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ARTICLE INFO ABSTRACT
Keywords: Multimodal image registration involves aligning images derived from various modalities. Accu-
Multimodal image registration rately obtaining a diffeomorphic mapping is challenging due to the distinct features these im-

Jacobian determinant
Diffeomorphic mappings
L-BFGS method
Gauss-Newton method

ages present. In this work, we propose a bi-variant multimodal diffeomorphic image registration
model with flexible deformation. We begin by applying the constraint of the Jacobian determi-
nant, det(I; + Vu(x)) = v(x), where v(x) > 0 is a flexible function, to multimodal image regis-
tration. This approach ensures the accurate alignment of images from different modalities while
preserving diffeomorphic mappings. A penalty-splitting method models the constraint as an un-
constrained optimization problem, which we solve using a discretize-then-optimize technique and
a hybrid optimization strategy. To optimize the variable u(x) for the mutual information simi-
larity measure, where Hessian computation is computationally expensive, we employ the L-BFGS
algorithm combined with the Armijo line search. For the variable v(x), where Hessian is easier
to compute, we apply the Gauss—-Newton method with the Armijo line search. Numerical results
on 2D and 3D medical and synthetic images from different modalities demonstrate the flexibility
and effectiveness of our approach.

1. Introduction

Image registration plays a crucial role in the medical imaging community. One of the key challenges arises when registering
images acquired from different imaging devices or modalities. The challenge lies in the complex relationship between gray values
in multimodal images, which lacks a direct functional connection. Despite this, gray-value patterns are generally not arbitrary. This
observation has motivated the development of numerous similarity measures for multimodal image registration [1]. Among these,
mutual information (MI) [2,3] is one of the earliest and significant measure due to its ability to capture statistical dependence between
image intensities, though it is affected by the extent of image overlap. Normalized mutual information (NMI) [4] was subsequently
developed to overcome this limitation and has gained widespread use. In addition to intensity statistics, normalized gradient fields
(NGF) [5] utilize the fact that intensity changes across modalities are often aligned, making gradient information a robust descriptor.
Correlation-based measures, like cross-correlation (CC) [6], offer simplicity but are sensitive to scaling; normalized cross-correlation
(NCC) [7] addresses contrast variation. Although many similarity measures exist, MI and its variants remain the most widely adopted
and commonly used in multimodal image registration.

Introduced by Collignon et al. [2] and Viola et al. [3] in 1995, mutual information serves as an effective similarity measure
for multimodal image registration. Collignon et al. implemented it in an information-theoretic framework for 3D medical image
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$\det (I_d + \nabla \bm {u}(\bm {x})) = v(\bm {x})$


$v(\bm {x}) > 0$


$\bm {u}(\bm {x})$


$v(\bm {x})$
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$\bm {x} \in \Omega \subset \mathbb {R}^d$
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$\bm {\varphi }(\bm {x})=\bm {x} + \bm {u}(\bm {x})$


$\bm {u}(\bm {x})$


$T(\bm {\varphi }(\bm {x}))=T(\bm {x} + \bm {u}(\bm {x}))$


$R(\bm {x})$


$\bm {u}(\bm {x})$


\begin {equation}\label {mutual2} \begin {aligned} \text {MI}(R,T; \bm {u}) = - \int _{\mathcal {R}} p_{_{[R]}}(r) \log p_{_{[R]}}(r)\mathrm {d}r &- \int _{\mathcal {T}} p_{_{[T; \bm {u}]}}(t) \log p_{_{[T; \bm {u}]}}(t)\mathrm {d}t+ \int _{\mathcal {R}}\int _{\mathcal {T}} p_{_{[R,T; \bm {u}]}}(r,t) \log p_{_{[R,T; \bm {u}]}}(r,t) \mathrm {d}t\mathrm {d}r, \end {aligned}\end {equation}


$\mathcal {R} := [\min \limits _{\bm {x} \in \Omega } R(\bm {x}) , \max \limits _{\bm {x} \in \Omega } R(\bm {x}) ]$


$\mathcal {T} := [\min \limits _{\bm {x} \in \Omega }T(\bm {x}), \max \limits _{\bm {x} \in \Omega }T(\bm {x})]$


$R$


$T$


$R$


$T$


\begin {equation}\label {kernel-function} \begin {split} I{p_{_{[R,T; \bm {u}]}}(r, t)= \frac {1}{|\Omega |}\int _{\Omega } \kappa _{\sigma _r}\big (r-R(\bm {x})\big ) \kappa _{[{\sigma _t};\bm {u}]} \big (t-T(\bm {x}+\bm {u})\big ) \mathrm {d}\bm {x}.} \end {split}\end {equation}


$R(\bm {x})$


$T(\bm {x})$


\begin {equation*}p_{_{[R]}}(r) = \int _{\mathcal {T}}p_{_{[R,T; \bm {u}]}}(r,t)\mathrm {d}t,\quad \text {and}\quad p_{_{[T; \bm {u}]}}(t) = \int _{\mathcal {R}}p_{_{[R,T; \bm {u}]}}(r,t)\mathrm {d}r.\end {equation*}


$\kappa (x)$


$\int _{\mathbb {R}} \kappa (x)dx=1$


$\kappa _\sigma (x)=\frac {1}{\sigma }\kappa (\frac {x}{\sigma })$


$\sigma $


\begin {equation*}\kappa (x)=\left \{\begin {array}{@{}ll} \dfrac {1}{2}|x|^3-|x|^2+\dfrac {2}{3}, & \text {if}\,\, 0\leq |x|<1, \\ -\dfrac {1}{6}|x|^3+|x|^2-2|x|+\dfrac {4}{3},&\text {if}\,\, 1 \leq |x|\leq 2,\\ 0, & \text { otherwise. } \end {array}\right .\end {equation*}


$\text {MI}(R,T; \bm {u})$


$\mathcal {D}[R,T; \bm {u}]$


\begin {equation}\label {mutualD2} \begin {aligned} \mathcal {D}[R,T; \bm {u}] =\int _{\mathcal {R}} p_{_{[R]}}(r) \log \, p_{_{[R]}}(r)\mathrm {d}r & + \int _{\mathcal {T}} p_{_{[T; \bm {u}]}}(t) \log p_{_{[T; \bm {u}]}}(t)\mathrm {d}t- \int _{\mathcal {R}}\int _{\mathcal {T}} p_{_{[R,T; \bm {u}]}}(r,t){\log } \,p_{_{[R,T; \bm {u}]}}(r,t) \mathrm {d}t\mathrm {d}r. \end {aligned}\end {equation}


\begin {equation*}\min \limits _{\bm {u} }\Big \{ \mathcal {D}[R,T; \bm {u}]+\alpha \mathcal {S}[\bm {u}] \Big \},\end {equation*}


$\alpha >0$


$\mathcal {D}$


$\mathcal {S}$


$\mathcal {S}[\bm {u}] =\frac {1}{2}\int _{\Omega }\|\nabla \bm {u}\|^2\mathrm {d}\bm {x}$


$\det (I_d + \nabla \bm {u}(\bm {x})) = v(\bm {x})>0$


\begin {equation}\label {eq:eqComodel} \begin {aligned} & \min _{\bm {u}\in \mathcal {U}, 0 < v \in L^2(\Omega )} \Big \{ \mathcal {D}[R,T; \bm {u}] + \alpha \mathcal {S}[\bm {u}] \Big \}, \\ & \quad \text {s.t.} \quad \det (I_d + \nabla \bm {u}(\bm {x})) = v(\bm {x}), \quad I{\forall \, \bm {x} \in \Omega }, \end {aligned}\end {equation}


$\mathcal {U} := \left \{ \bm {u} \mid \bm {u} \in [\mathcal {H}^1(\Omega )]^d \text { and } \bm {u}_{\partial \Omega } = \bm {0} \right \}$


$[\mathcal {H}^1(\Omega )]^d$


$v(\bm {x}) > 0$


$\Psi [v] := \int _{\Omega } \psi [v(\bm {x})] \, \mathrm {d}\bm {x}$


$v(\bm {x})$


\begin {equation}\label {eq:model1} \begin {aligned} \min _{\bm {u} \in \mathcal {U}, v \in L^2} \Big \{ \mathcal {D}[R,T; \bm {u}] + \alpha \mathcal {S}[\bm {u}] + \beta \Psi [v] \Big \}, \\ \text {s.t.} \quad \det (I_d + \nabla \bm {u}(\bm {x})) = v(\bm {x}), \quad I{\forall \, \bm {x} \in \Omega }. \end {aligned}\end {equation}


$\beta > 0$


$\Psi [v]$


$v(\bm {x}) > 0$


$\psi [\cdot ]$


$v(\bm {x}) > 0$


$\psi [\cdot ]$


$v(\bm {x}) = 1$


\begin {equation}\label {eq:eqpenaltyf2} \psi [v(\bm {x})] = \begin {cases} \frac {\left (v(\bm {x}) - 1\right )^2}{v(\bm {x})}, & \text {if } v(\bm {x}) > 0, \\ +\infty , & \text {otherwise}. \end {cases}\end {equation}


$v(\bm {x})$


$v(\bm {x})$


\begin {equation}\label {eq:model2} \begin {aligned} \min _{\bm {u} \in \mathcal {U}, v \in \mathcal {V}} & \Big \{ \mathcal {D}[R,T; \bm {u}] + \alpha \mathcal {S}[\bm {u}] + \beta \Psi [v] + \gamma \mathcal {S}[v] \Big \}, \\ \text {s.t.} \quad & \det (I_d + \nabla \bm {u}(\bm {x})) = v(\bm {x}), \quad I{\forall \, \bm {x} \in \Omega }, \end {aligned}\end {equation}


$\mathcal {S}[v] = \frac {1}{2} \int _{\Omega } \| \nabla v(\bm {x}) \|^2 \, \mathrm {d}\bm {x}$


$\mathcal {V} := \left \{ v \mid v \in \mathcal {H}^1(\Omega ), v_{\partial \Omega } = 1 \right \}$


$\beta > 0$


$\gamma > 0$


$v(\bm {x})$


$\bm {u}(\bm {x})$


$v(\bm {x})$


$\bm {u}(\bm {x})$


$v(\bm {x})$


\begin {equation}\label {eq:eqPM1} \begin {aligned} \min _{\bm {u}\in \mathcal {U}, v\in \mathcal {V}}\Big \{ \mathcal {L}_\lambda [\bm {u},v]:=\mathcal {D}[R,T; \bm {u}]+\alpha \mathcal {S}[\bm {u}] + \beta \Psi [v] + \gamma \mathcal {S}[v] +\lambda \mathcal {C}[\bm {u},v]\Big \}, \end {aligned}\end {equation}


$\mathcal {C}[\bm {u},v] := \frac {1}{2}\int _{\Omega } \left (\det (I_d+\nabla \bm {u}(\bm {x}))-v(\bm {x}) \right )^2 \mathrm {d}\bm {x}$


$\lambda >0$


$\bm {u}(\bm {x})$


$v(\bm {x})$


$\bm {u}$


\begin {equation}\label {eq:u-subproblem} \min _{\bm {u}\in \mathcal {U}} \Big \{ { \mathcal {L}^1_{\lambda , v}[\bm {u}] }:= \mathcal {D}[R,T; \bm {u}]+\alpha \mathcal {S}[\bm {u}] +\lambda \mathcal {C}[\bm {u},v] \Big \},\end {equation}


$v$


\begin {equation}\label {eq:v-subproblem} \min _{v\in \mathcal {V}} \Big \{ {\mathcal {L}^2_{\lambda , \bm {u}}[v]} := \beta \Psi [v] + \gamma \mathcal {S}[v] +\lambda \mathcal {C}[\bm {u},v] \Big \}.\end {equation}


$(\bm {u}^{k}, v^{k},\lambda ^{k})$


$k$


$(\bm {u}^{k+1}, v^{k+1},\lambda ^{k+1})$


\begin {equation}\label {eq:P} \left \{\begin {aligned} \bm {u}^{k+1} &={ \underset {{\bm {u}\in \mathcal {U}}}{{\rm arg}\, {\rm min}} \mathcal {L}^1_{\lambda ^k,v^k}[\bm {u}] }~~~ =\underset {{\bm {u}\in \mathcal {U}}}{{\rm arg}\, {\rm min}} \left \{\mathcal {D}[R,T; \bm {u}]+\alpha \mathcal {S}[\bm {u}] +\lambda ^{k} \mathcal {C}[\bm {u},v^{k}] \right \}, \\ v^{k+1} &={ \underset {{\bm {v}\in \mathcal {V}}}{{\rm arg}\, {\rm min}} \mathcal {L}^2_{\lambda ^k, \bm {u}^{k+1}}[v] } =\underset {{v\in \mathcal {V}}}{{\rm arg}\, {\rm min}} \left \{ \beta \Psi [v] + \gamma \mathcal {S}[v] +\lambda ^{k} \mathcal {C}[\bm {u}^{k+1},v] \right \},\\ \lambda ^{k+1} &= \rho \lambda ^{k}, \end {aligned}\right .\end {equation}


$\rho >1$


$\lambda $


$\Omega :=[0,1] \times [0,1]$


$\bm {x}$


$\bm {u}(\bm {x})$


$v(\bm {x})$


\begin {equation*}\Omega _{h}:=\left \{\bm {x}_{ij} \in \Omega \mid \bm {x}_{ij}=(x_{i}^{1}, x_{j}^{2})=\left (\left (i-0.5\right )h, \left (j-0.5\right ) h\right ), i,j =1,\ldots , n, h=1/n \right \}.\end {equation*}


$\bm {u}_{ij}$


$v_{ij}$


$\bm {u}_{ij} = (u^1_{ij}, u^2_{ij}) = (u^1(x^1_i,x^2_j), u^2(x^1_i,x^2_j))$


$v_{ij} = v(x^1_i, x^2_j)$


\begin {equation*}\begin {aligned} X & = \left ( {\begin {array}{*{20}{@{}c@{}}} {{X}_1}\\ {{X}_2} \end {array}} \right ) =\left (x_{1}^{1}, \ldots , x_{1}^{1}, \ldots ,x_{n}^{1}, \ldots ,x_{n}^{1},x_{1}^{2}, \ldots , x_{n}^{2}, \ldots ,x_{1}^{2}\ldots ,x_{n}^{2}\right )^{\top } \in \mathbb {R}^{2 n^2 \times 1}, \\ U & = \left ( {\begin {array}{*{20}{@{}c@{}}} {{U}_1}\\ {{U}_2} \end {array}} \right )=\left (u_{11}^{1}, \ldots , u^{1}_{nn}, u_{11}^{2}, \ldots , u^{2}_{nn}\right )^{\top } \in \mathbb {R}^{2n^2 \times 1}, \quad V = \left (v_{11}, \ldots , v_{nn}\right )^{\top } \in \mathbb {R}^{n^2 \times 1}. \end {aligned}\end {equation*}


$\mathcal {D} [R,T; \bm {u}]$


$\mathcal {S}[\bm {u}]$


$\mathcal {S}[v]$


$\mathcal {C}[\bm {u},v]$


$\Psi [v]$


$R(\bm {x})$


$T(\bm {x})$


$(r_{\iota }, t_{\nu }) \in \mathcal {R} \times \mathcal {T} = [r_a, r_b] \times [t_a, t_b]$


$n_r$


$n_t$


$\sigma _r=\frac {r_b-r_a}{n_r}$


$\sigma _t=\frac {t_b-t_a}{n_t}$


\begin {align*}r_\iota =r_a+\left (\iota -0.5\right )\sigma _r,~\iota =1,2,\ldots , n_r \quad \mbox {and} \quad t_\nu =t_a+\left (\nu -0.5\right )\sigma _t,~\nu =1,2,\ldots , n_t.\end {align*}


