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1 Introduction

In recent years, constrained generalized equations on Banach spaces, i.e., finding a solution
to the inclusion

xel, f(x)+Fx)>0 (1)

where X and Y are two Banach spaces, C C X is a nonempty, closed, and convex set,
f: X — Yis a mapping, and F: X == Y is a set-valued mapping, have gained increased
attention [7, 18]. This is attributed to the fact that the model (1) covers many well-known
problems, such as constrained variational inequality and split variational inequality problem
[15, 35], nonlinear equations, systems of equations and inequalities, optimality condition in
mathematical programming and optimal control, and equilibrium problem. The readers are
referred to [3-5, 8, 9, 17, 22-25, 27, 29, 31, 32, 34, 37, 39] for a detailed study of (1) with
c=X

For a Riemannian manifold M, a closed set 2 C M with a nonempty relative interior, a
continuously differentiable mapping f: M — R™, and a set-valued mapping F : M = R",
we consider the generalized equation

pe, f(p)+F(p)>0. ()

Evidently, (2) covers the nonlinear equation f(p) = 0 (F = 0) and the nonlinear inclusion
problem f(p) € K (F = —K) for a fixed cone K C R [53]. In this paper, we shall prove
that problem (2) also covers the problem of finding a singularity of the sum of two vector
fields of the form

pe, V(p)+Z(p) >0, 3

where V: M — 7 M is a single-valued vector field, Z: M = 7 M is a set-valued vector
field. In particular, we demonstrate that (2) can also be used to obtain a solution for a varia-
tional inequality problem and the Karush-Kuhn-Tucker (KKT) conditions for a constrained
optimization problem on manifolds.

Problem (3) has been extensively investigated [5, 29] and solved using Newton’s method
for Z =012, 6, 19, 26, 43, 52]. This problem naturally arises, for example, in the first-order
optimality conditions of the minimization problem

Minimize ¢(p) + ¥ (p), p €int, 4)

where ¢ : M — R:=RU{+o0} is a differentiable function defined over int €2 (the interior of
Q) and ¥ : M — R is non-differentiable. In fact, one can consider (3) with V representing
the Riemannian gradient of ¢ (grad ¢), Z representing the Riemannian subdifferential of &
(01), and Q = int 2, i.e.,

p€intQ, gradg(p)+ 0 (p) 3 0p.

Problem (4) is associated with several important applications, including sparse principal
component analysis [33], sparse blind deconvolution [55], unsupervised feature selection
[50], and image restoration [11, 12].

The extensive scope of generalized equations and the growing interest in optimization on
manifolds [1, 14, 48] in recent years have motivated us to explore the integration of these
two areas in this paper. Our focus is on studying a Riemannian version of the inexact Newton
method proposed by [16] with the aim of solving problem (2). Given an initial point py € M,
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our method generates a sequence of iterations {py} as follows:

(f(pe) + Df (p)lue] 4 F(expy, i) N Re(pr) # D, pryri=expy, vk, (5)

where Ry : M =3 R™ is a sequence of set-valued mappings with closed graphs representing
the inexactness, and D f denotes the differential of f. In other words, the method involves:
selecting an initial point pg on the manifold (sufficiently close to a solution), solving a
subproblem to find vy in the intersection above (under certain conditions, it is possible
to guarantee that it is nonempty), and computing the next iteration piy; by applying the
exponential map to (pg, vg). It is noteworthy that whenever vy is sufficiently small, (5) can
be expressed as:

(f(]’k) +Df(polexpy, pir1l + F(Pk+1)) N Ry (pk) # 2. (©)

Although it may appear that obtaining v requires solving the subproblem in (5) exactly,
the map Ry is specifically introduced to circumvent this necessity. This is evident in the
particular case of (5) where Ry (px) is defined as the closed ball centered at 0 with a radius
of nill f(pi)lle, with g € (0, 1), and F = 0. In this scenario, the subproblem in (5) consists
of finding a vy that satisfies

If (p) + Df (plvillle < millf (plle. &k € No:=NU {0}

where || - ||, denotes the Euclidean norm, which can be interpreted as an inexact Newton
method for by solving f(p) = 0. The convergence analysis presented in this paper is con-
ducted using (5) because it is more general and can be applied to other potential particular
cases of (2).

Assuming that the set-valued mapping f 4 F in (2) is metrically regular at p € 2 for O
and that Ry satisfies a suitable boundedness condition, we demonstrate that a sequence { px}
generated by (6) exhibits both linear and quadratic convergence towards p, with the exact
nature of the convergence depending on the specific assumptions regarding Ry. These results
can be obtained without requiring prior knowledge of the sequence of mappings Ry in terms
of problem-specific data. However, it is necessary to ensure that a sequence {uy} in Ry (pk)
converges to 0 at the same rate as the sequence {py} converges to p. This requirement is a
standard assumption in the context of inexact Newton-type methods, even when applied to
nonlinear equations.

