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MULTISCALE APPROACH FOR VARIATIONAL PROBLEM JOINT
DIFFEOMORPHIC IMAGE REGISTRATION AND INTENSITY

CORRECTION: THEORY AND APPLICATION\ast 

PENG CHEN\dagger , KE CHEN\ddagger , HUAN HAN\S , AND DAOPING ZHANG\P 

Abstract. Image registration matches the features of two images by minimizing the intensity
difference, so that useful and complementary information can be extracted from the mapping. How-
ever, in real life problems, images may be affected by the imaging environment, such as varying
illumination and noise during the process of imaging acquisition. This may lead to the local inten-
sity distortion, which makes it meaningless to minimize the intensity difference in the traditional
registration framework. To address this problem, we propose a variational model for joint image
registration and intensity correction. Based on this model, a related greedy matching problem is
solved by introducing a multiscale approach for joint image registration and intensity correction. An
alternating direction method (ADM) is proposed to solve each multiscale step, and the convergence
of the ADM method is proved. For the numerical implementation, a coarse-to-fine strategy is further
proposed to accelerate the numerical algorithm, and the convergence of the proposed coarse-to-fine
strategy is also established. Some numerical tests are performed to validate the efficiency of the
proposed algorithm.

Key words. image registration, diffeomorphism, multiscale, coarse to fine, multiresolution,
multigrid

MSC codes. 68U10, 94A08, 65K10, 65M12

DOI. 10.1137/23M155952X

1. Introduction. Image registration is to match the features of two images by
keeping one image (target image) unchanged and deforming the other image (floating
image). By comparing the deformed image with the target image, one can extract
useful information from intensity difference. This is a fundamental process for image
fusion and medical analysis. For an overview of image registration and related joint
problems, one can refer to [1, 3, 5, 6, 7, 10, 14, 15, 24, 25, 34] for details.

Without loss of generality, in this paper, we mainly focus on 2D image registration,
which is stated in the following way. For some bounded domain \Omega \subset \BbbR 2, given two
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images T (x),D(x) : x \in \Omega \rightarrow \BbbR , the goal of image registration is to find a mapping
\bfitvarphi (x) : x \in \Omega \rightarrow \Omega such that T \circ \bfitvarphi (\cdot ) looks like D(\cdot ) as much as possible. For each
x \in \Omega , \bfitvarphi (x) can be divided into the identity part x and the displacement u(x), i.e.,
\bfitvarphi (x) \triangleq x+ u(x). Based on this assumption, the mono-modality image registration
problem is formulated as follows:

min
u\in \scrA 

\lambda S(u) + \mu R(u),(1.1)

where the fidelity is

S(u) =

\int 
\Omega 

(T (x+ u(x)) - D(x))2dx,

R(u) is a regularization to allow plausible solutions, \scrA is some proper set, and the
constants \lambda ,\mu > 0 are used to balance the fidelity and regularization. For the multi-
modality image registration [4, 28], the fidelity is

S(u) =

\int 
\Omega 

(f1(T (x+ u(x))) - f2(D(x)))2dx,

where f1, f2 are two intensity transform functions. The problem considered in this
paper lies between these two types of registration problems, because the given images
appear in multimodality but the modeling must be done in mono-modality.

Although image registration has achieved enormous success, it is still a chal-
lenging task. There are two main difficulties: (I) physical mesh folding and (II)
ill-poseness of greedy matching. As shown in Figure 1, physical mesh folding is a
phenomenon that points from different objects are mixed mutually after doing the
transformation. We can find that the essential reason for mesh folding is the non-
bijection of the deformation mapping. Therefore, to eliminate mesh folding, it is
necessary to guarantee that the Jacobian determinant of the deformation is larger
than 0 for each pixel [13, 18, 19]. This is the so-called ``orientation-preserving regis-
tration."" Under this framework, some diffeomorphic image registration models have
been proposed [8, 17, 18, 19, 21, 23, 27, 30, 31, 36, 39, 40]. Specifically, they can be
mainly classified into three categories: (i) Using quasi-conformal/conformal theory
[17, 18, 19, 21, 23, 27, 30, 31, 36, 39, 40] to control the Beltrami coefficient; (ii) con-
straining the solution to the set which ensures det(\nabla \bfitvarphi (x)) > 0 for each x \in \Omega ; (iii)
introducing the stored energy function of an Ogden material [8]. For the first choice,
Lam and Lui [23] introduced the quasi-conformal theory to control the mesh folding.
Following this work, several models were proposed to improve the quasi-conformal
model. As a supplement, Zhang and Chen [38] introduced a diffeomorphic image
registration model by controlling the modulus of Beltrami coefficient smaller than 1.
Han and A. Wang, Han and Z. Wang, and Han, Z. Wang, and Zhang also gave a

:

mesh
folding
region

Fig. 1. Physical mesh folding caused by the deformation \bfitvarphi .
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1099

(a) T (·) (b) D(·)

Fig. 2. Local varying illumination in MRI image pair.

series of 2D/3D diffeomorphic image registration models and algorithms by restrict-
ing u into the 2D/3D conformal set (Cauchy--Riemann constraint) [17, 18, 19, 21].
Particularly, in [40], Zhang et al. proposed a unifying framework for n-dimensional
quasi-conformal mappings by minimizing the distance between the expected solution
and the conformal set. This framework is essentially equivalent to the relaxed form
of the Cauchy--Riemann constraint (section 2 in [18]) in some sense. For the sec-
ond choice, Zhang, Chen, and Yu [42] proposed a diffeomorphic image registration
model by restricting the deformation \bfitvarphi into a set which ensures det(\nabla \bfitvarphi (x)) > 0 for
each x \in \Omega . For the third choice, Debroux, Le Guyader, and Vese [8] established
a framework of variational methods and hyperelasticity by viewing the shapes to be
matched as Ogden materials. Though more restrictive compared with quasi-conformal
mappings, the Cauchy--Riemann equation (conformal mapping) [18] is still selected
as the constraint in this paper by the following reasons: it preserves the topological
structure of tissue and provides a much simpler constraint (linear constraint) for dif-
feomorphic mappings, which further makes it possible for the mathematical analysis
of the proposed model (i.e., address the greedy matching [20, 21]).

The above-mentioned works are all based on the assumption that no intensity
distortion (i.e., illumination and noise) occurs during the process of imaging acqui-
sition. For example, in Figure 2, the locally varying illumination occurs inside the
region of the floating image T (\cdot ), and there is no illumination in the target image
D(\cdot ). This leads to the intensity distortion for these two regions. In this case, models
such as (1.1), by treating T,D as mono-modal images, fail to do the registration. It
is meaningless for latter applications, such as image fusion and image analysis, even
if the sketch of the two objects are exactly matched as a multimodal problem. There-
fore, it is necessary to introduce some intensity correction steps during or after image
registration. For this purpose, some variational models for joint image registration
and intensity correction are proposed [29, 33]. By introducing the additive and mul-
tiplicative bias fields for intensity correction simultaneously, the relationship between
the true image I\ast (x) = Ic(x) and the obtained image I(x) is formulated as

I(x) =m(x)I\ast (x) + s(x),

where s(x) : x \in \Omega \rightarrow \BbbR and m(x) : x \in \Omega \rightarrow \BbbR + are additive and multiplicative bias
fields, respectively. Based on the assumption that there is no bias in target imageD(\cdot ),
Theljani and Chen [33] proposed a model for joint image registration and intensity
correction,

min
u,m,s

\lambda Sc(u,m, s) + \mu R(u,m, s),(1.2)

where the fidelity is

Sc(u,m, s) =

\int 
\Omega 

(m(x)D(x) + s(x) - T (x+ u(x)))2dx,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1100 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

and R(u,m, s) is a regularization on u,m, and s. Viewing the solution of the vari-
ational model (1.2) as a Nash game equilibrium, a novel numerical algorithm for
joint image registration and intensity correction is also devised in [33]. However, the
above-mentioned mesh folding (difficulty I) is not constrained, and the game solu-
tion is a ``perturbed solution,"" not a minimizer, of the original variational functional.
The other works on joint image registration and intensity correction can be found in
[11, 12].

The ultimate goal for joint image registration and intensity correction is to find
the minimizer of the cost functional Sc(u,m, s). However, (1.2) aims to find the
minimizer of \lambda Sc(u,m, s) + \mu R(u,m, s). This raises a question of whether or not
one can find the global minimizer of Sc(u,m, s) on some proper space without any
prior estimate for u,m, s? This is the so-called ``greedy matching."" Concerning this
problem (difficulty II), Han, Wang, and Zhang [20, 21] gave an answer in the case
of m(x) \equiv 1, s(x) \equiv 0, and T,D having no bias (i.e., image registration without
intensity correction) by introducing a multiscale approach and proved the equivalence
between the proposed multiscale approach and ``greedy matching"" with some suitable
parameters. For the general case, to the best of our knowledge, there seems to be
no results. Hence, motivated by [20, 21], in this paper, we aim to extend the work
[20] to the case that m,s belong to some specific Banach spaces. For this purpose,
we propose the following variational model for joint diffeomorphic image registration
and intensity correction:

min
u\in \scrA (\Omega )\setminus \scrB \varepsilon (\Omega ),m\in \scrC \Omega ,s\in SV0(\Omega )

J(u,m, s) := \lambda Slc(u,m, s) + \mu R(u,m, s),(1.3)

where

Slc(u,m, s) =

\int 
\Omega 

(m(x) + lnD(x) - ln(T (x+ u(x)) - s(x)))2dx,

R(u,m, s) =R1(u) +R2(m) +R3(s),

and

R1(u) =

\int 
\Omega 

| \nabla \alpha u(x)| 2dx, R2(m) =

\int 
\Omega 

| \nabla m(x)| dx, R3(s) =

\int 
\Omega 

| \nabla s(x)| dx.

Note that here and in what follows, we assume that two images T,D map \Omega onto the
interval [\kappa ,M ]\subset \BbbR + for some M >\kappa > 0. In addition, for the purpose of eliminating
mesh folding, u is constrained into the set \scrA (\Omega ) \setminus \scrB \varepsilon (\Omega ), where \scrA (\Omega ) and \scrB \varepsilon (\Omega ) are
defined by

\scrA (\Omega ) =

\biggl\{ 
u= (u1, u2)

T \in [H\alpha 
0 (\Omega )]

2 :
\partial u1
\partial x1

=
\partial u2
\partial x2

,
\partial u1
\partial x2

= - \partial u2
\partial x1

\biggr\} 
(1.4)

and

\scrB \varepsilon (\Omega ) = \{ u= (u1, u2)
T \in \scrA (\Omega ) : det (\nabla (x+ u(x)))< \varepsilon \} ,(1.5)

for some given fractional-order \alpha (\alpha > 2), small \varepsilon > 0, and whereH\alpha 
0 (\Omega ) is a fractional-

order Sobelev space [16]. To control the intensity bias in practice, the multiplicative
bias field m is constrained into the set

\scrC \Omega = \{ m\in BV0(\Omega ) :K1 \leq m\leq K2\} ,(1.6)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1101

for some given K1, K2, and the additive bias field s is constrained into the set

SV0(\Omega ) = \{ s\in BV0(\Omega ) : s(x)<\kappa  - \kappa 0 for \forall x\in \Omega \} ,

for some \kappa > \kappa 0 > 0 to ensure that ln(T (x + u(x))  - s(x)) is well defined. Here,
BV0(\Omega ) = \{ m\in BV (\Omega ) :m(x)| x\in \partial \Omega = 0\} , and the space BV (\Omega ) is defined in [32].

Remark 1.1. In the proposed model (1.3), the fractional-order \alpha is set to be
greater than 2 to ensure that the first-order derivatives in \scrA (\Omega ) are well defined
(H\alpha 

0 (\Omega ) \lhook \rightarrow C1(\Omega ) for \alpha > 2 (Theorem 4.58 in [9])). In addition, by letting m(x)\equiv 1
and s(x) \equiv 0, one can notice that the model (1.2) is reduced to model (1.1), which
means that model (1.2) is much more general than model (1.1).

Remark 1.2. By setting m(x) = ln \=m(x) for some positive function \=m(x), Slc(u,
m, s) from (1.2) becomes

Slc(u,m, s) =

\int 
\Omega 

\biggl( 
ln
T (x+ u(x)) - s(x)

\=m(x)D(x)

\biggr) 2

dx.(1.7)

That is, minimizing Slc(u,m, s) in (1.3) is equivalent to minimizing Sc(u,m, s) in
(1.2). Using (1.7) as the data fidelity for (1.3) has two advantages: (i) transforming
the multiplicative bias field into the additive bias field and (ii) eliminating the positive
constraint m(x)> 0 in the definition of Sc(u,m, s). In addition, by using Slc(u,m, s)
as the fidelity data, the final matched image for (1.3) should be calculated as Tc(\cdot ) =
T (\cdot +u(\cdot )) - s(\cdot )

em(\cdot ) .

Remark 1.3. Similar to the model (1.2), the fidelity in (1.3) is formulated based
on the assumption that the target image D(\cdot ) has no bias. For the situation where
T (\cdot ) and D(\cdot ) are both affected by bias, two different biases (i.e., mT , sT and mD, sD)
are necessary to be introduced to construct a Bi-bias fidelity Slc(u,mT , sT ,mD, sD).
This situation will be considered in our forthcoming work.

Further, based on the model (1.3), in this paper, we propose a multiscale ap-
proach for joint image registration and intensity correction, which aims to find the
global minimizer of Slc(u,m, s) on \scrA \times \scrC \Omega \times SV0(\Omega ) for some given K1,K2 (see sec-
tion 2 for details), namely, inf(u,m,s)\in \scrA \times \scrC \Omega \times SV0(\Omega ) Slc(u,m, s). This is a so-called
``greedy problem"" for joint diffeomorphic image registration and intensity correction,
which searches for the global minimizer of the similarity Slc(u,m, s) by placing the
regularization into the constraint set \scrA \times \scrC \Omega \times SV0(\Omega ). The main contributions of the
proposed multiscale approach contain three aspects:

\bullet Propose a novel model for joint image registration and intensity correction.
\bullet Address the greedy problem for joint image registration and intensity

correction.
\bullet Eliminate the intensity inhomogeneity by removing the bias.

The rest of this paper is organized as follows. In section 2, we propose a multiscale
approach for (1.3) to address the ``greedy problem."" In section 3, an alternating
direction method (ADM) method to solve the joint model for each scale is discussed
and the convergence is also proved under some suitable assumptions. In section 4, we
propose a coarse-to-fine strategy for the multiscale approach to further accelerate the
algorithm. In section 5, some applications of the proposed multiscale approach are
performed. Finally, we conclude our work and outline some problems for the future
research in section 7.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1102 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

2. Multiscale approach based on the model (1.3) and related greedy
problem. Mesh folding may occur in the large deformation registration. To control
the mesh folding in the large deformation registration, one can decompose the large
deformation \~\bfitvarphi n into the composition of some small deformations \bfitvarphi i(i= 0,1,2, . . . , n)
[8, 20, 21], where \bfitvarphi i is the deformation induced by different scales (different variational
problems). This is where the ``multiscale"" comes from. Furthermore, we have two
choices for this decomposition: (i) minimizing the functional that contains fidelity
and regularization by keeping parameters unchanged for different scales [8] and (ii)
minimizing the fidelity by setting some specific varying parameters for different scales
[20, 21]. Motivated by [20, 21], we propose a multiscale approach based on the model
(1.3) to give an answer to the question of whether or not one can find the global
minimizer of Slc(u,m, s) on \scrL (\Omega ) =\scrA (\Omega )\times \scrC \Omega \times SV0(\Omega ). The multiscale approach is
divided into the following n steps.