\begin {align*}&K_{[\sigma _t;\bm {u} ]}(t) = {\left ( {\kappa _{[\sigma _t;\bm {u} ]}(t-t_{11})},{\ldots },{\kappa _{[\sigma _t;\bm {u} ]}(t-t_{1n})},{\ldots },{{\kappa _{[\sigma _t;\bm {u} ]}(t-t_{nn})}} \right )^{\top }\in \mathbb {R}^{n^2\times 1}},\\ & K_{\sigma _r}(r) = {\left ( {\kappa _{\sigma _r}(r-r_{11})},{\ldots },{\kappa _{\sigma _r}(r-r_{1n})},{\ldots },{\kappa _{\sigma _r}(r-r_{nn})} \right )^{\top }\in \mathbb {R}^{n^2\times 1}}, \\ & P_{[R,T;U]} = {\left ( p_{_{[R,T; \bm {u}]}}(r_1,t_1),{\ldots },{{p_{_{[R,T; \bm {u}]}}(r_1,t_{n_t})}},{\ldots },{p_{_{[R,T; \bm {u}]}}(r_{n_r},t_{n_t})}\right )^{\top }\in \mathbb {R}^{(n_rn_t)\times 1}},\\ & P_{[T;U]} = {\left ( p_{_{[T; \bm {u}]}}(t_1),{\ldots },p_{_{[T; \bm {u}]}}(t_{n_t})\right )^{\top }\in \mathbb {R}^{ n_t\times 1}}, \quad P_{[R]} = {\left ( p_{_{[R]}}(r_1),{\ldots },p_{_{[R]}}(r_{n_r})\right )^{\top }\in \mathbb {R}^{n_r\times 1}},\end {align*}


$r_{ij} := R(\bm {x}_{ij})$


$t_{ij} := T(\bm {x}_{ij}+\bm {u}_{ij})$


\begin {align*}p_{_{[R,T; \bm {u}]}}({r}_{\iota },{t}_\nu )&=\frac {1}{n^2}\sum _{i=1}^{n}\sum _{j=1}^{n}\kappa _{\sigma _r}({r}_{\iota }-r_{ij})\kappa _{[{\sigma _t};\bm {u}]}({t}_\nu -t_{ij})=\frac {1}{n^2} {K}^{\top }_{\sigma _{r}}({r}_{\iota }) {K}_{[\sigma _t;\bm {u} ]}({t}_\nu ).\end {align*}


\begin {align*}p_{_{[T; \bm {u}]}}(t_\nu ) &= {\int _{\mathcal {R}}p_{_{[R,T; \bm {u}]}}(r,t_\nu )\;dr \approx \sigma _{r} \sum _{\iota =1}^{n_r} p_{_{[R,T; \bm {u}]}}(r_\iota ,t_\nu ),} \\ p_{_{[R]}}(r_{\iota }) &= \int _{\mathcal {T}}p_{_{[R,T; \bm {u}]}}(r_{\iota },t)\;dt \approx \sigma _{t} \sum _{\nu =1}^{n_t} p_{_{[R,T; \bm {u}]}}(r_{\iota },t_\nu ).\end {align*}


$S_{T}=\bm {e}_{r} \otimes I_{n_{t}}\in \mathbb {R}^{n_t\times (n_r\times n_{t})}$


$S_{R}=I_{n_{r}} \otimes \bm {e}_{t} \in \mathbb {R}^{n_r\times (n_r\times n_{t})}$


$\bm {e}_{ r}=(1, \ldots , 1)\in \mathbb {R}^{1\times n_{r}}$


$\bm {e}_{t}=(1, \ldots , 1)\in \mathbb {R}^{1\times n_{t}}$


$I_{n_{t}}$


$I_{n_{r}}$


$\otimes $


\begin {equation*}P_{[T;U]}=\sigma _{r} S_{T} P_{[R,T;U]} \quad \mbox {and} \quad P_{[R]}=\sigma _{t} S_{R} P_{[R,T;U]}.\end {equation*}


$n_r\times n_t$


\begin {align*}\label {MI} \mathcal {D}[R, T; U] =&\; \sigma _{r} \sum _{\iota =1}^{n_r} p_{_{[R]}}(r_{\iota }) \log p_{_{[R]}}(r_{\iota }) + \sigma _{t} \sum _{\nu =1}^{n_t} p_{_{[T; \bm {u}]}}(t_\nu ) \log p_{_{[{T};\bm {u}]}}(t_\nu )-{\sigma _{r}\sigma _{t}}\sum _{\nu =1}^{n_t}\sum _{\iota =1}^{n_r}p_{_{[R,T; \bm {u}]}}(r_\iota ,t_\nu )\,\log \, p_{_{[R,T; \bm {u}]}}(r_\iota ,t_\nu ) \\ =& \;\sigma _{r} {P}_{[R]}^{\top } \text {Log}( P_{[R]}) + {\sigma _{t}} {P}_{[T;U]}^{\top } \text {Log}( P_{[T; U]}) - \sigma _{r}\sigma _{t} {P}_{[R,T;U]}^{\top } \text {Log}({P}_{[R,T;U]}) \\ = &\; {\sigma _{r}\sigma _{t}}\Big ( (S_{R} P_{[R, T; U]})^{\top }\text {Log}(\sigma _{t}S_{R} P_{[R, T; U]}) + \left (S_{T} {P}_{[R, T;U]}\right )^{\top } \text {Log}(\sigma _{r}S_{T} P_{[R, T; U]}) -{P}_{[R,T;U]}^{\top } \text {Log}({P}_{[R,T;U]} \big ) \Big ),\end {align*}


$\text {Log}(\cdot )$


\begin {equation*}\text {Log}(Q) =(\log q_1, \log q_2, {\ldots }, \log q_n)^{\top } ,\text {with}~Q=(q_1, q_2,{\ldots },q_n)^{\top }.\end {equation*}


$\bm {u}$


$\bm {u}$


\begin {equation*}\label {eq:eqdiffusion} \mathcal {S}[\bm {u}]=\frac {1}{2}\int _{\Omega }\|\nabla \bm {u}\|^2\mathrm {d}\bm {x} =\frac {1}{2} \int _{\Omega } \sum _{\ell =1}^{2}\|\nabla u^{\ell }\|^{2} \mathrm {d} \bm {x},\end {equation*}


\begin {equation*}\label {eq:eqterm2lisan} \mathcal {S}[U]=\frac {1}{2}h^2 U^{\top } G^{\top } GU,\end {equation*}


$G = I_2 \otimes \tilde {G} \in \mathbb {R}^{4n^2 \times 2n^2}$


$\tilde {G} = \left ({\partial ^+_{x^1}}^{\top }, {\partial ^+_{x^2}}^{\top } \right )^{\top } \in \mathbb {R}^{2n^2 \times n^2}$


$\partial ^+_{x^1}=\partial _{n}^{h} \otimes I_n\in \mathbb {R}^{n^2\times n^2}$


$\partial ^+_{x^2}=I_n \otimes \partial _{n}^{h}\in \mathbb {R}^{n^2 \times n^2}$


\begin {equation*}\partial ^h_n = \frac {1}{h} \left ( {\begin {array}{*{20}{@{}c@{}}} {-1}&{1}&{}&{}\\ {}&{\ddots }&{\ddots }&{}\\ {}&{}&{-1}&{1}\\ {}&{}&{}&{-1}\\ \end {array}} \right ) \in \mathbb {R}^{n\times n}.\end {equation*}


${u}_{n+1,\cdot }^{\ell }={u}_{\cdot ,n+1}^{\ell }=0$


$\bm {u}_{\partial \Omega } = \bm {0}$


\begin {equation*}G = I_3 \otimes \tilde {G} \in \mathbb {R}^{9n^3 \times 3n^3}, \qquad \tilde {G} = \left ({\partial ^+_{x^1}}^{\top }, {\partial ^+_{x^2}}^{\top }, {\partial ^+_{x^3}}^{\top } \right )^{\top } \in \mathbb {R}^{3n^3 \times n^3},\end {equation*}


$\partial ^+_{x^1} = I_n \otimes \partial _{n}^{h} \otimes I_n , \quad \partial ^+_{x^2} = I_n \otimes I_n \otimes \partial _{n}^{h} , \quad \partial ^+_{x^3} = \partial _{n}^{h} \otimes I_n \otimes I_n \in \mathbb {R}^{n^3 \times n^3}.$


$\mathcal {S}[v] = \frac {1}{2}\int _{\Omega }\|\nabla v(\bm {x}) \|^2\mathrm {d} \bm {x}$


$v(\bm {x})$


\begin {equation}\label {eq:SV} \begin {aligned} \mathcal {S}[V]=\frac {1}{2}h^2 V^{\top }\tilde {G}^{\top }\tilde {G} V. \end {aligned}\end {equation}


$\mathcal {C}[\bm {u},v] := \frac {1}{2}\int _{\Omega } \left (\det (I_d+\nabla \bm {u}(\bm {x}))-v(\bm {x}) \right )^2 \mathrm {d}\bm {x}$


${\det }(I_2+\nabla \bm {u}(\bm {x}))$


$\left .{\det }(I_2+\nabla \bm {u}(\bm {x}))\right |_{o}$


$o:=(\bm {x}+\bm {u})_{ij}$


$(i,j)$


$\left .{\det }(I_2+\nabla \bm {u})\right |_{o}$


$o:=(\bm {x}+\bm {u})_{ij}$


$(i, j)$


\begin {align*}\label {det} \left .{\det }(I_2 + \nabla \bm {u}(\bm {x}))\right |_{o} &= \small \cfrac {1}{4\thinspace h^2}\left (\left |\begin {array}{@{}cc@{}} h+u_{i+1, j}^{1}-u_{i, j}^{1} & u_{i, j+1}^{1}-u_{i, j}^{1} \\ u_{i+1, j}^{2}-u_{i, j}^{2} & h+u_{i, j+1}^{2}-u_{i, j}^{2} \end {array}\right |+\;\left |\begin {array}{@{}cc@{}} u_{i, j+1}^{1}-u_{i, j}^{1} & -h+u_{i-1, j}^{1}-u_{i, j}^{1} \\ h+u_{i, j+1}^{2}-u_{i, j}^{2} & u_{i-1, j}^{2}-u_{i, j}^{2} \end {array}\right |\right .\\ &\small \left .\quad +\left |\begin {array}{@{}cc@{}} -h+u_{i-1, j}^{1}-u_{i, j}^{1} & u_{i, j-1}^{1}-u_{i, j}^{1} \\ u_{i-1, j}^{2}-u_{i, j}^{2} & -h+u_{i, j-1}^{2}-u_{i, j}^{2} \end {array}\right |+\left |\begin {array}{@{}cc@{}} u_{i, j-1}^{1}-u_{i, j}^{1} & h+u_{i+1, j}^{1}-u_{i, j}^{1} \\ -h+u_{i, j-1}^{2}-u_{i, j}^{2} & u_{i+1, j}^{2}-u_{i, j}^{2} \end {array}\right |\right ) \\ &=:\cfrac {1}{2h^2}\left (A_{ obd}^{ij}+A_{ oda}^{ij}+A_{ oac}^{ij}+A_{ ocb}^{ij}\right ),\end {align*}


$A_{obd}^{ij}$


$obd$


$(i,j)$


\begin {equation*}A_{obd}^{ij} := \frac {1}{2} \left |\begin {array}{@{}cc@{}} h+u_{i+1, j}^{1}-u_{i, j}^{1} & u_{i, j+1}^{1}-u_{i, j}^{1} \\ u_{i+1, j}^{2}-u_{i, j}^{2} & h+u_{i, j+1}^{2}-u_{i, j}^{2} \end {array}\right |.\end {equation*}


\begin {align*}\partial ^{+}_{x^1}&=\partial _{n}^{h} \otimes I_{n}, \quad \partial ^{+}_{x^2}= I_{n} \otimes \partial _{n}^{h},\quad \partial ^{-}_{x^1}=(\partial _{n}^{h})^{\top } \otimes I_{n}, \quad \partial ^{-}_{x^2}= I_{n} \otimes (\partial _{n}^{h})^{\top }\in \mathbb {R}^{n^2 \times n^2}, \\ D^{+}_{\ell ,1}&=(\partial ^{+}_{x^\ell },\bm {0}), \quad D^{+}_{\ell ,2}=(\bm {0},\partial ^{+}_{x^\ell }), \quad D^{-}_{\ell ,1}=(\partial _{x^\ell }^{-},\bm {0}), \quad D^{-}_{\ell ,2}=(\bm {0},\partial _{x^\ell }^{-}) \in \mathbb {R}^{n^2\times 2n^2},\end {align*}


$\ell =1,2$


$\text {Det}(U) := \det \big (\nabla (X+U) \big )$


\begin {equation}\label {eq:Det-DU} \begin {aligned} \text {Det}(U) &=\dfrac {1}{4 h^2}\left [(h\bm {e}+D^{+}_{1,1} U )\odot (h\bm {e}+D^{+}_{2,2} U)- D^{+}_{2,1} U \odot D^{+}_{1,2} U \right .\\ &\quad +D^{+}_{2,1} U \odot D^{-}_{1,2} U -(-h\bm {e}+D^{-}_{1,1} U)\odot (h\bm {e}+D^{+}_{2,2} U)\\ &\quad +(- h\bm {e}+D^{-}_{1,1} U)\odot (- h\bm {e}+D^{-}_{2,2} U)-D^{-}_{2,1} U \odot D^{-}_{1,2} U \\ &\left .\quad + D^{-}_{2,1} U \odot D^{+}_{1,2} U -(h\bm {e}+D^{+}_{1,1} U)\odot (- h\bm {e}+D^{-}_{2,2} U)\right ] \\ &=: \dfrac {1}{2 h^2} \left (\mathcal {A}_{obd} + \mathcal {A}_{oda} + \mathcal {A}_{oac} + \mathcal {A}_{ocb} \right )=: \dfrac {1}{2} \left (\Theta _{obd} + \Theta _{oda} + \Theta _{oac} + \Theta _{ocb}\right ), \end {aligned}\end {equation}


$\odot $


$\bm {e} = (1, \ldots , 1)^{\top } \in \mathbb {R}^{n^2 \times 1}$


$\mathcal {A}_{obd}$


$obd$


$\mathcal {A}_{obd}(l) = A_{obd}^{ij}$


$l = (i-1)n + j$


$\Theta _{obd} := \frac {1}{h^2} \mathcal {A}_{obd}$


$\mathcal {A}_{obd}$


$h^2$


$o := (\bm {x}+\bm {u})_{ijk}$


$(i,j,k)$


\begin {equation*}\begin {aligned} &\left .{\det }(I_3 + \nabla \bm {u}(\bm {x}))\right |_{o}\\ &=\frac {1}{8h^3}\sum _{i^{\prime },j^{\prime },k^{\prime }\in \{-1,+1\}} \begingroup \renewcommand {\arraystretch }{0.9} \setlength {\arraycolsep }{1pt} \begin {vmatrix} {i^{\prime }} h+u_{i+i^{\prime },j,k}^1-u_{i,j,k}^1 & u_{i,j+j^{\prime },k}^1-u_{i,j,k}^1 & u_{i,j,k+k^{\prime }}^1-u_{i,j,k}^1 \\ u_{i+i^{\prime },j,k}^2-u_{i,j,k}^2 & {j^{\prime }} h+u_{i,j+j^{\prime },k}^2-u_{i,j,k}^2 & u_{i,j,k+k^{\prime }}^2-u_{i,j,k}^2 \\ u_{i+i^{\prime },j,k}^3-u_{i,j,k}^3 & u_{i,j+j^{\prime },k}^3-u_{i,j,k}^3 & {k^{\prime }} h+ u_{i,j,k+k^{\prime }}^3-u_{i,j,k}^3 \end {vmatrix} \endgroup =\frac {1}{8h^3}\sum _{i^{\prime },j^{\prime },k^{\prime }\in \{-1,+1\}} \mathfrak {det}_{i^{\prime },j^{\prime },k^{\prime }}, \end {aligned}\end {equation*}


$\mathfrak {det}_{i^{\prime },j^{\prime },k^{\prime }} := \begingroup \renewcommand {\arraystretch }{0.9} \setlength {\arraycolsep }{1pt} \begin {vmatrix} {i^{\prime }} h+u_{i+i^{\prime },j,k}^1-u_{i,j,k}^1 & u_{i,j+j^{\prime },k}^1-u_{i,j,k}^1 & u_{i,j,k+k^{\prime }}^1-u_{i,j,k}^1 \\ u_{i+i^{\prime },j,k}^2-u_{i,j,k}^2 & {j^{\prime }} h+u_{i,j+j^{\prime },k}^2-u_{i,j,k}^2 & u_{i,j,k+k^{\prime }}^2-u_{i,j,k}^2 \\ u_{i+i^{\prime },j,k}^3-u_{i,j,k}^3 & u_{i,j+j^{\prime },k}^3-u_{i,j,k}^3 & {k^{\prime }} h+ u_{i,j,k+k^{\prime }}^3-u_{i,j,k}^3 \end {vmatrix} \endgroup $


