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Abstract
Image segmentation plays a crucial role in extracting objects of interest and identifying their
boundaries within an image. However, accurate segmentation becomes challenging when
dealing with occlusions, obscurities, or noise in corrupted images. To tackle this challenge,
prior information is often utilized, with recent attention on star-shape priors. In this paper,
we propose a star-shape segmentation model based on the registration framework. By com-
bining the level set representation with the registration framework and imposing constraints
on the deformed level set function, our model enables both full and partial star-shape seg-
mentation, accommodating single or multiple centers. Additionally, our approach allows for
the enforcement of identified boundaries to pass through specified landmark locations. We
tackle the proposed models using the alternating direction method of multipliers. Through
numerical experiments conducted on synthetic and real images, we demonstrate the efficacy
of our approach in achieving accurate star-shape segmentation.
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1 Introduction

Image segmentation involves dividing a target image into multiple parts and extractingmean-
ingful objects. As a fundamental task in image processing, image segmentation plays a pivotal
role in applications like face recognition, object tracking, autonomous vehicles, and medical
imaging [18, 23, 28, 30, 62].

Traditional image segmentation methods encompass threshold-based methods [6], region
growing methods [44, 52], watershed methods [27, 40, 50], wavelet-based methods [21],
garph-cut methods [56], max-flow and STD methods [36, 59], and variational and PDE-
based methods [11]. In recent decades, the variational and PDE-based methods have gained
significant attention from researchers due to the development of rigorous mathematical theo-
ries and highly efficient numerical algorithms. Therefore, this paper specifically concentrates
on exploring variational and PDE-based methods.

The variational and PDE-based methods are generally categorized into two groups: edge-
based and region-based methods. Among the notable edge-based techniques, Snakes [29]
stands out. It involves deforming a parametric curve using internal and external forces to
identify boundaries of target objects. However, this approach is non-intrinsic as the cost
functional depends on how the curve is parametrized and does not directly relate to the
geometry of objects. Addressing this limitation, geodesic active contours [7] were introduced
to evolve active contours based on intrinsic geometric measures of the image, allowing for
natural topology changes. To enhance the model’s robustness to noise, [33] evolved active
contours by introducing vector field convolutions as a new external force. On the other
hand, in the realm of region-based methods, the Mumford-Shah model [42] is a prominent
representative. It aims to approximate a given image by computing optimal piecewise-smooth
or piecewise-constant functions. Addressing the piecewise-constant Mumford-Shah model,
Chan and Vese [9] utilized the level set method, representing object boundaries using the
level set function. Furthermore, various works have extended the Chan-Vese model to handle
diverse tasks, such as vector-valued images [12], textured images [9], and the segmentation
of multiple objects [35, 49].

While methods mentioned above have achieved considerable success in various appli-
cations, they encounter significant challenges when dealing with corrupted, obscured,
overexposed, or underexposed images [46, 65, 66]. To address these challenges, incorpo-
rating prior information about target objects into the segmentation process is a natural and
effective approach. Cremers et al. proposed a variational approach that combined a level
set formulation of the Mumford-Shah functional with shape priors to enhance segmenta-
tion accuracy [16]. They extended their work by introducing a labeling function to identify
regions where the shape prior was applied [16]. Chan and Zhu also contributed to this area by
introducing a labeling level set function to delineate regions where the prior shape should be
considered for comparison [10]. In the realm of segmenting multiple objects, [51] proposed
a variational energy model that incorporated prior knowledge of object shapes. To ensure
shape compactness, [24] innovatively combined the isoperimetric constraint with the level
set method, presenting a novel segmentation model. These approaches signify a significant
step forward in addressing the problem posed by imperfect or challenging image conditions.

In our daily lives, objects typically exhibit regular shapes, often displaying convex or
star-like forms. In geometric terms, a convex domain refers to any shape where the straight
line segment between any two points always remains entirely within the shape. This con-
cept can be generalized to star-like (or star-shape) domains, which only require that every
point in the shape can be connected to a fixed central point by a straight line segment that
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never exits the shape. Notably, star-like domains form a more inclusive category that encom-
passes various non-convex shapes.Achieving an effective segmentation based on these shapes
necessitates meticulous design of models and solvers to meet both theoretical and practical
constraints. For convexity segmentation, [47] ensured a convex n-polygon by introducing at
least n ≥ 3 auxiliary surrounding regions. However, achieving a smooth object segmentation
may require setting a larger n, potentially compromising algorithm efficiency. Alternatively,
in [22], achieving the convexity relied on penalizing 1-0-1 configurations along all straight
lines, represented as a sum of three-clique potentials. Leveraging the observation that the cor-
responding region of a convex level set function must be convex, [55] utilized this function to
represent convexity shape priors, extending it to multi-object segmentation [37, 38]. [34] also
proposed an efficient method for the convex-shape representation applicable across various
object dimensions. Moreover, Chen et al. introduced convex geodesic models employing
an orientation-lifting strategy, encoding specific curvature constraints to ensure convexity
shape priors [14]. In the star-shape segmentation, [53] introduced a star-shape constraint
within the graph-cut framework. Subsequently, Yuan et al. incorporated a variational con-
straint to uphold the star shape prior [60]. More recently, Liu et al. integrated the variational
constraint of the star-shape prior with deep convolutional neural networks [36]. It is notewor-
thy that we can replace the graph-cut model by continuous max-flow and min-cut approaches
as shown in [1, 2, 43, 57, 58], which can further remove metrication errors associated with
boundary length regularization.

The registration-based segmentation method, which involves performing image segmen-
tation through image registration, offers a fresh perspective for exploring image segmentation
[31]. The essence of this approach lies in establishing a connection between boundaries of
target objects in the reference and input image through the resultant transformation. This
framework facilitates topology-preserving segmentation when the transformation is one-to-
one. It can also be adapted for specific applications by incorporating constraints into the
transformation [46, 66]. Topology-preserving segmentation was assured in [8] through the
Beltrami representation of a shape. Subsequently, [46] extended the registration-based seg-
mentation model proposed in [8] to achieve the convexity-preserving segmentation. This
extension involved designing a dedicated convexity constraint based on the discrete confor-
mality structures of the imagemesh. However, it is important to note that models based on the
Beltrami representation are limited to the 2D segmentation due to the representation’s defi-
nition in complex space. To extend the registration-based segmentation into the 3D domain,
Zhang and Lui combined a hyperelastic regularizer with the fitting term in the Chan-Vese
model [65]. Additionally, Zhang et al. introduced a 3D convex segmentation model based on
the registration by incorporating the level set function to represent the convexity shape prior
[66]. Nevertheless, as of our current knowledge, the star-shape segmentation model based
on the registration framework remains unavailable.

Therefore, this paper focuses on generalizing the registration-based star-shape segmenta-
tion model. The main contributions of this paper are listed as follows:

– By combing the level set function with the registration framework and imposing con-
straints on the deformed level set function,wepropose the star-shape segmentationmodel.
We further extend the star-shape segmentation with respect to one center to the star-shape
segmentation with respect to multiple centers, partial star-shape segmentation, and selec-
tive star-shape segmentation. In addition, by the advantage of the registration framework,
we can also force the identified boundaries to pass through some specific landmark loca-
tions.
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– We utilize the alternating direction method of multipliers (ADMM) to devise an efficient
algorithm for solving the proposedmodel.Here, one subproblem is solved by themodified
Newton method and the other has a closed-form solution.