Step 0. Searching for the solution of the following variational problem:

(u0,m0, s0)\in argmin
(u,m,s)\in \scrL \varepsilon 0

(\Omega )

J0(u,m, s),(2.1)

where J0(u,m, s) = \lambda 0
\int 
\Omega 
(m(x)+ lnD(x) - ln(T (x+u(x)) - s(x)))2dx+\mu R(u,m, s),

\scrL \varepsilon 0(\Omega ) = (\scrA (\Omega )\setminus \scrB \varepsilon 0(\Omega ))\times \scrC \Omega \times SV0(\Omega ), and \varepsilon 0 > 0. Define \~\bfitvarphi 0(x) =\bfitvarphi 0(x) = x+u0(x).
Step 1. Searching for the solution of the following variational problem:

(u1, \delta m1, \delta s1)\in argmin
(u,m0+m,s0+s)\in \scrL \varepsilon 1

(\Omega )

J1(u,m, s),

where J1(u,m, s) = \lambda 1
\int 
\Omega 
(m0(x) +m(x) + lnD(x)  - ln(T \circ \~\bfitvarphi 0(x + u(x))  - s0(x)  - 

s(x)))2dx+\mu R(u,m, s), \scrL \varepsilon 1(\Omega ) = (\scrA (\Omega ) \setminus \scrB \varepsilon 1(\Omega ))\times \scrC \Omega \times SV0(\Omega ), and \varepsilon 1 > 0. Define
\bfitvarphi 1(x) = x + u1(x), \~\bfitvarphi 1(x) = \~\bfitvarphi 0 \circ \bfitvarphi 1(x), m1(x) = m0(x) + \delta m1(x), and s1(x) =
s0(x) + \delta s1(x).

...
Step n. By induction, for n\geq 1, search for the solution of the following variational

problem:

(un, \delta mn, \delta sn)\in argmin
(u,mn - 1+m,sn - 1+s)\in \scrL \varepsilon n (\Omega )

Jn(u,m, s),(2.2)

where Jn(u,m, s) = \lambda n
\int 
\Omega 
(mn - 1(x) + m(x) + lnD(x)  - ln(T \circ \~\bfitvarphi n - 1(x + u(x))  - 

sn - 1(x)  - s(x)))2dx + \mu R(u,m, s), \scrL \varepsilon n(\Omega ) = (\scrA (\Omega ) \setminus \scrB \varepsilon n(\Omega )) \times \scrC \Omega \times SV0(\Omega ), and
\varepsilon n > 0. Define \bfitvarphi n(x) = x+un(x), \~\bfitvarphi n(x) = \~\bfitvarphi n - 1\circ \bfitvarphi n(x), mn(x) =mn - 1(x)+\delta mn(x),
and sn(x) = sn - 1(x) + \delta sn(x).

Note that here the final deformation is \~\bfitvarphi n(x) =\bfitvarphi 0\circ \bfitvarphi 1\circ \cdot \cdot \cdot \circ \bfitvarphi n(x). This implies,
when n is large enough (in practice, n= 5 is usually enough to achieve a convergent
result), the multiscale approach (2.1)--(2.2) can simulate a large deformation well even
if \bfitvarphi i(i= 0,1, . . . , n) is a small deformation. In addition, there are two key parameters
\lambda n, \varepsilon n in the multiscale approach (2.1)--(2.2). These parameters determine whether or
not one can find the global minimizer of Slc(u,m, s) on \scrL (\Omega ). In practice, \lambda n and \varepsilon n
are set to be large numbers and small positive numbers, respectively. However, this is
not enough. For example, similar to the idea in [8], by keeping \lambda n as a large constant,
one can only achieve the minimizer of J(u,m, s). In addition, the ratio \lambda n of fidelity
may change with scale number n. That is, the final deformation is the composition
of the deformations of different variational problems. This is the outcome where the
multiscale comes from.
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1103

In order to use the multiscale approach (2.1)--(2.2) to solve the greedy matching
problem well, we shall give a more precise condition shortly (i.e., \lambda n and \epsilon n satisfy
the convergence condition in Theorem 2.6).

Before that, concerning the existence of the solution for (2.2), we have the follow-
ing result.

Theorem 2.1. Assume that maxx\in \Omega | T (x)| < M < +\infty , maxx\in \Omega | D(x)| < M <
+\infty , and \bigtriangleup T \triangleq \{ x : T (x) is discontinuous at x\} is a zero measure set; then there
exists at least one solution for (2.2).

Proof. By selecting a minimizing sequence \{ (uk, \delta mk, \delta sk)\} of the functional
Jn(u, \delta m, \delta s), due to Jn(u, \delta m, \delta s)\leq Jn(0,0,0), one can conclude that uk, \delta mk, and
\delta sk are bounded on [H\alpha (\Omega )]2, BV0(\Omega ), and BV0(\Omega ), respectively.

Firstly, by the compactness of H\alpha (\Omega ), there exists a subsequence of uk which
is still labeled by k and u \in [H\alpha (\Omega )]2 such that uk weakly converges to u with
R1(u) \leq limk\rightarrow \infty infR1(u

k). By the compact embedding theorem (Theorem 4.58
in [9]), we know that H\alpha 

0 (\Omega ) \lhook \rightarrow C1(\Omega ). Namely, there exists a subsequence of uk

which is still labeled by k and \=u \in [C1(\Omega )]2 such that uk converges to \=u in [C1(\Omega )]2.

Moreover, by the uniqueness of the limit, we get \=u= u. That is, uk k - \rightarrow u in [C1(\Omega )]2.
Therefore, we conclude u\in \scrA (\Omega ) \setminus \scrB \varepsilon n(\Omega ).

Secondly, by the compactness on BV (\Omega ), there exists a subsequence of \delta mk which
is still labeled by k and \delta m\in BV (\Omega ) such that \delta mk weakly converges to \delta m with

\| \delta mk  - \delta m\| L1(\Omega )
k - \rightarrow 0 and

\int 
\Omega 

\nabla \delta mk \cdot \varphi dx k - \rightarrow 
\int 
\Omega 

\nabla \delta m \cdot \varphi dx \forall \varphi \in C\infty 
0 (\Omega ),(2.3)

where the first equation in (2.3) implies mn - 1+ \delta m\in C\Omega , and the second equation in

(2.3) implies R2(m
k)

k - \rightarrow R2(m).
Similarly to the analysis on \delta mk, one can again conclude that there exists a

subsequence of \delta sk which is still labeled by k and \delta s \in BV (\Omega ) such that \delta sk weakly
converges to \delta s with

\| \delta sk  - \delta s\| L1(\Omega )
k - \rightarrow 0 and

\int 
\Omega 

\nabla \delta sk \cdot \varphi dx k - \rightarrow 
\int 
\Omega 

\nabla \delta s \cdot \varphi dx \forall \varphi \in C\infty 
0 (\Omega ),(2.4)

where the first equation in (2.4) implies sn - 1+\delta m\in SV0(\Omega ), and the second equation

in (2.4) implies R3(\delta s
k)

k - \rightarrow R3(\delta s).

Finally, by \| uk - u\| [C1(\Omega )]2
k - \rightarrow 0, \| \delta mk - \delta m\| L1(\Omega )

k - \rightarrow 0 and \| \delta sk - \delta s\| L1(\Omega )
k - \rightarrow 

0, we obtain
\int 
\Omega 
(mn - 1(x) + \delta mk(x) + lnD(x) - ln(T \circ \~\bfitvarphi n - 1(x+ uk(x)) - sn - 1(x) - 

\delta sk(x)))2dx
k - \rightarrow 
\int 
\Omega 
(mn - 1(x) + \delta m(x) + lnD(x) - ln(T \circ \~\bfitvarphi n - 1(x+u(x)) - sn - 1(x) - 

\delta s(x)))2dx. Note that here we use \~\bfitvarphi n - 1 \in [C1(\Omega )]2, which implies that T \circ \~\bfitvarphi n - 1(\cdot )
is continuous except on some zero measure set. Therefore, Jn(u, \delta m, \delta s) \leq limk\rightarrow \infty 
inf Jn(u

k, \delta mk, \delta sk), which ensures the existence of solution for (2.2).

Then recall some important lemmas in [20], which are necessary for the proof of
the convergence of the multiscale approach (2.1)--(2.2).

Lemma 2.2. Assume f ,g : \Omega \rightarrow \Omega , \scrW (f) = f  - I, and I is the identity mapping;
then there holds the following:

(i) If \scrW (f) \in \scrA (\Omega ) \setminus \scrB \varepsilon 1(\Omega ), \scrW (g) \in \scrA (\Omega ) \setminus \scrB \varepsilon 2(\Omega ), then \scrW (f \circ g) \in \scrA (\Omega ) \setminus 
\scrB \varepsilon 1\varepsilon 2(\Omega ).

(ii) If \scrW (f)\in \scrA (\Omega ) \setminus \scrB \varepsilon (\Omega ), then there exists g= f - 1 \in \scrA (\Omega ).
(iii) If \scrW (g)\in \scrA (\Omega )\setminus \scrB \varepsilon (\Omega ), then there exists a constant C1 such that

\int 
\Omega 
f(g(x))dx

\leq C1R1(g
 - 1)

\int 
\Omega 
f(y)dy.
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1104 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

Remark 2.3. Recall that the deformation \bfitvarphi : \Omega \rightarrow \Omega is defined to be the sum
of the identity map and displacement u : \Omega \rightarrow \BbbR , namely, \bfitvarphi (x) = x + u(x). Here,
the operator \scrW is introduced to distinguish the deformation and displacement and
simplify the description in the proof of Theorem 2.6. In fact, \scrW (\bfitvarphi ) = u.

Lemma 2.4. Assume p(x) = x+u(x) and \scrW (q)\in \scrA (\Omega )\setminus \scrB \varepsilon (\Omega ); then there exists
a constant C2 such that R1(\scrW (p \circ q)) = 2(R1(\scrW (q)) +C2R1(q

 - 1)R1(\scrW (p))).

Lemma 2.5. Assume \bfitvarphi (x) = x + u(x), g(x) = \bfitvarphi  - 1(x) = x + v(x), and u,v \in 
\scrA (\Omega ) \setminus \scrB \varepsilon (\Omega ); then there exists a constant C3 such that R1(u) =

\int 
\Omega 
\| \nabla \alpha u(x)\| 2dx \leq 

C3R1(g)R1(\scrW (g)).

Based on these lemmas, we are now ready to give the result on the convergence
of the multiscale approach (2.1)--(2.2).

By setting m\equiv 0, s\equiv 0, and u\equiv 0, it follows from Jn(un, \delta mn, \delta sn)\leq Jn(0,0,0)
in (2.2) that

\lambda nS
n
lc(un,mn, sn) + \mu R(un, \delta mn, \delta sn)\leq \lambda nS

n - 1
lc (un - 1,mn - 1, sn - 1),

where

Sn
lc(un,mn, sn) =

\int 
\Omega 

(mn(x) + lnD(x) - ln(T \circ \~\bfitvarphi n(x) - sn(x)))
2dx,

and R(0,0,0) = 0. Hence, Sn
lc(un,mn, sn) is a decreasing sequence with a lower bound,

whose limit is defined by

\delta = lim
n\rightarrow +\infty 

Sn
lc(un,mn, sn).(2.5)

Define

\phi = inf
(u,m,s)\in \scrL (\Omega )

\int 
\Omega 

(m(x) + lnD(x) - ln(T (x+ u(x)) - s(x)))2dx.(2.6)

By proving \delta = \phi under some suitable assumptions, we can give an answer to the
problem of whether or not one can find the global minimizer of Slc(u,m, s) on a
proper set \scrL (\Omega ) =\scrA (\Omega )\times \scrC \Omega \times SV0(\Omega ). Note that (1.4)--(1.6) imply \scrA (\Omega )\subseteq [H\alpha 

0 (\Omega )]
2,

\scrC \Omega \subseteq BV (\Omega ), and SV0(\Omega )\subseteq BV (\Omega ), which ensures that the greedy matching problem
(2.6) is well regularized.

Theorem 2.6. Let \bfitvarphi n, \~\bfitvarphi n, mn, and sn be induced by the multiscale approach
(2.1)--(2.2), and assume that B, M , and \lambda n are three positive numbers satisfying

limn\rightarrow +\infty 
B4n - 3M4n

\lambda n
= 0 and limn\rightarrow +\infty \varepsilon n = 0, where B is a positive number depending

on \Omega andM is a positive number depending on u0, \delta m0, \delta s0, \Omega , \alpha , and \phi , respectively.
Then there holds \phi = \delta .

Proof. It is obvious that \delta \geq \phi . To show \delta \leq \phi , we use the contradiction.
Assume \delta > \phi ; then there exists a C1 \in (0,1) such that \phi < C1\delta < \delta . By the

definition of \phi , there exists \=\bfitvarphi (x) = x+ \=u(x) \in \scrA (\Omega ), \=m \in \scrC \Omega , and \=s \in SV0(\Omega ) such
that

\| \=m+ lnD - ln(T \circ \=\bfitvarphi  - \=s)\| 2L2(\Omega ) <C1\delta .(2.7)

Setting \bfitvarphi = \~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi , m = \=m  - mn - 1, s = \=s  - sn - 1, by Lemma 2.2, we obtain

\bfitvarphi \in \scrA (\Omega ), mn - 1+m\in \scrC \Omega , and sn - 1+s\in SV0(\Omega ). By (2.2), (2.5), and (2.7), we have
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1105

\lambda n

\int 
\Omega 

( \~mn(x) + lnD(x) - ln(T \circ \~\bfitvarphi n(x) - \~sn(x)))
2dx+ \mu R(un, \delta mn, \delta sn)

\leq \lambda n\| \=m+ lnD - ln(T \circ \bfitvarphi  - \=s)\| 2L2(\Omega ) + \mu R(\scrW (\~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi ), \=m - mn - 1, \=s - sn - 1)

\leq \lambda nC1\delta + \mu R(\scrW (\~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi ), \=m - mn - 1, \=s - sn - 1).

(2.8)

Then by (2.8), we further have

\lambda n(1 - C1)\delta + \mu R(un, \delta mn, \delta sn)\leq \mu R(\scrW (\~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi ), \=m - mn - 1, \=s - sn - 1)(2.9)

and

R(un, \delta mn, \delta sn)\leq R(\scrW (\~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi ), \=m - mn - 1, \=s - sn - 1).(2.10)

Recall R(u,m, s) = R1(u) + R2(m) + R3(s). Based on the inequality | a + b| \leq 
| a| + | b| and the fact mn - 1 =mn - 2 + \delta mn - 1, sn - 1 = sn - 2 + \delta sn - 1, we obtain

R2( \=m - mn - 1)\leq R2( \=m - mn - 2) +R2(\delta mn - 1), R3(\=s - sn - 1)\leq R3(\=s - sn - 2)(2.11)

+R3(\delta sn - 1).