\begin {equation*}\begin {aligned} \partial ^{+}_{x^1}&= I_{n}\otimes \partial _{n}^{1} \otimes I_{n}, \qquad ~\, \partial ^{+}_{x^2}= I_{n}\otimes I_{n} \otimes \partial _{n}^{1}, \qquad ~\partial ^{+}_{x^3}= \partial _{n}^{1} \otimes I_{n}\otimes I_{n} \in \mathbb {R}^{n^3\times n^3},\\ \partial ^{-}_{x^1}&= I_{n}\otimes (\partial _{n}^{1})^{\top } \otimes I_{n}, \quad \partial ^{-}_{x^2}= I_{n}\otimes I_{n} \otimes (\partial _{n}^{1})^{\top }, \quad \partial ^{-}_{x^3}= (\partial _{n}^{1})^{\top } \otimes I_{n}\otimes I_{n} \in \mathbb {R}^{n^3\times n^3},\\ D^{+}_{\ell ,1}&=(\partial ^{+}_{x^\ell },\bm {0},\bm {0}), \quad D^{+}_{\ell ,2}=(\bm {0},\partial ^{+}_{x^\ell },\bm {0}), \quad D^{+}_{\ell ,3}=(\bm {0},\bm {0},\partial ^{+}_{x^\ell }) \in \mathbb {R}^{n^3\times 3n^3},\\ D^{-}_{\ell ,1}&=(\partial _{x^\ell }^{-},\bm {0},\bm {0}), \quad D^{-}_{\ell ,2}=(\bm {0},\partial _{x^\ell }^{-},\bm {0}) \quad D^{-}_{\ell ,3}=(\bm {0},\bm {0},\partial _{x^\ell }^{-}) \in \mathbb {R}^{n^3\times 3n^3}. \end {aligned}\end {equation*}


\begin {equation*}\text {Det}(U) = \frac {1}{8h^3}\sum _{i^{\prime },j^{\prime },k^{\prime }\in \{-1,+1\}} V_{i^{\prime }j^{\prime }k^{\prime }},\end {equation*}


\begin {equation*}\small \begin {aligned} V_{i^{\prime }j^{\prime }k^{\prime }} &=({i^{\prime }} h\bm {e}+D^{ \omega _{i^{\prime }}}_{1,1} U)\odot \big [ ({j^{\prime }} h\bm {e}+D^{\omega _{j^{\prime }}}_{2,2} U)\odot ({k^{\prime }} h\bm {e}+ D^{\omega _{k^{\prime }}}_{3,3} U) - ( D^{\omega _{k^{\prime }}}_{3,2} U ) \odot (D^{\omega _{j^{\prime }}}_{2,3} U ) \big ]\\ &\quad -(D^{\omega _{i^{\prime }}}_{1,2} U)\odot \big [(D^{\omega _{j^{\prime }}}_{2,1} U)\odot ({k^{\prime }} h\bm {e}+ D^{\omega _{k^{\prime }}}_{3,3} U )-(D^{\omega _{k^{\prime }}}_{3,1} U )\odot (D^{\omega _{j^{\prime }}}_{2,3} U) \big ]\\ &\quad +(D^{\omega _{i^{\prime }}}_{1,3} U) \odot \big [(D^{\omega _{j^{\prime }}}_{2,1} U)\odot (D^{\omega _{k^{\prime }}}_{3,2} U)-(D^{\omega _{k^{\prime }}}_{3,1} U )\odot ({j^{\prime }} h\bm {e}+D^{\omega _{j^{\prime }}}_{2,2} U) \big ] \end {aligned}\end {equation*}


$\omega _1 =$


$\omega _{-1} =$


$\mathcal {C}[\bm {u}, v]$


\begin {equation*}\label {EC} \mathcal {C}[U, V] = \frac {h^2}{2} \left (\text {Det}(U) - V\right )^{\top } \big (\text {Det}(U) - V\big ).\end {equation*}


$\Theta \in \mathbb {R}^{n^2 \times 1}$


$(i, j)$


\begin {equation}\label {eq:R-min} \Theta (l) := \min \Big \{\Theta _{obd}(l), \Theta _{oda}(l), \Theta _{oac}(l), \Theta _{ocb}(l) \Big \}, \quad l = (i-1)n + j.\end {equation}


$\Theta (l)$


$l$


$(i, j)$


$U$


$\Psi [v]$


\begin {equation*}\begin {aligned} \Psi [V]= h^2 \left [(V-\bm {e})\odot (V-\bm {e})\right ]^{\top }\frac {1}{V}, \end {aligned}\end {equation*}


$\frac {1}{V} = \left ( {\frac {1}{v_{11}}},{\ldots },{\frac {1}{v_{1n}}},{\ldots },{\frac {1}{v_{n1}}},{\ldots },{\frac {1}{v_{nn}}} \right )^{\top } \in \mathbb {R}^{n^2\times 1}.$


\begin {equation}\label {eq:ADM-dis} \left \{\begin {aligned} U^{{k+1}} &= \underset {{U}}{{\rm arg}\, {\rm min}} { \mathcal {L}^1_{\lambda ^k, V^k}[U] }:= \left \{\mathcal {D}[R,T;U]+\alpha \mathcal {S}[U] +\lambda ^{k} \mathcal {C}[U,V^{k}] \right \} \\ &=\underset {{U}}{{\rm arg}\, {\rm min}} \biggl \{\sigma _{r} \sigma _{t} ((S_{R} P_{[R, T; U]})^{\top }\text {Log}( \sigma _{t} S_{R} P_{[R, T; U]}) + (S_{T} P_{[R, T; U]})^{\top } \text {Log}(\sigma _{r}S_{T} P_{[R, T; U]}) \\ &-P_{[R,T;U]}^{\top } \text {Log}( P_{[R,T;U]} )) +\frac {\alpha h^2}{2}U^{\top } G^{\top } GU +\frac {\lambda ^{k} h^2}{2}\left (\text {Det}(U)- V^{{k}}\right )^{\top } \big (\text {Det}(U)- V^{{k}}\big )\biggr \}, \\ V^{{k+1}} &=\underset {{V}}{{\rm arg}\, {\rm min}} { \mathcal {L}^2_{\lambda ^k, U^{k+1}}[V] } := \left \{ \beta \Psi [V] + \gamma \mathcal {S}[V] +\lambda ^{k} \mathcal {C}[U^{{k+1}},V] \right \}\\ &=\underset {{V}}{{\rm arg}\, {\rm min}} \biggl \{\beta h^2 \left [(V-\bm {e})\odot (V-\bm {e})\right ]^{\top } \frac {1}{V} + \frac {\gamma h^2}{2}V^{\top }\tilde {G}^{\top }\tilde {G} V \\ &\qquad \qquad \quad \qquad \qquad \quad \ +\frac {\lambda ^{k} h^2}{2}\left (\text {Det}(U^{{k+1}})- V\right )^{\top } \big (\text {Det}(U^{{k+1}})- V\big )\biggr \},\\ \end {aligned}\right .\end {equation}


$U$


$V$


${ \mathcal {L}^1_{\lambda , V}[U] }$


${ \mathcal {L}^2_{\lambda , U}[V] }$


$\delta _{U^{i}} = - H^{-1}_{U^{i}} g$


$U$


$m$


$Z$


$U$


$U^{i}$


$i$


$\delta _{U^{i}}$


\begin {equation}\label {eq:Hg} \delta _{U^{i}} =-H^{-1}_{U^{i}} g_{_{U^{i}}}.\end {equation}


$U^{i+1}$


$U^{i+1} = U^{i} + \mu _{U^{i}} \delta _{U^{i}}$


$\mu _{U^{i}}$


$H^{-1}_{U^{i+1}}$


\begin {equation}\label {LBFGS-H-new} \begin {aligned} H^{-1}_{U^{{i}}} =& \left ((\Lambda ^{i-1})^{T}\ldots (\Lambda ^{i-m})^{T}\right ) H^{-1}_{U^{i-m}} \left ( \Lambda ^{i-m}\ldots \Lambda ^{i-1}\right ) \\ &+\eta ^{i-m}\left ((\Lambda ^{i-1})^{T}\ldots (\Lambda ^{i-m+1})^{T}\right )\bm {z}^{i-m} (\bm {z}^{i-m})^{T}\left (\Lambda ^{i-m+1}\ldots \Lambda ^{i-1}\right ) \\ &+\eta ^{i-m+1}\left ((\Lambda ^{i-1})^{T}\ldots (\Lambda ^{i-m+2})^{T}\right )\bm {z}^{i-m+1} (\bm {z}^{i-m+1})^{T} (\Lambda ^{i-m+2}\ldots \Lambda ^{i-1})+\ldots +\eta ^{i-1}\bm {z}^{i-1}(\bm {z}^{i-1})^{T}, \end {aligned}\end {equation}


\begin {equation*}\begin {split} \Lambda ^{i} = I-\eta ^{{i}} \bm {y}^{i} (\bm {z}^{i})^{\top },~ \eta ^{i}=1 /\left ((\bm {y}^{i})^{\top } \bm {z}^{i}\right ),~ \bm {z}^{i}=U^{i+1}-U^{i},~ \bm {y}^{i}=\nabla { \mathcal {L}^1_{\lambda , V} } (U^{i+1})-\nabla { \mathcal {L}^1_{\lambda , V} }(U^{i}), \end {split}\end {equation*}


$m = \min \{i, m_{\max }\}$


$m_{\max } = 5$


$H_{U^{i-m}}$


$H^{-1}_{U^{i+1}}$


$(\bm {z}^{i})^{\top } \bm {y}^{i} > 0$


$H^{-1}_{U^{i}}$


$H^{-1}_{U^{i+1}} = H^{-1}_{U^{i}}$


$(\bm {z}^{i})^{\top } \bm {y}^{i} \leq 0$


$U$


$g_{_{U}}$


$H_{U^1}$


$H_{U^{i-m}}$


\begin {equation}\label {DU} g_{_{U}} = g_{_U}^{\mathcal {D}[R,T;U]} + \alpha g_{_U}^{\mathcal {S}[U]} + \lambda g_{_U}^{\mathcal {C}[U,V]}, \quad H_{U^1} = G^{\top } G + \varepsilon I_{2n^2}.\end {equation}


$H^{-1}_{U^{i}}$


$H^{-1}_{U^1}$


$H_{U^1}$


$G^{\top } G$


$H_{U^1}$


$\varepsilon $


$\varepsilon = 10^{-4}$


$g_{_U}^{\mathcal {D}[R,T;U]}$


$g_{_U}^{\mathcal {S}[U]}$


$g_{_U}^{\mathcal {C}[U,V]}$


$\mathcal {D}[R,T;U]$


\begin {align*}\label {MIDerivative1-1} g_{_U}^{\mathcal {D}[R,T;U]} &=\sigma _{r} \sigma _{t} \frac {\partial T}{\partial U}\left ( \left (S_{R}\frac {\partial P_{[R, T; U]}}{\partial T} \right )^{\top } \left (\text {Log}\left (\sigma _{t} S_{R} P_{[R, T; U]}\right ) + \bm {e}^{\top }_{r}\right ) \right . \\ &\quad + \left .\left ( S_{T}\frac {\partial P_{[R, T; U]}}{\partial T} \right )^\top \left ( \text {Log} \left ( \sigma _{r} S_{T} P_{[R, T; U]}\right ) + \bm {e}^{\top }_{t} \right ) \right .-\left . \left (\frac {\partial P_{[R, T; U]}}{\partial T} \right )^{\top } \left ( \text {Log}\left ( P_{[R, T; U]}\right ) + {(\bm {e}_t\otimes \bm {e}_r)}^{\top } \right ) \right ).\end {align*}


$\mathcal {S}[U]$


$\mathcal {C}[U,V]$


\begin {equation*}g_{_U}^{\mathcal {S}[U]} = h^2 G^{\top }GU\ \ \mbox {and} \ \
g_{_U}^{\mathcal {C}[U,V]} = h^2 M^{\top }(U) \left (\text {Det}(U)- V \right ),\end {equation*}


$M(U)$


$\text {Det}(U)$


\begin {equation*}\begin {aligned} M(U):=\frac {1}{4h^2} \sum \limits _{s,t=1}^{2} (-1)^{s+t} \diag \left (D^{+}_{s,t} U - D^{-}_{s,t} U\right )\left (D^{+}_{3-s,3-t} - D^{-}_{3-s,3-t}\right ) +\frac {1}{2h} \sum \limits _{s=1}^{2}\left (D^{+}_{s,s} -D^{-}_{s,s} \right ), \end {aligned}\end {equation*}


$U$


${U}^{{k+1}}$


$V$


$V$


$U$


$i$


$\delta _{V^{i}}$


\begin {equation}\label {Gauss} H^{i}_{V} \delta _{V^{i}} = - g_{_{V^{i}}}.\end {equation}


$V$


$V^{i+1} = V^{i} + \mu _{V^{i}} \delta _{V^{i}}$


$\mu _{V^{i}}$


$g_{_V}$


$H_V$


$V$


$V$


$\mathcal {S}[V]$


\begin {equation*}g_{_V}^{\mathcal {S}[V]} = h^2\tilde {G}^{\top }\tilde {G}V \quad \mbox {and} \quad H_{_V}^{\mathcal {S}[V]} = h^2\tilde {G}^{\top }\tilde {G}.\end {equation*}


$\Psi (V)$


\begin {equation*}g_{_V}^{\Psi [V]} = h^2\left (\bm {e} - \frac {1}{V} \odot \frac {1}{V}\right ).\end {equation*}


$\Psi (V)$


\begin {equation*}\begin {aligned} H_{_V}^{\Psi [V]}=2 h^2 \diag \left (\frac {1}{V} \odot \frac {1}{V} \odot \frac {1}{V}\right ). \end {aligned}\end {equation*}


$V$


\begin {equation}\label {eq:eqsub2} g_{_V}^{\mathcal {C}[U,V]}= - h^2 (\text {Det}(U)- V),\ \
H_{_V}^{\mathcal {C}[U,V]}= h^2 I_{n^2}.\end {equation}


$V$


\begin {equation}\label {GF} g_{_{V}} = \gamma g_{_V}^{\mathcal {S}[V]} + \beta g_{_V}^{\Psi [V]} + \lambda g_{_V}^{\mathcal {C}[U,V]}, \ \
H_{V} = \gamma H_{_V}^{\mathcal {S}[V]} + \beta H_{_V}^{\Psi [V]} + \lambda H_{_V}^{\mathcal {C}[U,V]}.\end {equation}


$H_{V}$


$H_{V}$


$H_{V}$


$H_{V} \delta $


\begin {equation*}\label {eq:HFx-1} \begin {split} H_{V}\delta &=\gamma h^2(\tilde {G}^{\top }\tilde {G}) \delta +2\beta h^2 \diag \left (\frac {1}{V} \odot \frac {1}{V}\odot \frac {1}{V}\right )\delta + \lambda h^2 \delta \\ &=\gamma h^2 (\tilde {G}^{\top }\tilde {G}) \delta +2\beta h^2 \frac {1}{V} \odot \frac {1}{V} \odot \frac {1}{V} \odot \delta + \lambda h^2 \delta . \end {split}\end {equation*}


$\tilde {G}^{\top }\tilde {G}$


$V$


${V}^{{k+1}}$


$I_H^h$


$\Theta _{\min }$


\begin {equation*}{\rm {Dice}}(R, T)=2 \frac {|R(X) \cap T(X+U)|}{|R(X)|+|T(X+U)|},\end {equation*}


$R(X)$


$T(X+U)$


${\rm {Dice}} = 1$


${\rm {Dice}} = 0$


$\Theta _{\min }$


\begin {equation*}\Theta _{\min }=\min \{ \Theta \},\end {equation*}


$\Theta $


\begin {equation*}\begin {aligned} \overline {{\det }}=\text {mean}~\text {Det}(U), \quad {\det }_{\min }=\min \text {Det}(U), \quad {\det }_{\max } =\max \text {Det}(U), \end {aligned}\end {equation*}