Under the condition of metric regularity of a linearization of f + F at p for 0, and provided
that certain additional conditions are met, we present variations of the aforementioned results.
In these variations, a neighborhood of p is assumed to be known, which allows for a more
suitable choice of the initial point pg for the sequence {px}. We also provide a semi-local
convergence result, where the required conditions are related to pg rather than p. This result
is new even in the case where M is a Euclidean space.

To understand the concept of metric regularity well on Riemannian manifolds, we con-
structed examples of mappings that are metrically regular over the set of positive definite
symmetric matrices equipped with a well-established Riemannian metric. Additionally, we
present conditions that guarantee the metric regularity property for certain mappings, and in
particular, we compare the metric regularity of f + F with that of its linearization. Finally,
some examples are given to show that our proposed concept is useful and a numerical exam-
ple applied to the KKT system is given as well for the constrained Riemannian center of
mass on the sphere to illustrate our theoretical results.

This work is organized as follows. In Sect.2, some notations and basic concepts are
reviewed. In Sect.3 the metric regularity assumption is explored. In Sect.4, local and
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semi-local convergence are studied for the proposed method. In Sect.5 the relationship is
investigated between (2) and (3), and some examples of classical problems which can be
viewed as generalized equations are given. In Sect. 6, a numerical example is provided to
illustrate our theoretical results. Finally, conclusions are presented in the last section.

2 Preliminary

In this section we recall some notations, definitions and basic properties of Riemannian
manifolds used throughout the paper, which can be found in many introductory books on
Riemannian geometry, for example [21, 41, 42, 51].

Suppose that M is a connected, n-dimensional smooth manifold. At each point p € M,
the tangent space 7, M is an n-dimensional vector space with its origin at 0,,. The disjoint
union of all tangent spaces, denoted as 7 M, is the tangent bundle of M. We assume that
M is equipped with a Riemannian metric, making it a Riemannian manifold. At each point
p € M, this Riemannian metric is denoted by (-, -) P TpyMxT, M — R, and the associated
norm in 7, M is represented as || - || ,. The Riemannian distance between two points p and
q in M, denoted as d(p, q), is defined as the infimum of the lengths of all piecewise smooth
curve segments connecting p to g. Additionally, the distance from a point p to a subset
W C M is defined as d(p, W):=inf ey d(p, q) and the interior of W is represented by
intW.

A vector field V on M is a correspondence that associates to each point p € M a vector
V(p) € T, M. The point p is said to be a singularity of V if and only if V(p) = 0,,. The set
of smooth vector fields on W C M is denoted by X (V).

The tangent vector of a smooth curve y : I — M defined on some open interval I C R is
denoted by y(¢). Foreacha, t € I,a < t, the Levi-Civita connection V: X (M) x X(M) —
X (M) induces an isometry Py 4 : T @)yM — T, )M relative to the Riemannian metric
on M, given by P, 4, v = V(y(t)), where V is the unique vector field on y such that
VyoyV(y()) = 0and V(y(a)) = v. The isometry P, 4, is the parallel transport along y
joining y (a) to y(t). When the geodesic y connecting p = y(a) and g = y(¢) is unique,
the notation P, will be used instead of P, , ;. It is well-known that P, o P, is equal to
the identity map over 7, M.

The differential of a smooth function f: M — Rat pis the linearmap D f (p): T, M —
R which assigns to each v € 7, M the value

DIV = @)1 = L (o] _ .
t =ty
for every smooth curve y: I — M satisfying y(fp) = p and y(tp) = v. The gra-
dient at p of f, denoted as grad f(p), is defined by the unique tangent vector at p
such that (grad f(p), v)p = Df(p)[v] for all v € T, M. For a smooth multifunction
=01, fm): M — R, its differential D f(p): T, M — R™ is given by

Df(p)lvl = ((grad fi(p), v)p, ..., (grad fu(p),v)p), v e TpM. )

Note that D f(p) is a linear map from 7, M into R™ for all p € M. The norm of a linear
map A: T, M — R™ is defined by ||A|lnap:=sup{l|Avlle: v € Ty M, |lv|l, = 1} where
Il - le is the Euclidean norm on R".

A vector field V along a smooth curve y is said to be parallel if and only if V;V = 0.
The curve y is a geodesic when y is self-parallel. When the geodesic equation V;y = 0 is
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a second-order nonlinear ordinary differential equation, the geodesic y = y, (-, p) is deter-
mined by its position p and velocity v at p. The restriction of a geodesic to a closed bounded
interval is called a geodesic segment. Denote the unique geodesic segment y : [0, 1] - M
satisfying y(0) = p and y(1) = g by yp,. A geodesic segment joining p to g in M is
said to be minimal if its length is equal to d(p, ¢). A Riemannian manifold is complete if its
geodesics are defined for all values of r € R. Hopf-Rinow’s theorem asserts that every pair
of points in a complete, connected Riemannian manifold M can be joined by a (not neces-
sarily unique) minimal geodesic segment. Due to the completeness of M, the exponential
map exp,,: Tp M — M is given by exp, v = y,(1, p), for each p € M. In this paper, all
manifolds are assumed to be connected, finite-dimensional, and complete.