– Numerical tests demonstrate that our models accurately achieve the star-shape preserva-
tion in the segmentation, both for synthetic and real data.

The subsequent sections of this paper are structured as follows. In Section 2,we commence
by reviewing pertinent preliminaries. Moving on to Section 3, we introduce our registration-
based segmentation model, designed to preserve star-shape features. Sections 4 and 5 present
the algorithm for our proposed models and showcase the results of numerical experiments,
respectively. Finally, Section 6 concludes this paper.

2 Preliminaries

In this section, we comprehensively review key preliminaries for our paper, notably the level
set function, the concept of a star-shape domain, image segmentation, image registration and
registration-based segmentation method. These foundational elements set the stage for the
subsequent discussions and applications in our work.

2.1 Level Set Function and Star-Shape Domain

Definition 1 (Level set function, LSF) Let D be a open subset of Rd and ∂D be its smooth
boundary. A Lipschitz continuous function φ(x) : Rd → R is called a level set function of
the region D if it satisfies the following conditions:

⎧
⎪⎨

⎪⎩

φ(x) > 0 if x ∈ D,

φ(x) = 0 if x ∈ ∂D,

φ(x) < 0 if x ∈ D̄
c,

where d is the dimension of the space and x = (x1, · · · , xd) is the coordinate. In this paper,
we focus on the case of d = 2.

Remark 1 It is important to note that a region D can have multiple corresponding level set
functions. For instance, considering Br (x) as a ball centered at the origin with radius r > 0,

both r2 − x21 − · · · − x2d and r −
√

x21 + · · · + x2d serve as valid level set functions for this
region.

Definition 2 (Star-shape domain) A domain D ⊂ R
d is classified as a star-shape domain if

there exists a point c ∈ D, the line segment connecting any point x ∈ D to c lies entirely
within the domain D. In this context, c is referred to as the center point.

Alternatively, in a more formal mathematical definition, let D ⊂ R
d be a bounded closed

domainwith a simple closed boundary curve ∂D. If for a given center point c ∈ D, the domain
D is such that { y| y = (1− λ)x + λc, λ ∈ (0, 1)} ⊂ D for any x ∈ ∂D, then D is considered
as a star-shape domain with respect to the center point c.

According to Definition 2, the configuration of a star-shape domain is influenced by the
center point c (Fig. 1(a)). Additionally, if a domain is convex, it is inherently a star-shape
domain, regardless of the location of the center point c (Fig. 1(b)). From this perspective, we
can consider the star-shape property as a generalization of convexity. Moreover, observe that
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Fig. 1 The nature of a star-shape domain is contingent upon the placement of the center point c. (a) The left
diagram illustrates a star-shape domain with center point c. In contrast, the right diagram does not qualify as
a star-shape domain with alternative center point c. (b) In the case of a convex domain, it inherently qualifies
as a star-shape domain regardless of the location of the center point c, as long as it is inside the domain

a domain satisfying the condition where any radial line from the center point c to any x ∈ D

intersects the boundary only once is a star-shape domain. Motivated by this characteristic,
Veksler introduced a pairwise star-shape constraint term in [53] that is trying to use the
integral of the following penalty function to force the represented object to be star-shape:

P0(u(x), u( y)) =

⎧
⎪⎨

⎪⎩

0, if u( y) = u(x),

β ≥ 0, if u( y) = 1 and u(x) = 0,

+∞, if u( y) = 0 and u(x) = 1.

(1)

Here, u : Ω → {0, 1} is the indicator function of D which takes value 1 inside D and
0 outside. When minimizing P0, the neighborhood structure of u with 1 − 0 − 1 will be
avoided. Especially, for any point x within the object, if x is assigned label 1, then every
point y on the line from the center point c to x must also be assigned label 1. Thus force the
domain D be star-shape.

The pairwise star-shape constraint term (1) operates within a spatially discrete framework
as was done in [53]. To extend this concept to ensure that a spatially continuous model pro-
duces a star-shape domain, the variational formulation for the star-shape prior was proposed
in [60, 61]. This formulation shows that the following constraint is enough to guarantee
star-shape for a domain D:

〈∇u(x), e(x)〉 ≤ 0, ∀x ∈ Ω, (2)

where u is the indicator function of D and e(x) = ∇dc(x), dc(x) = |x − c|2 denotes the
distance map from the center point c, and 〈·, ·〉 signifies the inner product operation. This
equation ensures that for all points x within the domain Ω , the inner product between the
gradient of the function u(x) and the gradient of the distance map dc(x) is nonpositive.

In a recent work by Liu et al. detailed in [36], they extended the formulation by permitting
the indicator function u(x) in (2) to be continuously differentiable level set function (LSF)
of D. Subsequently, they provided the following sufficient conditions to ensure that D is a
star-shape domain.

Theorem 1 (Sufficient conditions for star-shape domain [36]) Let u ∈ C1(Ω). Assume
that its γ -super level set u−1[γ,+∞) := {x ∈ Ω|u(x) ≥ γ } is closed and has a sim-
ple closed boundary curve. In addition, we also assume c = (c1, c2) ∈ u−1[γ,+∞) and
c /∈ ∂u−1[γ,+∞). If u ∈ {u|〈∇u(x), x − c〉 ≤ 0, a.e. ∀x ∈ Ω}, then we have that any
γ -super level set u−1[γ,+∞) is a star-shape domain with respect to the center point c.

The application of Theorem 1 offers a method to utilize the level set function in charac-
terizing star-shape domains. For instance, if u ∈ C1(Ω) serves as a level set function for a
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simply connected domain D and satisfies 〈∇u(x), x − c〉 ≤ 0, a.e. ∀x ∈ Ω , then according
to Theorem 1, the domain D is guaranteed to be a star-shape domain. In this scenario, the
parameter γ in Theorem 1 is set to 0.

2.2 Image Segmentation

Image segmentation is a critical process involving the partition of an image into distinct
segments to extract relevant objects. In variational settings, segmentation methods typically
fall into two categories: edge-based methods, exemplified by works such as [7, 29, 33, 45],
and region-based methods, represented by models like [9, 13, 35, 42]. In this context, we
focus on reviewing a prominent region-based model, namely, the Chan-Vese (CV) model
[13]. The CV model has gained widespread recognition and serves as a pivotal reference in
the field of the region-based image segmentation. This review aims to provide a foundational
understanding of the CV model, laying the groundwork for the subsequent discussion of the
proposed model.

The variational formulation of the CV model [13] aims to segment the target image
I (x) : Ω ⊂ R

d → R into foreground and background segments. The model is expressed
as:

min
Γ ,a1,a2

DCV(Γ , a1, a2) + RCV (Γ ),

DCV(Γ , a1, a2) :=
∫

in(Γ )

(I (x) − a1)
2dx +

∫

out(Γ )

(I (x) − a2)
2dx,

RCV (Γ ) := μLength(Γ ),

(3)

whereDCV andRCV are the fidelity term and regularization term, Γ is a closed curve, in(Γ )

and out(Γ ) are regions inside and outside of the curve Γ , a1 and a2 are unknown constants to
represent mean values of the image I in regions in(Γ ) and out(Γ ), Length(Γ ) is the length
of the curve Γ , and μ is a positive parameter to control the balance of these terms. This
formulation seeks to optimize the curve Γ and constants a1 and a2 to achieve an effective
segmentation of the image, delineating foreground and background regions.