To estimate R1(\scrW (\~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi )), by Lemma 2.4, we obtain

R1(\scrW (\~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi ))\leq 2R1(\scrW (\~\bfitvarphi  - 1

n - 2 \circ \=\bfitvarphi )) + 2CR1((\~\bfitvarphi 
 - 1
n - 2 \circ \=\bfitvarphi ) - 1)R1(\scrW (\bfitvarphi  - 1

n - 1)),

(2.12)

where we use the formula \~\bfitvarphi  - 1
n - 1\circ \=\bfitvarphi =\bfitvarphi  - 1

n - 1\circ \~\bfitvarphi 
 - 1
n - 2\circ \=\bfitvarphi =\bfitvarphi  - 1

n - 1\circ (\~\bfitvarphi 
 - 1
n - 2\circ \=\bfitvarphi ). Concerning

the estimates on R1((\~\bfitvarphi 
 - 1
n - 2 \circ \=\bfitvarphi ) - 1) and R1(\scrW (\bfitvarphi  - 1

n - 1)), we have

R1((\~\bfitvarphi 
 - 1
n - 2 \circ \=\bfitvarphi ) - 1)\leq 2R1(x) + 2R1(\scrW ((\~\bfitvarphi  - 1

n - 2 \circ \=\bfitvarphi ) - 1))

\leq \~c1R1(\~\bfitvarphi 
 - 1
n - 2 \circ \=\bfitvarphi )R1(\scrW ((\~\bfitvarphi  - 1

n - 2 \circ \=\bfitvarphi ))) + \~c2

\leq \~c3R
2
1(\scrW (\~\bfitvarphi  - 1

n - 2 \circ \=\bfitvarphi )) + \~c4R1(\scrW (\~\bfitvarphi  - 1
n - 2 \circ \=\bfitvarphi )) + \~c5

\leq B1\scrM 2((R1(\scrW (\~\bfitvarphi  - 1
n - 2 \circ \=\bfitvarphi ))))

(2.13)

and

R1(\scrW (\bfitvarphi  - 1
n - 1))\leq CR1(\scrW (\bfitvarphi n - 1))R1(\bfitvarphi n - 1)

\leq CR1(\scrW (\bfitvarphi n - 1))( \=C +R1(\scrW (\bfitvarphi n - 1)))

\leq B0\scrM 2(R1(\scrW (\bfitvarphi n - 1))),

(2.14)

where, for any \xi \geq 0,

\scrM (\xi ) =

\Biggl\{ 
1, 0\leq \xi \leq 1,

\xi , \xi > 1.

The first and third inequalities in (2.13) are based on the fact that f(x) = x+\scrW (f)
for any deformation f , and the second inequality in (2.13) is based on the conclusion
R1(\scrW (g - 1))\leq CR1(g)R1(\scrW (g)) in Lemma 2.5. Hence, by (2.12), (2.13), and (2.14),
we get

R1(\scrW (\~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi ))\leq 2R1(\scrW (\~\bfitvarphi  - 1

n - 2 \circ \=\bfitvarphi ))(2.15)

+ B\scrM 2(R1(\scrW (\bfitvarphi n - 1)))\scrM 2(R1(\scrW (\~\bfitvarphi  - 1
n - 2 \circ \=\bfitvarphi ))).
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1106 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

Furthermore, by (2.10), (2.11), and (2.15), we have

R(\scrW (\~\bfitvarphi  - 1
n - 1 \circ \=\bfitvarphi ), \=m - mn - 1, \=s - sn - 1)

\leq 2R(\scrW (\~\bfitvarphi  - 1
n - 2 \circ \=\bfitvarphi ), \=m - mn - 2, \=s - sn - 2) + \=B\scrM 4[R(\scrW (\~\bfitvarphi  - 1

n - 2 \circ \=\bfitvarphi ),

\=m - mn - 2, \=s - sn - 2)]

\leq B\scrM 4[R(\scrW (\~\bfitvarphi  - 1
n - 2 \circ \=\bfitvarphi ), \=m - mn - 2, \=s - sn - 2)]

\leq \cdot \cdot \cdot 
\leq B4n - 3\scrM 4n [R(\scrW (\~\bfitvarphi  - 1

0 \circ \=\bfitvarphi ), \=m - m0, \=s - s0)].

(2.16)

Define M \triangleq \scrM [R(\scrW (\~\bfitvarphi  - 1
0 \circ \=\bfitvarphi ), \=m - m0, \=s - s0)]. By (2.9) and (2.16), we then obtain

1 - C1 \leq 0 as n\rightarrow +\infty , which contradicts C1 \in (0,1). Therefore, \delta = \phi .

Remark 2.7. By Theorem 2.6, the multiscale approach (2.1)--(2.2) provides a
solution to the following ``greedy problem"":

inf
(u,m,s)\in \scrL (\Omega )

Slc(u,m, s).(2.17)

Here, a key point is that the regularization in (2.17) is reflected on \scrL (\Omega ) = \scrA (\Omega ) \times 
\scrC \Omega \times SV0(\Omega ). Otherwise, the trivial solution (i.e., u = 0, m = T

D , s = 0) may occur.
In our method, some constraints (i.e., u\in \scrA (\Omega ), m\in \scrC \Omega , s\in SV0(\Omega )) are additionally
added in (1.4)--(1.6). Compared with the greedy problem in [20] that has nothing
to do with parameters, the result of the greedy problem (2.17) is affected by two
parameters K1 and K2, since the constraint \scrC \Omega is determined by parameters K1 and
K2. In applications, a practitioner needs to give some estimates on the intensity
of varying illumination and set suitable K1,K2 (i.e., K1,K2 are suggested to be set
near zero if no varying illumination in image pairs); then the multiscale approach
(2.1)--(2.2) can work well to produce some expected solutions.

3. ADM for (2.2). In this section, we mainly focus on the numerical imple-
mentation of the proposed multiscale approach (2.1)--(2.2) with \lambda n and \varepsilon n chosen by
Theorem 2.6 (i.e., \lambda n = an \times b4

n

for some a, b > 1 and \varepsilon n = \varepsilon 0
2n for some \varepsilon 0 \in (0,1)).

To address the nonconvexity of Slc(u,m, s), an auxiliary variable v is additionally
introduced and (2.2) is reformulated as follows:

(vn,un, \delta mn, \delta sn)\in argmin
(v,u,mn - 1+m,sn - 1+s)\in \scrL \varepsilon n (\Omega )

En(v,u,m, s),(3.1)

where

En(v,u,m, s)

= \lambda n

\int 
\Omega 

(mn - 1(x) +m(x) + lnD(x) - ln(T \circ \~\bfitvarphi n - 1(x+ v(x)) - sn - 1(x) - s(x)))2dx

+ \mu R(u,m, s) +\Theta Rc(u) +
1

2\theta n

\int 
\Omega 

| v - u| 2dx,

Rc(u) =
\int 
\Omega 
(\partial u1

\partial x1
 - \partial u2

\partial x2
)2+(\partial u1

\partial x2
+ \partial u2

\partial x1
)2dx, \scrL \varepsilon n(\Omega ) =L2(\Omega )\times \scrL \varepsilon n(\Omega ), \theta n > 0 is a small

number, and \Theta > 0 is a large number.

Remark 3.1. Here the penalty term Rc(u) comes from [18] to relax the conformal
constraint. In fact, Rc(u) = 0 when \bfitvarphi (x) = x+ u(x) is in conformal set. Therefore,
Rc(u) =

\int 
\Omega 
(\partial u1

\partial x1
 - \partial u2

\partial x2
)2 + (\partial u1

\partial x2
+ \partial u2

\partial x1
)2dx can be viewed as the distance between the

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1107

(a) T (·) (b) D(·) (c) T ◦ϕ(·) (d) ϕ(·)

(e) T ◦ϕ(·) (f) ϕ(·)

Fig. 3. Comparison between the relaxed Cauchy--Riemann model [18] and the quasi-conformal
model [40]: (a) and (b) are floating image and target image, respectively; (c) and (d) are registration
results of the relaxed Cauchy--Riemann model [18] with Re SSD= 3.21\%; (e) and (f) are registration
results of the quasi-conformal model [40] with Re SSD= 4.63\%.

mapping \bfitvarphi and conformal set. In this view, by setting some approximate regulariza-
tion, the relaxed model (2.1) in [18] is equivalent to the quasi-conformal model in [40]
which also minimizes the distance\int 

\Omega 

\| \nabla \bfitvarphi (x)\| 2F
2det (\nabla \bfitvarphi (x))

dx(3.2)

between mapping \bfitvarphi and conformal set in some sense. To illustrate this idea, the
comparison results for these two models are listed on Figure 3. In this comparison,
one can note that the relaxed model [18] and the quasi-conformal model [40] achieve
the same type of deformation. Besides, the distance defined in (3.2) has the ability
to control the minimal value of det (\nabla \bfitvarphi ) (because det (\nabla \bfitvarphi ) acts as the denominator
of the objective functional) while the distance Rc(u) does not work on this aspect.
That is, Rc(u) controls less than (3.2). This is the reason why the relaxed model
[18] achieves a lower quality (smaller minx\in \Omega det (\nabla \bfitvarphi (x))) deformation but smaller
Re SSD. Moreover, the relaxed model also works for the landmark registration by
deleting the fidelity term of the relaxed model [18] (Figure 4). Based on these com-
parisons and to make further analysis much easier, we use the relaxed conformal
constraint Rc(u) (with much simpler structure) to control the mesh folding in this
paper.

Then setting an initialization v0
n = 0, u0

n = 0, \delta m0
n = 0, \delta s0n = 0 for some given

scale n, (3.1) can be split into the following four subproblems:

vk+1
n \in argmin

v\in [L2(\Omega )]2
En(v,u

k
n, \delta m

k
n, \delta s

k
n),(3.3)

uk+1
n \in argmin

u\in [H\alpha 
0 (\Omega )]2

En(v
k+1
n ,u, \delta mk

n, \delta s
k
n),(3.4)

\delta mk+1
n = argmin

mn - 1+m\in \scrC \Omega 

En(v
k+1
n ,uk+1

n ,m, \delta skn),(3.5)

\delta sk+1
n = argmin

sn - 1+s\in SV0(\Omega )

En(v
k+1
n ,uk+1

n , \delta mk+1
n , s),(3.6)

for k= 0,1,2, . . ..

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1108 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

(a) (b) (c)

Fig. 4. Landmark registration by the relaxed Cauchy--Riemann model [18]: (a) and (b) are the
labels for the floating image and target image (\bfitvarphi (xi) = yi(i = 1,2, . . . ,9)), respectively; (c) is the
deformation induced by deleting the fidelity term of the relaxed Cauchy--Riemann model [18].

Concerning the convergence of \{ (vk
n,u

k
n, \delta m

k
n, \delta s

k
n)\} , here, we assume \alpha > 3 for the

technical demand to ensure \bfitvarphi \in [C2(\Omega )]2 (H\alpha 
0 (\Omega ) \lhook \rightarrow C2(\Omega ) (\alpha > 3) (see Theorem 4.58

in [9]). Before showing the convergence result, we give some lemmas for subproblems
(3.3)--(3.6), which will be used in the later proof.

Lemma 3.2. Suppose \alpha > 3, T (\cdot ) is twice differentiable with ess supx\in \Omega | T (x)| <
\=M <+\infty , ess supx\in \Omega | D(x)| < \=M <+\infty , 0< \theta n <

(\kappa  - \kappa 0)
2

10M
2
(\lambda n

\widetilde M)n
, ess supx\in \Omega | \nabla T (x)| <

\=M < +\infty , and ess supx\in \Omega | \nabla 2T (x)| < \=M < +\infty , where \widetilde M \triangleq \widetilde M(\Omega , \alpha ) = 2C| \Omega | [K2 +
ln2(M/\kappa )2] > 0, K = max\{ | K1| , | K2| \} , and C = C(\Omega , \alpha ) is a positive constant (see
Lemma 3.2 and 3.3 in [16] for details). Then for the subproblem (3.3), there exists a
constant c > 0 such that

 - 2\lambda n(mn - 1 +mk
n + lnD - lnT k+1

n )
\nabla vT \circ \~\bfitvarphi n - 1(x+ vk+1

n )

T k+1
n

+
1

\theta n
(vk+1

n  - uk
n) = 0

(3.7)

and

En(v
k
n,u

k
n, \delta m

k
n, \delta s

k
n) - En(v

k+1
n ,uk

n, \delta m
k
n, \delta s

k
n)\geq c\| vk+1

n  - vk
n\| 2[L2(\Omega )]2 .

Here and in what follows, T k+1
n = T \circ \~\bfitvarphi n - 1(x+ vk+1

n ) - sn - 1  - \delta skn.

Proof. The first-order variation of (3.3) is

 - 2\lambda n

\int 
\Omega 

(mn - 1 +mk
n + lnD - lnT k+1

n )
\nabla vT \circ \~\bfitvarphi n - 1(x+ vk+1

n )

T k+1
n

\cdot z(x)dx

+
1

\theta n

\int 
\Omega 

(vk+1
n  - uk

n) \cdot z(x)dx= 0,

(3.8)

where z is the test function. By the variational principle, this concludes (3.7).
Letting z= vk

n  - vk+1
n in (3.8), it yields

L(vk
n,v

k+1
n ) =

\int 
\Omega 

( - 2\lambda n(mn - 1 + \delta mk
n + lnD - lnT k+1

n )
\nabla vT \circ \~\bfitvarphi n - 1(x+ vk+1

n )

T k+1
n

+
1

\theta n
(vk+1

n  - uk
n)) \cdot (vk

n  - vk+1
n )dx= 0.

Then we have
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1109

En(v
k
n,u

k
n, \delta m

k
n, \delta s

k
n) - En(v

k+1
n ,uk

n, \delta m
k
n, \delta s

k
n)

= \lambda n

\int 
\Omega 

ln
T \circ \~\bfitvarphi n - 1(x+ vk+1

n ) - sn - 1  - \delta skn
T \circ \~\bfitvarphi n - 1(x+ vk

n) - sn - 1  - \delta skn
\cdot (2mn - 1 + 2\delta mk

n + 2 lnD - 2 lnT k+1
n

+ ln
T \circ \~\bfitvarphi n - 1(x+ vk+1

n ) - sn - 1  - \delta skn
T \circ \~\bfitvarphi n - 1(x+ vk

n) - sn - 1  - \delta skn
)dx

+
1

2\theta n

\int 
\Omega 

(vk
n  - vk+1

n ) \cdot (vk
n + vk+1

n  - 2uk
n)dx.