The open and closed balls on M of radius r > 0 centered at p € M are defined,
respectively, as B, (p):={q € M:d(p,q) < r}and B,[pl:={q € M: d(p,q) < r}. Anal-
ogously, the open and closed balls on 7, M of radius r > 0 centered atu € 7, M are defined,
respectively, as B,(u)::{veTpM: lv—ull, <r} and B, [u]:= {v € TpyM: |lv—ul, =< r}.
It is well-known that there exists » > 0 such that exp),: B,(0,) — B,(p) is a diffeomor-
phism, and B, (p) is called a normal ball with center p and radius r. Whenever B, (p) is a
normal ball, it and its closure will be denoted by B, (p) and B, [p], respectively. The injec-
tivity radius of Mat p, denoted by r;,;(p), is the supremum of all » > 0 such that B, (p) is
a normal ball. The equality

d(q, p) = llexp, gl (®)
holds forall g € B,(p), where exp;l : B, (p) — T, M denotes the inverse of the exponential
map. Recall that there exist » > 0 and § > 0 such that, for every g € B,(p), Bs(g) is a
normal ball and B, (p) C Bs(g), see [21, Theorem 3.7]. In this case, B,-(p) is called a totally
normal ball of center p and radius r. When M is a Hadamard manifold, that is, a complete,
simply connected Riemannian manifold with nonpositive sectional curvature, B, (p) is totally
normal for all » > O and p € M.

A sequence {py} C M is linearly convergent to p when there exist6 € (0, 1) and kg € N
such that

d(pik+1, p) < 60d(pk, p), forallk > k.
It is said to be quadratically convergent to p when there exist @ > 0 and ko € N such that
d(pis1, p) < 0d*(pr, p), forall k > ko.

We end this section by presenting the concept of Lipschitz continuity for the differential
of continuously differentiable functions in the Riemannian context. This concept will be
fundamental for obtaining the quadratic convergence rate for our algorithm.

Definition 1 Let f: M — R be continuously differentiable at p. Then D f is L-Lipschitz
continuous around p if there exists §; > 0 such that for every p, g € Bs, (p)

IDf(@)Pyo01 = Df(P)lmap = LIV O)lp. (€))

where y : [0, 1] — M is a geodesic connecting p = y(0) to g = y(1).
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3 Metric Regularity on Riemannian Manifolds

Let F: M = R™ be a set-valued mapping, whose the graph of F is the set gph F:={(p, x) €
M x R"™: x € F(p)} with domain dom F:={p € M: F(p) # ?}. The inverse of F is
definedas x — F~'(x) = {p e M: x € F(p)}.

A function f: M — R™ is said to be Lipschitz continuous relative to a set YW C dom f
if there exists a constant ¥ > 0 such that

IF(p) = f(p)l < kd(p', p)forall p', p e W.
Let p € intdom f. The Lipschitz modulus of f at p is defined by

/
ot preiim sup L 2 =S I
p.p—>p d (p > P )
p#p’
We now introduce the following notations on R”: B, [x] denotes the Euclidean closed ball
of radius r > 0 and center x, and d, denotes the Euclidean distance from a point to a set.
The next concept plays an important role in role in this paper and it comes from [24, p. 279]
in the metric spaces setting:

Definition 2 A set-valued mapping ®: M = R™ is said to be metrically regular at p € M
for x € R™ when x € ®(p), and there exist positive constants o, a and b such that

the set gph ® N (B,[p] x Bp[x]) is closed (10)
and
d(p, @ '(x)) < od.(x, ®(p)) forall (p,x) € Bi[p] x By[x]. (11)

The infimum of o over all such combinations of o, @ and b is called the regularity modulus
for @ at p for x and denoted by reg(®; p|x). The absence of metric regularity is signaled by
reg(d; pli) = oo.

It is important to emphasize that one of the main assumptions used to guarantee the
convergence of the proposed algorithm in this paper is metric regularity. This concept, in
the context of Riemannian manifolds, has been explored in recent works such as [2, 4, 29].
We will now briefly discuss this property in the case where M = R". If f: R” — R" isa
differentiable function, the metric regularity of f at p for 0 is equivalent to stating that the
inverse of the Jacobian matrix of f at p exists, which is the standard regularity assumption
applied to solve the nonlinear equation f(p) = 0. On the other hand, if we are interested in
solving a nonlinear system of equations and inequalities, for example,

g(p) <x, h(p) =y, (12)

where x € R™ and y € R® are given parameters, and g : R” — R™ and 4 : R" — R are
continuously differentiable functions, then we can associate problem (12) with the following
generalized equation:

_|* _18 [ RE
eeﬂm+nm,s—b] f—h] F—[O]
In this particular case, it is well known that the metric regularity of f 4+ F at p for O is

equivalent to the standard Mangasarian-Fromovitz constraint qualification at p. Notably, the
case where F' = N is of particular interest, with N¢ denoting the normal cone to a closed
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convex set C C R™. The metric regularity of f + N¢ at p for 0 is equivalent to the concept
of strong metric regularity, meaning that f + Nc is locally single-valued and Lipschitz
continuous at p for 0. Thus, if f and C are chosen such that f + N¢ > 0 forms the KKT
system for a constrained optimization problem, then strong metric regularity is equivalent to
the linear independence of the gradients of the active constraints and the strong second-order
sufficient condition. These details are thoroughly discussed in [25]; see also Examples 6 and
7 in Sect. 5.