To solve this model (3), in [13], Chan and Vese introduced the level set function and
Heaviside function to convert (3) into the following equivalent formulation:

min
φ,a1,a2

∫

Ω

(I (x) − a1)
2H(φ(x))dx +

∫

Ω

(I (x) − a2)
2(1 − H(φ(x)))dx

+μ

∫

Ω

|∇H(φ(x))|dx, (4)

where φ(x) is a level set function and H(z) = 1 if z ≥ 0 or 0 if z < 0. To solve (4), an
alternating direction method is implemented in [13], namely, first fix φ(x) to find a1 and a2
then fix a1 and a2 to solve φ(x).

2.3 Image Registration

Image registration involves determining a plausible spatial transformation to deform one
image in order to align it with another corresponding image. In the conventional setting,
two images, denoted as T (x) and R(x) : Ω ⊂ R

d → R, are provided. Here, T (x) and
R(x) are referred to as the template and reference, respectively. The primary objective of
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image registration is to derive a transformation function y(x) : R
d → R

d such that the
deformed template T ( y(x)) closely resembles with the reference R(x) in some meaning-
ful way. Consequently, the variational formulation for image registration is constructed as
follows:

min
y

D(T ◦ y(x), R) + αR( y), (5)

where D represents a fidelity term,R serves as a regularizer to ensure the well-posedness of
the problem, and α > 0 is a positive parameter used to balance the weighting between the
two terms.

In various applications, a diverse range of fidelity terms [25, 26, 39, 41] and regularizers
[4, 5, 15, 17, 19, 20, 32, 63, 64, 67] have been proposed for image registration. In the context
of this paper, the focus is primarily on the sum of squared differences (SSD) [41] and the
diffusion regularizer [19]:

DSSD(T ◦ y, R) := 1

2

∫

Ω

(T ( y(x)) − R(x))2dx, RDiff ( y) :=
∫

Ω

|∇( y(x) − x)|2dx.

Here, we can see that the diffusion regularizer is to make the displacement smooth.

2.4 Registration-Based SegmentationMethod

The registration-based segmentationmethod, introduced in [31], leverages image registration
to perform image segmentation. The model proposed in [31] is

min
y,a1,a2

∫

Ω

(I − a1)
2H(φ0( y)) + (I − a2)

2(1 − H(φ0( y)))dx + αR( y), (6)

where φ0 is a given level set function. Set φ0 as the level set function of the regionD1. Define

J (a1, a2, x) =
{
a1, if x ∈ D1,

a2, if x ∈ D2,

where Ω = D1 ∪ D2 and D1 ∩ D2 = ∅. By employing the indicator function:

XΩ(x) =
{
1, if x ∈ Ω,

0, if x /∈ Ω,

then J (a1, a2, x) can be rewritten into the following equivalent formulation:

J (a1, a2, x) =
2∑

l=1

alXDl (x).

Hence, the model (6) can be rebuilt as the following model [66]:

min
y,a1,a2

∫

Ω

(J (a1, a2, y) − I )2dx + αR( y). (7)

Although the models (6) and (7) are mathematically equivalent, they can be understood
from different views. For the model (6), it is derived by deforming the level set function
with a transformation instead of involving the level set function directly. However, taking
J (a1, a2, x) as the template and I (x) as the reference, themodel (7) is to find a transformation
to link the boundaries of the objects in J (a1, a2, x) and I (x). Since J (a1, a2, x) is defined
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by users and the corresponding information is known, then the boundaries of the objects in
I (x) can be located.

Here, compared with the CV model (4), since the models (6) and (7) both solve the
transformation rather than finding a level set function, they can avoid the reinitialization. In
addition, solving the models (6) and (7) usually need to do the interpolation. But for some
special given level set functions φ0, such as φ0(x) = r2 − x21 − x22 , solving the model (6)
does not involve the interpolation.

Remark 2 Consider that if a1, a2 remain constant in both (6) and (7), these models will
simplify to the conventional variational models for image registration as denoted in (5).
Conversely, the fidelity terms in (6) and (7) incorporate the merits of the CVmodel presented
in (3). From this standpoint, the registration-based segmentation models (6) and (7) can be
regarded as a fusion of registration and segmentation models.

Subsequently, we will leverage Theorem 1 to construct a segmentation model that
preserves the star-shape domain. This model integrates a registration-based segmentation
approach with the star-shape constraint, aiming to enhance the segmentation performance.
Then we extend the proposed model to some other variants, including star-shape segmenta-
tion with respect to multiple centers, partial star-shape segmentation, and selective star-shape
segmentation.

3 The Star-Shape SegmentationModels

In this section, wewill delve into the intricacy of integrating the star-shape constraint with the
registration-based segmentation model, thereby introducing a novel star-shape segmentation
model. This integration aims to capitalize on the strength of both approaches, offering a robust
segmentation model that not only benefits from the registration-based methodology but also
ensures that the resulting segmented region maintains the desirable star-shape property.

In the context of the registration-based segmentation model, a user-prescribed prior image
is employed.Within the object domainD of the prior image, a corresponding level set function
φ0 can be defined. If y represents a mapping, then φ0 ◦ y becomes the level set function for
the deformed domain D̃, where D̃ = {x| y(x) ∈ D} denotes the deformed domain associated
with D. In Fig. 2, the target image I features a bear as the object of interest. To segment the
entire object, a prior image J is provided, depicting a unit disk, along with its corresponding
level set function φ0, such as 1−x21 −x22 . Following the registration process, a transformation
y is obtained, and the bear can be effectively represented by the deformed level set function
φ0 ◦ y. Specifically, the segmentation result is obtained by our previous work [65].

Building on the discussion, we can further refine the segmentation model by incorporat-
ing suitable constraints on the deformed level set function. A key insight arises from the
relationship between convex level set functions and convex regions: if a twice differentiable
convex function is a level set function of a region, then the region is a convex region [55].
This property allows us to enforce convexity in the segmentation process. Specifically, if the
deformed level set function φ0 ◦ y is convex over Ω , the resulting segmented domain D̃ is
guaranteed to be convex. Leveraging this, we formulate a convexity-preserving segmentation
model [66]:

min
y,a1,a2

∫

Ω

(I − a1)
2H(φ0( y)) + (I − a2)

2(1 − H(φ0( y)))dx + αR( y),

s.t. φ0 ◦ y is convex with respect to Ω.
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Fig. 2 An example based on our prior work [65] to demonstrate the registration-based segmentation process.
(a) Target image I (b) Prior image J given by the structure of the target image (c) Level set function y with
respect to the prior image (d) Segmentation result (e) Transformation y (f) Deformed level set function φ0 ◦ y

Since star-shape domains generalize the notion of convexity, it is natural to extend
the above convexity-preserving framework to a star-shape segmentation model. Inspired
by the aforementioned concept and guided by Theorem 1, we can establish the follow-
ing proposition: if a center point c resides within the interior of D̃, φ0 ◦ y ∈ C1(Ω), and
〈∇(φ0 ◦ y), x − c〉 ≤ 0, a.e. ∀x ∈ Ω , then the domain D̃ is inherently a star-shape domain
relative to the center point c. Consequently, building upon this rationale, we obtain the subse-
quent registration-based variational segmentation framework that specifically preserves the
star-shape structure:

min
y,a1,a2

∫

Ω

(I − a1)
2H(φ0( y)) + (I − a2)

2(1 − H(φ0( y)))dx + α

2

∫

Ω

|∇( y − x)|2dx,

s.t. 〈∇(φ0 ◦ y), x − c〉 ≤ 0, a.e. ∀x ∈ Ω.