(3.9)

By using Taylor's formula, we get

ln(T \circ \~\bfitvarphi n - 1(x+ vk+1
n ) - sn - 1  - \delta skn) = ln(T \circ \~\bfitvarphi n - 1(x+ vk

n) - sn - 1  - \delta skn) +A+B,

(3.10)

where A=
\nabla \bfv T\circ \~\bfitvarphi n - 1(x+vk

n)\cdot (v
k+1
n  - vk

n)

T\circ \~\bfitvarphi n - 1(x+vk
n) - sn - 1 - \delta skn

, B = (vk
n  - vk+1

n )H(\sigma )(vk
n  - vk+1

n )T , and H(\sigma )

is the Hessian matrix of the function ln(T \circ \~\bfitvarphi n - 1(x+vk
n) - sn - 1  - \delta skn) on the point

\sigma between vk
n and vk+1

n . Note that here we use the condition \alpha > 3 for technical
demand to ensure H\alpha 

0 (\Omega ) \lhook \rightarrow C2(\Omega ) (Theorem 4.58 in [9]). Due to \bfitvarphi n \in [H\alpha 
0 (\Omega )]

2, we
have \~\bfitvarphi n \in [C2(\Omega )]2, which implies T \circ \bfitvarphi n \in C2(\Omega ). This makes the Hessian matrix
H(\cdot ) of T \circ \bfitvarphi n \in C2(\Omega ) well defined.

Hence, by (3.9) and (3.10), there holds

En(v
k
n,u

k
n, \delta m

k
n, \delta s

k
n) - En(v

k+1
n ,uk

n, \delta m
k
n, \delta s

k
n)

\geq \lambda n

\int 
\Omega 

(A+B)2dx+ c\| vk+1
n  - vk

n\| 2[L2(\Omega )]2 +L(vk
n,v

k+1
n )\geq c\| vk+1

n  - vk
n\| 2[L2(\Omega )]2 ,

where c = 1
2\theta n

 - c0 > 0 and c0 = \| H(\sigma )\| L\infty (\Omega ) =
10M

2
(\lambda n

\widetilde M)n

(\kappa  - \kappa 0)2
(see Appendix A for

details).

Lemma 3.3. For the subproblem (3.4), there holds

2\mu 

\int 
\Omega 

\nabla \alpha uk+1
n \cdot \nabla \alpha wdx+ 2\Theta 

\int 
\Omega 

\Biggl( 
\partial uk+1

n,1

\partial x1
 - 
\partial uk+1

n,2

\partial x2

\Biggr) 
\cdot 

\Biggl( 
\partial wk+1

1

\partial x1
 - \partial wk+1

2

\partial x2

\Biggr) 
dx

+ 2\Theta 

\int 
\Omega 

\Biggl( 
\partial uk+1

n,1

\partial x2
+
\partial uk+1

n,2

\partial x1

\Biggr) 
\cdot 

\Biggl( 
\partial wk+1

1

\partial x2
+
\partial wk+1

2

\partial x1

\Biggr) 
dx

 - 1

\theta n

\int 
\Omega 

(vk+1
n  - uk+1

n ) \cdot wdx= 0

(3.11)

for any w \in [C\infty 
0 (\Omega )]2 and

En(v
k+1
n ,uk

n, \delta m
k
n, \delta s

k
n) - En(v

k+1
n ,uk+1

n , \delta mk
n, \delta s

k
n)\geq c1\| uk

n  - uk+1
n \| 2[H\alpha 

0 (\Omega )]2

for some c1 > 0.
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1110 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

Proof. The first-order variation of (3.4) is

2\mu 

\int 
\Omega 

\nabla \alpha uk+1
n \cdot \nabla \alpha wdx+ 2\Theta 

\int 
\Omega 

\Biggl( 
\partial uk+1

n,1

\partial x1
 - 
\partial uk+1

n,2

\partial x2

\Biggr) 
\cdot 

\Biggl( 
\partial wk+1

1

\partial x1
 - \partial wk+1

2

\partial x2

\Biggr) 
dx

+ 2\Theta 

\int 
\Omega 

\Biggl( 
\partial uk+1

n,1

\partial x2
+
\partial uk+1

n,2

\partial x1

\Biggr) 
\cdot 

\Biggl( 
\partial wk+1

1

\partial x2
+
\partial wk+1

2

\partial x1

\Biggr) 
dx

 - 1

\theta n

\int 
\Omega 

(vk+1
n  - uk+1

n ) \cdot wdx= 0,

where w= (w1,w2)
T is a test function. This concludes (3.11).

Letting w= uk
n  - uk+1

n , then there holds

\~L(uk
n,u

k+1
n )=2\mu 

\int 
\Omega 

\nabla \alpha uk+1
n \cdot \nabla \alpha (uk

n  - uk+1
n )dx+

1

\theta n

\int 
\Omega 

(uk+1
n  - vk+1

n ) \cdot (uk
n  - uk+1

n )dx

+ 2\Theta 

\int 
\Omega 

\Biggl( 
\partial uk+1

n,1

\partial x1
 - 
\partial uk+1

n,2

\partial x2

\Biggr) \Biggl( 
\partial ukn,1
\partial x1

 - 
\partial ukn,2
\partial x2

\Biggr) 
dx

+ 2\Theta 

\int 
\Omega 

\Biggl( 
\partial uk+1

n,1

\partial x2
+
\partial uk+1

n,2

\partial x1

\Biggr) \Biggl( 
\partial ukn,1
\partial x2

+
\partial ukn,2
\partial x1

\Biggr) 
dx

 - 2\Theta 

\int 
\Omega 

\Biggl( 
\partial uk+1

n,1

\partial x1
 - 
\partial uk+1

n,2

\partial x2

\Biggr) 2

dx - 2\Theta 

\int 
\Omega 

\Biggl( 
\partial uk+1

n,1

\partial x2
+
\partial uk+1

n,2

\partial x1

\Biggr) 2

dx= 0.

(3.12)

Therefore, based on (3.12), we obtain

En(v
k+1
n ,uk

n, \delta m
k
n, \delta s

k
n) - En(v

k+1
n ,uk+1

n , \delta mk
n, \delta s

k
n)

\geq \mu \| \nabla \alpha (uk
n  - uk+1

n )\| 2[L2(\Omega )]2 +
1

2\theta n
\| uk

n  - uk+1
n \| 2[L2(\Omega )]2 +

\~L(uk
n,u

k+1
n )(3.13)

\geq c1\| uk
n  - uk+1

n \| 2[H\alpha 
0 (\Omega )]2 .

Lemma 3.4. For subproblems (3.5) and (3.6), there holds

2\lambda n(mn - 1 + \delta mk+1
n + lnD - lnT k+1

n ) - \mu div

\biggl( 
\delta mk+1

n

| \delta mk+1
n | 

\biggr) 
= 0,(3.14)

2\lambda n(mn - 1 + \delta mk+1
n + lnD - ln \~T k+1

n )
1

\~T k+1
n

 - \mu div

\biggl( 
\nabla \delta sk+1

n

| \nabla \delta sk+1
n | 

\biggr) 
= 0,(3.15)

En(v
k+1
n ,uk+1

n , \delta mk
n, \delta s

k
n) - En(v

k+1
n ,uk+1

n , \delta mk+1
n , \delta skn)\geq \lambda n\| \delta mk

n  - \delta mk+1
n \| 2L2(\Omega ),

(3.16)

and

En(v
k+1
n ,uk+1

n , \delta mk+1
n , \delta skn) - En(v

k+1
n ,uk+1

n , \delta mk+1
n , \delta sk+1

n )\geq \lambda n\| \delta skn  - \delta sk+1
n \| 2L2(\Omega ),

(3.17)

where \~T k+1
n = T \circ \~\bfitvarphi n - 1(x+ vk+1

n ) - sn - 1  - \delta sk+1
n .
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1111

Proof. The first-order variation of (3.5) is

2\lambda n

\int 
\Omega 

(mn - 1 + \delta mk+1
n + lnD - lnT k+1

n ) \cdot pdx+ \mu 

\int 
\Omega 

\nabla \delta mk+1
n \cdot \nabla p

| \nabla \delta mk+1
n | 

dx= 0,

where p is the test function. By using the integration-by-parts formula [13], we get
(3.14).

Letting p= \delta mk
n  - \delta mk+1

n , we have

\^L= 2\lambda n

\int 
\Omega 

[mn - 1 + \delta mk+1
n + lnD - lnT k+1

n ] \cdot (\delta mk
n  - \delta mk+1

n )dx

+ \mu 

\int 
\Omega 

\nabla \delta mk+1
n \cdot \nabla (\delta mk

n  - \delta mk+1
n )

| \nabla \delta mk+1
n | 

dx= 0.

Then we obtain

En(v
k+1
n ,uk+1

n , \delta mk
n, \delta s

k
n) - En(v

k+1
n ,uk+1

n , \delta mk+1
n , \delta skn)

\geq \lambda n\| \delta mk
n  - \delta mk+1

n \| 2L2(\Omega ) +
\^L= \lambda n\| \delta mk

n  - \delta mk+1
n \| 2L2(\Omega ).

Further, by giving similar analysis on the subproblem (3.6), we conclude (3.15) and
(3.17).

Now, based on Lemmas 3.2--3.4, we give the convergence result of the sequence
\{ (vk

n,u
k
n, \delta m

k
n, \delta s

k
n)\} .

Theorem 3.5. Assume that the conditions in Lemmas 3.2--3.4 are satisfied; then
the sequence \{ (vk

n,u
k
n, \delta m

k
n, \delta s

k
n)\} generated by (3.3)--(3.6) converges to the solution of

(3.1) when k\rightarrow +\infty .

Proof. First, we claim that there exists (vn,un, \delta mn, \delta sn)\in [L2(\Omega )]2\times [H\alpha 
0 (\Omega )]

2\times 
\scrC \Omega \times SV0(\Omega ) such that

vk
n

k - \rightarrow vn in [L2(\Omega )]2, uk
n

k - \rightarrow un in [H\alpha 
0 (\Omega )]

2,

\delta mk
n

k - \rightarrow \delta mn in \scrC \Omega , \delta skn
k - \rightarrow \delta sn in SV0(\Omega ).

(3.18)

By Lemmas 3.2--3.4, we obtain that

En(v
k
n,u

k
n, \delta m

k
n, \delta s

k
n) - En(v

k+1
n ,uk+1

n , \delta mk+1
n , \delta sk+1

n )

\geq c\| vk
n  - vk+1

n \| 2[L2(\Omega )]2 + c1\| uk
n  - uk+1

n \| 2[H\alpha 
0 (\Omega )]2

+ \lambda n\| \delta mk
n  - \delta mk+1

n \| 2L2(\Omega ) + \lambda n\| \delta skn  - \delta sk+1
n \| 2L2(\Omega ).

(3.19)

Note that En(v
k
n,u

k
n, \delta m

k
n, \delta s

k
n) is a decreasing sequence with a lower bound, which

implies that the left side of (3.19) converges to zero when k\rightarrow +\infty . Hence, we have,

\| vk
n  - vk+1

n \| 2[L2(\Omega )]2
k - \rightarrow 0, \| uk

n  - uk+1
n \| 2[H\alpha 

0 (\Omega )]2
k - \rightarrow 0,

\| \delta mk
n  - \delta mk+1

n \| 2L2(\Omega )
k - \rightarrow 0, \| \delta skn  - \delta sk+1

n \| 2L2(\Omega )
k - \rightarrow 0,

(3.20)

as k\rightarrow +\infty . Then by the compactness of Banach space L2(\Omega ), H\alpha 
0 (\Omega ), there exists

(vn,un, \delta mn, \delta sn)\in [L2(\Omega )]2 \times [H\alpha 
0 (\Omega )]

2 \times L2(\Omega )\times L2(\Omega ) such that

vk
n

k - \rightarrow vn in [L2(\Omega )]2, uk
n

k - \rightarrow un in [H\alpha 
0 (\Omega )]

2,

\delta mk
n

k - \rightarrow \delta mn in L2(\Omega ), \delta skn
k - \rightarrow \delta sn in L2(\Omega ).
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1112 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

In addition, since \delta mk
n is bounded in BV (\Omega ), there exists a subsequence of \delta mk

n which
are still labeled with \delta mk

n and \delta \=mn \in BV0(\Omega ) such that

\| \delta mk
n  - \delta \=mn\| L1(\Omega )

k - \rightarrow 0,

\int 
\Omega 

\nabla \delta mk
n \cdot wdx k - \rightarrow 

\int 
\Omega 

\nabla \delta \=mn \cdot wdx,(3.21)

for any w \in C\infty 
0 (\Omega ). By (3.20), (3.21), and the uniqueness of the limit for mk

n, there
holds \delta mn = \delta \=mn \in BV0(\Omega ). So we have mn - 1 + \delta mn \in \scrC \Omega . Similarly, we also have
sn - 1 + \delta sn \in SV0(\Omega ). Therefore, we obtain the claim (3.18).

Next, we claim that (vn,un, \delta mn, \delta sn) is a minimizer of (3.1).
By (3.7), (3.11), and (3.18), we know that

 - 2\lambda n[mn - 1 +mn + lnD - lnTn]
\nabla vT \circ \~\bfitvarphi n - 1(x+ vn)

Tn
+

1

\theta n
(vn  - un) = 0(3.22)

and

2\mu 

\int 
\Omega 

\nabla \alpha un \cdot \nabla \alpha zdx+ 2\Theta 

\int 
\Omega 

\biggl( 
\partial un,1
\partial x1

 - \partial un,2
\partial x2

\biggr) 
\cdot 
\biggl( 
\partial z1
\partial x1

 - \partial z2
\partial x2

\biggr) 
dx

+ 2\Theta 

\int 
\Omega 

\biggl( 
\partial un,1
\partial x2

+
\partial un,2
\partial x1

\biggr) 
\cdot 
\biggl( 
\partial z1
\partial x2

+
\partial z2
\partial x1

\biggr) 
dx - 1

\theta n

\int 
\Omega 

(vn  - un) \cdot zdx= 0,

(3.23)

where Tn = T \circ \~\bfitvarphi n - 1(x+ vn) - sn - 1  - \delta sn. By (3.14), we also obtain

2\lambda n[mn - 1 + \delta mk+1
n + lnD - lnT k+1

n ] +\scrH (\delta mk+1
n ) = 0,

where \scrH (mk+1
n ) = - \mu div

\Bigl( 
\nabla \delta mk+1

n

| \nabla \delta mk+1
n | 

\Bigr) 
. This implies

\scrH (\delta mk+1
n )

k - \rightarrow  - 2\lambda n[mn - 1 + \delta mn + lnD - lnTn]\triangleq \scrT .

Note that\scrH is a monotone operator because\scrH is the derivative of a convex functional,
which shows \int 

\Omega 

[\scrH (\delta mk+1
n ) - \scrH (\omega )] \cdot (\delta mk+1

n  - \omega )dx\geq 0 \forall \omega \in BV (\Omega ).

Furthermore, there holds\int 
\Omega 

\scrH (\delta mk+1
n ) \cdot \delta mk+1

n dx
k - \rightarrow 
\int 
\Omega 

\scrT \cdot \delta mndx,

and \int 
\Omega 

\scrH (\omega ) \cdot \delta mk+1
n dx

k - \rightarrow 
\int 
\Omega 

\scrH (\omega ) \cdot \delta mndx.