$\text {mean}~\text {Det}(U)$


$\text {Det}(U)$


$\text {Det}(U)$


$\text {MaxItU} = \text {MaxItV} = 30$


$\text {MaxIt} = 300$


$\epsilon _u = \epsilon _v = 10^{-4}$


$\epsilon = 10^{-5}$


$128 \times 128$


$\alpha =0.4, \beta =0.001, \gamma =0.01, \lambda = 0.1, \rho =1.01$


$n_r=n_t=40$


$\alpha =0.0001$


$n_r=n_t=40$


$\alpha =0.0001$


$n_r=n_t=40$


$\Theta _{\min } > 0$


$256 \times 256$


$200 \times 200$


$128 \times 128$


$128 \times 128$


$128 \times 128$


$L = 3$


$\text {MaxIt} = 300$


$\alpha =4, \beta =0.001, \gamma =0.01, \lambda = 0.04, \rho =1.05$


$n_r=n_t=80$


$\alpha =0.0001$


$n_r=n_t=60$


$\alpha =0.001$


$n_r=n_t=30$


$\alpha =2$


$\alpha =0.1, \beta =0.001, \gamma =0.1, \lambda = 0.1, \rho =1.02$


$n_r=n_t=40$


$\alpha =0.0001$


$n_r=n_t=10$


$\alpha =0.0001$


$n_r=n_t=40$


$\alpha =3$


$\alpha =1.5, \beta =0.001, \gamma =0.01, \lambda = 0.01, \rho =1.05$


$n_r=n_t=80$


$\alpha =0.00005$


$n_r=n_t=40$


$\alpha =0.0001$


$n_r=n_t=40$


$\alpha =1$


$\alpha =1.5, \beta =0.001, \gamma =0.01, \lambda = 0.02, \rho =1.02$


$n_r=n_t=80$


$\alpha =0.00003$


$n_r=n_t=30$


$\alpha =0.0001$


$n_r=n_t=40$


$\alpha =3$


$\alpha =2, \beta =0.001, \gamma =0.001, \lambda = 0.01, \rho =1.03$


$n_r=n_t=32$


$\alpha =0.0001$


$n_r=n_t=14$


$\alpha =0.001$


$n_r=n_t=20$


$\alpha =4$


$\alpha =0.45, \beta =0.001, \gamma =0.01, \lambda = 0.1, \rho =1.02$


$n_r=n_t=40$


$\alpha =0.0001$


$n_r=n_t=8$


$\alpha =0.0001$


$n_r=n_t=20$


$\alpha =4$


\begin {equation}\label {eq:avg-det-window} (i^*, j^*) = \underset {{(i,j)}}{{\rm arg}\, {\rm min}} \frac {1}{(2w+1)^2} \sum _{k=-w}^{w} \sum _{l=-w}^{w} {\text {Det}}(map(i+k,j+l)),\end {equation}


$map(i,j) = (i-1)n + j$


$(i^*, j^*)$


$(2w+1) \times (2w+1)$


$w = 4$


$\Theta _{\min }>0$


$\det _{\min } = 0.001$


$\Theta _{\min } < 0$


$\Theta _{\min } < 0$


$\alpha , \beta , \gamma , \lambda , \rho $


$n_r$


$n_t = n_r$


$128 \times 128$


$L=3$


$\text {MaxIt}=100$


$\alpha $


$10^{-2}$


$10^{2}$


$\beta =0.001,\ \gamma =0.1,\ \lambda =0.1,\ \rho =1.02,\ n_r=40$


$\alpha $


$10^{-2}$


$1$


$\alpha =10^{-1}$


$\beta ,\ \gamma ,\ \lambda ,\ \rho ,\ n_r$


$\alpha $


$\lambda $


$\beta $


$\gamma $


$\rho $


$n_r$


$n_r$


$\alpha $


$\lambda $


$n_r$


$\beta $


$\gamma $


$\rho $


\begin {equation*}p^{\star } = \frac {1}{n} \sum _{i=1}^{n} p_i, \quad p_i \in \{\alpha _i, \beta _i, \gamma _i, \lambda _i, \rho _i \}, \ n=7.\end {equation*}


$512 \times 512$


$512 \times 512$


$L=5$


$\text {MaxIt}=100$


$n_r = n_t = 40$


$\alpha ^{\star }=1.42, \beta ^{\star }=0.001, \gamma ^{\star }=0.02, \lambda ^{\star } = 0.05, \rho ^{\star }=1.03$


$\alpha ^{\star }=0.00008$


$\alpha ^{\star }=0.00036$


$\Theta _{\min } < 0$


$128 \times 128 \times 128$


$\alpha =0.35, \beta =0.001, \gamma =0.001, \lambda = 0.1, \rho =1.02$


$n_r=n_t=60$


$\Theta _{\min } > 0$


$\det (I_d + \nabla \bm {u}) = v(\bm {x}) > 0$


$v(\bm {x})$


$v(\bm {x})$


$F: \mathbb {R}^{n} \to \mathbb {R}^{m}$


\begin {equation}\label {eq:FU} F(U) = (AU)\odot (BU),\end {equation}


$U = (u_1,u_2,\ldots ,u_n)^{\top } \in \mathbb {R}^{n}$


$A,B \in \mathbb {R}^{m\times n}$


$\odot $


$F(U)$


\begin {equation*}\frac {\partial F(U)}{\partial U} = \operatorname {diag}(AU)\,B + \operatorname {diag}(BU)\,A \in \mathbb {R}^{m\times n},\end {equation*}


$\operatorname {diag}(X)$


$X$


$F(U) := (f_1,f_2,\ldots ,f_m )^{\top }$


$W := (w_1,w_2,\ldots ,w_m )^{\top } = AU$


$G := (g_1,g_2,\ldots ,g_m )^{\top } = BU$


$A = (a_{ij})_{m \times n}$


$B = (b_{ij})_{m \times n}$


$f_i$


\begin {equation*}\label {eq:Fi} f_i = \left (\sum _{k=1}^{n} a_{ik}u_k \right ) \left (\sum _{k=1}^{n} b_{ik}u_k \right ), \quad i = 1,2,\ldots ,m.\end {equation*}


$f_i$


$u_j$


\begin {equation*}\frac {\partial f_i}{ \partial u_j } = a_{ij}\left (\sum _{k=1}^{n} b_{ik}u_k \right ) + b_{ij}\left (\sum _{k=1}^{n} a_{ik}u_k \right ) = a_{ij} g_i + b_{ij} w_i, \quad j = 1,2,\ldots ,n.\end {equation*}


$F(U)$


\begin {equation*}\label {eq:FU-Jacobi} \begin {split} \frac {\partial F(U)}{\partial U} &= \begin {bmatrix} \frac {\partial f_1}{\partial u_1} & \frac {\partial f_1}{\partial u_2} &\cdots & \frac {\partial f_1}{\partial u_n} \\ \frac {\partial f_2}{\partial u_1} & \frac {\partial f_2}{\partial u_2} &\cdots & \frac {\partial f_2}{\partial u_n} \\ \vdots & \vdots &\ddots & \vdots \\ \frac {\partial f_m}{\partial u_1} & \frac {\partial f_m}{\partial u_2} &\cdots & \frac {\partial f_m}{\partial u_n} \\ \end {bmatrix}= \begin {bmatrix} a_{11} g_1 + b_{11} w_1 & a_{12} g_1 + b_{12} w_1 &\cdots & a_{1n} g_1 + b_{1n} w_1 \\ a_{21} g_2 + b_{21} w_2 & a_{22} g_2 + b_{22} w_2 &\cdots & a_{2n} g_2 + b_{2n} w_2 \\ \vdots & \vdots &\ddots & \vdots \\ a_{m1} g_m + b_{m1} w_m & a_{m2} g_m + b_{m2} w_m &\cdots & a_{mn} g_m + b_{mn} w_m \\ \end {bmatrix} \\ &= \begin {bmatrix} a_{11} g_1 & a_{12} g_1 &\cdots & a_{1n} g_1 \\ a_{21} g_2 & a_{22} g_2 &\cdots & a_{2n} g_2 \\ \vdots & \vdots &\ddots & \vdots \\ a_{m1} g_m & a_{m2} g_m &\cdots & a_{mn} g_m \\ \end {bmatrix} + \begin {bmatrix} b_{11} w_1 & b_{12} w_1 &\cdots & b_{1n} w_1 \\ b_{21} w_2 & b_{22} w_2 &\cdots & b_{2n} w_2 \\ \vdots & \vdots &\ddots & \vdots \\ b_{m1} w_m & b_{m2} w_m &\cdots & b_{mn} w_m \\ \end {bmatrix} \\ &= \diag (G)A + \diag (W)B= \diag (BU)A + \diag (AU)B. \end {split}\end {equation*}


$F: \mathbb {R}^{n} \to \mathbb {R}^{m}$


\begin {equation*}F(U) = (AU)\odot (BU)\odot (CU),\end {equation*}


$F(U)$


\begin {equation}\label {eq:FU3-Jac} \frac {\partial F(U)}{\partial U} = \operatorname {diag}(CU)\operatorname {diag}(BU)A + \operatorname {diag}(CU)\operatorname {diag}(AU)B+\operatorname {diag}(AU)\operatorname {diag}(BU)C \in \mathbb {R}^{m\times n}.\end {equation}


$M(U)$


$\text {Det}(U)$


\begin {equation*}\label {eq:Det-DU1} \begin {aligned} \text {Det}(U) &=\dfrac {1}{4 h^2}\left [4 h^2\bm {e} + h D^{+}_{2,2} U + h D^{+}_{1,1} U + (D^{+}_{1,1} U) \odot (D^{+}_{2,2} U) - (D^{+}_{2,1} U) \odot (D^{+}_{1,2} U) \right .\\ &\quad + (D^{+}_{2,1} U) \odot (D^{-}_{1,2} U) + h D^{+}_{2,2} U - h D^{-}_{1,1} U- (D^{-}_{1,1} U)\odot (D^{+}_{2,2} U)\\ &\quad - h D^{-}_{2,2} U - h D^{-}_{1,1} U +(D^{-}_{1,1} U)\odot (D^{-}_{2,2} U)-(D^{-}_{2,1} U) \odot (D^{-}_{1,2} U) \\ &\left .\quad + (D^{-}_{2,1} U) \odot (D^{+}_{1,2} U) -h D^{-}_{2,2} U +h D^{+}_{1,1} U -(D^{+}_{1,1} U)\odot (D^{-}_{2,2} U)\right ] \\ &=\dfrac {1}{4 h^2}\left [4 h^2\bm {e} + 2h D^{+}_{1,1} U - 2h D^{-}_{1,1} U + 2h D^{+}_{2,2} U - 2h D^{-}_{2,2} U \right . \\ &~~+ (D^{+}_{1,1} U) \odot (D^{+}_{2,2} U) - (D^{+}_{2,1} U) \odot (D^{+}_{1,2} U) + (D^{+}_{2,1} U) \odot (D^{-}_{1,2} U) - (D^{-}_{1,1} U)\odot (D^{+}_{2,2} U)\\ &~~\left .+ (D^{-}_{1,1} U)\odot (D^{-}_{2,2} U)-(D^{-}_{2,1} U) \odot (D^{-}_{1,2} U) +~(D^{-}_{2,1} U) \odot (D^{+}_{1,2} U) -(D^{+}_{1,1} U)\odot (D^{-}_{2,2} U)\right ] \\ \end {aligned}\end {equation*}


$\text {Det}(U)$


$\det (U)$


\begin {equation*}\begin {aligned} M(U)= \frac { \partial \text {Det}(U) }{ \partial U} = \frac {1}{8h^3}\sum _{i^{\prime },j^{\prime },k^{\prime }\in \{-1,+1\}} \frac { \partial \mathfrak {DET}_{i^{\prime },j^{\prime },k^{\prime }} }{ \partial U}. \end {aligned}\end {equation*}


$\frac {\partial \mathfrak {DET}{i^{\prime },j^{\prime },k^{\prime }}}{\partial U}$
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registration, whereas Viola et al. applied it to determine object pose in images, remaining unaffected by illumination changes and not
requiring prior object surface data. Furthermore, this measure is applicable to parameter transformations in lower-dimensional spaces,
such as rigid or affine types [3,8,9]. However, for applications requiring local morphology analysis, affine or rigid transformations
alone are no longer sufficient. To address this, several methods have been proposed for nonrigid registration using mutual information,
differing in how the deformation is represented and how mutual information varies with the deformation parameters. A common
approach is to represent the deformation using smooth basis functions, often with a global or local radial basis function. For example,
Meyer et al. [10] used affine and thin-plate spline deformations to demonstrate the accuracy and clinical applicability of mutual
information for automatic multimodal image fusion. Later, they [11] employed thin-plate splines to model nonlinear deformations
while maximizing mutual information for volume registration into an atlas. Rueckert et al. [12] proposed a nonrigid registration
method for breast magnetic resonance (MR) imaging that uses normalized mutual information as the similarity measure. Rohde
et al. [13] utilized compactly supported radial basis functions to estimate local deformations. However, a few drawbacks remain:
these methods often require manual or semi-automatic landmark point marking when modeling deformation, which can result in
unrealistic deformations if few landmark points are used, and they incur high computational complexity as the number of landmark
points increases.

Later, Gaens et al. [14] introduced a fully automated non-rigid image registration method based on a mutual information measure.
They employed nonparametric deformations and assigned a local deformation to each voxel. Hermosillo et al. [15] proposed a varia-
tional method for multimodal image registration, which defines the forces driving the deformation of each voxel in order to maximize
mutual information. This approach incorporates linear elastic regularization [16,17] to constrain the deformation. Periaswamy et al.
[18] developed a general-purpose image/volume registration technique based on both global and local variations in image inten-
sities. However, the elastic registration is only effective for small deformations and does not necessarily result in a diffeomorphic
transformation. In certain applications, large local deformations may need to be recovered. To address this issue, Agostino et al. [19]
extended Hermosillo’s approach by replacing the elastic regularization term with Christensen’s [20] viscous fluid regularization term.
They proposed a multimodal registration model based on viscous fluids, which requires regridding the deformation during registra-
tion to ensure a positive Jacobian determinant of the transformation throughout, allowing the method to handle large deformations.
Kroon et al. [21] suggested using joint histogram peaks to transform a T1 scan into a T2 scan, enabling fast intensity-based local
image registration methods such as Demons registration. However, both the viscous fluid and Demons registrations are heuristic and
non-physical, lacking a formal optimization foundation. Lu et al. [22] described a diffeomorphic registration method using point-wise
integrated mutual information in the Demons framework, which allows for multimodal registration. They subsequently proposed a
variational approach for multimodal image registration based on the diffeomorphic Demons algorithm. Lam et al. [23] later built
on the mutual transformation [21] to measure the similarity between images with different modalities, proposing a diffeomorphic
hybrid multimodal registration method capable of handling large deformations.

Recently, several methods have been developed for multimodal image registration. Cao et al. [24] introduced a bi-directional
image synthesis-based approach for computed tomography (CT) and magnetic resonance imaging (MRI) registration, enhancing
the accuracy of prostate cancer radiation therapy. Simonovsky et al. [25] proposed a deep convolutional neural network metric
for multimodal registration, which, when combined with a continuous optimization framework, significantly outperformed mutual
information-based methods in T1- and T2-weighted MR image registration. Oktay et al. [26] developed a probabilistic edge map
using a structure decision forest for multimodal ultrasound image registration. While this learning-based method relies on manually
engineered features and requires separate training, it limits broader applicability. Ceranka et al. [27] compared various registration
methods for whole-body MR image mosaicing and functional-to-anatomical whole-body image registration in a multimodal context.
Li et al. [28] proposed a two-step (coarse and fine) registration approach for multimodal retinal image registration, specifically for
color and scanning laser ophthalmoscope (SLO) images, addressing alignment challenges between different modalities.