(8)

The fitting term (piecewise-constant approximation) used in (8) is proficient when dealing
with visually smooth regions exhibiting homogenous intensity values. However, challenges
arisewhen dealingwith intricate geometries or areas distinguished by uneven intensity values.
To address this limitation, we first recall a more general model, the so-called Potts model,
then modify the above model (8) to present the main models in this paper. The Potts model
for the multiphase image segmentation is to minimize the following functional [48]:

min
{Dk }Kk=1

K∑

k=1

∫

Dk

fk(x)dx + R({Dk}Kk=1), (9)
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where {Dk}Kk=1 is a partition of Ω such that ∪K
k=1Dk = Ω and Dk ∩ Dk′ = ∅ for k �= k′.

Here, fk(x) and R({Dk}Kk=1) in (9) are the region force function and the regularization to
measure the geometry properties of the boundaries of {Dk}Kk=1, respectively. By using level
set functions and the Heaviside function, we can equivalently convert the Potts model (9)
into the following formulation [68]:

min
φ1(x),··· ,φK (x)

K∑

k=1

∫

Ω

fk(x)H(φk(x))dx + μ

K∑

k=1

∫

Ω

|∇H(φk)(x)|dx,

s.t.
K∑

k=1

H(φk(x)) = 1,

where we regularize the length of the boundaries of {Dk}Kk=1 and φk is a level set function
for Dk . Thus, we can naturally get the registration-based segmentation method derived from
the Potts model:

min
y

K∑

k=1

∫

Ω

fk(x)H(φk( y))dx + α

2

∫

Ω

|∇( y − x)|2dx,

s.t.
K∑

k=1

H(φk( y)) = 1.

Inspired from the approach outlined in [54], we choose the following region force function:

fk(x) = − log(pk(x)) + log(1 − pk(x),

where pk(x) is the probability of the point x belonging to specific region D̃k = {x| y(x) ∈ Dk}
and computed by exp(−|I (x)−ak |/2τ 2)

∑K
k′=1 exp(−|I (x)−ak′ |/2τ 2)

. In practice, ak is computed by k-means clustering

method and τ is set to one. The application of this multiphase model is demonstrated in (13)
for k = 3.

Now, we are ready to give our main models. Here, we present a hierarchical framework
that systematically extends the basic star shape to address increasingly complex real-world
scenarios, where objects often exhibit partial, multi-center, or hybrid star-shape properties.

1. The Basic Star-Shape Segmentation Model:

min
y

∫

Ω

f1(x)H(φ0( y)) + f2(x)(1 − H(φ0( y)))dx + α

2

∫

Ω

|∇( y − x)|2dx,

s.t. 〈∇(φ0 ◦ y), x − c〉 ≤ 0, a.e. ∀x ∈ Ω,

(10)

is our foundation, which enforces global visibility from a single center point c. This is
particularly valuable for segmenting idealized star-shape structures.

2. The Partial Star-Shape Segmentation Model:

min
y

∫

Ω

f1(x)H(φ0( y)) + f2(x)(1 − H(φ0( y)))dx + α

2

∫

Ω

|∇( y − x)|2dx,

s.t. 〈∇(φ0 ◦ y), x − c〉 ≤ 0, a.e. ∀x ∈ Ω̄,

(11)

where Ω̄ is the constrained region prescribed by users, restricts constraints to user-defined
subregions Ω̄ and allows free-form deformation elsewhere. This model is the relaxation
of the above model (10) and can address many anatomical structures only exhibiting
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star-shape properties locally. It is critical for handling occlusions or natural variations
while maintaining physiologically plausible shapes in key areas.

3. The Multi-Center Star-Shape Segmentation Model:

min
y

∫

Ω

f1(x)H(φ0( y)) + f2(x)(1 − H(φ0( y)))dx + α

2

∫

Ω

|∇( y − x)|2dx,

s.t.

⎧
⎪⎨

⎪⎩

〈∇(φ0 ◦ y), x − c1〉 ≤ 0, a.e. ∀x ∈ Ω1,

· · · · · · · · · · · ·
〈∇(φ0 ◦ y), x − cK 〉 ≤ 0, a.e. ∀x ∈ ΩK ,

(12)

where c1, · · · , cK are different center points andΩ1, · · · ,ΩK are the constrained regions
prescribed by users, is the generalization of the above model (11), which addresses
complex structures with multiple "core regions". Instead of requiring the entire shape
to be star-shape around a single center, this model allows different parts of the object
to organize around their own natural centers ck . This flexibility makes it suitable for
segmenting irregular but partially structured objects,where global star-shape assumptions
would fail.

4. The Selective Star-Shape Segmentation Model:

min
y

∫

Ω

f1(x)H(φ1( y)) + f2(x)H(φ2( y)) + f3(x)(1 − H(φ1( y)) − H(φ2( y)))dx

+ α

2

∫

Ω

|∇( y − x)|2dx,

s.t. 〈∇(φ1 ◦ y), x − c〉 ≤ 0, a.e. ∀x ∈ Ω,

(13)

whereφ1(x) andφ2(x) are level set functionswith respect toD1 andD2 andD1∩D2 = ∅,
respectively, aremotivated by that real-world scenes often containmixed topologies. This
model simultaneously segments star-shape (φ1 ◦ y) and non-star-shape (φ2 ◦ y) regions
via separate level sets, enabling applications like isolating starfish (φ1 ◦ y) from irregular
rocks (φ2 ◦ y) in marine imagery. The optional constraint on φ2 ◦ y provides flexibility
to enforce star shape in both regions when needed.

5. The Landmark-Constrained Star-Shape Segmentation Model:

min
y

∫

Ω

f1(x)H(φ0( y)) + f2(x)(1 − H(φ0( y)))dx + α

2

∫

Ω

|∇( y − x)|2dx,

s.t. 〈∇(φ0 ◦ y), x − c〉 ≤ 0, a.e. ∀x ∈ Ω, y(pk) = qk, k = 1, · · · , K ,

(14)

where pk are somepoints that are passed through by the identified contour andqk are some
points that are located on {x|φ0(x) = 0}, integrates anatomical priors by fixing boundary
points pk → qk , crucial for images where specific features must be preserved. This
combines the robustness of star-shape constraints with precision of landmark matching,
addressing a key limitation of purely shape-prior driven approaches.

Remark 3 We just list several representative models (10)-(14) under our framework. Users
can flexibly combine the above components, including center points, prescribed regions, and
landmarks, to build the suitable model for specific tasks.

Remark 4 We can also apply the binary image to rewrite the objective functionals in the
proposed models (10)-(14). For example, set XD1(x) and XD2(x) as the indicator functions
of D1 and D2, respectively. Here D1 ∩D2 = ∅ and D1 ∪D2 = Ω . Then the proposed model
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(10) is equivalent to the following formulation:

min
y

∫

Ω

f1(x)XD1( y) + f2(x)XD2( y)dx + α

2

∫

Ω

|∇( y − x)|2dx,

s.t. 〈∇(φ0 ◦ y), x − c〉 ≤ 0, a.e. ∀x ∈ Ω,

where φ0(x) is a prescribed level set function for the domainD1. For other proposed models,
they can also be similarly converted to equivalent formulations involving the binary image.