So we get \int 
\Omega 

[\scrT  - \scrH (\omega )] \cdot (\delta mn  - \omega )dx\geq 0.

Let \omega = \delta mn + h\psi for any \psi \in C\infty 
0 (\Omega ), and we have\int 

\Omega 

[\scrT  - \scrH (\delta mn + h\psi )] \cdot \psi dx\leq 0.
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1113

Besides, \int 
\Omega 

\scrH (\delta mn + h\psi ) \cdot \psi dx - \rightarrow 
\int 
\Omega 

\scrH (\delta mn) \cdot \psi dx

as h\rightarrow 0. Therefore, \int 
\Omega 

\scrT \cdot \psi dx\leq 
\int 
\Omega 

\scrH (\delta mn) \cdot \psi dx.

So we have \scrH (\delta mn) = \scrT and

2\lambda n[mn - 1 + \delta mn + lnD - lnTn] +\scrH (\delta mn) = 0.(3.24)

In a similar way, there holds

2\lambda n[mn - 1 + \delta mn + lnD - lnTn]
1

Tn
 - \mu div

\biggl( 
\nabla \delta sn
| \nabla \delta sn| 

\biggr) 
= 0.(3.25)

Then by (3.22), (3.23), (3.24), and (3.25), we conclude that (vn,un, \delta mn, \delta sn) is a
minimizer of (3.1).

At the end of this section, we focus on the numerical implementation of the
subproblem (3.3)--(3.6). For some given domain \Omega = (0, a)\times (0, a) and scale number
n, we define h = a

NS
for some given NS \in \BbbN +. Here, we also define (x1)i = ih,

(x2)j = jh for i, j = 0,1,2, . . . ,NS and Pi,j = ((x1)i, (x2)j) for i, j = 0,1,2, . . . ,NS .
v-problem: Define r(v) = mn - 1 + \delta mk

n + lnD  - ln(T \circ \~\bfitvarphi n - 1(x + v(x))  - 
sn - 1  - \delta skn). By using Taylor's formula, there holds

r(vk+1
n )\approx r(uk

n) - Lk \cdot (vk+1
n  - uk

n),(3.26)

where Lk = (Lx,Ly)
T = 1

T\circ \~\bfitvarphi n - 1(x+uk
n(x)) - sn - 1 - \delta skn

\nabla uT \circ \~\bfitvarphi n - 1(x+uk
n(x)). Substitut-

ing (3.26) into (3.3), we obtain the following Euler--Lagrange equation for (3.3)

Gvk+1
n =\bfitphi (uk

n) \forall x\in \Omega ,(3.27)

where

G=

\biggl( 
1 + 2\lambda n - 1\theta nL

2
x, 2\lambda n - 1\theta nLxLy

2\lambda n - 1\theta nLxLy, 1 + 2\lambda n - 1\theta nL
2
y

\biggr) 
, vk+1

n =

\biggl( 
vk+1
n,1

vk+1
n,2

\biggr) 
,

\bfitphi (uk
n) =

\biggl( 
ukn,1 + 2\lambda n - 1\theta n[r(u

k
n)Lx +L2

xu
k
n,1 +LxLyu

k
n,2]

ukn,2 + 2\lambda n - 1\theta n[r(u
k
n)Ly +LxLyu

k
n,1 +L2

yu
k
n,2]

\biggr) 
,

and uk
n \triangleq (ukn,1, u

k
n,2)

T . By solving the linear system (3.27), one gets the updated
vk+1
n for each x\in \Omega .

u-problem: Based on the updated vk+1
n , the Euler--Lagrange equation for u

from (3.4) is formulated as follows:

2\mu \theta ndiv
\alpha \ast (\nabla \alpha uk+1

n ) - 2\Theta \theta n\bigtriangleup uk+1
n + uk+1

n = vk+1
n \forall x\in \Omega .(3.28)

Concerning the numerical computation of (3.28), the multigrid method is used to
accelerate the algorithm. The details of the multigrid method for (3.28) are listed in
Algorithm B.1 in Appendix B.
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1114 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

\bfitm -problem: By ignoring the constant term, (3.5) is essentially equivalent to the
following convex optimization problem:

\delta mk+1
n = argmin

mn - 1+m\in \scrC \Omega 

1

2

\int 
\Omega 

| g - m| 2dx+
\mu 

2\lambda n - 1

\int 
\Omega 

| \nabla m| dx \forall x\in \Omega ,(3.29)

where g(x) = ln(T \circ \~\bfitvarphi n - 1(x+vk+1) - sn - 1(x) - \delta skn(x)) - mn - 1(x) - lnD(x). Without
the constraintK1 \leq m\leq K2, (3.29) is essentially a standard form of the total variation
minimization. The solution of (3.29) (without constraint K1 \leq m\leq K2) is

m= g - \scrP \lambda K(g).(3.30)

Note that here and in what follows, \scrP A(v) denotes the element in A which mini-
mizes the distance between v and all the elements in A. Here we use the Chambolle
Projection algorithm [2] to compute \scrP \lambda K(g). By giving the initial value p0 = (0,0),
0< \tau < 1

8 , and the iterative sequence

pl+1
i,j =

pl + \tau \nabla (divpl  - g/\lambda )i,j
1 + \tau | \nabla (divpl  - g/\lambda )i,j | 

,

we have \lambda divpl \rightarrow \scrP \lambda K(g) with l\rightarrow +\infty [2]. Then, based on (3.30), we get the solution
of (3.29) by projecting the solution of (3.30) onto the set \scrC \Omega :

(\delta mk+1
n )i,j =

\left\{     
[g - \scrP \lambda K(g)]i,j , K1 \leq [g - \scrP \lambda K(g)]i,j \leq K2,

K1, [g - \scrP \lambda K(g)]i,j <K1,

K2, [g - \scrP \lambda K(g)]i,j >K2,

(3.31)

for i, j = 0,1,2, . . . ,NS .
\bfits -problem: Define \scrG (\Omega ) = \{ s\in BV0(\Omega )| s(x)\leq \kappa  - \kappa 0 - sn - 1(x) \forall x\in \Omega \} . Then

\scrG (\Omega ) is a closed and convex set. Assume that \delta sn is a solution of (3.4). Then for any
r \in \scrG (\Omega ), there holds \delta sn + \tau (r  - \delta sn) = (1 - \tau )\delta sn + \tau r \in \scrG (\Omega ) for 0\leq \tau \leq 1. Next,
we define J(\tau ) =En(v

k+1
n ,uk+1

n , \delta mk+1
n , \delta sn + \tau (r - \delta sn)), which yields

J(0)\leq J(\tau ) \forall \tau \in [0,1].

Therefore,

0\leq J \prime (0) =

\int 
\Omega 

\scrF (\delta sn) \cdot (r - \delta sn)dx \forall r \in \scrG ,(3.32)

where \scrF (\delta sn) =
2\lambda n(mn - 1+\delta mk+1

n +lnD - ln(T\circ \~\bfitvarphi n - 1(x+vk+1
n ) - sn - 1 - \delta sn))

T\circ \~\bfitvarphi n - 1(x+vk+1
n ) - sn - 1 - \delta sn

 - \mu div( \nabla \delta sn
| \nabla \delta sn| ).

Note that \scrF is a monotone operator [22], and (3.32) is equivalent to \delta sn = \scrP \scrG [\delta sn  - 
\varrho \scrF (\delta sn)], which induces the following iterative method for (3.4):

\delta sl+1
n =\scrP \scrG [\delta s

l
n  - \varrho \scrF (\delta sln)], l= 0,1,2, . . . ,(3.33)

with \varrho > 0. Concerning the projection in (3.33), it is essential to solve the following
optimization problem:

(\delta sl+1
n )i,j = argmin

wi,j

\| [\delta sln  - \varrho \scrF (\delta sln)]i,j  - wi,j\| 2,

subject to wi,j \leq \kappa  - \kappa 0  - (sn - 1)i,j for i, j = 0,1,2, . . . ,NS . That is,
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1115

Algorithm 3.1 ADM for (3.1).
Initialization: k= 0, u0

n = 0, v0
n = 0, m0

n = 0, s0n = 0, \Omega and maximum iteration
times K.
while k\leq K do
Step 1. Update vk+1

n by (3.27);
Step 2. Update uk+1

n by (3.28);
Step 3. Update \delta mk+1

n by (3.31);
Step 4. Update \delta sk+1

n by (3.34);
Set k= k+ 1;

end while
Output: un = uK

n ,vn = vK
n , \delta mn = \delta mK

n , \delta sn = \delta sKn .

Algorithm 3.2 Multiscale algorithm for (2.1)--(2.2).
Initialization: n= 0, u0

n = 0, v0
n = 0, \delta m0

n = 0, \delta s0n = 0, \lambda n,
\theta n(n= 0,1,2, . . . ,N), \Theta and maximum scale N .
while the scale number n\leq N do
Step 1. Use Algorithm 3.1 to compute vn (cf. (3.27)), un (cf. (3.28)), \delta mn

(cf. (3.31)), and \delta sn (cf. (3.34)) on \Omega ;
Step 2. Compute \~\bfitvarphi n, mn, and sn on \Omega ;
Set n= n+ 1 and go to the next scale with a different value for \lambda n (multiscale
for parameter \lambda n);

end while
Output: \~\bfitvarphi N , mN , sN .

(\delta sl+1
n )i,j =

\Biggl\{ 
[\delta sln  - \varrho \scrF (\delta sln)]i,j , [\delta sln  - \varrho \scrF (sln)]i,j \leq \kappa  - \kappa 0  - (sn - 1)i,j ,

\kappa  - \kappa 0  - (sn - 1)i,j , [\delta sln  - \varrho \scrF (\delta sln)]i,j >\kappa  - \kappa 0  - (sn - 1)i,j ,
(3.34)

for i, j = 0,1,2, . . . ,NS .
To summarize the above details, an ADM algorithm for solving (3.1) is listed in

Algorithm 3.1. Furthermore, based on Algorithm 3.1, we propose Algorithm 3.2 to
implement the multiscale approach (2.1)--(2.2), which will be refined later from the
viewpoint of the multiresolution.

4. Coarse-to-fine strategy for the multiscale approach. To solve the multi-
scale approach (2.1)--(2.2), one needs to iteratively solve the subproblems (3.3)--(3.6)
for each scale n (see Algorithm 3.2 for details). This strategy is not yet efficient.
Based on the viewpoint of the multiresolution, we now propose a modified coarse-to-
fine strategy for the numerical implementation of the multiscale approach (2.1)--(2.2).
This strategy contains the following two steps (the flow chart of the proposed coarse-
to-fine strategy is displayed in Figure 5). Note that here and in what follows, \Omega \downarrow 2n
denotes the downsampling of the region \Omega with size 2n. For example, given the region
\Omega = (0,128)\times (0,128), \Omega \downarrow 21 denotes the region (0,64)\times (0,64)).

(I) Image decomposition: To improve the resolution of downsampled images,
image decomposition process is additionally introduced. Here, the decomposition
model we used is the canonical multiscale image decomposition model developed by
[32, 35], which is essentially based on the following definite partial differential equation
(PDE) problem:

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1116 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

Fig. 5. The flow chart of the proposed coarse-to-fine strategy for the joint diffeomorphic image
registration and intensity correction. Note that here I denotes the image decomposition process; R
denotes the image registration process; d denotes the downsampling process.

\left\{         
\partial \xi (x, t)

\partial t
= \rho (t)div

\biggl( 
\delta (x)\nabla \xi (x, t)
| \nabla \xi (x, t)| 

\biggr) 
, x\in \Omega , t > 0,

\xi (x,0) = f(x), x\in \Omega ,

\xi (x, t) | x\in \partial \Omega = 0, t > 0,

(4.1)

where we set \rho (t) = 1.05t, \delta (x) = 1\surd 
1+| \nabla (G\iota \ast f)(x)| 2/\beta 2

, \beta = 0.07, and G\iota is a Gaussian

kernel with a small standard deviation \iota . By choosing N + 1 different time points
0 = t0 < t1 < \cdot \cdot \cdot < tN and setting f = T or f =D, we obtain the image decomposition
results: TN , TN - 1, . . ., T 0 and DN , DN - 1, . . ., D0, respectively. Concerning the
numerical implementation of (4.1), one can refer to [35] for details. Therefore, we
downsample the decomposed images Tn(\cdot ),Dn(\cdot ) (n = 0,1,2, . . . ,N) with size 2n to
obtain the downsampled images Tn

ds(\cdot ) and Dn
ds(\cdot ), respectively.

Remark 4.1. (4.1) is a multiscale process for image decomposition, which acts as
a role of smoothing image if the image pair T (\cdot ),D(\cdot ) are of low resolutions. In fact,
under the situation where the image pair T (\cdot ),D(\cdot ) are of high resolutions, we can
omit the image decomposition and downsample the image pair into image sequences
Tn(\cdot ),Dn(\cdot ) (n= 0,1,2, . . . ,N) directly.

(II) Image registration: The coarse-to-fine strategy for a multiscale approach
of joint image registration and intensity correction model is divided into the following
N + 1 steps, here and in what follows, \Omega n =\Omega \downarrow 2N - n(n= 0,1,2, . . . ,N).

Step 0. By taking TN
ds(\cdot ) and DN

ds(\cdot ) as the floating image and target image,
respectively, we solve the following variational problem on \Omega 0:

(u0, \delta m0, \delta s0)\in argmin
(u,m,s)\in \scrL \varepsilon 0

(\Omega 0)

\widetilde J0(u,m, s),(4.2)

where \widetilde J0(u,m, s) = \lambda 0
\int 
\Omega 0

(m(x) + lnDN
ds(x)  - ln(TN

ds(x + u(x))  - s(x)))2dx +
\mu R\Omega 0

(u,m, s), \scrL \varepsilon 0(\Omega 0) = (\scrA (\Omega 0)\setminus \scrB \varepsilon 0(\Omega 0))\times \scrC \Omega 0
\times SV0(\Omega 0), and \varepsilon 0 > 0. R\Omega n

(u,m, s)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1117

is defined by replacing \Omega with \Omega n in (1.3). Define \~\bfitvarphi 0(x) = \bfitvarphi 0(x) = x + u0(x),
m0(x) = \delta m0(x), and s0(x) = \delta s0(x) for each x\in \Omega 0.

Step 1. Scale \~\bfitvarphi 0(x), m0(x), and s0(x) to \Omega 1 and solve the following variational
problem on \Omega 1 (note that here | \Omega 1| = 4| \Omega 0| ):

(u1, \delta m1, \delta s1)\in argmin
(u,m0+m,s0+s)\in \scrL \varepsilon 1

(\Omega 1)

\widetilde J1(u,m, s),(4.3)

where \widetilde J1(u,m, s) = \lambda 1
\int 
\Omega 1

(m0(x) +m(x) + lnDN - 1
ds (x) - ln(TN - 1

ds \circ \~\bfitvarphi 0(x+ u(x)) - 
s0(x) - s(x)))2dx+\mu R\Omega 1

(u,m, s), \scrL \varepsilon 1(\Omega 1) = (\scrA (\Omega 1)\setminus \scrB \varepsilon 1(\Omega 1))\times \scrC \Omega 1
\times SV0(\Omega 1), and

\varepsilon 1 > 0. Define \bfitvarphi 1(x) = x+u1(x), \~\bfitvarphi 1(x) = \~\bfitvarphi 0 \circ \bfitvarphi 1(x), m1(x) =m0(x)+ \delta m1(x), and
s1(x) = s0(x) + \delta s1(x) for each x\in \Omega 1.