Optimization plays a crucial role in image registration. To address large deformation diffeomorphic image registration, Andreas
et al. [29] introduced a preconditioned, globalized, matrix-free, inexact Newton-Krylov method for numerical optimization. They
analyzed the spectral properties of the Hessian, grid convergence, numerical accuracy, computational efficiency, and deformation
regularity of the proposed scheme. Additionally, they compared the Newton-Krylov method with a globalized Picard method (pre-
conditioned gradient descent). Subsequently, they [30] developed a two-level preconditioned, globalized, matrix-free Newton-Krylov
scheme for solving a stationary velocity field. They explored two approaches for inverting the preconditioner on the coarse grid: a
nested preconditioned conjugate gradient method (exact solve) and a nested Chebyshev iterative method (inexact solve) with a fixed
number of iterations. Meanwhile, Andreas et al. [31] proposed a method to eliminate the partial differential equation (PDE) con-
straint using a Lagrangian hyperbolic PDE solver, which approximates characteristic curves with a fourth-order Runge-Kutta method.
They also introduced an efficient algorithm for computing the derivatives of the system’s final state with respect to the velocity field,
enabling fast Gauss—-Newton methods with spectral preconditioning. Their approach is integrated into the flexible algorithms for im-
age registration (FAIR) framework [1]. Furthermore, Hernandez [32] proposed a novel preconditioned optimization method within
the large deformation diffeomorphic metric mapping (LDDMM) framework. This method uses preconditioning matrices inspired by
the Hessian approximation employed in the Gauss—-Newton method, with derivatives computed using Fréchet differentials. Ruthotto
et al. [33] introduced a stable multigrid solver for hyperelastic image alignment, employing a Galerkin-multigrid scheme to discretize
and solve the Hessian system. They also presented a stability technique by setting a threshold for the coefficients.

However, many of the optimization methods mentioned above are primarily used for image registration problems where the
similarity measure is the sum of squared differences. The challenge in optimizing mutual information lies in the high computational
complexity involved. Hermosillo et al. [15] presented a formal calculation of variational gradients for statistical similarity measures
and extended an optical flow algorithm to the multimodal image registration case. Henn et al. [34] introduced an iterative method to
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minimize distance functionals by explicitly discretizing a classical gradient flow approach. Additionally, they employed a multigrid
method and a multiresolution minimization strategy to compute an approximate solution and derive a suitable initial guess. Yang
et al. [35] proposed a hybrid approach combining the limited memory Broyden-Fletcher-Goldfarb-Shanno with boundaries (L-BFGS-B)
and cat swarm optimization for multimodal image registration, using the normalized mutual information measure and the free-form
deformations model.

Numerous studies have addressed multimodal image registration, many existing models encounter difficulties with large defor-
mations and commonly fail to ensure diffeomorphic mappings, which are critical for preserving anatomical topology in medical
applications. Moreover, mutual information, a widely used similarity metric, involves a complex function requiring the calculation
of marginal and joint probabilities across all pixels, resulting in high computational expenses during optimization. These limitations
motivate the development of a multimodal diffeomorphic image registration model capable of handling large deformations while
guaranteeing topology conservation via diffeomorphic mappings. Thus, our work is therefore to design such a registration method
alongside an effective optimization strategy to enhance both the accuracy and computational efficiency of multimodal registration.

Motivated by this, we propose a multimodal diffeomorphic image registration model constrained by the Jacobian determinant.
Additionally, we provide an efficient solver for this model. It is particularly effective for CT, T1-, T2-, and PD-weighted MR images,
and for handling images with large deformations. Our key contributions are as follows.

1. We introduce a bi-variant multimodal diffeomorphic image registration model with flexible deformation. By incorporating the
constraint of the Jacobian determinant, det({; + Vu(x)) = v(x), where v(x) > 0 is a flexible and optimizable function function,
our model enables accurate alignment of images from different modalities while maintaining diffeomorphic mappings.

2. We employ a penalty-splitting method to address the bi-variant variational model with equality constraints, reformulating it as
an unconstrained optimization problem. Then it is solved using a Ifirst-discretize-then-optimize methodology, which allows the
use of standard optimization techniques to tackle the highly non-convex and non-linear mutual information measure.

3. We apply the L-BFGS method with Armijo line search to optimize the variable u(x) in the problem containing mutual information
measures, and the Gauss—-Newton method with Armijo line search to optimize the variable v(z). Numerical experiments demon-
strate that our algorithm is convergent and effectively handles images from different modalities and those with large deformations,
while preserving diffeomorphic mapping.

The remainder of this paper is structured as follows. In Section 2, we provide a brief overview of the basic mathematical for-
mulation of the mutual information measure. In Section 3, we introduce a novel multimodal image registration model. To solve
the corresponding variational model, we discuss effective discretization and numerical schemes in Section 4. Experimental results
involving CT, T1-, T2-, and PD-weighted MR medical images, as well as synthetic images, are presented in Section 5. Finally, we
conclude the paper in Section 6.

2. Preliminaries

Let R(zx) and T(x) represent reference and template images from different modalities, with « € Q c R?, where d is either 2 or
3. Image registration involves determining a spatial transformation ¢(x) = « + u(x), associated with the displacement field u(x),
to effectively align T'(e(x)) = T(z + u(x)) with R(z). Performing accurate calculations of displacement w(x) requires solving an
optimization problem with an appropriate similarity measure. For images from different modalities, negative mutual information
serves to assess similarity, with higher values indicating greater similarity [36].

Our model considers that the pixel values of the reference and template images are treated as independent random variables. The
mutual information between these variables is formulated as follows

MI(R,T;u) = — / Py (M 1ogp , (rdr — / P, (Dlogp (DAl + / / Pipriy (> D102 D O 1)dEdr, ey
T : ’ RJT T .

where R : [mm R(x), max R(x)]and T : [mm T(x), max T(x)] represent the sampling domains for images R and 7. The joint prob-

ability dlstrlbutlon for R and T is defined as

Ip gy 1D = ﬁ /sz Kq, (r— R(m))K[”’;uJ (t-T(x+w))de. 2)

The marginal probability distributions for R(x) and T'(x) are accordingly

P[R](r)='/7 Pt (r nd:, and P[T;u](t)=/ Pirre (r fdr.

The above joint distribution can be estimated using the Parzen-window method [37], with a kernel «(x) satisfying | x(x)dx = 1 and
Ky (x) = él((%), where o denotes the window width. A limited support kernel reduces computational cost, unlike kernels with infinite
support [38]. In image registration, using a cubic spline kernel in the Parzen-window method provides smooth and accurate density
estimation with compact support, leading to robust mutual information measures and stable optimization. Therefore, our estimation
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utilizes a cubic spline kernel formulated by

%|x|3—|x|2+§, if0<|x| <1,
KOO =921+ IxP? = 20x] + g if 1< [x] <2,
0, otherwise.

Mutual information (1) serves as a metric to evaluate the statistical dependence or redundancy of the information between the
intensity values of the corresponding voxels across the images. The geometric alignment of the images is assumed to maximize this
statistical dependence [39], necessitating the maximization of MI(R, T’; u), or equivalently, the minimization of D[R, T’; u] given by

DIR,T;u] = / Py (r) log p[R](r)dr+ L p[T'u](t) log Pt (dt —/ Lp[k - (r,t)log Pz (r, H)dedr. 3)
R ; ; R o o

Direct minimization of (3) can lead to ill-posed problems [37,40]. To address this, a regularizer is introduced to penalize unde-
sirable and irregular solutions. Thus, the image registration problem is formulated as

min { DR, T ul + aSTul |,

where the regularization parameter a > 0 balances the terms D and S, the diffusion regularizer is given by S[u] = % /Q [IVae||2da. For
more on classical regularization terms, we refer the reader to [41-47].

3. The proposed multimodal diffeomorphic registration

In this work, a flexible multimodal diffeomorphic image registration model is introduced. It incorporates the constraint det(/, +
Vu(z)) = v(x) > 0 into a multimodal registration that ensures accurate alignment with preserved diffeomorphic properties, which is
formulated as follows

min {D[R, T:ul + aS[ul }
weV',0<veL2(Q)

s.t.  det(I; + Vu(x)) =v(x), IVx eQ,

4

where U := {u | u € [H{(Q)]Y and uyg = 0} represents a subspace of the Sobolev space [H!(Q)]4.

We observe from the model (4) that ensuring a positive Jacobian determinant is equivalent to maintaining v(x) > 0. However, guar-

anteeing this during optimization is challenging. To address this, we propose incorporating a restriction term ¥[v] := f, wlv(x)] de

into (4) to facilitate automatic optimization of v(x). The reformulated multimodal registration model becomes
min {D[R, T ul + aS[u] + f¥[0] }

uel vel?

s.t. det(J; + Vu(x)) = v(x), IVx e Q.

)]

where § > 0 is the penalty parameter. The restriction term ¥[v] prevents transformation folds by ensuring v(x) > 0. Thus, the choice
or design of the control function -] is crucial. In our recent work [48], we proposed three choices that not only guarantee v(x) > 0,
but also allow the control term y/[-] to reach its minimum value when v(x) = 1, thus achieving volume-preserving deformation on
average. Among these, Eq. (6) was shown to outperform the other two in terms of registration accuracy and robustness. Therefore,
in this work, we focus only on control function

@@= e >0
ylo@)={ ww o 10 ©)
+0o0, otherwise.

To enhance the smoothness of the relaxation function v(z) and thereby refine the model solution for (5), a diffusion regularizer for
v(x) is incorporated. This leads to an advanced registration model that efficiently manages multimodal images with large deformations
while preserving diffeomorphic mappings:

min {D[R, Tl + aS[ul + fP[0] + yS[v] }
u€eV ,veV
s.t. det(J; + Vu(z)) = v(x), IVx€Q,

@

where S[v] = % Jo IVo@)|? dee, and V := {v | v € H!(Q), v = 1}, with # > 0 and y > 0 controlling the smoothness and negativity of
v(x).

4. Numerical implementation

In this section, we provide a numerical computational strategy to address the variational model (7). Initially, we use the penalty
method to transform the proposed variational model into an unconstrained optimization framework, subsequently dividing it into
subproblems for u(x) and v(x). The first-discretize-then-optimize methodology is adopted, where subproblems for u(x) and v(x) are
discretized prior to applying the L-BFGS and Gauss—-Newton methods for resolution.

4
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4.1. Optimization

The penalty method is a classical method for solving the equality-constrained optimization problem, which adds a penalty term
to the objective functional and penalizes violation of the equality constraints. Therefore, the multimodal registration model with
equality constraints (7) can be reformulated as the following unconstrained minimization problem

min {Eﬂ[u, vl := D[R, T; ul + aS[ul + f¥[o] + yS[ol + AClw, 0] } (8)

wEV ,veEY

where Clu,v] := % Jo (det(y + Vu(z)) — v(m))zdm and A > 0 is a positive penalty parameter.
The functional (8) involves two optimizing variables, u(x) and v(x). For simplicity, we split it into two subproblems:

e u-subproblem
: 1 . .
min { £} [ul := DIR, T3l + aSlul + iClu vl |. ©
e v-subproblem

min {Ei’u[u] ‘= A¥[0] + 1 S[v] + AC[u, v] } (10)

An alternating iterative method is employed to solve these subproblems. Given known values (u, v, 1¥) in the k-th iteration, we
update (uf*!, v**1, 15+ as:

ukt! = arg minﬁik wlul =arg min{D[R, T; u] + aS[u] + A*Clu, Uk]},
uey ’ uey
of*! = argming? [v] = argmin{fP[v] + y S[v] + A*C[u**!, ]} 11)
Ak gkl ’ ’
veY ’ veY
Mt =k

where p > 1 denotes the coefficient of increase. Updating 4 enhances constraint enforcement, leading solutions of (8) to meet the
optimization condition in (7).

4.2. Discretizations

In this section, we concentrate solely on the discretization of the 2D multimodal registration problem, with the 3D case being
analogous and specific differences highlighted in the remarks. To present, we apply finite difference discretization to the problem
(11) in the image domain Q := [0, 1] X [0, 1]. The discretized pixel location denoted by @, along with the displacement field w(x) and
the relaxation function v(x), are centered on the grid. The discrete domain is thus expressed as:

Q, = {:c,.j €Q|a,; = (. x) = (i~ 05h.G~05)h).ij=1.....n.h = l/n}.

In this setting, the discretized displacement u;; and the relaxation function v,; are denoted as u,; = (uilj’ u?j) = (ul(xl.l,sz.), uz(x,.',xlz.))

and v;; = U(x},x?). Using a lexicographical order, we arrange

X 1 1 1 1.2 2 2 T _ 2
x1
X=<X2 =(x|,...,x1,...,x,...,xn,xl,...,xn,...,xl...,xn) e R,

v T ? T 2
U= (U;) = (M}I, ,u,lm,u%l, ,uin) eR¥X y= (U”, ’UM) e R™XL.
To proceed, we introduce the discretization of each item (i.e., D[R, T;ul, S[u], S[v], C[u,v], and ¥[v]) in the subproblems (9) and
(10) separately.

4.2.1. Discretization of the similarity measure
Before discretizing the similarity measure (3), we assume that the pixel values for images R(x) and T'(x) are confined within a
known interval i.e., (r,,t,) € R X T = [r,,r,] X [t,,1,]. These intervals are partitioned into », and n, bins, with respective bin widths

o, = rbn;r" and o, = ”’:" . These widths are utilized as the kernel function’s window width. Thus, pixel values at each bin’s center can
1

be comi)uted by
r,=r,+0@—-050,, 1=12,...,n, and t,=t,+(Wv—-05)0, v=12,...,n,.

To simplify the representation of the discrete joint probability distribution and the marginal probability distribution, we first define
the following vectors

T 2
1
Kigyoa)0) = (K‘[gr;u](l— FDs oo Ko = T1)s ...,K[gr;u](z—znn)) e R,

T 2
Krr,(l‘) = <K{,r(l‘— i, --.,K,,r(l‘—rln), ._,,Knr(,«_,«m’ ) e R™X1,

5
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.
1
P[R,T;UJ:<[RT s oo D T T s s P tn,)) € ROmX1,

.
1 1
Py = (p[_r;u](t]),...,plT:uJ(t,,I)> ER™, Py = (py (1) o)) € R,

where r; 1= R(z;;) and t;; 1= T(x;; + ;).
To preceed, we first introduce the discrete forms of both joint and marginal probability distributions. The expression for the joint
probability distribution function Eq. (2) is given by

Pirron o t) = 2 Z ZK@(’ 71Ky (ty = 1)) = KT (r)K g0 (1)-

i=1 j=1

The marginal distributions are approximated using the joint distribution as follows:
Ny
Pipiay (1) = /R Pirgea 1) dr R0, D D (1),
=1

ny
Py () = /T Pirgay D AR 0, Y P (1),
v=1

Define Sy = e, ® I, € R"™"") and S, = I, @ e, € R, withe, =(1,...,1) € R, e, =(1,...,1) e R™™", I, and I, asiden-
tity matrices of corresponding sizes and ® the Kronecker product. We obtain
Pryy=0,SrPrry) and  Pg =0, SgPrru-

Hence, based on the above discussion, the integrals of the similarity measure (3) can be approximated by a midpoint quadrature
rule on the n, X n, bins. The discretization of the similarity measure is as follows

non,

D[R, T;U] =0, Z Py (r, )logp & (r)+o; Z P (t,)log Py, u]( - 0,0, Z Z p[R'T:u](r,, t,) log Pirri) (r,,t,)

v=1 v=1 =1

= a,P[RJLog(P[R]) + a,P[T;UJLog(P[T;U]) - o,a,P[RYT_UJLog(P[R .07
= Gr"z((SRP[R,T;U])TLOg(UrSRP[R,T;U]) + (STP[R,T U] ) Log(e, St Pirr.0)) — RT U] Log(Pr . U]))
where the vector logarithmic function Log(-) is defined as

Log(Q) = (logqy.log gy, ....log g,) ", with O = (g1, 5. ... q,)"-

4.2.2. Discretization of the regularization term
The diffusion regularizer penalizes large gradients in the displacement field u, promoting smoothness by minimizing its spatial
derivatives. To implement numerically the diffusion regularizer of the displacement field w, which is rewritten as

2
1 2 1 )
5[u1=—/ IVl dw=—/ Vi |Pde,
2/, 2 Jo 2

we discretize it using the forward difference and the midpoint quadrature rule on a grid (e.g., pixel/voxel grid for images), and obtain
S[U) = %hZUTGTGU,
where G = I, ® G € R, G = (0%, a)jo)T eR¥ 9 =9l @ 1, e R, 0%, = 1, ® 0! € R"™", and
-11
o = % '

Especially, we assume the ghost points uf: .= u_f” +1 = 0 for the boundary condition u,q = 0.