We present in Subsection 3.1 some examples of set-valued mapping that satisfy the previ-
ous concept. The next lemma is a version in the Riemannian setting of Corollary 3F.3 given
in [25]. Its proof is similar to the corresponding result in Euclidean space and will be omitted
here.

Lemma 1 Consider a mapping ®: M = R"™ and a point (p,x) € gph ®. Then for every
g: M — R" withlip(g; p) = 0, one has reg(g + ®; plg(p) + x) = reg(P; p|x).

In the theorem below, we demonstrate that the metric regularity condition of a mapping
at p € M for x € R™ is equivalent to the same condition for its linearization at p.

Theorem 1 Consider a normal ball B,(p) C M. Let f: M — R™ be a continuously
differentiable function at p and F: M = R™ be a set-valued mapping. Then for G: M =
R™ defined by

FB)+Df(Plexp;' pl+ F(p), p€B(p),
F(p)+ F(p), p € M\B,(p),

one has reg(G; p|0) = reg(f + F; p|0).

G(p) = { (13)

Proof Pick € > 0 arbitrary. By Lemma 5 given in the Appendix of this paper, there exists a
totally normal ball Bs, (p) C B,(p) such that

IDf (p)lexp,' p' —exp,' p"1 = Df (p)lexp;' p'
—exp;' p'llle <ed(p', P, p. PP €Bs (). (14)

Consider a function g: M — R given by

)= F@) +Df(P)lexp;' g1, q € B.(p),

_ 15)
0, q € M\B,(p).

glq) = {

In particular, this function satisfies

le(p”) = g(P)lle = IF ()= F (P =D f (Dlexp,' p—exp;' p"llle, P, p" € Bs, (D).
(16)

The first part of Proposition 4 guarantees that there exists § € (0, d¢) such that

1
£ — F" = /0 DI Gy Oy O1dt, ', p" € By(h),

where y,7,: [0,1] — M is the geodesic satisfying y,,(0) = p” and y,r (1) = p'.
Adding —D f( 13)[6:)(p;l p - expl;l p"1 to both sides, it follows that
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£ = FP") = Df(p)lexpy' p —exp;' p'l
1
= fo Df (VO O] = DF(Plexp;' p' —exp;' p"1dt, p'. p” € Bs(p).
Applying norm on both sides, we conclude that
1£ ) = £ = Df (Plexp;" p' —exp3! p"lle
1
< /0 1D f (v O D= Df (D)lexp, ' p'—expy! p'lledt,  p', p” € Bs(p).
A7)
On the other hand, from Proposition 5 with p = p” and ¢ = p’ we have
)} /" /(t) = expil p/ — CXp71 p// 1t e [0 1]
p'p )/p//p/(t) )/p/rp/(t) ’ ’ :
From this equality and (14) with p = y,» (1), (17) yields
IF () = F(P") = DF(P)exp;' p' —exp;! ple < ed(p'. p), 1l 0" € Bs().

Then (16) implies that ||g(p”) — g(p)lle < ed(p’, p”) for all p’, p” € Bs(p). Since € > 0
was chosen arbitrarily, we can conclude that lip(g; p) = 0. Finally, to obtain the desired
equality, just use Lemma 1 with g asin (15)and ® = f + F. O

Next, we define the Aubin property for a set-valued mapping X : R” = M. To this end,
it is necessary to introduce the concept of excess between subsets of M. For sets W, and
W in M, the excess of W) beyond VW, is defined as

eW1,Wh) = sup d(p, Wa),
PEWI

with the convention that e(@, W,) = 0 for W, # @ and e(¥, W,) = oo otherwise.

Definition 3 A set-valued mapping N: R”™ = M is said to have the Aubin property at
x € R™ for p € M if p € N(x), and there exist positive constants o, a, and b such that

e (R(x) N B[Pl R(x)) < ollx —x'|| forall x, x" € By[x].

The infimum of o over all such combinations of ¢, a, and b is called the Lipschitz modulus
of X at x for p and is denoted by lip(N; x|p). The absence of this property is indicated by
lip(R; | 5) = 0o.

The next result provides a relationship between the metric regularity of a set-valued mapping
®: M = R™ and the Aubin property for its inverse. Its proof follows from a straightforward
adaptation of the demonstration in [25, Theorem 3E.6] and the concepts introduced above,
and hence will be omitted.

Theorem 2 A set-valued mapping ®: M = R™ is metrically regular at p for x with a
constant o if and only if its inverse ®~1 : R™ = M has the Aubin property at X for p with
constant o. Thus, lip(®~; | p) = reg(®; p|x).
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3.1 Example in the SPD Matrices Cone

In this section, some examples of metrically regular mappings ® on a particular manifold
M are presented.