...
Step N . Scale \~\bfitvarphi N - 1(x), mN - 1(x), and sN - 1(x) to \Omega N , and solve the following

variational problem on \Omega N (note that \Omega N =\Omega ):

(uN , \delta mN , \delta sN )\in argmin
(u,mN - 1+m,sN - 1+s)\in \scrL \varepsilon N

(\Omega N )

\widetilde JN (u,m, s),(4.4)

where \widetilde JN (u,m, s) = \lambda n
\int 
\Omega N

(mN - 1(x) +m(x) + lnD(x)  - ln(T \circ \~\bfitvarphi N - 1(x + u(x))  - 
sN - 1(x)  - s(x)))2dx + \mu R\Omega N

(u,m, s), \scrL \varepsilon N (\Omega N ) = (\scrA (\Omega N ) \setminus \scrB \varepsilon N (\Omega N )) \times \scrC \Omega N
\times 

SV0(\Omega N ), and \varepsilon N > 0. Define \bfitvarphi N (x) = x + uN (x), \~\bfitvarphi N (x) = \~\bfitvarphi N - 1\circ \bfitvarphi N (x), mN (x) =
mN - 1(x) + \delta mN (x), and sN (x) = sN - 1(x) + \delta sN (x).

To show the convergence of the above proposed coarse-to-fine strategy, we intro-
duce some notations. In the coarse-to-fine strategy, one needs to scale the functions
\bfitvarphi \Omega n : \Omega n \rightarrow \Omega n, m

\Omega n : \Omega n \rightarrow \BbbR , s\Omega n : \Omega n \rightarrow \BbbR and u\Omega n : \Omega n \rightarrow \BbbR to the func-
tions \bfitvarphi : \Omega \rightarrow \Omega , m : \Omega \rightarrow \BbbR , s : \Omega \rightarrow \BbbR , and u : \Omega \rightarrow \BbbR , respectively. By the
principle of scaling, there holds \bfitvarphi (y) = 2N - n\bfitvarphi \Omega n( y

2N - n ), u(y) = 2N - nu\Omega n( y
2N - n ),

m(y) = m\Omega n( y
2N - n ), and s(y) = s\Omega n( y

2N - n ), where y \in \Omega and x = y/2N - n \in \Omega n.
Here, functions f\Omega n(f = \bfitvarphi ,m, s,u) denote the version of the function f on the do-
main \Omega n. In addition, there also holds Tn

ds(
y

2N - n ) = T (y) and Dn
ds(

y
2N - n ) =D(y).

Based on these notations, we have the following results.

Theorem 4.2. For any n\leq N  - 1, the coarse level registration problem

(u\Omega n
n , \delta m\Omega n

n , \delta s\Omega n
n )\in argmin

(u\Omega n ,m\Omega n - 1+m\Omega n ,s\Omega n - 1+s\Omega n )\in \scrL \varepsilon n (\Omega n)

\widetilde En(u
\Omega n ,m\Omega n , s\Omega n)(4.5)

is equivalent to the variational problem

(un, \delta mn, \delta sn)\in argmin
(u,mn+m,sn+s)\in \scrL \varepsilon n (\Omega )

En(u,m, s),(4.6)

where \widetilde En(u,m, s) = \lambda n
\int 
\Omega n

(m\Omega n
n - 1(x) +m\Omega n(x) + lnDN - n

ds (x) - ln(TN - n
ds \circ \~\bfitvarphi \Omega n

n - 1(x+

u\Omega n(x))  - s\Omega n
n - 1(x)  - s\Omega n(x)))2dx + \mu R\Omega n(u

\Omega n ,m\Omega n , s\Omega n), En(u,m, s) = 4N - n\lambda n\int 
\Omega 
(mn - 1(x) +m(x)+lnDN - n

ds (x) - ln(TN - n
ds \circ \~\bfitvarphi n - 1(x+u(x)) - sn - 1(x) - s(x)))2dx+

\mu (R1,\Omega (u) + 2N - n(R2,\Omega (m) +R3,\Omega (s))).

Proof. By letting y= 2N - nx\in \Omega for any x\in \Omega n, we get\widetilde En(u
\Omega n ,m\Omega n , s\Omega n)

=
1

4N - n
\lambda n

\int 
\Omega 

(mn - 1(y) +m(y) + lnDN - n
ds (y) - ln(TN - n

ds \circ \~\bfitvarphi n - 1(y+ u(y))

 - sn - 1(y) - s(y)))2dy+
\mu 

16N - n
(R1,\Omega (u) + 2N - n(R2,\Omega (m) +R3,\Omega (s))).

Therefore, (4.5) is equivalent to (4.6).
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1118 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

Algorithm 4.1 Coarse-to-fine algorithm for the multiscale approach (4.2)--(4.4).
Initialization: n= 0, u0

n = 0, v0
n = 0, m0

n = 0, s0n = 0, \lambda n, \theta n (n= 0,1,2, . . . ,N),
\Theta and maximum scale N .
I: Image decomposition:
Solve the image decomposition model (4.1) by setting f = T and D to obtain the
decomposition result; Downsample the decomposed images Tn,Dn

(n= 0,1,2, . . . ,N) with size 2n to obtain the downsampled images Tn
ds(\cdot ) and

Dn
ds(\cdot ), respectively.

II: Image registration:
while n<N do

Step 1. Use Algorithm 3.1 to compute vn (cf. (3.27)), un (cf. (3.28)), \delta mn

(cf. (3.31)), and \delta sn (cf. (3.34)) on \Omega n and replace T (\cdot ), D(\cdot ) with TN - n
sd (\cdot ),

DN - n
sd (\cdot ), respectively;

Step 2. Compute \~\bfitvarphi n, mn, and sn on \Omega n;
Step 3. Scale the definition of \~\bfitvarphi n, mn, and sn onto a finer domain \Omega n+1;
Set n= n+ 1;

end while

Output: \~\bfitvarphi N ,mN , sN and Tc(\cdot ) = T\circ \~\bfitvarphi N (\cdot ) - sN (\cdot )
emN (\cdot ) .

By Theorem 4.2, the variational problem (4.2)--(4.4) on each coarse grid is equiv-
alent to the following variational problem:

(un, \delta mn, \delta sn)\in argmin
(u,mn - 1+m,sn - 1+s)\in \scrL \varepsilon n (\Omega )

En(u,m, s), n= 0,1,2, . . . ,N.(4.7)

Then based on Theorems 4.2 and 2.6, we give the following convergence result of the
proposed coarse-to-fine strategy (4.2)--(4.4).

Theorem 4.3. Let \~\bfitvarphi n and mn, sn (n= 0,1,2, . . . ,N) be induced by the multiscale
approach (4.2)--(4.4). Assume three large numbers B, M , \lambda n satisfy

limn\rightarrow N - ,N\rightarrow +\infty 
B4n - 3M4n

\lambda n
= 0, where B is a positive number depending on \Omega and

M is a positive number depending on u0, \delta m0, \delta s0, \Omega , \alpha , and \phi , respectively. Then
there holds \phi = \delta ; i.e., the modified coarse-to-fine strategy (4.2)--(4.4) is also equivalent
to the original greedy matching problem (2.17).

Proof. Based on Theorem 4.2, we can transform the variational problems (4.2)--
(4.4) into an equivalent problem (4.7), which is defined on \Omega . Further, one can notice
that (4.7) is equivalent to (2.2) with n\rightarrow N - . Therefore, we can use Theorem 2.6 to
show \phi = \delta .

Based on Algorithm 3.1, the proposed coarse-to-fine strategy for the multiscale
approach (4.2)--(4.4) is summarized in Algorithm 4.1.

Remark 4.4. Algorithm 4.1 is a multiresolution modification for Algorithm 3.2. In
Algorithm 3.2, we need to solve the variational problem on \Omega , while in Algorithm 4.1,
we just need to solve the same problem on \Omega n(n= 0,1,2, . . . ,N). By | \Omega n| = 1

4N - n | \Omega | ,
we know that Algorithm 4.1 accelerates Algorithm 3.2, which will be validated in
section 5. In addition, by Theorem 4.2, the scale n of the coarse-to-fine approach (4.2)--
(4.4) is equivalent to the scale n of the non--coarse-to-fine approach (4.7), whatever
the region \Omega is downsampled. Hence, the downsampling process does not affect the
final result when n is large enough.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1119

5. Applications for the proposed multiscale approach. In this section,
we perform three different kinds of numerical tests to validate the theoretical results
and algorithms in sections 2--4. The content of this section contains: In the test
of subsection 5.2, we perform the comparison between the proposed coarse-to-fine
Algorithm 4.1 and multiscale 2D fractional-order diffeomorphic image registration
(M2FDIR) in [20] to show that Algorithm 4.1 is more efficient on addressing the image
registration problem with local varying illumination. In the test of subsection 5.3, a
comparison between Algorithm 4.1 and Algorithm 3.2 is performed to show that the
proposed Algorithm 4.1 has advantage on reducing the CPU consumption. In the
subsection 5.4 test, the proposed Algorithm 4.1 is compared with some state-of-the-
art image registration algorithms, including 1D fast diffeomorphic image registration
[17], diffeomorphic fractional-order image registration algorithm (DFIRA) [18], large
deformation diffeomorphic metric mapping (LDDMM) [25], and forward--backward
Nash equilibrium (FBNE) [33]. All the numerical tests are performed under Windows
7 and MATLAB R2012b with Intel core i7-6700 CPU @3.40GHz and 8GB memory.
For the quantitative comparison, we choose the following two indices:

\bullet Relative sum of squared differences (Re SSD) defined by

Re SSD(T,D,u) =
SSD(T (x+ u),D)

SSD(T,D)
,

where SSD(T,D) = 1
2

\sum 
i,j(Ti,j  - Di,j)

2.
\bullet Mesh folding number (MFN) defined by

MFN(u) = \sharp 
\bigl( 
detJ(u)\leq 0

\bigr) 
,

where detJ(u) = (1+ \partial u1

\partial x1
)(1+ \partial u2

\partial x2
) - \partial u1

\partial x2

\partial u2

\partial x1
, and for any set A, \sharp (A) denotes

the number of elements in A.

5.1. Sensitivity test for parameters \bfitlambda \bfitn and \bfitmu in Algorithm 4.1. \lambda n and
\mu are two key parameters for Algorithm 4.1. To show the sensitivity of the sequence
\{ \lambda n\} and the parameter \mu , the synthetic image pair (pair I) is used as the testing
data. For pair I, the floating image and target image are defined as follows:

T (x) = 255\chi \=\Gamma 1
(x) + 0.01, D(x) = 255\chi \=\Gamma 2

(x) + 100\chi \=\Gamma 3
(x) + 0.01,

where \Omega = (0,128) \times (0,128), \=\Gamma 1 = \{ x = (x1, x2)
T : (x1  - 65)

2
+ (x2  - 65)

2 \leq 402\} ,
\=\Gamma 2 = \{ x = (x1, x2)

T : (x1  - 65)
2
+ (x2  - 65)

2
< 102\} , \=\Gamma 3 = \{ x = (x1, x2)

T : 102 \leq 
(x1  - 65)

2
+(x2  - 65)

2 \leq 202\} , and \chi is an indicator function. The original synthetic
image pair is shown in Figure 6.

By setting \lambda n = \lambda 0 \times 4n(n= 0,1,2, . . .), \mu \in [0.01,1000], and \lambda 0 \in [15000,100000],
we use Algorithm 4.1 to perform the registration for image pair I by giving 357 different
groups (only 132 groups are shown on Figure 7 to make the vision more plausible) of
\lambda 0 and \mu . By viewing the final Re SSD(T,D,u) as the heat value, the heat map for
\lambda 0 and \mu is shown in Figure 7.

According to Figure 7, we find that the final Re SSD(T,D,u) is not affected by
the parameters \lambda n and \mu . This validates that the multiscale approach (2.1)--(2.2) can
provide a solution to the greedy matching problem (2.17), which has nothing to do
with the parameters \lambda n and \mu .

5.2. Comparison between the proposed coarse-to-fine Algorithm 4.1
and M2FDIR in [20]. To show that the proposed model via (4.2)--(4.4) properly
treats the local varying illumination, we compare the proposed Algorithm 4.1 with
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1120 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

(a) (b) (c)

(d) (e) (f)

Fig. 6. Comparison on pair I: (a) floating image T (\cdot ); (b) target image D(\cdot ); (c) T \circ \~\bfitvarphi N (\cdot ) in
Algorithm 4.1, Re SSD=5.14\%; (d) Tc \circ \~\bfitvarphi N (\cdot ) in Algorithm 4.1,Re SSD=0.89\%; (e) T \circ \~\bfitvarphi KM

(\cdot ) in
M2FDIR [20], Re SSD=7.65\%; (f) mesh grid of the deformation \~\bfitvarphi N (\cdot ) in Algorithm 4.1.

Fig. 7. The heat map for \lambda 0 and \mu . The values in the table are Re SSD(T,D,u) with respect
to different \lambda 0 and \mu .

the multiscale M2FDIR in [20], which does not take the local varying illumination
into consideration. The test pair in this part contains synthetic image pair I and two
brain MRI image pairs (II--III) with local varying illumination.

For pair I, one can see from Figure 6 that there is a shadow on the outer ring
of the circle in the target image D(\cdot ), while no shadow appears in the floating image
T (\cdot ). By using image pair I, we use the proposed Algorithm 4.1 and M2FDIR in
[20] for registration. The final registration results and quantitative comparison are
listed in Figure 6 and Table 1. By Figure 6(f), one can notice that the proposed
Algorithm 4.1 produces a diffeomorphic deformation \bfitvarphi . It follows from Figure 6(d)
that the registration result of Algorithm 4.1 matches the shadow ring of the target
image D(\cdot ) well, while the final result of M2FDIR has trouble in matching the shadow
ring. Besides, M2FDIR leads to a wrong result because of the distortion of the shadow
ring in target image D(\cdot ). This shows the necessity to introduce the bias m,s in
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1121

Table 1
Quantitative comparison between registration results of Algorithm 4.1 and M2FDIR (subsection

5.2 test).