It is crucial to note that, despite the involvement of the level set function in the proposed
models (10)-(14), our approach focuses on identifying a transformation that deforms the
level set function, which is distinct from directly evolving the level set function. Conse-
quently, in contrast to the traditional level set method, our framework eliminates the need
for reinitialization to obtain the signed distance function throughout the solving process.
This key distinction streamlines the computational process and enhances the efficiency of
our approach. In addition, since our model is based on the registration, it is easy to force the
deformed contour to pass through some landmarks.

4 The Proposed Algorithm

In this section, our focus is on developing an algorithm specifically tailored for solving the
proposed model (10). Notably, for the models (11)-(14), a seamless extension of the same
algorithmic framework can be effortlessly applied.

In devising a fast algorithm for solving the proposed model (10), we adopt the alternating
direction method of multipliers (ADMM). ADMM stands as a variant of the augmented
Lagrangian method. The process involves initially formulating the augmented Lagrangian
functional corresponding to the model and subsequently resolving the variables alternately.

To apply ADMM to (10), we first introduce an auxiliary variable q(x) such that 〈∇(φ0 ◦
y(x)), x− c〉 = q(x). So the proposed model (10) has the following equivalent formulation:

min
y,q

∫

Ω

f1H(φ0( y)) + f2(1 − H(φ0( y)))dx + α

2

∫

Ω

|∇( y − x)|2dx,

s.t. 〈∇(φ0 ◦ y), x − c〉 = q, q(x) ≤ 0, a.e. ∀x ∈ Ω.

Next, we introduce an indicator functional δΩ(q(x)):

δΩ(q(x)) :=
{
0 if q(x) ≤ 0 ∀x ∈ Ω,

+ ∞ if q(x) > 0 ∃x ∈ Ω.

Thus, the augmented Lagrangian functional of the proposed model (10) is built as:

LA( y(x), q(x), λ(x), σ ) :=
∫

Ω

f1H(φ0( y)) + f2(1 − H(φ0( y)))dx

+ α

2

∫

Ω

|∇( y − x)|2dx +
∫

Ω

λ(〈∇(φ0 ◦ y), x − c〉 − q)dx

+ σ

2

∫

Ω

(〈∇(φ0 ◦ y), x − c〉 − q)2dx + δΩ(q),
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where λ(x) is the Lagrangian multiplier and σ > 0 is a penalty parameter. Now, we are ready
to give the l-th iteration of the ADMM scheme for the proposed model (10):

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

yl(x) := argmin
y(x)

LA( y(x), ql−1(x), λl−1(x), σ );
ql(x) := argmin

q(x)
LA( yl(x), q(x), λl−1(x), σ );

λl(x) := λl−1(x) + σ(〈∇(φ0 ◦ yl(x)), x − c〉 − ql(x)).

(15)

Next, we first give the discretization of above subproblems, and then show details of how
to solve these subproblems.

For simplicity, we consider the square domain Ω = [0, 1]2. We use the cell-centered grid
to define a spatial partition

Ωh =
{

xi, j ∈ Ω|xi, j = (xi1, x
j
2 ) =

((

i − 1

2

)

h,

(

j − 1

2

)

h

)

, 1 ≤ i ≤ n, 1 ≤ j ≤ n)

}

,

where h = 1
n . Then we discretize the transformation y, the auxiliary variable q , and

the Lagrangian multiplier λ on the cell-centered grid, namely yi, j = (yi, j1 , yi, j2 ) =
(y1(xi1, x

j
2 ), y2(xi1, x

j
2 )), qi, j = q(xi1, x

j
2 ), and λi, j = λ(xi1, x

j
2 ). According to the lexi-

cographical ordering, we reshape

X = (Xt
1, X

t
2)

t = (x11 , · · · , xn1 , · · · , x11 , · · · , xn1 , x12 , · · · , xn2 , · · · , xn2 , · · · , xn2 )t ,

Y = (Y t
1, Y

t
2)

t = (y1,11 , · · · , yn,1
1 , · · · , y1,n1 , · · · , yn,n

1 , y1,12 , · · · , yn,1
2 , · · · , y1,n2 , · · · , yn,n

2 )t ,

Q = (q1,1, · · · , qn,1, · · · , q1,n, · · · , qn,n)t ,

Λ = (λ1,1, · · · , λn,1, · · · , λ1,n, · · · , λn,n)t ,

and

Φ0 ◦ Y = (φ0( y1,1), · · · , φ0( yn,1), · · · , φ0( yn,1), · · · , φ0( yn,n))t .

By the forward difference and Neumann boundary condition, the discrete gradient operator
can be defined as

A =
(
I2 ⊗ A1
I2 ⊗ A2

)

, A1 = In ⊗ ∂
1,h
n , A2 = ∂

1,h
n ⊗ In, ∂

1,h
n = 1

h

⎛

⎜
⎜
⎜
⎜
⎝

−1 1
−1 1
· · · · · · · · ·

−1 1
0

⎞

⎟
⎟
⎟
⎟
⎠

∈ R
n×n,

where In is a n × n identity matrix and ⊗ represents a Kronecker product.
Subproblem y. The subproblem y has the following formulation:

min
Y

h2
n∑

i=1

n∑

j=1

f1(xi, j )H(φ0( yi, j )) + f2(xi, j )(1 − H(φ0( yi, j )))

+ αh2

2
(Y − X)At A(Y − X) + σh2

2
St S.

where S = W · (Φ0 ◦ Y ) − Ql−1 + Λl−1/σ , W = Diag(X1 − c1)A1 + Diag(X2 − c2)A2,
and Diag(v), v ∈ R

n2×1 is a diagonal matrix whose diagonal element (Diag(v))k,k is vk , for
k = 1, · · · , n2. However, since the Heaviside function H is discontinuous, we may use a
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smooth function Hε(v) = 1
2

(
1 + 2

π
arctan

(
v
ε

))
to make the approximation. Then in practice,

we solve the following approximated problem:

min
Y

F(Y ) := h2
n∑

i=1

n∑

j=1

f1(xi, j )Hε(φ0( yi, j )) + f2(xi, j )(1 − Hε(φ0( yi, j )))

+αh2

2
(Y − X)At A(Y − X) + σh2

2
St S.

(16)

Here, we choose a modified Newton method to solve (16). The gradient and Hessian of
(16) are

dF = h2g + αh2At A(Y − X) and HF = h2M + αh2At A,

respectively, where g and M are shown in Appendix A. However, since HF is usually not
positive definite, then solving the following Newton equation

HF p = −dF (17)

may not obtain a descent direction p. Thus, we need to make a modification about M to guar-
antee that solving (17) indeed leads to a descent direction p. InAppendixB,wegive the details
of how to do this modification to derive a semi-positive definite system.While a strictly posi-
tive definite system (e.g., via adding a small identity perturbation, as in Levenberg-Marquardt
method) would theoretically guarantee descent, our numerical experiments demonstrate that
the modified semi-positive definite system already yields descent directions without explicit
regularization. Hence, the iteration scheme to solve (16) is

Ỹ = Y + ηδY ,

where δY is obtained by solving (17) with a modification M and η is the step length derived
by the Armijo line search satisfying the sufficient descent condition. During the numerical
implementation, the iteration process for solving the subproblem y concludeswhen any of the
following conditions ismet: 1) the number of iterations reaches 5; 2) ‖dmF ‖2 ≤ 10−1×‖d0F‖2;
3) ‖dmF ‖2 ≤ 10−3. This stopping criteria ensure a balance between computational efficiency
and achieve a satisfactory solution for the subproblem.
Subproblem q. The subproblem q is equivalent to the following constrained optimization
problem:

min
Q

σh2

2
(W · (Φ0 ◦ Y l) − Q + Λl−1/σ)t (W · (Φ0 ◦ Y l) − Q + Λl−1/σ),

s.t. all the components of Q are nonpositive.