Denote the set of symmetric matrices of size n x n for some n € N by P(n), and the
cone of symmetric positive definite matrices by M = Py (n). The latter is endowed with the
affine invariant Riemannian metric given by

(v,u)::tr(vp_lup_l), peEM, vuecIyM, (18)
where tr denotes the trace of a matrix. The tangent space 7,.M can be identified with P(n).
Moreover, M is a Hadamard manifold, see, for example, [40, Theorem 1.2. p. 325]. The
Riemannian distance is given by

1 1 1
d(p,q) =tu2(n*(p~2gp~2)), p.geM, (19)

where In denotes the matrix logarithm. The Riemannian gradient of f: M — R at p is
given by

grad f(p) = pf'(p)p. (20)

where f’(p) represents the Euclidean gradient of f at p, see [49]. The identity matrix of size
n x n will be denoted by id.

In the following two examples, we verify the property of metric regularity for single-valued
functions.

Example 1 Consider the function ®: M — R defined by ®(p) = In(tr(p)). For every
x € R, the following equality holds:

@ (e NCP) by = In(tr(eX TMEP) )y = In( TP r(py =x, peM. (1)

This implies that {¢* ) p: p e M} c &~ (x) for all x € R. Thus, using (19) and
simple algebraic manipulations, we obtain

d(®7'(x), q) < d(E@ M@y g),
= tr2(|x — In(tr(g)) 2 id),
= Vnlx —In(g)| = Vnlx — ®(@), xeR, geM.

On the other hand, since @ is Euclidean differentiable, it follows from (20) that & will also
be Riemannian differentiable with respect to metric (18). Therefore, ® is continuous and, by
Proposition 6, it has closed graph. Given this and the last inequality above, we conclude that
® is metrically regular at p for ®(p) for all p € M.

Example 2 Define the function ®: M — Rby ®(p) = 1/ tr(p). Notethat {(x tr(p)) "' p: p €
M} C dl(x)forallx € R\{0}. Using this and (19), we obtain

d(@'(x), p) <d((xte(p)~'p, p)
— w2 (It (p)id) = Vi [In(xte(p))l.  x €R\[0}), peM. (22)
Now recall that
tr(p) = 2(p) + ...+ Ma(p), (23)

where A1 (p), ..., A, (p) are the eigenvalues of p. Pick a constant a > 0. From (19), for all
i €{l,...,n}, one has
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1 | . .
|In(y (p)] < Ay (p) + ... + 102 (Gun(p) 2 = tr2(In*(p)) = d(p.id) <a, p € Ba(id).
Then e < X (p) < e¢* holds for all p € B,(id) andi = 1, ..., n. Consequently

ne ™ < A(p)+...+x(p) <ne*, peB,3id).

With (23), we conclude that 1/tr(p) € (e~%/n, ¢ /n) for all p € B,(id). Since the function
In is Lipschitz on the interval (e~%/n, ¢ /n) (its gradient is bounded on this interval), there
exists o > 0 such that

[In(x tr(p))| = [In(x) —In(1/tr(p)| < o |x — 1/tr(p)|, x € (e “/n,e%/n), p € By(id).
(24)
Therefore, (22) and (24) yield
d(® (), p) < nolx —d(p)l, x € (e ?/n,e%/n), p e By(id).

Furthermore, taking into account the argument presented at the end of Example 1, it can be
concluded that gph @ is closed. Then & is metrically regular at p for @ (p) forall p € B, (id).

We now present two examples involving set-valued mappings. In these examples, we
demonstrate that the given mappings are metrically regular at specific points in M.

Example 3 Define the set-valued mapping ®: M = R by

In(tr(p)),  p € M\(1/nid),

{OyU[L,2], p=1/nid. (25)

@ (p) :{

By (25) and the calculations in (21), if x € Rand g € M satisfy ¢* " @)y e M\ (1/nid)
then ®(e*@)g) 5 In(tr(e*~"@)g)) = x. Now, consider the case e~ M@y —
1/nid. By applying tr on both sides, it follows that e*~™@) tr(g) = 1. Clearly, this
implies that x = 0. Therefore, by (25), we get ®(e*"(1(@)g) 5 x for this case as well.
Thus, {eX" @)y : g € M} € &~ !(x) holds for all x € R, which implies

d(@7'(x), q) <d(e " Dyg, g),
= tr%(lx — ln(tr(q))|2 id) = /n|x — In(tr(q))], xeR, geM.
On the other hand, it follows from (25) that
Ix —In(tr(g))| = de(x, ®(q)),  x € (=00,1/2), g€ M.
Overall, we conclude
d(@7' (). q) < Vnde(x, ®(q)),  x € (-00,1/2), geM.

With a justification analogous to the one presented in Example 1, we state that & has closed
graph. Therefore, ® is metrically regular at p for In(tr(p)) forall p € {g € M: In(tr(q)) €
(=00, 1/2)}.

