows from Picard’s range criterion [6, Theorem 4.8].

By Lemma 3.9, one can choose any vector a ∈ S2 in Theorem 3.12. For multiple
vectors {ai ∈ S2 : j = 1, 2, 3}, we define the following indicator function:

W (z) =

 3∑
j=1

1

Waj (z)

−1

, z ∈ BR. (38)

Corollary 3.13. z ∈ D if and only if W (z) > 0.

Proof. If z ∈ D, Theorem 3.12 implies that 0 < Waj (z) <∞ for all j = 1, 2, 3, and
thus W (z) > 0. On the other hand, if z /∈ D, again applying Theorem 3.12 gives
Waj (z) = 0 for all j = 1, 2, 3, implying that W (z) = 0.

4. Numerical experiments in R2. In this section, we present some numerical ex-
amples in R2 to illustrate the applicability and effectiveness of our inversion schemes.

4.1. OtI operator in 2D. We first give the outgoing-to-incoming operator T in
R2. By employing the polar coordinates we write x = (r cos θx, r sin θx). According
to the Hodge decomposition, we can introduce scalar functions φ(r, θx) and ψ(r, θx)
such that the scattered field u has the form

u(r, θx) = grad φ(r, θx) + curl ψ(r, θx), (39)

where curl f = (−∂2f, ∂1f)⊤ and φ(r, θx), ψ(r, θx) are radiating solutions to the
Helmholtz equation.

Recall the relationship between the Cartesian and polar coordinates for gradient:(
∂1
∂2

)
=

(
cos θx − 1

r sin θx
sin θx

1
r cos θx

)(
∂r
∂θ

)
.
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Then radiating solutions φ(r, θx) and ψ(r, θx) can be expanded into

φ(r, θx) =
∑
n∈Z

αnH
(1)
n (kpr)e

inθx , ψ(r, θx) =
∑
n∈Z

βnH
(1)
n (ksr)e

inθx , (40)

whereH
(1)
n (kpr), H

(1)
n (ksr) are Hankel functions of first kind of order n and αn, βn ∈

C are coefficients.
Combining (39) and (40), we get

u(r, θx) =
∑
n∈Z

M(θx)
⊤An(r)(αn, βn)

⊤einθx , (41)

where matrices M(θx) and An(r) are defined as

M(θx) =

(
cos θx sin θx
− sin θx cos θx

)
, An(r) =

(
kpH

(1)′

n (kpr) −inH(1)
n (ksr)/r

inH
(1)
n (kpr)/r ksH

(1)′

n (ksr)

)
.

The fundamental solution to the Navier equation in R2 is

Π(x,y) =
1

µ
Φks

(x,y)I+
1

ω2
∇x∇⊤

x [Φks
(x,y)− Φkp

(x,y)], x ̸= y, (42)

where I stands for the unit matrix and Φk(x,y) =
i

4
H

(1)
0 (k|x−y|) is the free-space

fundamental solution to the Helmholtz equation (∆ + k2)u = 0 in R2.
Recall the definition of OtI operator T in R3, the two-dimensional outgoing-to-

incoming operator T can be represented as

(T φ)(x) :=
∫
SR

K(x,y)φ(y)ds(y), φ(x) ∈ [L2(SR)]
2, (43)

where the integral kernel K(x,y) is defined as

K(x,y) := − 1

2πR

∑
n∈Z

[M(θx)]
⊤
Bn(R)An(R)

−1M(θy)e
in(θx−θy)

and

Bn(R) =

(
kpH

(1)′
n (kpR) −inH(1)

n (ksR)/R

inH
(1)
n (kpR)/r ksH

(1)′
n (ksR)

)
.

In our numerical implementation, the operator T is approximated by the truncated
operator

(TM1
φ)(x) :=

∫
SR

KM1
(x,y)φ(y)ds(y), φ(x) ∈ [L2(SR)]

2,

with the kernel given by

KM1
(x,y) := − 1

2πR

n=M1∑
n=−M1

[M(θx)]
⊤
Bn(R)An(R)

−1M(θy)e
in(θx−θy),

for some M1 ∈ Z+.
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4.2. Numerical examples. In our simulations, we used the boundary integral
equation method to compute the near-field data on SR. Let a1 = (1, 0)⊤ and a2 =
(0, 1)⊤ denote two incident polarization vectors. Define the step size △θx = △θy =
2π/M2 for some M2 ∈ Z+, that is

θxj
= (j − 1)△θx, θyj

= (j − 1)△θy, j = 1, 2, . . . ,M2.