Remark 1. In the 3D case, these operators can be extended as
G=L8Ger™,  G=(o%7.0%".0, T) e R,
where 0%, = 1, ® 9! ® I, 0%, =1,®81,80d), 0", =@, QR

Similarly, for the diffusion regularizer S[v] = % fQ [IVou()||2de of the relaxation function v(x), its discretization can be written as

SV = 2hZVTGTGV (12)
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b(i+1,y5)

Fig. 1. Finite difference computation involved the Jacobian determinant det(I, + Vu)|0 of the deformation o := (z + w), ; at the cell center (i, j).

4.2.3. Discretizations of the constraint term and the restriction term

To discretize the constraint term C[u, v] := % fg (det(l 4+ Vu(x)) - U(m))zdw, the key component is how to discretize the Jacobian
determinant det(I, + Vu(x)). Here, we exploit the idea of our previous work [49]. For the Jacobian determinant det(I, + Vu(ac))|0 of
the deformation o := (x + u);; at the cell center (i, j) (see Fig. 1), its discretization is given by

1 1 _ gl 1 1 1 _ 1 _ 1 _ 1
det(] + VU(:I:))| _ h + ui+1,j ui,j ui,j+l ui,j + ui,j+1 ui,j h + ui—l,j ui,j
2 °7 4p2 W —u? h+u? - h+? -2 w o —u?

i+1,j ij ij+1 ij ij+1 ij i-1,j ij
—h+u | —ul u' | —ul ' —ul h+u' —ul
+ ) i—1,j ) ij r,/—l2 ij , |+ 14,1—12 ij ) ) i+1,j ) ij
us . —us. —h+u . —u. —h+u  —u. us—us,
i-1,j ij ij—1 ij ij—1 i.j i+1,j ij

R ] ij ij ij
° 2h2 (Aabd + Aoda + Aoac + Aacb)’

where A;’h " denotes the signed area of the triangle obd at the cell center (i, j), i.e.,

11 1

htu = uy Yijrr ~ Ui
2 o 2 o
Uiy ~ % htu,  —u

i
Asba Y

To simplify the Jacobian determinant constraint discretization at central grid points, we introduce specific discrete differential
operators, facilitating the computation of partial derivatives in a compact form. These operators are defined as:

— _ 2ven2
o =@, 0,=1,80, 0,=0)"®L, 0,=1,80@N eR™",

_ - _ _ 2502

D}"l = (0; ,0), D;,z = (0, !3:,)), D, =(,.0)., D,,=(0,0,)€eR" X,

where ¢ = 1,2. Then the discretized Jacobian determinant given by Det(U) := det (V(X + U)) can be expressed compactly as
1
Det(U) = 1.5 [(he +D},U)© (he + D},U) - DI ,U © D},U
+ D} U ® D},U — (—he + D} ,U) © (he + D ,U)

+(—he+DIlU)O(—he+D£2U)—D£1UOD;2U (13)

_ N N _
+D,U © D},U — (he + D}, U) O (~he + D, V)|

1 1
= ﬁ (Aobd + Aoda + Aoac + Aocb) =: E (®obd + ®oda + ®oac + ®ocb)’
where © denotes the Hadamard product and e = (1,..., )T € R™X!, The term A,pq represents the signed area of the triangle obd in

ij

the center of each cell (specifically, A, (1) = A7) >

for I = (i — )n + j) and the term ©,,, := hleobd indicates the ratio of the area of
A,p4 With respect to the area element h?.
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Remark 2. In the 3D case, similar to the 2D scenario, the Jacobian determinant of the deformation o := (x + u),;; at the cell center
(i, j, k) is given by

det(I3 + Vu(x))|,
il il 1 1 1

il [ f—
| 'h er“m gk - Ui Mg gk Yigderkt ik |
p— i’ —_— = —
BEYE Wi jk ~ Yijk Ih+ ulj+/’ kT Mgk Mg T Mk T 83 Z Dety, J' k!
PJKE=L+) [ 3 -’ -, Kh+u - i.j K E(=1+1)
i+i',j.k i.j.k r/+/’ k ij.k ij.k+k! i.j.k
v ul ul 1 _1
i'h+u] it jk Uik 1]+£’ & Y, ke u%j,k+k’ “g/.k
where dety jrjo 1= | Uiy T 13/ w IhE ; ~ Uik ui,j,k?k’ Tk
! 3
1+1]k l/k 1]+]’k ui,jk kh+uijk+k’ [jk

In a similar manner, we also introduce specific discrete differential operators for the 3D case:

1 1 1 3xnd
05 =1,80,®1, 0,=1,81,®0,. 05,=0,®1,®1, eR"",

o

x!

+ + + + + + n3x3n3
D, = (0x ,0,0), D,,= (O,ax ,0), D= (0,0, axf) ER )

=1L,®0H ®1, 0,=1,8,80). 0,=0)"®®IcR"*"

- — (3 - _ - - _ - 3x3n3
D;, =(0,,0,0, D;,=(0,0,,0) D,,=(0,0,07,)€R"".
Accordingly, the discretized Jacobian determinant is given by

1
Det(U) = == ,-n,,-/,k/ez{"_l,m Vir it
where
Vi = ('he + D} U) @ [(j'he + D,, U) © (K'he + DX U) = (D5 U) © (D, U)]
— (D}, U)® [(D;; U) © (K'he + DS U) — (DY U) © (D, U)]
+(D}5U) 0 |(D})U) 0 (DY U) - (DX U) © (j'he + Dy, U))

)

with the sign convention w; =+’ and w_; ='-".

Utilizing the midpoint quadrature rule and derived analysis from the previous discussion, the discretization of the Jacobian
determinant constraint C[u, v] is reformulated as

ClU,v]= %Z(Det(U) - V)T (Det(U) - V).

Following the approach in [49], a grid folding indicator ® € R s assigned to each cell center (i, j) to track the risk of grid folding.
It is formulated as

8(!) := min {@,,,,d(z), 0,151, 0,0 (1), 9‘”,,(/)}, I=(—1n+). (14)

Here, it can be reminded that a negative ©(/) denotes the folding in the /-th cell at (i, j). In such cases, we use [49, Algorithm 4.1] to
correct the deformation, thereby deriving a new U.
Utilizing the rectangular integral formula, the discrete form of the restriction term ¥[uv] is succinctly derived as follows:

YY1 = IV —e)o v - e+,

.
2
where 4 = (L = LL) e R,

s T
v vy Uiy Unt Unn

4.2.4. Discretization of two subproblems
From the preceding analysis, we derive the discrete version of subproblems in (11). This discrete formulation incorporates the
similarity measure, regularization components, Jacobian determinant constraint, and restriction term within a finite-dimensional

8
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framework, as follows,

UM =argmint), (U] := {DIR,T;U]+aS[U] + A*C[U,V*1}
v :

= arani“ { 0,0,((SgPir.07) "LOg(6, Sk Pir rv)) + (St Pir707) ' LO8(0, ST P 1077)

T ah® 1ot A KT k
= Py Lo8(Prrw)) + —-U'G'GU + T(Det(U)— Vk) (Det) - v*) ¢,
(15)
phH argljninﬁikw“ V1 := {pPIV]+ SV + A clu*, v}

2
= argmin{ﬂhz[(V —e) oW - e)]T% + %VTGTGV
14

kp2
+ % (Det(**!) = V)T (Det(U*+!) - V') }

enabling the formulation of effective numerical algorithms to solve these subproblems.
4.3. Numerical solvers for two discrete subproblems

This subsection focuses on the numerical solvers for the discrete subproblems mentioned above. Given their specific properties,
we utilize the L-BFGS method for the U subproblem and the Gauss-Newton method for the V' subproblem. To guarantee that the
function value sequences £;’V[U] and £i,u [V] decrease monotonically, the Armijo line search is used [50]. Moreover, to improve
algorithm speed and avoid local minima, a multilevel strategy is incorporated [1].

Algorithm 1 L-BFGS two loop recursion (compute ;i = —H l;}g).

Input: i,m,Z, Y, Hyi-n, g;

1fors=i-1,i-2,...,i—mdo

2 Letzy=Z(C,s—i+m+1), y,=Y(C,s—i+m+1);
3 Compute 175 = 1/(y{ z5);

4 | Compute o, = 1,2, g

s | Update g = g — ayys;

6 end

7 Compute r by solving Hyi-nr = g;
gfors=i-mi-m+1,...,i—1do
9 Compute 8 = n,yir;

10 Update r = r + (a5 — B)zs;

11 end

Output: 6y = —r.

4.3.1. The L-BFGS method to solve the discretized U subproblem

Employing a similarity measure based on mutual information leads to significant computational demands in approximating the
Hessian matrix. To address both precision and computational efficiency, the L-BFGS method is a viable choice, as it avoids the need for
explicit Hessian calculations. This approach only necessitates the storage and management of the last m updates of the displacement
field increment matrix Z and the gradient increment matrix U. Let U’ denote the displacement field for the current i-th step. The
search direction 6y is derived as

Syi = —H[;}gw. (16)

In the upcoming iteration, the displacement field U™*! is updated using the formula U™*! = U’ + ;i 6y, where g is the step size

determined via Armijo line search [50, Algorithm 3.1]. The L-BFGS update for the inverse Hessian H(;,.l+1 is expressed as:

~1 _((Ai-I\T i—m T\ -1 i i—1
Hy| =((A=HT o™ )HU,_m (A AT
+ I1i_m ((Ai—l )T (Ai—m+1 )T)zi—m(zi—m)T (Ai—m+l Ai—l) (17)
+ I’]i_m+1 ((Ai—l )T (Ai—m+2)T)zi—m+l (zi—m+l)T(Ai—m+2 Ai—l) .+ ni—lzi—l (zi—l)T
where
A =T —piyl)T, o = 1/((yi)Tzi), 2 =UH Uy = Vﬁi,V(UH—l) _ Vﬁi,v(ui)’
and m = min{i, m,,} with m,, = 5. The inverse of Hy-» is not calculated explicitly; an approximation is employed. The L-BFGS
algorithm improves efficiency and saves memory by avoiding direct computation of (17) through matrix and vector operations to
evaluate (16). Details of the two-loop recursion applied in L-BFGS to derive (16) are presented in Algorithm 1.

9
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Remark 3. For the L-BFGS method to produce a positive definite matrix H[;}H, it is necessary that (2)Ty’ > 0 and H! remain
positive definite. The Armijo line search does not consistently guarantee the curvature condition. Hence, to resolve this, we retain

H&L1 = H&} if (2/)Ty' <0, Ithen avoiding the L-BFGS update.

To optimize the U subproblem in (15) using the L-BFGS method, the gradient g, and an initial Hessian matrix H;, approximating
Hyi-n in (17) are required:

g, =g U 1+ agBlU 4 g0V Hy = GG + ey 18)

To ensure that H[‘]} remains symmetric and positive definite in subsequent steps without explicit computation (see Algorithm 1), the

1
1

matrix Hy uses the Hessian G' G of the regularization term. To enhance the positive definiteness of Hy1, a scaled identity matrix is
added, with & being a small positive constant (set to € = 10~* in our implementation).

To proceed, we compute gl?[R'T;U], gg W1 and glC/[U'V] within (18). For the discretized similarity metric D[R, T; U], the chain rule
is employed to yield

.
) oT 9P rTU)
gPIRTU] = 5 5 35U < <SR ———) (Log(o,SrPrrv7) + e,T)

initial matrix H should also have these properties. Direct computation of second-order derivatives is costly; therefore, the initial

U aT

PR\ T P\ T
H\Sr—F7— (Log(o,SrPrru)) +€/) = —ar (Log(Pirruy) +(e, ®e))') |-

Next, for the discretized diffusion regularizer S[U] and the constraint of the Jacobian determinant C[U, V], their gradients are
given by
gj[Ul =hn’G'GU and gg[U'V] = M7 (U)DetU) - V),

where M (U) denotes the Jacobian matrix of Det(U) with its explicit form given as follows

2 2
| H + - + - 1 + -
M®U) := m Zl(_l)s dlag(Ds,lU - Ds,lU) (D3—5,3—1 - D3—s,3—t) + % z; (Ds,s - Ds,s)’
S,1=

s=

and the detailed derivation presented in Appendix A. Consequently, following the gradient computation for the U subproblem, we
summarize the L-BFGS solution process in Algorithm 2.

Algorithm 2 Compute U**! by using L-BFGS (U-Subproblem-Optimizer).

Input: U, VK, T, R, a, 8,7, A%, €,, MaxItU;
1 Initialization: U*' = UX, mmax = 5, ZC, Mmax) = 0, Y(:, Mmax) = 0,m = 0;
2 Compute initial approximation Hessian Hyxi by (18);
3 fori=1,...,MaxItU do
4 Compute gradient g ,, by (18);
5 Compute search direction oy = _H;/L 8, by using Algorithm 1, i.e.,
lsuk., = L—BFGS(i, m, Z, Y, Huk.l N guk-r);
6 | Update UX*! = UM + 1080 by Armijo line search (see [50, Algorithm 3.1]);
7 lflll] ‘ (Uk,i+1) _ LJ{ \ (Ukz)l < €u|-L“ \ (Ukl)l Or”Uk,i+l _ Ukz” < EM”U}c,lll then
8 ‘ break;
9 end
10 Compute 25 = UbH1 — yki ybi = VL'"[ | Uk = Vs : (U~
1 if (7)) Ty5 > 0 then

12 Update m = m + 1;
13 if m > my,,x then
14 Overwrite variables Z(:, 1), Y(:, 1) and perform data migration:
ZCo 1l impax — D) =ZC, 2  mpay), YCo 1t miax — 1) = Y, 2 2 mipax);
15 Set m = myax;
16 end
17 Store variables Z(:, m) = 2%, Y(:,m) = y*/;
18 end
19 end
20 Uk+l — Uk,i+l;
Output: U*!.

4.3.2. The Gauss—Newton method solving the discretized V subproblem
Due to the simpler computation of the Hessian and gradient for the V' subproblem in (15), compared to the U subproblem, the
Gauss—-Newton method is preferred over L-BFGS due to its efficiency. The most demanding computational effort involves finding the

10
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search direction. At iteration i, the search direction 6y is derived from solving the Gauss-Newton equation:

Hl6yi =—g .. 19

yi

The V update is given by V**! = V' + u,,:6,:, with the step size u;; determined by the Armijo line search [50, Algorithm 3.1].

The implementation of the Gauss-Newton method requires the calculation of the gradient g, and the approximate Hessian H)
for the V subproblem. Below, we present the gradients and Hessians of each term in the V' subproblem, followed by the combined
gradient and Hessian necessary for optimizing this subproblem. For the diffusion term S[V], the gradient and Hessian are expressed
as

gS[VJ n*GTGV  and HSWJ nG7é6.
For the restricted term ¥(V), the gradient is given by

W) _ hz( _1 l)_
8 cTy°y
To facilitate computations, we simplify the Hessian of ¥(V) by ignoring second-order terms, resulting in
1 1
HYWY) = 2p24i ( )-
V iag v o= v o= v

For the Jacobian determinant constraint in V/, the gradient and Hessian become
gg[U Y1 = _p2(Det(U) - V), HfW Y =n1,. (20)
Thus, the combined gradient and approximate Hessian of V' in (15) are:
— oSV V] cu.vl _ SVl W[ CluvI
g, =vg) +Pg, " +Ag, » Hy =yH " +fH "+ AH . 21

The explicit formation or storage of H, is computationally costly. To address this, we adopt an iterative strategy to resolve the
Gauss—Newton system (19) without directly constructing Hy, . Krylov subspace techniques are well-suited for this purpose [51-54], as
they only require matrix-vector multiplications. Given that Hy, is both symmetric and positive definite, the conjugate gradient (CG)
method is used to solve these systems [55,56]. In our implementation, we compute the matrix-vector product H, § as follows:

Hy6 = yh*(GTG)s + 2/3h2d1ag( kY v oy )6 +2h%5

=yh*(GTG)5 + 2/ih2 o) 11/ 0,06+ AR25.

The term GG is precomputed during the regularization step (12). Thus, the Gauss-Newton method with Armijo line search for
solving the V' subproblem is summarized in Algorithm 3.

Algorithm 3 Compute V**! by using Gauss-Newton method (V-Subproblem-Optimizer).