(18)

By the projection, we can easily get the closed-form solution of (18):

Qk =
{

(W · (Φ0 ◦ Y l) + Λl−1/σ)k if (W · (Φ0 ◦ Y l) + Λl−1/σ)k ≤ 0,

0 if (W · (Φ0 ◦ Y l) + Λl−1/σ)k > 0,

for k = 1, · · · , n2.
The choice of the penalty parameter σ . While the ADMM scheme (15) typically involves a
fixed penalty parameter σ , it is worth noting that in practice, the convergence can be notably
influenced by dynamically adjusting the penalty parameter σ throughout the iterations [3].
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Here, we simply use the following choice:

σ l+1 =
{
10σ l if ‖rl+1‖∞ ≥ 0.95 × ‖rl‖∞,

σ l if otherwise,

where rl = W · (Φ0 ◦ Y l) − Ql is the residual of the l-th iteration. In other words, we will
expand σ by a factor 10 if the infinity norm of the l-th residual does not sufficiently decrease.
Multilevel Strategy. The nonconvex model (10) requires careful initialization to achieve good
solutions. We address this using a multilevel strategy [41] that progressively refines the
registration from coarse to fine resolutions. First, we build an image pyramid through L levels
of downsampling, preserving key structural features at each coarser level. Optimization starts
at the coarsest level, where lower dimensionality enables efficient computation. The solution
is then upsampled and refined at each subsequent level, with each stage providing better
initialization to avoid localminima.When reaching the original resolution, this process yields
an accurate registration. The method combines computational efficiency (from coarse-level
optimization) with robustness (by using global features to guide local refinements), making
it ideal for solving nonconvex optimization problem (10).

Now, we can summarize ADMM with the multilevel strategy to solve (10) in Algorithm
1. Here, the stopping criteria is set as ‖rl‖∞ ≤ 10−2, namely, when the infinity norm of the
residual is smaller than a prescribed threshold, the algorithm will terminate.

Algorithm 1 ADMM with the multilevel strategy to solve the proposed model (10).
Compute the largest possible number of levels based on the size of I (x): L = Maxlevel.
Define the coarsest level as level 1 and the finest level as level L .
Work out the multilevel representation of the given image I (x): I 1(x), · · · , I l (x), · · · , I L (x).
Set the level set function φ0(x).
for level = 1 : L do

Set l = 0;
if level = 1 then

Input I 1(x), σ 1,0. Set Y 1,0, and Q1,0;
else

Input I level (x), σ level,0. Compute Y level,0 and Qlevel,0 by interpolating Y level−1,� and Ql−1,�;
end if
while ‖rlevel,l‖∞ ≤ 10−2 do

Update Y level,l+1 by solving (16);
Update Qlevel,l+1 by solving (18);
Update Λlevel,l+1 by Λlevel,l+1 = Λlevel,l + σ level,l (T · (Φ0 ◦ Y level,l+1) − Qlevel,l+1);
if ‖rlevel,l+1‖∞ ≥0.95×‖rlevel,l‖∞ then

Update σ level,l+1 by σ level,l+1 = 10σ level,l ;
else

Set σ level,l+1 = σ level,l ;
end if
Set l = l + 1;

end while
Output Y level,� and Qlevel,�.

end for
Output Y � = Y L,� and Q� = QL,�.
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5 Numerical Experiments

In this section, the proposedmodels (10)-(14) are tested to using 2D synthetic and real images
to showcase their advantages. The implementation is carried out using Matlab R2022a on
a MacBook Pro with an Apple M1 Pro processor and 16 GB RAM. The tested images
are all rescaled into the size of 256 × 256 and their corresponding intensity values are

Fig. 3 Test on the proposed model (10). The first row shows the target images with different initial contours,
where one is a clean image and the other one contains noise. The second row gives the segmentation results
by the CV model. The third row shows the segmentation results by the convexity-preserving model [66]. The
fourth row displays the segmentation results by the proposed model (10). Here, the red point is the given center
point. The running time is measured in seconds
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normalized to the range [0, 1]. For the approximation function Hε(v) = 1
2 (1+ 2

π
arctan( v

ε
)),

we set ε as 0.01 for all the tests. To enable a comprehensive comparison, we employ the
Matlab built-in function activecontour with the default parameter (smooth factor is set to
0) to generate segmentation results using the CV model [13]. For further benchmarking,
we also conduct comparative experiments with the convexity-preserving registration-based
segmentation model proposed in [66]. For all the tests in this section, we adopt a four-level
strategy, where we downscale the target images to four scales: 32× 32, 64× 64, 128× 128,
and 256 × 256.

5.1 The Performance of the ProposedModels (10)-(14) on Synthetic Images

In this part, we test the proposed models (10)-(14) on some synthetic images. For the param-
eter α in the proposed models, we just set 0.001.

Fig. 4 Energy and residuals versus iterations on per level by segmenting the above noisy example with two
different initial contours (two right subfigures in the first row of Fig. 3)
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We first apply the proposed model (10) to two straightforward examples, shown in the
first row of Fig. 3. Here, one image is artificially generated and the other one is added with
30% impulsive noise by the Matlab built-in function imnoise. For each case, we choose two
different initial contours. From the second row of Fig. 3, we can see that for the clean image,
the CVmodel gives different segmentation results and for the noise image, it generates worse
segmentation results, seriously affected by the noise. The convexity-preserving segmenta-
tion model [66] inherently produces whole-part segmentation results, as demonstrated in the
third row of Fig. 3. Notably, this model effectively avoids generating outliers, particularly
in noisy images. However, this convexity-preserving property results in the slightly reduced
segmentation accuracy. In contrast, our proposed model (10) achieves accurate segmentation
regardless of initial contour placement, consistently producing star-shape domains centered
around the specified point (fourth row of Fig. 3). The proposedmodelmaintains its robustness
with noisy images, successfully segmenting the entire target region without outlier genera-
tion. Furthermore, our model demonstrates superior computational efficiency compared to
the convexity-preserving approach [66]. This performance advantage stems from our for-
mulation’s reliance on first-order derivatives, while the convexity-preserving model requires
computationally more expensive second-order derivative calculations.

To rigorously evaluate the convergence of Algorithm 1, we conduct experiments on the
above noisy image using two distinct initial contours, enforcing 500 outer iterations per
level. Fig. 4 illustrates the evolution of both the objective energy and the residual across all

Fig. 5 Test on the proposed model (11). The red point is the center and the domain inside the red curve is the
corresponding constrained region with respect to the center
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levels. The results demonstrate clear numerical convergence: the energy stabilizes rapidly at
each level, with only minor fluctuations observed beyond the coarsest level (32 × 32). This
stability is attributed to the multilevel strategy, which progressively refines the solution by
leveraging coarse-level approximations as initial guesses for finer levels. Additionally, the
residuals remain consistently below the strict threshold of 10−4 throughout all iterations, fur-
ther confirming the algorithm’s convergence under the tested conditions. These observations
collectively provide strong empirical evidence for the reliability and efficiency of Algorithm
1.