Example 4 Consider the set-valued mapping ®: M = R by

. 1/tr(p), p € M\id,
PP=V o) p=id. (26)
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Following the steps of Example 3, we can show that ®(1/(x tr(g)) ¢) > 1/tr(1/(x tr(¢)) ¢) =
x holds for all x € R\{0}, ¢ € M. This means that {1/(xtr(¢))q: ¢ € M} C ®~!(x) for
all x € R\{0}, and hence

d(@7'(0).9) = d((xtr(@) "9, )
— w2 (In(x tr(q) id)) = /n | In(x tr(q))|,  x € R\{0}, ¢ € M.
From (24), for all a > 0 there exists o > 0 such that
d@'().q) <o lx—1/u@l,  xe @ /ne/n), ¢ eBylid).
Pick a > 0. Exploiting the definition of ® in (26), it follows that
d(@ ' (x), q) <od,(x, ®(g)), x € (e“/n,min{e?/n,1}), q € B,(id).

Combining this with the fact that gph & is closed, we conclude that & is metrically regular
at p for 1/tr(p) forall p € {g € M: 1/tr(q) € (e”%/n, min{e*/n, 1})}.

4 Convergence

In this section, we will establish three convergence theorems for the sequence generated by
the inexact Newton method described in (6). The proofs presented here rely on a Riemannian
version of Theorem 5G.3 from [25], which is presented in the following lemma. The proof
of this lemma is a straightforward adaptation of its Euclidean version and will be omitted.

Lemma 2 Consider a set-valued mapping F: M = R™ and a point (p,X) € gph F at
which F is metrically regular with positive constants o, a and b satisfying (10)-(11). Let
v > 0besuchthatov < 1 and o’ > o /(1 — o v). Then for every positive a and B such that

a<al2, va+2B<b, 20'<a
and for every function g: M — R™ satisfying
lgP)lle < B, 8@ —8@)lle <vd(g.4). q.4" € Balpl,

the mapping g + F has the following property: for every x,x’ € Bg[x] and every p €
(g + F)~'(x) N By p] there exists p' € (g + F)~'(x') such that d(p, p') < o’ ||x — x'||..

Our first convergence result is a local analysis of the inexact Newton method (6) for solving
(2). This approach makes assumptions around a solution p of (2).

Theorem 3 Let p be a solution of (2). Suppose that the following conditions hold:

(i) the function f: M — R™ is continuously differentiable at p andreg(f + F; p|0) = o;
(ii) the sequence { Ry} satisfies

1
lim sup — sup  sup |xllef < —- 27
ng d(p, P) keNyxeRi(p) o
P#D

Then there exist 0 € (0, 1) and a totally normal ball B.(p) C M such that for every
p € B.(P)\{p}, every k € Ny, and every uy € Ry (p) there exists q' € B, (p) satisfying

f(P)+Df(plexp,' ¢'1+ F(g') > ui (28)
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and

d(q', p) < 6d(p, p). (29)

Consequently, for any starting point py € B, (p), there exists a sequence {py} generated by
(6) that converges linearly to p.

Proof First, (27) implies that there exists ¢ > 0 satisfying the following inequality:

1
lim sup — sup  sup |xllef <t < —. (30)
p;p_ d(p, P) keNg xeRi(p) o
P#D

Choose ¢ satisfying (30) and positive constants & > 0, k > o, € > 0 and 6 € (0, 1) such
that

uk <1, k(e +1) <01 — uk). 31
Pick ® > 0 and t € (0, ) such that
<< LAY (32)
1— o 1 — uk 1—put

From the first inequality in (30), there exists § > O such that

lxlle <td(p, p) whenever p € Bs(p)\{p}, x € Ri(p), k€ No. (33)
Choose a totally normal ball B5(p) C Bs(p). Note that the function g, : M — R™ defined
by

Df(p)lexp;,' g — exp, ! 51— D (plexp;' ql. g € B5(p),

. (34)
0, q € M\Bj(p).

gp(‘]) =

satisfies g,(p) = Oforall p € B3(p). On the other hand, since f and F satisfy (i), it follows
from The(zrem 1 that reg(G; p|0) = o, where G: M = R™ is the function defined in (13)
with r = §. Hence, by the definition of reg in Definition 2, there exist @ > 0 and b > 0 such
that (10) and (1 12 are satisfied for ® = G and o = t. Moreover, by Lemma 5 and (34), there
exists @ < min{§, a/2, b/} such that
lep(@) — gp@)lle = IDf (P)lexp," g —exp,,' a'I = Df (Plexp,' q — exp,' 'llle < nd(q, q),
for all p, g, q' € By(p). Therefore, for every p € By (p) one has
&P =0, lgp@ —gp@")lle < nd(q.q", 4q.4q" €Balpl.
Overall, there exists 8 > 0 (independent of p) such that
a<a/2, no+28 < b, 208 < a,
and
ligp(Plle < B, llgp(@) — &p(a@)lle < nd(q.q"), p.q.q" € Balpl.