Input: V%, U, T,R,B,v, I, €,, MaxItV;
1 Initialization: V&! = V¥,
2 fori=1,...,MaxItV do

3 Compute gradient g ,, and Hessian Hy: by (21);
4 Compute search direction Sy by solving Hywidyki = =g,
5 | Update VF*! = VA + 46y by Armijo line search [50, Algorithm 3.1];
6 | f L7 L (VERY -2 (VR < 6|7 L (VED or VR — VR < g [|VR]| then break;
7 end
P Vk+1 Vk1+l
Output: V<1,

4.3.3. Multimodal diffeomorphic image registration algorithm

In Sections 4.3.1 and 4.3.2, the utilization of L-BFGS and Gauss—-Newton techniques to address subproblems in (15) is explored
within the iterative penalty method. Consequently, Algorithm 4 summarizes the solution procedure for the proposed multimodal
diffeomorphic image registration model (7).

Due to the highly non-convex nature of mutual information with numerous local minima, the multilevel strategy effectively avoids
getting trapped in false local minima, reducing total computation time. This method successively simplifies the original problem
across levels. Initially, the subproblems in (15) are solved at the coarsest level using Algorithm 4. The results are then refined with
the interpolation operator I ;’, to provide initial guesses for the subproblems of the next level [57]. This refinement continues until an

adequately fine level is achieved, customized to application-specific needs. Detailed steps of the multilevel method are in Algorithm 5.
11
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Algorithm 4 Multimodal diffeomorphic image registration based on penalty method (MDIRPM).

Input: R, T,U", V', a,B,y, A", p, MaxIt, MaxItU, MaxItV, €, €,, €,;
1 fork=1,...,MaxItdo
2 | Compute displacement field U**! by Algorithm 2, i.e.,
UX! = U-Subproblem-Optimizer(U*, V¥, T, R, a, 8, , A*, €,, MaxItU);
3 Compute grid unfolding indicator ® by (14) and @y, := min{®};

4 if @, < le — 2 then Correct U**! by the deformation correction [49, Algorithm 4.1];

s | Compute V¥*! by Algorithm 3, i.e.,

Vk+1 = V-Subproblem-Optimizer(V¥, U!, T, R, 8, y, A, €,, MaxItV);

6 | Update the penalty factor 2! = pi*;

7 | Update template image T**! = T(X + U**1);

8 | if L (UM VR - (U, Vh < €

9 end

10 Tmew = Tk+l, ynew = Uk+1, ynew — Vk+1;
Output: 7", e, yrev,

U, VYl or (UM — UK, V1 — VK| < €|(U', VY)|| then break;

Algorithm 5 Multilevel Registration.

Input: R, T, L, @, 3,7, 4, p, MaxIt, MaxItU, MaxItV, €, €, €,;
1 Initialization: Ry =R, T\ =T,U,. =0,V =1;
2 for{=2,...,Ldo
3 Compute the reference and template images for the £-level coarse grid:
Re=1Rey,Tr=11T,;
4 end
sfor(=L,...,1do
6 Call the diffeomorphic image registration Algorithm 4 based on penalty method:
[T, Uper, Vier] = MDIRPM(R,, Te, Ug, Ve, @, B, 7y, A, p, MaxlIt, MaxItU, MaxItV, €, €,, €,);
7 | ifL>1then Upy = UMY, Vg = I}V,
8 end
Output: T{""“, U’]"’W.

(a) Template (b) Reference (c) Proposed

(d) Diffusion

(e) Curvature

Fig. 2. Registration results for synthetic images across three methods. (a) template image; (b) reference image; (c) registered image of the proposed
method with the optimal parameters: « = 0.4, § = 0.001,y = 0.01, 4 = 0.1, p = 1.01, n, = n, = 40; (d) registered image of the diffusion method with the
optimal parameters: a = 0.0001, n, = n, = 40; (e) registered image of the curvature method with the optimal parameters: a = 0.0001, n, = n, = 40.
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' '
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(b) The trend of objective function changes

Fig. 3. Circle-Square example. The black double-dotted line, red dashed line, and blue solid line indicate the results of the curvature, diffusion, and

proposed models, respectively.
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Fig. 4. Registration results of PD-T1 images across four methods. (a) reference and template images; (b) registered images using optimal parameters
(Proposed method: & = 4, § = 0.001,y = 0.01, 4 = 0.04, p = 1.05, n, = n, = 80; Diffusion method: & = 0.0001, n, = n, = 60; Curvature method: « = 0.001,
n, = n, = 30; Demons method: a = 2); (c) zoomed regions of interest; (d) Jacobian determinant hotmaps of deformation fields; (e) deformation grids.

5. Numerical experiments

To assess the registration performance of the proposed method in comparison with other approaches, we conduct experiments using
both synthetic and real medical data. The synthetic data includes English characters and simple geometric shapes across different
modalities, while the medical data comprises CT and MR (T1-, T2-, and PD-weighted) images. We quantitatively evaluate image
matching using mutual information and the Dice coefficient. Additionally, we report the minimum value of the grid unfolding indicator
O,,in> as well as the minimum and maximum values of the Jacobian determinant, to verify the diffeomorphism of the deformation.

i.) The Dice coefficient is defined as

|IRX)NT(X +U)|

Dice(R. 1) = 2 R O+ ITX + 0"

where R(X) and T'(X + U) represent the segmented regions of interest in the reference and deformed template images, respec-
tively. These segments are obtained using MATLAB’s built-in imsegkmeans function, which is based on the K-means clustering
image segmentation method [58]. A Dice coefficient of Dice = 1 indicates perfect alignment of the segmentation boundaries,
while Dice = 0 signifies no overlap of the segmented regions after registration.

ii.) The minimum of the grid unfolding indicator ©,,;, is defined as

G‘)min = mm{@},

where the calculation of the grid unfolding indicator © is provided in (14).
iii.) The Jacobian determinant measures are defined as

det = mean Det(I/), det,;, = minDet(U), det,,,, = max Det(U),

13
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Fig. 5. Registration results of PD-CT images across four methods. (a) reference and template images; (b) registered images using optimal parameters
(Proposed method: a = 1.5, =0.001,y = 0.01,4 = 0.01, p = 1.05, n, = n, = 80; Diffusion method: a = 0.00005, n, = n, = 40; Curvature method: a =
0.0001, n, = n, = 40; Demons method: a = 1); (c) zoomed regions of interest; (d) deformation grids; (e) local enlargement of deformation grids.

where mean Det(U) denotes the average value of the Jacobian determinant Det(U), and the calculation of Det(U) is described in
(13).

In the following numerical experiments, we aim to demonstrate the effectiveness of our method by comparing it with several state-
of-the-art multimodal approaches. The implementations of three such methods are as follows: (a) the Diffusion method! [59], (b) the
Curvature method! [41], and (c) the Demons method? [21]. Additionally, the parameters for all methods are selected based on the
principle of optimizing mutual information (MI). In our method, the maximum number of inner iterations for the two subproblems is
set to MaxItU = MaxItV = 30, and for the global registration problem, it is set to MaxIt = 300. The tolerance for the two subproblems
is set to ¢, = ¢, = 10~*, while for the global registration problem, it is set to ¢ = 10~>. Finally, our program is implemented in MATLAB
R2022a, and the experiments are performed on a machine equipped with an Intel(R) Core(TM) Ultra 7 155H CPU at 3.80 GHz and
32 GB of RAM.

5.1. Comparisons for the numerical convergence of the proposed algorithm

In this section, we mainly verify the numerical convergence of the proposed algorithm through numerical experiments on a pair
of synthetic multimodal images with a resolution of 128 x 128. We also compare our method with the diffusion- and curvature-based
registration algorithms. For the sake of comparison, all three methods are forced to run 300 iterations at each level.

Fig. 2 shows the deformation results for the Circle-Square example using our proposed model, as well as the diffusion- and
curvature-based models [41,59]. Here, we observe that our method produces results that closely match the ground truth reference
image, while the diffusion and curvature models exhibit unsmooth corners and edges that do not align well with the reference

! https://github.com/C4IR/FAIR.m
2 https://www.mathworks.com/matlabcentral/fileexchange/21451-multimodality-non-rigid-demon-algorithm-image-registration
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Reference

Proposed method

Diffusion

Curvature

Template

Log Demons

(a) T1-T2 (b) Registered (¢) Zoom (d) Deformation grid (e) Local grid

Fig. 6. Registration results of T1-T2 images across four methods. (a) reference and template images; (b) registered images using optimal parameters
(Proposed method: a = 1.5, =0.001,y = 0.01,4 =0.02, p = 1.02, n, = n, = 80; Diffusion method: a = 0.00003, n, = n, = 30; Curvature method: a =
0.0001, n, = n, = 40; Demons method: a = 3); (c) zoomed regions of interest; (d) deformation grids; (e) local enlargement of deformation grids.

Table 1

A quantitative comparison of the proposed method, along with the diffusion and
curvature methods, for the Circle-Square example. The best metric values are
highlighted in bold.

Example Methods det O det iy det Dice MI

Proposed 1.000 + 0.43 291 0.9878 0.37
Circle-Square Diffusion 1.031 + 0.23 2.14 0.9511 0.31
Curvature  1.042 + 0.75 2.24 0.9632 0.34

image. Table 1 presents quantitative results, demonstrating that the deformations produced by all three methods are diffeomorphic,
as indicated by @,,;, > 0. Furthermore, our proposed model achieves the highest mutual information and Dice coefficient, indicating
superior alignment between the registered image and the reference image. Therefore, in this experiment, our method delivers better
results both qualitatively and quantitatively.

Fig. 3 illustrates the convergence performance of the three methods on the Circle-Square example. The horizontal axis repre-
sents the number of iteration steps, while the vertical axis shows both the mutual information measure and the objective func-
tion value. At the coarse level, the image retains more structural information, making registration easier and allowing for higher
mutual information and objective function values. At the fine level, the image contains additional detailed information, which
complicates the registration process, resulting in slightly lower mutual information and objective function values. As the number
of iterations increases at each level, we observe that the mutual information measure from our method steadily increases and
eventually stabilizes, indicating improved registration accuracy that gradually approaches the ideal state. Additionally, the mu-
tual information value for our model consistently outperforms those of the curvature and diffusion models. At the same time, the
objective function value decreases monotonically and stabilizes, indicating that all three registration algorithms are numerically
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Fig. 7. Registration results of T2-PD images across four methods. (a) reference and template images; (b) registered images using optimal param-
eters (Proposed method: « =2, =0.001,y = 0.001, 4 = 0.01, p = 1.03, n, = n, = 32; Diffusion method: « = 0.0001, n, = n, = 14; Curvature method:
a =0.001, n, = n, = 20; Demons method: a = 4); (c) zoomed regions of interest; (d) deformation grids; (e) local enlargement of deformation grids.

convergent. This demonstrates that our algorithm not only exhibits numerical convergence but also achieves superior registration
accuracy.

5.2. Comparison with state-of-the-art registration methods

To assess the effectiveness of the proposed method in registering multimodal images, we conducted several experiments and
compared our approach with the diffusion, curvature, and Demons methods [21]. The Demons method referenced here, developed
by Kroon et al., involves an MRI modality transformation that converts a T1 scan into a T2 scan using the peaks in a joint histogram.
In these experiments, we utilized T1- and T2-weighted MR images with a resolution of 256 x 256, CT and PD-weighted MR images
with a resolution of 200 x 200, PD- and T1-weighted MR images with a resolution of 128 x 128, and PD- and T2-weighted MR images
with a resolution of 128 x 128 for medical image registration. Additionally, synthesized CG and RA images, each with a resolution of
128 x 128, were used for large deformation registration. For all methods, a multilevel strategy with L = 3 was applied, and MaxIt = 300
iterations were performed.

Figs. 4 to 9 show visualizations of the registration results for all methods, including the reference image, the registered template
image, magnified views of regions of interest, and deformation grids. Specifically, we applied local averaging to the Jacobian deter-
minant using a mean filter, identified the window with the minimum average Jacobian determinant, and zoomed in on it, as shown
in Figs. 5(e) to 9(e). The formula for locating the window with the minimum mean Jacobian determinant is given by:

w

w
- . 1
@i*,j*) = argmin——— Det(map(i + k, j + 1)), (22)
Gj Quw+1)7 k;wlgw

where map(i, j) = (i — Dn + j, (i*, j*) denotes the center of the zoomed region with a window size of 2w + 1) X 2w + 1), and w = 4.
For the PD- and T1-weighted MR images in Fig. 4, we observe that our proposed method, along with the curvature method, yields
visually more satisfactory registration results compared to the diffusion and Demons models. Furthermore, as shown in Table 2, all
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Fig. 8. Registration results of R-A images across four methods. (a) reference and template images; (b) registered images using optimal param-
eters (Proposed method: a =0.45, = 0.001,y = 0.01,4 = 0.1, p = 1.02, n, = n, = 40; Diffusion method: « = 0.0001, n, = n, = 8; Curvature method:
a = 0.0001, n, = n, = 20; Demons method: a = 4); (c) zoomed regions of interest; (d) deformation grids; (e) local enlargement of deformation grids.

models produce diffeomorphic mappings. Notably, our method achieves a mutual information value of 1.65 and a Dice coefficient of
0.8 for the region of interest. For the Demons model, despite having ©,,;, > 0, the template image undergoes minimal deformation,
resulting in the poorest registration performance. For the PD-weighted MR and CT images in Fig. 5, the proposed method, as well as the
diffusion and curvature models, successfully complete the registration. Although the Dice coefficient of the diffusion model is slightly
higher than that of our method, our approach achieves the highest mutual information. Additionally, the deformation grids generated
by the diffusion and curvature methods exhibit folds. By inspecting the zoomed-in regions of the registered T1- and T2-weighted MR
images and T2- and PD-weighted MR images in Figs. 6(c) and 7(c), we can see that the deformation template images produced by our
method are closer to the reference image compared to the other methods, and our deformation grid is free from folding, as shown in
Figs. 6(e) and 7(e). Although the Demons method aims to map T1 scans to T2 scans for registration, its performance is inferior in the
T1-T2 experiment shown in Fig. 6. Additionally, Table 2 confirms that our method performs well quantitatively. It is noteworthy that
the T2- and PD-weighted MR image experiments conducted with the diffusion model exhibit a phenomenon where det,;, = 0.001 but
O,.in <0, indicating that the mapping is non-diffeomorphic, as seen in Fig. 7(e). This suggests that the Jacobian determinant value
obtained by the diffusion method may not always accurately reflect the diffeomorphism of the mapping. In contrast, our method for
calculating the Jacobian determinant is more reliable, as it better detects whether deformation has occurred. Overall, for the four
sets of experiments mentioned above, our proposed method achieves excellent results, demonstrating that our algorithm performs
well in handling multimodal medical images with complex structures.

Figs. 8-9 present the registration results of synthetic images with large deformations produced by the four methods. For the
CG image pairs, it is clear that both our proposed model and the curvature model produce more visually satisfactory registration
results. As shown in Table 2, our method achieves the highest mutual information and Dice coefficient among the models. For the RA
image pairs, a close inspection of the zoomed-in regions reveals that our proposed model provides more accurate registration results
compared to the other methods. Additionally, as indicated in Table 2, our proposed method achieves the highest mutual information
and Dice coefficient within the region of interest. While the diffusion and Demons models produce mutual information and Dice
coefficient values close to ours, the deformed template images in the zoomed-in regions do not align well with the reference image,
and their handling of image details is less accurate than our method. This discrepancy may stem from insufficient sampling and the
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Fig. 9. Registration results of C-G images across four methods. (a) reference and template images; (b) registered images using optimal parameters
(Proposed method: « = 0.1, = 0.001,y = 0.1,4 = 0.1, p = 1.02, n, = n, = 40; Diffusion method: « = 0.0001, n, = n, = 10; Curvature method: « = 0.0001,
n, = n, = 40; Demons method: « = 3); (c) zoomed regions of interest; (d) deformation grids; (e) local enlargement of deformation grids.

presence of local maxima in the mutual information, which prevent these methods from achieving the desired deformation field. In
contrast, our model offers precise control over transformations, allowing local deformations to shrink or expand within a flexible
range. This level of control contributes to achieving the ideal deformation. Furthermore, for both pairs of synthetic images with
large deformations, the deformation grids generated by the diffusion, curvature, and Demons models exhibit folding with @, <0,
indicating that their deformations are non-diffeomorphic.