The constrained region in the proposed model (10) encompasses the entire domain Ω .
However, the constrained region in the proposed model (11) confines to a specific portion
of the overall domain, allowing for a more flexible segmentation. In Fig. 5(b-c), a center
point and its corresponding constrained region (red point and region inside the red curve) are
specified. The prescribed region effectively ensures that the segmentation within it adheres
to a star-shape configuration. The distinction between the proposed models (11) and (12)
lies in the number of centers that they incorporate. The proposed model (11) features a
single center, producing a partially star-shape segmentation, wherein any radial line from the
designated center intersects the segmentation boundary within the constrained region only
once. On the other hand, the proposed model (12) incorporates multiple centers, resulting in
a segmentation where any radial line from any center intersects the segmentation boundary
within the associated region only once. This segmentation can be conceptualized as the

Fig. 6 Test on the proposed model (12). Each center and its associated domain share the same color and form
a pair
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Fig. 7 Test on the proposed model (13). (a) Target image with the initial contour. (b) Segmentation result by
the CV model. (c) Segmentation result by the convexity-preserving model [66]. (d-f) Segmentation results by
the proposed model (13) with different centers (red point). Here, by setting the suitable centers, we can let the
segmentation of ‘A’, ‘B’ or both ‘A’ and ‘B’ be star-shape, respectively

intersection of several partially star-shape segmentations. In Fig. 6, we present examples
with two centers and corresponding constrained regions. The segmentation results indeed
exhibit a generalized partially star-shape domain concerning all given centers. Clearly, the
convexity-preserving segmentation model [66] lacks the flexibility to produce such diverse
segmentation results.

The proposed models (10)-(12) focus on two phase segmentation. To deal with the multi-
phase segmentation, the model (13) is proposed and can segment two regions, where one is
star-shape and the other one is not. It can also obtain two star-shape domains by simply adding
one more constraint. Fig. 7(a) displays an example with the initial contours. We observe that
the proposed model (13) effectively segment two regions, where one is star-shape in Fig.
7(d-e) with one center and both two are star-shape in Fig. 7(f) with two centers. However, the
CV model depends on the initial contour and does not freely extract the star-shape domain
by the user’s requirement. The convexity-preserving model [66] only leads to the convex
hull of ‘A’ and ‘B’ in Fig. 7(c). This example especially shows the advantage of our method
when we need to identify the outer boundaries of one or multiple star-shape objects and do
not care about the interior structures of the objects. Such kind of applications happen often
in practice.
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Fig. 8 Test on the proposed model (14). (a) Target image with the initial contour. (b) Segmentation results by
the convexity-preserving model [66] (left) and (10) (right). The red point is the center. (c) Target image with
the initial contour and landmarks (left) and segmentation result by (14) (right). The red point is the center. The
yellow and cyan points form two pairs of landmarks

Due to the inhomogeneous intensity distribution, the convexity-preserving model [66]
fails to achieve an accurate segmentation result, as illustrated in Fig. 8(b). Although the pro-
posed model (10) demonstrates some improvement through its fitting term, the segmentation
performance remains unsatisfactory. But for this example, we clearly know that the final
contour should pass through the corners. Thus, we add the landmark constraints and employ
the proposed model (14) to get an accurate segmentation, displayed in Fig. 8(c). Since the
proposed models in this paper employ the registration framework, adding the landmark con-
straints will be very straightforward. This also reflects the flexibility and advantage of the
registration-based segmentation method.

5.2 The performance of the proposedmodels (10)-(14) on real images

In this part, we use some real images to assess the effectiveness of the proposed models
(10)-(14).

We first test the proposed model (10) using four images, two clean images and two noisy
images, as depicted in Fig. (9)(a). For the parameter α in the proposedmodel (10), we set 0.01
for the first image, and 0.001 for the remaining three. The segmentation results of the CV
model, the convexity-preserving model [66], and the proposed model (10) are shown in Fig.
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Fig. 9 Test on the proposed model (10). The first row shows the target images with different initial contours.
The second row gives the segmentation results by the CVmodel. The third row shows the segmentation results
by the convexity-preserving model [66]. The fourth row displays the segmentation results by the proposed
model (10). Here, the red point is the given center. The running time is measured in seconds

9(b-d), respectively. By its theoretical property, the convexity-preservingmodel only captures
the object outlines. Moreover, due to its use of the same average fitting term as the CVmodel,
it remains sensitive to intensity inhomogeneity and fails to segment objects accurately, as
seen in the first example of Fig. 9(b). Notably, the proposed model (10) yields the star-shape
segmentation with respect to the given centers, preserving the entire target object, unlike the
CV model, which often produces outliers, especially for noisy images. This disparity arises
from two factors: imposing the star-shape constraint and deforming the level set function via
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Fig. 10 Segmentation results of the noisy starfish produced by the CV model with different parameters. Here,
we set the smooth factor in the activecontour as 0.5, 1, 2, and 5, respectively. The running time is measured
in seconds

Fig. 11 Segmentation results by the proposed model (10) with different initial contours. Here, the red point is
the given center

transformation. To ensure that the radial line from the center point intersects the star-shape
domain’s boundary only once, the segmentation by the proposedmodel (10) must constitute a
complete part. Moreover, segmentations achieved by regulating transformation smoothness
typically exhibit greater robustness compared to those based on level set function length
regularization. To elucidate, we apply the CV model with varying parameters to the fourth
image, a noisy starfish. In this case, we set the smooth factor in activecontour as 0.5, 1, 2, and
5, respectively, and present the corresponding segmentation results in Fig. 10. It is evident
that for the noisy image, the CV model struggles to produce a satisfactory segmentation
result. We also examine the influence of initial contour placement using the second image
presented in Fig. 11. Our experiments demonstrate that despite employing different initial
contours, the segmentation results remain consistent. This consistency can be attributed to
the multilevel strategy’s ability to mitigate the impact of initial contour selection. However, it
should be noted that when the initial contours are positioned farther from the optimal solution
compared to that in Fig. 9, the computational time increases accordingly.

Next, we highlight the advantages of the proposedmodels (11) and (12) using two images,
showcased in Fig. 12(a) and 13(a). Here, the parameter α in both models is set to 0.01. For the
first image (Fig. 12(a)), as depicted in Fig. 12(b), the CV model fails to produce an accurate
segmentation due to occlusion, resulting in numerous outliers. To achieve precise segmenta-
tion, we employ a single center, yielding a star-shape segmentation as shown in Fig. 12(d-e),
derived from either the proposed model (10) or the special case of the proposed model (11).
Although this segmentation outperforms the CV model, further enhancement is attained by
introducing an additional center, as demonstrated in Fig. (12)(f). This illustrates that our pro-
posed model (12) can accurately segment intricate structures with occlusion by strategically