Applying Lemma 2 with ¢ = g,,, F = G,v = u, 0’ = © and ¥ = 0, we conclude that for
every x, x' € Bg[0] and every g € (g, +G) ™1 (x) NBy[p] there exists ¢’ € (g, + G) ™ (x")
such that d(g, ¢') < ®||x — x'||.. Taking x = X = 0 and ¢ = p, we conclude that for every
x' € Bg[0] there exists ¢’ € (g, + G) ! (x') such that

d(p.q") = Ol (35)
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Using the second part of Proposition 4 with € > 0 chosen as in (31), we have the existence
of a normal ball Bs, (p) such that

ILf(p) = f(p) — Df(@[f:XP,E1 plle =ed(p.p),  p€Bs.(p). (36)

Fixed r such that
. Bz
0<r <min{——,§, 5 37
€+t

and p € B,(p)\{p}, by choosing k € Ny and u; € Ri(p), it follows from (33) that uy
satisfies |uglle < td(p, p). Denote

we=f(p) = f(P) + Df (p)lexp, pl— ux. (38)

If y¢ = 0, then ¢":=p satisfies (28) because — f(p) € F(p), and (29) holds trivially. For
yr # 0, it follows from (38), (36) and (33) that

Iyelle < 1£(p) = £(P) +Df (Plexp,’ pllle + luklle < (¢ +0d(p, p). (39

Since d(p, p) < r < B/(e + 1), it follows from (39) that ||yx|. < B. Applying (35) with
x' = —y, we obtain that there exists ¢’ € (g, + G)~!(—y) such thatd(q’, p) < Ol|ykl.
Hence, from the upper bound for ® given in (32), (39), and the last inequality in (31), it
follows that

K k(e +1)

<
e < T

d(q', p) < d(p, p) <0d(p, p).

Furthermore, it comes from —y; € (g, + G)(¢'), (38), (34) and (13) that

—f () + f(P) = Df (p)lexp,,’ pl+ux € f(p)+Df(p)lexp,’ ¢’ —exp,' pl+ F(q"),

which means that uy € f(p) + Df(p)[exp;1 q'1+ F(q’). Thus, ¢’ satisfies (28) and (29).

Now choose pg € B-(p).If pr = p,then pr41:=p verifies (6) because 0 € Ry (x).If px #
5. applying (28) and (29) with p = po and ¢’ = p1 we have f(po) + D f (po)lexp),) pil+
F(p1) > up and

d(p1, p) = 0d(po, p).

Repeating this argument one can conclude that there exists a sequence {py} in B, (p) which
satisfies (6) and converges linearly to p. O

The following result provides a class of sequences { Ry} that satisfy (27).

Proposition 1 Consider the generalized equation given in (2). Let » > 1 be a constant,
and let £ M — RS be a locally Lipschitz function that satisfies |1 (p)|le = 0 for all
pe(f+ F)~Y0). Then, the sequence { Ry}, defined as

Ry (p):=Byz ). [0], k € No, (40)
satisfies (27).

Proof Take p € (f + F)~'(0). Based on the assumptions regarding the function ¢, we can
ensure the existence of two positive constants L and § such that

IEp)lle = 11E(p) = E(P)lle = Ld(p, p),
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for all p € Bs(p). Using this and (40), it follows that

lxlle = 5% (p)lle = L7d*(p, P),

for all p € Bs(p), k € No, and x € Ri(p). Consequently, we can guarantee that

lim sup — sup sup [x[le ¢ <limsup {L*d* (p, p)} =0,
p—>p d(ps p) keNg xeRi(p) pP—>p
P#D P#D
which completes the proof. O

Remark 1 By following the ideas presented in the previous proof, it can be shown that if the
Lipschitz constant of ¢ around p € (f + F)~'(0) is less than 1/, where o:=reg(f + F; p |
0), then Proposition 1 also holds for >z = 1.

Next, we discuss the inexactness of method (5) and the previous proposition.

Remark 2 For practical purposes, it is desirable that the sequence { Ry} satisfies the following
conditions:

(a) Itisindependent of any p € (f + F)y~10);
(b) Ri(p) =0ifandonlyif p € (f + F)~'(0), for all k € N.

Condition (a) ensures that the method in (5) can be applied even in cases where no p €
(f+F)~1(0) is known, while condition (b) guarantees that the set { R (px )} contains elements
with positive norm whenever py ¢ (f + F)~'(0), and also provides a stopping criterion for
the method. It is worth noting that the inexactness of the inexact Newton method introduced
in [20] for solving a specific case of (2), where F = 0 and @ = M = R", satisfies both
conditions (a) and (b). In the case where (2) represents a general generalized equation,
Proposition 1 helps in identifying a sequence {Ry} that satisfies these properties. Indeed,
based on Proposition 1, we can conclude that if the function ¢ satisfies its assumptions and
is independent of any p € (f + F )~1(0), then the sequence {Ry} defined in (40) satisfies
conditions (a) and (). In Proposition 3, we provide an example of such a function ¢ for
the case where (2) represents the generalized equation associated with the Riemannian KKT
system.

In the following remark, we provide a condition, independent of the solution set of (2), that
guarantees the sequence Ry, as defined in (40), satisfies (27) as well as conditions (a) and
(b) in Remark 2.