The numerical experiments conducted on four pairs of medical images and two pairs of synthetic images with large deformations
demonstrate that our proposed model delivers the best registration results without grid foldings. This indicates that our multimodal
image registration method is highly applicable. In terms of computational time, the Demons method exhibits the lowest computa-
tional cost (see Table 2). However, its registration accuracy and diffeomorphism cannot be guaranteed. Among the remaining three
methods, our approach consistently requires the least computational time while achieving higher mutual information and preserving
diffeomorphism. This emphasizes the computational efficiency advantage of our method.

5.3. Parameter selection and sensitivity analysis

This section aims to evaluate the sensitivity of the parameters a, ,7, 4, p, and n, (where n, = n, consistently) within our model,
focusing on their impact on registration accuracy and convergence speed. To ensure reliability, parameters must be tested and
adjusted appropriately, acknowledging that optimal values can differ across images. We employed a synthetic pair of C-G images
with a 128 x 128 resolution (refer to Fig. 9) and utilized a grid search method to outline parameter selection. For comparison, a
three-level multilevel scheme (L = 3) was used, allowing up to MaxIt = 100 iterations per level. The parameter tuning and evaluation
methodology is outlined below.

The influence of various parameter configurations on registration results is shown in Fig. 10, which illustrates the variation of
Dice, M1, and cumulative iterations (Iter represents total iterations across levels). For optimal parameters, we focus on minimizing
iterations while maintaining registration precision. For parameter a, values between 10~ and 10?> were examined, keeping f =
0.001, y =0.1, A=0.1, p=1.02, n, =40 constant. As shown in Fig. 10, effective model solutions occur when « is within 102 to 1,
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Table 2

A quantitative comparison of the proposed method, along with the diffusion, curvature
methods, and Demons methods, for six examples. The best metric values are highlighted in
bold. The underline represents cases where the grid is folded, but the Jacobian determinant
remains positive.

Examples =~ Methods det Opnin det i det . Dice MI Time (s)
Proposed 0.999 + 0.08 3.86 0.8000 1.65 17.98
PD-T1 Diffusion 0.981 + 0.57 2.29 0.7871 1.01 20.30
Curvature  0.981 + 0.55 3.74 0.7993 1.21 52.96
Demons 1.038 + 0.88 1.40 0.6643 0.78 12.39
Proposed 1.000 + 0.02 3.98 0.9390 0.90 43.46
PD-CT Diffusion 0.963 - -0.16 2.81 0.9393  0.83 86.06
Curvature 1.013 - -0.24 3.01 0.9368 0.84 95.84
Demons 1.00 - -1.92 6.11 0.8916 0.61 30.60
Proposed 0.999 + 0.03 2.88 0.7952 1.18 70.20
T1-T2 Diffusion 1.014 - —0.45 2.66 0.7923 0.95 74.97
Curvature  0.998 - -0.18 2.78 0.7770 0.92 74.30
Demons 1.133 - -1.18 4.04 0.6529 0.67 38.44
Proposed 1.000 + 0.03 2.88 0.8972 0.84 47.54
T2-PD Diffusion 0.968 - 0.001 2.12 0.8766 0.73 80.14
Curvature  0.989 - -0.002  2.08 0.8925 0.77 51.60
Demons 1.002 + 0.48 1.56 0.8447 0.67 10.43
Proposed 0.999 + 0.29 4.36 0.9953 0.40 19.79
RA Diffusion 1.199 - -1.70 10.00  0.9951 0.39 94.45
Curvature 1.001 - -0.19 3.86 0.9476 0.35 14.40
Demons 0.948 - —-0.88 5.78 0.9942 0.39 14.46
Proposed 1.002 + 0.04 5.67 0.9957 0.62  15.23
G Diffusion 0.904 —0.06 3.45 0.9543 0.49 88.91
Curvature  0.859 - —-0.96 12.69  0.9940 0.60 50.95
Demons 0.735 - -0.15 4.16 0.7691 0.29 14.25

with peak Dice and MI at « = 10~! and fewer iterations. Thus, we suggest using this as the regularization parameter in this case. The
same approach is applied to identify optimal parameters for g, y, 4, p, n,.

From analyzing the six parameters in Fig. 10, it is clear that the regularization parameter « and penalty parameter A significantly
affect both the sensitivity and convergence of the algorithm. Specifically, high values result in a noticeable decline in Dice and MI
metrics and a sharp increase in iteration count, leading to reduced accuracy and slower convergence. However, within moderate
thresholds, these parameters maintain high registration accuracy and facilitate relatively fast convergence. In contrast, the penalty
parameter f, the regularization parameter y, and the growth factor p remain stable over a wide range; they have little effect on Dice
and M1, and only slight fluctuations in the iteration count. This indicates the algorithm’s insensitivity to these parameters. The number
of histogram bins n, has an intermediate impact: increasing the bin count slightly reduces Dice and MI while gradually increasing
iterations, implying that excessive bins may introduce noise and computational burden. Thus, n, should be kept moderate to balance
accuracy and efficiency. Consequently, parameter tuning should prioritize optimizing « and A, with secondary control over n,, while
B, v, and p can remain within empirical ranges without substantial adjustment.

5.4. Generalization ability of the proposed model

Traditional methods often face limitations in determining both model and algorithmic parameters, which may weaken their
ability to generalize. In this context, generalization refers to how well a model can accurately predict outcomes on unseen data,
even when such data are derived from a specific dataset. It is widely acknowledged in the deep learning community that both model
and algorithmic parameters can be learned and optimized from large-scale training data. In view of the data-related limitations of
traditional methods, we evaluated the generalization capability of the proposed model by computing a set of universal parameters,
obtained by averaging the parameters from the seven experimental cases discussed above. Formally, each universal parameter is
defined as

n
1
*
== i Di €lap, By Ao}, n="T.
p nizzlpl pi € e, B vis A pi}

The resulting parameter configuration was then applied to predict outcomes on two types of new images from different sources:
a synthetic image (Double-Beans, resolution 512 x 512) and a medical image (Brain-T1-PD, resolution 512 x 512). Notably, the res-
olutions of these new images differ from those used in the previous experiments, thereby providing a more rigorous evaluation of
generalization capability. For fair comparison, the same procedure was also applied to the diffusion and curvature methods. In all
experiments, a five-level multilevel scheme (L = 5) was employed, with a maximum of MaxIt = 100 iterations at each level, and the
number of bins was consistently fixed at n, = n, = 40. The relevant numerical results are presented in Fig. 11 and Table 3.
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Fig. 10. The influence of different parameters on the registration results for the C-G example. The black solid line, red dashed line, and blue dotted

line represent Dice, MI, and Iter, respectively.

Table 3

The quantitative evaluation comparisons of the proposed, diffusion, and curvature
methods. The best metric values are highlighted in bold.

Examples Methods det Opin det i det,y Dice MI
Proposed 1.001 + 0.03 2.26 0.9638  0.45

Double-Beans  Diffusion 0949 - -0.39 337 0.9604 0.41
Curvature  0.871 - -0.30  3.04 0.9619 0.42
Proposed 0.999 + 0.02 5.12 0.8802 1.02

Brain-PD-T1 Diffusion 1.030 + 0.15 3.31 0.8710 0.92
Curvature  1.014 + 0.27 2.54 0.8741 0.95
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Fig. 11. Comparison of different models for Double-Beans and Brain-T1-PD using average parameters. (a) reference and template images; (b)
registered images using average parameters (Proposed method: a* = 1.42, p* = 0.001,y* = 0.02, A* = 0.05, p* = 1.03; Diffusion method: «* = 0.00008;
Curvature method: a* = 0.00036); (c) zoomed regions of interest.
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Template

Reference Registered
(b) 3D Brain slice planes
Fig. 12. Multimodal registration results for the proposed method operating on 3D Brain images. (a) shows the reference image, template image,

and deformed template image of the 3D cerebral cortex surface. (b) visualize the reference image, template image, and deformed template images
from slice planes. The optimal parameters for the 3D Brain images are a = 0.35, § = 0.001,y = 0.001, 4 = 0.1, p = 1.02, n, = n, = 60.
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3D Brain slice

Fig. 13. Multimodal registration results of 3D Brain images. top row: transverse plane, middle row: sagittal plane, bottom row: coronal plane. (a)
the template images; (b) the reference images; (c) the deformed template images; (d) the deformation grids.

As shown in Fig. 11, the proposed method yields more visually satisfactory registration results for both the Double-Beans and
Brain-T1-PD images compared with the diffusion and curvature methods. In particular, for the structurally complex Brain-T1-PD
images, our method achieves superior alignment quality. Furthermore, as reported in Table 3, the proposed method attains the
highest mutual information and Dice coefficient within the region of interest. It is worth noting that for the Double-Beans images with
large deformations, the deformation grids generated by the diffusion and curvature methods exhibit folding with ©;, < 0, indicating
non-diffeomorphic transformations. By contrast, our approach preserves diffeomorphic deformations under the same conditions. These
findings confirm that the proposed method can deliver robust and satisfactory results for new images using averaged parameters,
despite potential influences from specific parameter choices. Overall, the proposed model demonstrates stronger generalization ability
than the compared state-of-the-art models.

5.5. 3D experiment

In this subsection, we use a pair of brain images with a resolution of 128 x 128 x 128 to evaluate the effectiveness of the proposed
approach for 3D image registration. By examining the texture structure of the 3D brain surface in Fig. 12(a) and the internal and edge
regions in Fig. 12(b), we observe that the deformed template image closely matches the reference image. To further illustrate the
registration results, transverse, sagittal, and coronal slices of the 3D brain images are shown in Fig. 13. It is evident that all deformed
template images align almost perfectly with the corresponding reference images, with no evidence of folding in the transformations.
Quantitative results for the 3D experiments are presented in Table 4, where ®;, > 0 and the mutual information reaches 0.86. These
results demonstrate that our proposed model effectively handles 3D images while maintaining diffeomorphic deformation.
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Table 4
The quantitative evaluation of the proposed method for 3D mul-
timodal experiment.

Example = Method det Ohin det iy det MI

max

Brain Proposed 1.023 + 0.06 8.62 0.86

6. Conclusion

In this paper, we propose a bi-variate multimodal image registration model that utilizes negative mutual information as a similarity
metric to quantify the statistical correlation or information redundancy between the image intensities of corresponding pixels/voxels
in two images. To ensure a diffeomorphic transformation, we first introduce a relaxation constraint on the Jacobian determinant of
the transformation, det(I; + Vu) = v(x) > 0, within the multimodal image registration framework. The positivity of the relaxation
function, v(x), is automatically maintained through a penalty term. Additionally, the relaxation function v(x) serves to constrain the
Jacobian determinant, allowing local deformations to shrink or expand within a flexible range. We also employ a penalty method to
address the equality constraint problem and combine the L-BFGS and Gauss—Newton methods with Armijo line search in a multilevel
strategy to solve the corresponding subproblems. Finally, experimental results demonstrate that our algorithm converges successfully,
effectively preventing grid folding, and achieving highly satisfactory registration results for both medical images and images with
large deformations across different modalities. Our future work will focus on developing a fast iterative solver.
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Appendix A. Appendix

The main purpose of this appendix is to derive the Jacobian matrix of the discretized Jacobian determinant. To facilitate the
presentation of the derivation, we first state the following proposition, which establishes the fundamental relation required for
subsequent analysis.

Proposition 1. Let the vector-valued function F : R" — R" be defined as
FU) = (AU) © (BU), (A1)
where U = (uy,uy, ..., u,)| €R", A, B € R™" are given matrices, and ® denotes the Hadamard product. Then the Jacobian matrix of F(U)
is
0F(U)
oUu
where diag(X) denotes the diagonal matrix whose diagonal entries are given by the components of the vector X.

1> far oo s S Ts Woi= Wy, 10,0, w,)T = AU,
U, with A = (a;;)uxn and B = (b;;)ux,- According to (A.1), each component f; can be written as

= diag(AU) B + diag(BU) A € R"™",

Proof. Suppose F(U) :
G :=(g.8 &) =
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Taking the partial derivative of f; with respect to u; yields

af n n ]
ﬁ=ai1<2bikuk>+bil~<2aikuk =a;;g +bw;, j=12,..,n
J k=1

k=1

Hence, the Jacobian matrix of F(U) is

uy 0;4; 0;,. ay181 +byjw apg + bpw, a1,81 + by,
oFU) L %L . L Uy + by Wy Ay F by e an,gy + by w
—| oy oy ou, | = | 92182 21 Wy 2282 22 W) 2182 2n W2
ou : : : : : - :
Ofm [ Ofm ap18m + bml Wy, Qp8m + bm2wm Apngm + bmnwm
| 9uy duy ou,
a1181 a128) a1n81 byyw, bjpw, by, wy
a8 A& v au& | byywy  bpwy e by
Am1&m Am2&m Ann&m bmlwm bm2wm bmnwm

= diag(G)A + diag(W)B = diag(BU)A + diag(AU)B.
This completes the proof. O
Similar to Proposition 1, let F : R" — R™ be defined by
FWU)=(AU)® (BU) o (CU),
then the Jacobian matrix of F(U) is given by
J0F(U)
oUu
Next, we derive the Jacobian matrix M (U) of the discretized Jacobian determinant Det(U) (see (13)). Before proceeding, we
simplify (13) as follows:

= diag(CU) diag(BU)A + diag(CU) diag(AU) B + diag(AU) diag(BU)C € R™", (A.2)

Det(U) = # [4h%€ + hD},U + hDF U + (DY, U) © (D3,U) - (D}, U) © (D}, U)
+(DF,U) © (D7,U) + hD},U — hD},U - (D}, U) © (D},U)
— hD3,U - hD} U + (D} ,U) © (D3,U) — (D3,U) © (D}, U)
+(D3,U) 0 (D},U) — hD3,U + hD}, U = (D}, U) © (D3, V)
- # |41%€ + 20D} U = 20D}, U +20D,U ~ 2hD;,U
+(D},U) © (D},U) — (D}, U) @ (D},U) + (DF,U) © (D},U) - (D}, U) @ (D}, U)
+(D7,U) © (D3,U) = (D3, U) @ (D},U) + (D, U) ® (D},U) = (D}, 1) @ (D;,U)

According to Proposition 1, the Jacobian matrix of Det(U) is given by

oDet(U
Mw) = P
1 . _ . _
o |2nD}, — 2Dy, + 20D, - 20D3,
: + + : + + : + + : + +
+d1ag(D1’1U)D2’2 + dlag(Dzsz)DL1 - dlag(Dzle)Dly2 - d‘ag(DLzU)Dz,l

+diag(D}, U)D7, + diag(D},U)D] | — diag(D}, U)DJ, — diag(D} ,U)D],
+diag(D}, U)D3, + diag(D;,U)D7 | — diag(D;,U)Dy, — diag(D},U)D}

+diag(D; U)Dt2 + diag(thU)Dz1 - diag(DT’1 U)b;, - diag(DizU)DiI

R - + -
= 5,11 =Dy +Dy5 = Do)

+$ [diag(Dt ,U)DZ, - D3 ,) — diag(D},U)(D}, - D;,)
—diag(D},U)(D}, — D3 ) + diag(D},U)D}, — D3 )
—diag(D} | U)(D}, — D7 ,) + diag(D; , U)YD}, — D},)
+diag(D},U)D] | - D7) — diag(D;,U)D}, - D7, )]

2
=5 2 [(—I)H’diag(D:’lU)(D;r_Sj_‘ D3 50

s,t=1
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The computation o

Pro

2
. _ _ 1 _
—(=1)*'diag(DL,U)DY_ ;_ - D3_S’3_t)] + 55 (b}, - D).
s=1

1

2 2
e - . 1 .
= 2. (=*diag(D},U =D UYD]_ ;=D 5 )+ 5= ¥ (O =D,
s=1

s,r=1
In the 3D case, according to Remark 2, the Jacobian matrix of det(U) can be written as

dDetU) _ 1 0DCZLy v
ou T 8m F

il jl kK e{—1,+1}

MU)=

f %{;’NH follows the same procedure as in the 2D case and can be derived by combining formula (A.2) with

position 1.
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