123



    1 Page 24 of 31 Journal of Scientific Computing            (2025) 105:1 

Fig. 12 Test on the proposed model (12). (a) Target image and the initial contour. (b) Segmentation result by
the CV model. (c) Segmentation result by the convexity-preserving model [66]. (d) Segmentation result by
the proposed model (10) with one center (red point). (e) Segmentation result by the proposed model (10) with
one center (red point). (f) Segmentation result by the proposed model (12) with two centers (red points)

setting center points.While the convexity-preserving model [66] can also give a satisfied seg-
mentation result (Fig. 12(c)), its running time is a bit longer than the proposed model (12).
Moving to the second image (Fig. 13(a)), the CV model again yields subpar segmentation
(Fig. 13(b)), mirroring previous cases. The convexity-preserving model [66] also generates
an unwanted segmentation (Fig. 13(c)). To improve the segmentation result, we employ
our proposed model (10), resulting in a star-shape segmentation within the global restricted
region. However, Fig. 13(d) reveals inaccuracies stemming from the inhomogeneous inten-
sity at the mushroom’s root, which indicates that for this scenario, the global star-shape
segmentation model (10) is inadequate. Addressing this, we use the proposed model (12),
which can employ multiple centers and locally restrict the constraints (Fig. 13(e)). From
Fig. 13(f), we can see that it leads to a satisfactory segmentation outcome. This illustrates
that incorporating the centers and restricted regions suitably can significantly enhance the
accuracy of the segmentation when dealing with inhomogeneous intensity or more complex
structures. Here, we further examine the performance of the convexity-preserving model
[66] with different initial contour placements. As illustrated in Fig. 14, even when the initial
contours are positioned in close proximity to the mushroom cap (a naturally convex domain),
the segmentation results remain unsatisfactory. This observation reinforces the limitation of
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Fig. 13 Test on the proposed model (12). (a) Target image and the initial contour. (b) Segmentation result by
the CV model. (c) Segmentation result by the convexity-preserving model [66]. (d) Segmentation result by
the proposed model (10) with one center (red point). (e) The locally restricted region (red region) and centers
(red points) for the proposed model (12). (f) Segmentation result by the proposed model (12) with two centers
for the locally restricted region

the convexity-preserving approach [66] in handling complex scenarios, where the average
fitting term and convex constraint may conflict with accurate boundary delineation.

Finally, we apply the proposed model (13) using a previous example. Here, the parameter
α is set to 0.02, and the results are shown in Fig. 15. For this three-phase segmentation, initial
contours are set as two circles (Fig. 15(a)). The CVmodel produces a segmentation focusing
on the bright parts but misses the overall connection (Fig. 15(b)). Fig. 15(d-f) display the
results of the proposed model (13) with a single center. In Fig. 15(d), the left part forms
a star-shape domain but includes an undesired region, while the right part consists of two
components due to the lack of constraints ensuring that the region remains whole. Changing
the center’s position (Fig. 15(e)) results in a well-segmented right part, but again, the left part
contains two components. To address this, we enhance the proposed model (13) by intro-
ducing two centers. This modification imposes constraints to maintain the desired star-shape
domains, resulting in a satisfactory segmentation (Fig. 15(f)). For the convexity-preserving
model [66], while it yields satisfactory segmentation results (Fig. 15(c)), its computational
efficiency is significantly inferior to that of the proposed model (13).
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Fig. 14 Test on the initial contours for the convexity-preserving model [66]. The first row gives the different
initial contours and the second rowdisplays the corresponding segmentation results by the convexity-preserving
model [66]. The running time is measured by seconds

6 Conclusion

In this paper, we introduce a novel star-shape segmentation framework leveraging registration
techniques. By integrating the level set representation with a registration-based approach
and imposing constraints on the deformed level set function, we formulate the star-shape
segmentation model (10). Furthermore, we extend this model from a single center (10)
to accommodate specific region (11), multiple centers (12), and multiphase segmentation
(13). By the advantage of the registration framework, we also incorporate the landmark
constraints (14). Theflexibility in selecting centers and restricted regions caters to diverse user
requirements. To address the proposed model, we introduce an auxiliary variable and employ
the alternating direction method of multipliers (ADMM). Subsequently, one subproblem is
tackled using a modified Gauss-Newton method, while the other is resolved with a closed-
form solution. Numerical experiments conducted on both synthetic and real images validate
that our proposed models effectively achieves accurate star-shape segmentations.
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Fig. 15 Test on the proposed model (13). (a) Target image with the initial contour. (b) Segmentation result by
the CV model. (c) Segmentation result by the convexity-preserving model [66]. (d) Segmentation result by
the proposed model (13) with one center (red point). (e) Segmentation result by the proposed model (13) with
one center (red point). (f) Segmentation result by the proposed model (13) with two centers (red points)

A Details of g andM

Thefirst and secondorder derivatives of Hε(v) are H ′
ε(v) = ε

π
1

v2+ε2
and H ′′

ε (v) = ε
π

−2v
(v2+ε2)2

,

respectively. Set si, j = f1(xi, j ) − f2(xi, j ) and k = i + ( j − 1) × n. Then we have

– g = g1 + σ g2, g1 =
(
g11
g12

)

, g11, g12 ∈ R
n2×1, (g11)k = si, j H ′

ε(φ0( yi, j ))∂y1φ0( yi, j ),

(g12)k = si, j H ′
ε(φ0( yi, j ))∂y2φ0( yi, j ), g2 =

(
g21
g22

)

, g21, g22 ∈ R
n2×1, g21 =

Diag(v1)Wt S, g22 = Diag(v2)Wt S, (vl)k = ∂ylφ0( yi, j ), l = 1, 2;

– M = M1 +σM2, M1 =
(
M11 M12

M12 M13

)

, M11, M12, M13 are all n2 ×n2 diagonal matrices,

M2 =
(
M21 M22

M22 M23

)

, M21, M22, M23 are all n2 × n2 matrices,

(M11)k,k = si, j H
′′
ε (φ0( yi, j ))∂y1φ0( yi, j )∂y1φ0( yi, j ) + si, j H

′
ε(φ0( yi, j ))∂y1 y1φ0( yi, j ),

(M12)k,k = si, j H
′′
ε (φ0( yi, j ))∂y1φ0( yi, j )∂y2φ0( yi, j ) + si, j H

′
ε(φ0( yi, j ))∂y1y2φ0( yi, j ),
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(M13)k,k = si, j H
′′
ε (φ0( yi, j ))∂y2φ0( yi, j )∂y2φ0( yi, j ) + si, j H

′
ε(φ0( yi, j ))∂y2 y2φ0( yi, j ),

M21 = Diag(v1)W
tWDiag(v1) + Diag(Diag(u1)W

t S), (u1)k = ∂y1y1φ0( yi, j ),

M22 = Diag(v1)W
tWDiag(v2) + Diag(Diag(u2)W

t S), (u2)k = ∂y1y2φ0( yi, j ),

M23 = Diag(v2)W
tWDiag(v2) + Diag(Diag(u3)W

t S), (u3)k = ∂y2 y2φ0( yi, j ).

B Modification ofM

From Appendix A, we can see that the property of M depends on the level set function φ0. In
this paper, we mainly consider a simple case, φ0(x) = r2 − (x1 −b1)2 − (x2 −b2)2, namely,
φ0(x) is a level set function of a disk with center (b1, b2) and radius r . In this case, due to
H ′

ε(φ( yi, j )) > 0, to make M semipositive definite, we do the following modification:

(M11)k,k = 4max(si, j H
′′
ε (φ0( yi, j )), 0)(y

i, j
1 − b1)

2 + 2max(si, j , 0)H
′
ε(φ0( yi, j )),

(M12)k,k = 4max(si, j H
′′
ε (φ0( yi, j )), 0)(y

i, j
1 − b1)(y

i, j
2 − b2),

(M13)k,k = 4max(si, j H
′′
ε (φ0( yi, j )), 0)(y

i, j
2 − b2)

2 + 2max(si, j , 0)H
′
ε(φ0( yi, j )),

M21 = Diag(v1)W
tWDiag(v1),

M22 = Diag(v1)W
tWDiag(v2),

M23 = Diag(v2)W
tWDiag(v2).
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