We choose 2M2 incident point sources as

K = {Π(x,yj)a1,Π(x,yj)a2 : j = 1, 2, . . . ,M2},

where yj = R(cos θyj , sin θyj ). Denote by u(x,yj ;a1) and u(x,yj ;a2) the scattered
fields corresponding to the incident field Π(x,yj)a1 and Π(x,yj)a2, respectively.
Then we have the near-field matrix

NM2×2M2
= [b1,1, b1,2, b2,1, b2,2, . . . , bM2,1, bM2,1],

where

bj,1 := (u(x1,yj ;a1),u(x2,yj ;a1), . . . ,u(xM2
,yj ;a1))

⊤ ∈ CM2×1,

bj,2 := (u(x1,yj ;a2),u(x2,yj ;a2), . . . ,u(xM2 ,yj ;a2))
⊤ ∈ CM2×1.

The OtI operator T is approximated by the following matrix

T M2×M2 = (KM1(xi,yj))M2×M2
,

where KM1(xi,yj) is defined as

KM1(i, j) := − 1

2πR

n=M1∑
n=−M1

[M(θxi)]
⊤
Bn(R)An(R)

−1M(θyj )e
in(θxi

−θyj
),

for i, j = 1, 2, . . . ,M2. Define TNM2×2M2 := T M2×M2
NM2×2M2

. The character-
istic function W defined in (38) can be approximated by the series

Wa
M2

(z) =

M1∑
j=1

|⟨ϕa
z ,ψj⟩[L2(SR)]3 |2

|λj |

−1

,

where ϕa
z = {Π(x1, z)a,Π(x2, z)a, . . . ,Π(xM2 , z)a}⊤ with a = (cosα, sinα)⊤ and

{ψj , λj}M2
j=1 is an eigensystem of the matrix TN := |Re(T N)|+ |Im(T N)|. To test

the stability, we add relative noise to the data

uδ(xi,yj ;as) = u(xi,yj ;as)(1 + δ rand), i, j = 1, 2, . . .M2, s = 1, 2.

where rand are uniformly distributed random numbers in [−1, 1].
In the following experiments, we set λ = 2, µ = 1, ω = 10, R = 4,M1 = 40 and

M2 = 64. We choose two polar vectors as a1 = (1, 0)⊤ and a2 = (0, 1)⊤.

Example 1. Consider a kite-shaped obstacle, which has the parametric equation

x(t) = (cos t+ 0.65 cos(2t)− 0.65, 1.5 sin t), t ∈ [0, 2π].

Figure 1 presents reconstruction results from the near-field data with the polar-
ization vectora = (cosα, sinα)⊤, α = 2π/3 and noise level δ = 0% in Figure 1(b),
δ = 5% in Figure 1(c), and δ = 10% in figure 1(d). In Figure 2, we set noise level
δ = 5% to see the reconstruction results with different choice of a = (cosα, sinα)⊤.
The polarization angel α is chosen to be zero in Figure 2(a), π/2 in Figure 2(b) and
2π/3 in Figure 2(c). Figure 2(d) is a superposition of the results for α = 0, π/2.
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3
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(a) The kite-shaped obstacle (b) No noise

(c) 5% noise (d) 10% noise

Figure 1. Reconstruction of the kite-shaped obstacle with a =
(cosα, sinα)⊤, α = 2π/3 .

Example 2. D is given as a star-shaped obstacle with the boundary parameterized
by

x(t) = (1 + 0.2 cos(5t)) (cos t, sin t), t ∈ [0, 2π].

Figure 3 presents the reconstruction results from the true data and noised data at
levels 5% and 10%, respectively. Figure 4 shows the results from the data with the
noise level at 10% and with different polarization vectors a = (cosα, sinα)⊤.

Example 3. In the third example, the obstacle D is given by the union of two
disjoint components D1 and D2. D1 is a star-shaped obstacle with radius 1 centered
at (2, 2), and D1 is a kite-shaped obstacle with radius 0.5 and centered at (−1,−1).
Figure 5 presents the reconstruction results from the data at the noise level 2% and
with different polarization vectors a = (cosα, sinα)⊤.

The numerical examples presented above demonstrate that the indicator function
W peaks on the boundaries of the obstacles and can reconstruct the locations and
shapes. Unlike the case in acoustics, the behavior of the indicator function is influ-
enced by the polarization vector a. For a single obstacle, a single vector a suffices
to reconstruct the shape and location. However, in the case of two disconnected
components, the reconstructions from one polarization vector don’t show complete
boundary information. The third example highlights that utilizing near-field data
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(a) α = 0 (b) α = π/2

(c) α = 2π/3 (d) Multiple α

Figure 2. Reconstruction of the kite-shaped obstacle with differ-
ent α.

with multiple vectors a enhances the reconstruction quality on the identification of
obstacle boundaries.
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(a) The star-shaped obstacle (b) No noise

(c) 5% noise (d) 10% noise

Figure 3. Reconstruction of the star-shaped obstacle with a =
(cosα, sinα)⊤, α = 2π/3.
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