Data Algorithm Re-SSD(\%) MFN CPU/s

Pair I M2FDIR [20] 7.65 0 469.3

Algorithm 4.1 0.89 0 37.1

Pair II M2FDIR [20] 46.86 0 536.1

Algorithm 4.1 11.82 0 36.1

Pair III M2FDIR [20] 9.91 0 661.3
Algorithm 4.1 3.11 0 43.1

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Fig. 8. Comparison on pair II (First row): (a) floating image T (\cdot ); (b) target image D(\cdot ); (c)
T \circ \~\bfitvarphi N (\cdot ) in Algorithm 4.1, Re SSD=85.31\%; (d) Tc \circ \~\bfitvarphi N (\cdot ) in Algorithm 4.1,Re SSD=11.82\%; (e)
T \circ \~\bfitvarphi KM

(\cdot ) in M2FDIR [20], Re SSD=46.86\%. Comparison on pair III (Second row): (f) floating
image T (\cdot ); (g) target image D(\cdot ); (h) T \circ \~\bfitvarphi N (\cdot ) in Algorithm 4.1, Re SSD=86.04\%; (i) Tc \circ \~\bfitvarphi N (\cdot )
in Algorithm 4.1, Re SSD=3.11\%; (j) T \circ \~\bfitvarphi KM

(\cdot ) in M2FDIR [20], Re SSD=9.91\%;

variational model (1.3) and also validates that the proposed Algorithm 4.1 addresses
the image registration with local illumination well.

For pair II (see the first row of Figure 8), there are two domains suffering from local
varying illumination on the lower left of the floating image T (\cdot ), while no illumination
appears in the target image D(\cdot ). For pair III (see the second row of Figure 8), there is
local illumination on the right side of the floating image T (\cdot ), while local illumination
appears on the opposite side of the target image D(\cdot ). We use Algorithm 4.1 and
M2FDIR for pairs II and III. The results are shown in Figure 8 and the quantitative
comparison results are listed in Table 1.

By Figure 8(e), we see that the registration result of M2FDIR on pair II is dis-
turbed by the local varying illumination and leads to an unexpected result. In addi-
tion, one can notice from Figure 8(d) that the proposed Algorithm 4.1 addresses the
local varying illumination well. This validates that the proposed Algorithm 4.1 has ad-
vantage on addressing the registration with local varying illumination over M2FDIR,
which is also the main motivation for us to study the problem joint diffeomorphic
image registration and intensity correction. Concerning the comparison on pair III, it
follows from Figure 8(j) that the registration result is seriously bad in the region with
local varying illumination, while the proposed Algorithm 4.1 can accurately correct
the intensity distortion caused by the local illumination (see Figure 8(i) for details).
In addition, in pair II and III, one can notice that the final Re SSD of M2FDIR is
smaller than the Re SSD (T \circ \~\bfitvarphi N (\cdot ) in Algorithm 4.1) before intensity correction.
This improvement in Re SSD is meaningless since the pursuit of a smaller Re SSD
leads to a wrong deformation (seriously bad in the local illumination region). Lastly,
one can notice from the registration result of Algorithm 4.1 (Figure 8(f)--(j)) that
there is still local varying illumination to coincide with the target image. That is,
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1122 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

local varying illumination still cannot be recovered well if there is local varying illu-
mination in target image D(\cdot ). This validates the fact in Remark 1.3 that the fidelity
in (1.3) is formulated based on the assumption that the target image D(\cdot ) has no bias.

5.3. Comparison between the proposed coarse-to-fine Algorithm 4.1
and Algorithm 3.2 (without coarse-to-fine process). To solve the proposed
multiscale approach (2.1)--(2.2), one has two choices: (1) Use the proposed Algo-
rithm 3.2 without coarse-to-fine strategy. For this choice, one is expected to implement
the ADM process (4.2)--(4.4) on \Omega for each scale n. (2) Use the proposed coarse-to-fine
Algorithm 4.1. For this choice, one only needs to solve the ADM process (4.2)--(4.4)
on \Omega n for each scale n. Note that \Omega n is a domain smaller than \Omega , which indicates
that the proposed coarse-to-fine strategy (4.2)--(4.4) has advantage on reducing the
CPU consumption over Algorithm 3.2.

Fig. 9. Comparison on IV: The first column is the floating image T (\cdot ) for each image pair; the
second column is the floating image D(\cdot ) for each image pair; the third and fourth columns are the
image registration results of Algorithm 4.1 and Algorithm 3.2 for each image pair, respectively.
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1123

To numerically validate this theoretical result, we perform the comparison be-
tween Algorithm 4.1 and Algorithm 3.2. Both two algorithms aim to find the solution
of the multiscale approach (2.1)--(2.2), where the coarse-to-fine strategy is introduced
in Algorithm 4.1, but no multiresolution based coarse-to-fine strategy is used in Al-
gorithm 3.2. The data set used for the test are labeled IV--VI. For pair IV, it contains
five image pairs which are collected at two different time from one patient (no. 1) who
suffers from the mouth cavity lymphoma. Similarly, data V and VI contain the same
content from other two patients (no. 2 and no. 3). By registering these image pairs,
clinicians can extract useful information from the difference between the deformed im-
age Tc \circ \~\bfitvarphi N (\cdot ) and the target image D(\cdot ). Furthermore, by analyzing the difference,
some evaluation for the severeness of the tumor is made. Therefore, the accuracy of
the image registration result is of vital importance for the evaluation. Here, we use
Algorithm 4.1 and Algorithm 3.2 to register these 15 image pairs. The registration
results for IV--VI are listed on Figures 9--11 and Table 2, where Re SSD is represented

Fig. 10. Comparison on V: The first column is the floating image T (\cdot ) for each image pair; the
second column is the floating image D(\cdot ) for each image pair; the third and fourth columns are the
image registration results of Algorithm 4.1 and Algorithm 3.2 for each image pair, respectively.
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1124 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

Fig. 11. Comparison on VI: The first column is the floating image T (\cdot ) for each image pair;
the second column is the floating image D(\cdot ) for each image pair; the third and fourth columns are
the image registration results of Algorithm 4.1 and Algorithm 3.2 for each image pair, respectively.

Table 2
Quantitative comparison between registration results of Algorithm 4.1 and Algorithm 3.2 (sub-

section 5.3 test).

Data Algorithm Re SSD(\%) MFN CPU/s

Data IV Algorithm 4.1 10.67\pm 2.47 0 38.5\pm 5.3

Algorithm 3.2 11.19\pm 3.44 0 518.5\pm 31.9

Data V Algorithm 4.1 9.82\pm 2.47 0 36.1\pm 6.1

Algorithm 3.2 13.16\pm 3.51 0 436.7\pm 35.6

Data VI Algorithm 4.1 8.96\pm 1.68 0 43.1\pm 3.8

Algorithm 3.2 12.76\pm 0.72 0 621.7\pm 45.6

by the mean value \pm standard deviation of five different image pairs for each patient,
and the CPU is represented in a similar way.

By Table 2, we see that the registration result of the proposed Algorithm 4.1 is
similar to (though a bit better than) Algorithm 3.2. However, the CPU consumption
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Fig. 12. Comparison on VII: (a) floating image T (\cdot ); (b) target image D(\cdot ); (c) T \circ \~\bfitvarphi N (\cdot ) in
Algorithm 4.2, Re SSD=9.76\%; (d) 1DFDIM, Re SSD=25.72\%; (e) DFIRA, Re SSD=22.8\%; (f)
LDDMM, Re SSD=50.05\%; (g) FBNE, Re SSD=12.57\%.

of Algorithm 4.1 is greatly reduced compared with Algorithm 3.2. This shows the
efficiency of the proposed coarse-to-fine Algorithm 4.1.

5.4. Comparison between Algorithm 4.1 and some other image regis-
tration algorithms. In this part, to further validate the effectiveness and efficiency
of the proposed coarse-to-fine Algorithm 4.1, we perform some comparisons between
Algorithm 4.1 and 1DFDIM [17], DFIRA [18], LDDMM [25], and FBNE [33]. For
this purpose, we use these five algorithms to match three different medical image pairs
labeled with VII--IX. Here, VII--IX are kept the same state with data set used in [33],
which are introduced as follows.

For image pair VII, the floating image T (\cdot ) contains a highly contrasted part in
the middle of the region. By viewing the contrast as bias field relative to the target
image D(\cdot ), the elimination of this kind of bias field provides a strong evidence that
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1126 PENG CHEN, KE CHEN, HUAN HAN, AND DAOPING ZHANG

Table 3
Quantitative comparisons between five different image registration algorithms.

Data Algorithm Re SSD(\%) MFN CPU/s

Algorithm 4.1 9.76 0 40.3
1DFDIM [17] 25.72 0 62.7

Ddata VII DFIRA [18] 22.80 0 372.6

LDDMM [25] 50.05 0 21.2
FBNE [33] 12.57 0 118.6

Algorithm 4.1 5.28 0 42.2
1DFDIM [17] 76.09 0 86.3

Data VIII DFIRA [18] 66.54 0 456.7
LDDMM [25] 51.23 0 30.2

FBNE [33] 24.41 0 101.6

Algorithm 4.1 3.05 0 50.4

1DFDIM [17] 83.2 0 90.3

Data IX DFIRA [18] 68.96 0 748.4
LDDMM [25] 36.18 0 23.7

FBNE [33] 15.44 0 117.3

the proposed multiscale approach for the variational model joint image registration
and intensity correction has advantage on addressing the diffeomorphic registration
with local varying illumination. This is the main reason why these image pairs are
selected for the numerical comparison. The quantitative comparison results for image
pair VII are listed in Figure 12 and Table 3. One can notice from Figure 12 that only
the proposed algorithm and the FBNE in [33] eliminate the bias field in the middle
of the region well. The other three algorithms which do not take intensity correction
into consideration lead to a narrow white bias field. This phenomenon occurs due to
the minimization of the similarity S(u). These solutions are not expected in image
registration of image pair VII, which shows that the necessity for introducing the
intensity correction process in the proposed Algorithm 4.1. Note that [33] pursuits
a minimizer of the cost functional with three different regularizations, while Algo-
rithm 4.1 searches for the minimizer of S(u,m, s) without any regularization. The
comparison between Algorithm 4.1 and FBNE in [33] further validates the advan-
tage of greedy matching. However, without proper multiscale consideration, greedy
matching without regularization is not expected to work well, which illustrates that
why the multiscale approach is introduced in this paper.

For image pair VIII, there is a low contrast in some local region of the floating
image T (\cdot ), which may make it ineffective for some image registration models without
intensity correction process. The registration result for image pair VIII is listed in
Figure 13 and Table 3. The proposed algorithm and FBNE [33] successfully recover
the low contrast region and lead to a final result with more details on the tissue.
This shows the importance of intensity correction in the registration for these image
pairs with a low contrast floating image. In this view, it is helpful to use the proposed
algorithm to register the image pairs containing at least one high resolution image and
one low contrast image. In addition, one can notice from Table 3 that the proposed
Algorithm 4.1 achieves the best result for image pair VIII.

For image pair IX, the floating image contains bias field and varying illumina-
tion on different regions of the domain. Compared with image pair II used in the
subsection 5.2 test, there is a square shadow surrounding the brain, which may affect
the registration result. By Figure 14, we see that the local bias and square shadow
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Fig. 13. Comparison on VIII: (a) floating image T (\cdot ); (b) target image D(\cdot ); (c) T \circ \~\bfitvarphi N (\cdot ) in
Algorithm 4.1, Re SSD=5.28\%; (d) 1DFDIM, Re SSD=76.09\%; (e) DFIRA, Re SSD=66.54\%; (f)
LDDMM, Re SSD=51.23\%; (g) FBNE, Re SSD=24.41\%.

are well eliminated in the final result of the proposed Algorithm 4.1 and FBNE. This
is an advantage led by bias correction in the proposed Algorithm 4.1 and FBNE.
Moreover, by the quantitative comparisons on Table 3, one can see that the proposed
Algorithm 4.1 achieves a smaller Re SSD than FBNE.

6. Discussion.

6.1. Advantages of the multiscale approach. To address the intensity in-
homogeneity in image registration, a state-of-the-art model was proposed by Theljani
and Chen [33]. Furthermore, by using the Nash game theory, an iterative algorithm
(FBNE) is also proposed based on the original variational model. However, under the
framework of the Nash game theory, the final solution may be not the solution of the
original variational model. This raises the uncertainty of the solution. In this paper,
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(a) (b) (c)

(d) (e) (f)

(g)

Fig. 14. Comparison on IX: (a) floating image T (\cdot ); (b) target image D(\cdot ); (c) T \circ \~\bfitvarphi N (\cdot ) in
Algorithm 4.1, Re SSD=3.05\%; (d) 1DFDIM,Re SSD=83.2\%; (e) DFIRA, Re SSD=68.96\%; (f)
LDDMM, Re SSD=36.18\%; (g) FBNE, Re SSD=15.44\%.

the proposed model (1.3) and related multiscale approach (2.1)--(2.2), aim at mini-
mizing the similarity Slc(u,m, s) on some smooth set \scrL (\Omega ), and achieve the solution
of the greedy problem which joints image registration and intensity correction. This
is also the reason why the proposed model achieves a better result than FBNE (see
Figures 12--14 and Table 3).

6.2. Limitation. Although the proposed multiscale approach is capable of han-
dling challenging image registration tasks such as large deformation and intensity
inhomogeneity, we face the difficulties in scenario of occlusion or blur; see Figures 15
and 16 for details. The failure of Figures 15 and 16 may be due to the nonlocal
intensity inhomogeneity of occlusion or blur (note the bias introduced in this paper
is only capable of characterizing local intensity inhomogeneity). To address this chal-
lenge, some nonlocal methods are necessary to be introduced in image registration,
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1129

(a) (b) (c) (d)

Fig. 15. Registration on occlusion: (a) floating image T (\cdot ); (b) target image D(\cdot ); (c) registra-
tion Tc \circ \~\bfitvarphi N (\cdot ); (d) deformation.

(a) (b) (c) (d)

Fig. 16. Registration on blur: (a) floating image T (\cdot ); (b) target image D(\cdot ); (c) registration
Tc \circ \~\bfitvarphi N (\cdot ); (d) deformation.

for example, registration joint blind deblurring [26], and registration joint inpainting
[37]. These may be new topics in registration with nonlocal intensity inhomogeneity.

7. Conclusion. In this paper, we propose a variational model for joint diffeo-
morphic image registration and intensity correction. Based on the joint model, a
related greedy matching problem (2.17) is proposed. For solving the greedy match-
ing problem (2.17), a multiscale approach is introduced to addresses the instability
by directly solving the greedy matching problem (2.17), which provides a theoretical
support for this kind of research. For the numerical computation of the multiscale ap-
proach, an ADM method is proposed and the convergence of this process is proved. In
addition, a coarse-to-fine strategy is further introduced to accelerate the registration
algorithm and its convergence is also established. Finally, three different kinds of nu-
merical tests are performed to validate the theoretical results. For the future research,
we may extend this work to the field of joint image registration and segmentation.

Appendix A. Estimation on the \bfitL \infty norm for the Hessian matrix of
ln(\bfitT \circ \~\bfitvarphi \bfitn  - 1(x + v\bfitk 

\bfitn ) - \bfits \bfitn  - 1  - \bfitdelta \bfits \bfitk \bfitn ) with respect to v\bfitk 
\bfitn . The Hessian matrix of

ln(T \circ \~\bfitvarphi n - 1(x+ vk
n) - sn - 1  - \delta skn) is formulated as

H =
1

(T \circ \~\bfitvarphi n - 1(x+ vk
n) - sn - 1  - \delta skn)

2

\biggl( 
H1 H2

H2 H3

\biggr) 
,

where H1 = T \circ \~\bfitvarphi n - 1(x+ vk
n)

\partial 2

\partial x2
1
(T \circ \~\bfitvarphi n - 1(x+vk

n)) - ( \partial 
\partial x1

T \circ \~\bfitvarphi n - 1(x+vk
n))

2, H2 = T \circ 
\~\bfitvarphi n - 1(x + vk

n)
\partial 2

\partial x1\partial x2
(T \circ \~\bfitvarphi n - 1(x + vk

n))  - ( \partial 
\partial x1

T \circ \~\bfitvarphi n - 1(x + vk
n))

( \partial 
\partial x2

T \circ \~\bfitvarphi n - 1(x+ vk
n)), and H3 = T \circ \~\bfitvarphi n - 1(x+ vk

n)
\partial 2

\partial x2
2
(T \circ \~\bfitvarphi n - 1(x+ vk

n)) - ( \partial 
\partial x2

T \circ 
\~\bfitvarphi n - 1(x + vk

n))
2. By (1.3) and (3.6), we know (T \circ \~\bfitvarphi n - 1(x + vk

n)  - sn - 1  - \delta skn)
2 \geq 

(\kappa  - \kappa 0)
2.
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Now we give an estimate on the L\infty norm of H1. Since \alpha > 3, by the Sobolev
embddding Theorem [9] (H\alpha 

0 (\Omega ) \lhook \rightarrow C2(\Omega )), we obtain

\| \nabla 2\bfitvarphi \| 2C(\Omega )=\| \nabla 2u\| 2C(\Omega ) \leq CR1(u)\leq C\lambda n
\int 
\Omega 

(mn - 1 + lnD - ln(T \circ \~\bfitvarphi n - 1  - sn - 1))
2dx

\leq 2C\lambda n| \Omega | (K2 + ln2(M/\kappa )2)\leq \lambda n\widetilde M,

where \widetilde M \triangleq \widetilde M(\Omega , \alpha ) = 2C| \Omega | (K2 + ln2(M/\kappa )2) > 0, and C = C(\Omega , \alpha ) is a positive
constant (see Lemma 3.2 and Lemma 3.3 in [16] for details). Similarly, there holds

\| un\| 2C1(\Omega ) \leq \lambda n\widetilde M.

Note that

\nabla x \~\bfitvarphi n(x) =\nabla g1
\bfitvarphi 0 \cdot \nabla g2

\bfitvarphi 1 \cdot \cdot \cdot \nabla gn - 1
\bfitvarphi n - 2 \cdot \nabla gn

\bfitvarphi n - 1 \cdot \nabla x\bfitvarphi n(x),(A.1)

where gk =\bfitvarphi k \circ \bfitvarphi 2 \cdot \cdot \cdot \bfitvarphi n for k = 1,2, . . . , n. Since gk are mappings from \Omega to \Omega , by
(A.1), we obtain

\| \nabla x \~\bfitvarphi n(x)\| 2C(\Omega ) \leq \lambda 0\lambda 1 \cdot \cdot \cdot \lambda n\widetilde Mn \leq (\lambda n\widetilde M)n.

Then by the chain rule, we have

\partial T \circ \~\bfitvarphi n - 1

\partial x1
=
\partial T \circ \~\bfitvarphi n - 1

\partial \~\varphi 1
n - 1

\~\partial \varphi 
1

n - 1

\partial x1
+
\partial T \circ \~\bfitvarphi n - 1

\partial \~\varphi 2
n - 1

\~\partial \varphi 
2

n - 1

\partial x1

and

\partial 2T \circ \~\bfitvarphi n - 1

\partial x21
=
\partial 2T \circ \~\bfitvarphi n - 1

\partial (\varphi 1
n - 1)

2

\biggl( 
\partial \varphi 1

n - 1

\partial x1

\biggr) 2

+ 2
\partial 2T \circ \~\bfitvarphi n - 1

\partial \varphi 1
n - 1\partial \varphi 

2
n - 1

\partial \~\varphi 1
n - 1

\partial x1

\partial \~\varphi 2
n - 1

\partial x1
,

+
\partial T \circ \~\bfitvarphi n - 1

\partial \~\varphi 2
n - 1

\partial 2 \~\varphi 2
n - 1

\partial x21
+
\partial 2T \circ \~\bfitvarphi n - 1

\partial (\varphi 2
n - 1)

2

\biggl( 
\partial \varphi 2

n - 1

\partial x1

\biggr) 2

+
\partial T \circ \~\bfitvarphi n - 1

\partial \~\varphi 1
n - 1

\partial 2 \~\varphi 1
n - 1

\partial x21
+
\partial T \circ \~\bfitvarphi n - 1

\partial \~\varphi 2
n - 1

\partial 2 \~\varphi 2
n - 1

\partial x21
.

This concludes \bigm\| \bigm\| \bigm\| \bigm\| \partial T \circ \~\bfitvarphi n - 1

\partial x1

\bigm\| \bigm\| \bigm\| \bigm\| 2
C(\Omega )

\leq 4M(\lambda n\widetilde M)n

and \bigm\| \bigm\| \bigm\| \bigm\| \partial 2T \circ \~\bfitvarphi n - 1

\partial x21

\bigm\| \bigm\| \bigm\| \bigm\| 2
C(\Omega )

\leq 6M(\lambda n\widetilde M)n.

Based on the above-mentioned discussion, we can get

\| H1\| C(\Omega ) \leq 10M
2
(\lambda n\widetilde M)n.

In addition, we can also obtain the similar estimate forH2,H3. Therefore, we conclude

\| H(\sigma )\| C(\Omega ) \leq 
10M

2
(\lambda n\widetilde M)n

(\kappa  - \kappa 0)2
.
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Appendix B. Multigrid method for PDE (3.28). By adopting Gr\"unwald

approximation [41], \partial \alpha f(x)
\partial x\alpha 

i
, \partial \alpha \ast f(x)

\partial x\alpha \ast 
i

(i= 1,2) are discretized as follows:

\partial \alpha f(xp,q)

\partial x\alpha i
= \delta \alpha i - f(xp,q) +O(h),

\partial \alpha \ast f(xp,q)

\partial x\alpha \ast i
= \delta \alpha i+f(xp,q) +O(h),(B.1)

where \delta \alpha 1 - fp,q = 1
h\alpha 

\sum p+1
l=0 \rho 

(\alpha )
l fp - l+1,q, \delta 

\alpha 
1+fp,q = 1

h\alpha 

\sum N - p+2
l=0 \rho 

(\alpha )
l fp+l - 1,q, \delta 

\alpha 
2 - fp,q

= 1
h\alpha 

\sum q+1
m=0 \rho 

(\alpha )
m fp,q - m+1, \delta 

\alpha 
2+fp,q,r =

1
h\alpha 

\sum N - q+2
m=0 \rho 

(\alpha )
m fp,q+m - 1, and \rho 

(\alpha )
l is computed

by the formula \rho 
(\alpha )
0 = 1, \rho 

(\alpha )
l = (1 - 1+\alpha 

l )\rho 
(\alpha )
l - 1. Note that here, we use fp,q to denote

f(xp,q) for any function f .
Let Uq = (f1,q, f2,q, . . . , fN,q)

T ; then it follows from (B.1) that

\partial \alpha Uq

\partial x\alpha 1
\approx BN,\alpha Uq,

\partial \alpha \ast Uq

\partial x\alpha \ast 1
\approx BT

N,\alpha Uq,

where
\partial \alpha Uq

\partial x\alpha 
1

=
\Bigl( 

\partial \alpha f1,q
\partial x\alpha 

1
,
\partial \alpha f2,q
\partial x\alpha 

1
, . . . ,

\partial \alpha fN,q

\partial x\alpha 
1

\Bigr) T
,

\partial \alpha \ast Uq

\partial x\alpha \ast 
1

=
\Bigl( 

\partial \alpha \ast f1,q
\partial x\alpha \ast 

1
,
\partial \alpha \ast f2,q
\partial x\alpha \ast 

1
, . . . ,

\partial \alpha \ast fN,q

\partial x\alpha \ast 
1

\Bigr) T
,

and

BN,\alpha =
1

h\alpha 

\left(        
\rho 
(\alpha )
1 \rho 

(\alpha )
0 0 \cdot \cdot \cdot 0 0

\rho 
(\alpha )
2 \rho 

(\alpha )
1 \rho 

(\alpha )
0 \cdot \cdot \cdot 0 0

...
...

...
. . .

...
...

\rho 
(\alpha )
N - 1 \rho 

(\alpha )
N - 2 \rho 

(\alpha )
N - 3 \cdot \cdot \cdot \rho 

(\alpha )
1 \rho 

(\alpha )
0

\rho 
(\alpha )
N \rho 

(\alpha )
N - 1 \rho 

(\alpha )
N - 2 \cdot \cdot \cdot \rho 

(\alpha )
2 \rho 

(\alpha )
1

\right)        .

Hence, we obtain

\partial \alpha \ast 

\partial x\alpha \ast 1

\biggl( 
\partial \alpha Uq

\partial x\alpha 1

\biggr) 
=BT

N,\alpha BN,\alpha Uq \triangleq AN,\alpha Uq.

In a similar way, we obtain the following two approximations for \partial \alpha \ast 

\partial x\alpha \ast 
2

\Bigl( 
\partial \alpha f(x)
\partial x\alpha 

2

\Bigr) 
,

\partial \alpha \ast 

\partial x\alpha \ast 2

\biggl( 
\partial \alpha Vp
\partial x\alpha 2

\biggr) 
=AN,\alpha Vp,

where Vp = (fp,1, fp,2, . . . , fp,N )T . By adopting the Gr\"unwald approximation,
div\alpha \ast (\nabla \alpha uk+1

n ) and \Delta uk+1
n are approximated by the following two formulas:

\Bigl( 
div\alpha \ast (\nabla \alpha uk+1

n,\beta )
\Bigr) 
p,q

\approx 
N\sum 
l=0

\Bigl( 
aN,\alpha (p, l)(u

k+1
n,\beta )l,q + aN,\alpha (q, l)(u

k+1
n,\beta )p,l

\Bigr) 
(B.2)

and

\Bigl( 
\Delta uk+1

n,\beta 

\Bigr) 
p,q

\approx 1

h2
((uk+1

n,\beta )p+1,q + (uk+1
n,\beta )p - 1,q+(uk+1

n,\beta )p,q+1+(uk+1
n,\beta )p,q - 1 - 4(uk+1

n,\beta )p,q),

(B.3)

where \beta = 1,2 and aN,\alpha (p, l) is the entry of matrix AN,\alpha at the intersection of the pth
row and lth column.

Then based on (B.2) and (B.3), (3.28) is discretized as follows:
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(1 + 4\gamma n + 2\theta n\mu (aN,\alpha (p, p) + aN,\alpha (q, q)))(u
k+1
n,\beta )p,q

+ 2\theta n\mu 

NS\sum 
l=1,l \not =p,q

\Bigl( 
aN,\alpha (p, l)(u

k+1
n,\beta )l,q + aN,\alpha (q, l)(u

k+1
n,\beta )p,l

\Bigr) 
 - \gamma n

\Bigl( 
(uk+1

n,\beta )p+1,q + (uk+1
n,\beta )p - 1,q + (uk+1

n,\beta )p,q+1 + (uk+1
n,\beta )p,q - 1

\Bigr) 
= (vk+1

n,\beta )p,q,

(B.4)

where \gamma n = 2\theta n\Theta 
h2 . Further, (B.4) induces the following solver for (3.28),

(uk+1
n,\beta )(t+1)

p,q =
1

\Upsilon n

\Biggl( 
(vk+1

n,\beta )p,q  - 2\theta n\mu 

NS\sum 
l=1,l \not =p,q

\Bigl( 
aN,\alpha (p, l)(u

k+1
n,\beta )

(t)
l,q + aN,\alpha (q, l)(u

k+1
n,\beta )

(t)
p,l

\Bigr) 
+ \gamma n

\Bigl( 
(uk+1

n,\beta )
(t)
p+1,q + (uk+1

n,\beta )
(t)
p - 1,q + (uk+1

n,\beta )
(t)
p,q+1 + (uk+1

n,\beta )
(t)
p,q - 1

\Bigr) \Biggr) 
,

(B.5)

where \Upsilon n = 1+ 4\gamma n + 2\theta n\mu (aN,\alpha (p, p) + aN,\alpha (q, q)) and t= 0,1,2, . . ..

Algorithm B.1 2D multigrid algorithm for u-problem.

Initialization: uk+1,h
n = uk,h

n , uk+1,h
n,0 = uk,h

n +\Pi , \mu > 0, \=k= 0, and maximum
iteration times K.

while \| uk+1,h
n  - uk+1,h

n,0 \| \geq \| \Pi \| and \=k\leq K, do

uk+1,h
n,0 = uk+1,h

n .

Step 1. relax (B.5) with initial guess uk+1,h
n ; compute residual error rk+1,h

n on
\Omega h;
Set level=L.
Step 2. restrict the residual error to \Omega H by using rk+1,H

n =RH
h rk+1,h

n ;
Set level= level - 1, H = 2h, and relax (B.5) by replacing vk+1

n with rk+1,H
n ,

and with initial guess uk+1,H
n = 0 to obtain approximations \=uk+1,H

n ; update
residual error rk+1,H

n ;

Step 3.
if level= 1,
do: accurately solve the system (B.5) by replacing vk+1

n with rk+1,H
n to obtain

the solution uk+1,H
n ;

else
do: repeat Step 2 until level= 1.
end if
Step 4.
if level=L,
do: relax (B.5) to obtain the final solution uk+1,h

n for this round and let
\=k= \=k+ 1;
else
do(repeat): interpolate the correction to next fine grid by letting

uk+1,h
n,t = IhHuk+1,H

n ; update current grid approximations using correction

\^uk+1,h
n = uk+1,h

n,t + \=uk+1,h
n ; relax (B.5) with initial guess \^uk+1,h

n on fine grid to

obtain approximations uk+1,h
n and let level= level+ 1. Repeat this process

until level=L.
end if .

end while
Output: uk+1

n = uk+1,h
n .
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MULTISCALE REGISTRATION-INTENSITY CORRECTION 1133

To solve the algebraic system (B.4), many numerical techniques can be used, such
as the Jacobi iteration, the Gauss--Seidel iteration, and the multigrid method. Here
we choose the multigrid method to accelerate the Jacobi iterative technique. One
round of V-cycle of the multigrid method contains four steps: Step 1. smoothing;
Step 2. restriction; Step 3. coarsest grid solution; Step 4. interpolation. Since this
technique is similar to the steps in [17, 20], we omit the introduction for these four
steps and refer the reader to [17, 20] for details. However, to make our paper self-
contained, based on (B.5), the multigrid algorithm for (3.28) can be summarized in
Algorithm B.1.

Acknowledgments. The authors of this paper would like to thank Hang Li in
Hospital of Stomatology, Wuhan University, for providing the data for Test II. Thanks
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