Remark 3 Let {: M — R be the function defined as 7 (p) = d(0, (f + F)(p)) for all
pE M. Since ¢(p) = 0 forevery p € (f + F)~10), it follows fr0n~1 Proposition 1 that if
¢ is locally Lipschitz then the sequence { Ry} given in (40), with ¢ = ¢, satisfies (27).

An upper bound for the radius r of the ball mentioned in the statement of Theorem 3 is
given in (37). This bound depends on certain constants that, while not known a priori, are
guaranteed to exist due to conditions i) and ii) in Lemma 2, as well as additional results
presented in the Appendix of this paper.

Below, we present a version of Theorem 3 with more technical conditions, where it is
assumed that the constants mentioned above are known. Under these new conditions, we can
explicitly determine a radius of convergence for the sequence pj generated by (6). The proof
of this new theorem follows a similar structure to the proof of Theorem 3 and will therefore
be omitted.
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Theorem 4 Let p be a solution to the equation (2). We assume that the following conditions
are satisfied:

(i) B3(p) is a totally normal ball, and the mapping G: M = R™ defined in (13) with
r = & is metrically regular at p for 0 with the constant T > 0 and neighborhoods B[ p|
and B [0].
(ii) v € (0, 1/7) is chosen such that ||x|le < td(p, p) holds for all p € Bz(p)\{p},
x € Ri(p), k € Np.
(iii) w >0,k > 1, € > 0and ©® > 0 satisfy

T K

uk <1, k(e+1) <1 — puk, <0 < .
1 —put 1 — ux

(iv) o < min{8,a/2, b/} and
IDf(plexp,' g —exp,' ¢'1—Df (Plexp,' g —exp;' ¢'1lle
< pd(q.q") forall p.q.q" €Bo(p).
(v) B > 0is such that pa + 28 < b and 208 < a.
(vi) 8¢ > O satisfies || f (p) — f(p) — Df(ﬁ)[expgl pllle = €d(p, p) for all p € Bs, (p).

Then, for every starting point py € B,(p) with0 < r < min{/(€ +1), 8, 8.}, there exists a
sequence {pr} generated by (6) that is well defined and converges linearly to p.

Next, we modify the assumption on the multifunction Rj and introduce a stronger condi-
tion for the differentiability of the function f in order to establish quadratic convergence of
the sequence (6).

Theorem 5 Let p be a solution of (2). Suppose the following conditions hold:

(i) thefunction f: M — R™ is continuously differentiable at p, andreg(f+F; p|0) = o;
(ii) Df is L-Lipschitz continuous around p;
(iii) the sequence { Ry} satisfies

1
lim sup —5——=- Sup sup [xlle s < —. 41)
p;);} d (P, P) keNg xeRi(p) o
P#D

Then there exist & > 0 and a totally normal ball B, (p) C M such that for every p €
B, (p)\{p}, every k € Ny, and every uj € Ri(p), there exists q¢' € B, (p) satisfying

f(p)+Df(p)lexp,' 1+ F(g) 5 i (42)
and
d(q', p) < 0d*(p, p). 43)

Consequently, for any starting point py € B, (p), there exists a sequence {py} generated by
(6) that converges quadratically to p.

Proof This proof is analogous to the proof of Theorem 3. Using (41), we can find t < 1/o
and a totally normal ball Bs(p) such that

Ixlle < d*(p, p) whenever p € Bs(p)\{p}, k €No, x € Ri(p). (44)
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Choose 4 > 0,« > 0,0 > 0and t € (0o, k) satisfying

<0< K , !
1 — o 1 — uk 1—pur

uk <1, < 0. 45)

Note that ut < 1. From (i) and Theorem 1, we obtainreg(G; p|0) = o, where G: M = R"
is the function defined in (13) with » = §. Thus, there exist a > 0 and b > 0 such that G is
metrically regular at p for 0 with the constant t and neighborhoods 5,[p] and B,[0]. Now,
consider the auxiliary functions g,: M — R™, p € Bs(p), defined in (34). Recall that
gp(p) =0forall p € B5(p). Make 6 > 0 smaller, if necessary, to ensure

lgp@) — gp(@)lle < nd(q.q").  p.q.q" €Bs[pl.

Hence, we can apply Lemma 2 withg = g,, F =G,0 =1,v = u, oc'=0,x=x=0,
and p = p. This yields the existence of 8 > 0 (independent of the point p € Bs(p) that
determines the function g,) such that for each x" € Bg[0], there exists ¢’ € (g, + 6~ ')
such that

d(q', p) < Ol (46)
With (ii), the last part of Proposition 4 implies that there exists §; > 0 such that
If(p)— f(p) - Df(ﬁ)[eXp},l pllle < Ld*(p.p).  p €Bs, (). (47)

Fixed r such that

. B\ 1—
0 < r < min , , 8, 8L (48)
L+t k(L +1)

and p € B, (p)\{p} fixed, by choosing k € Ny and u; € Ry (p) it follows from (44) that uy
satisfies ||u|le < td*(p, p). Denote

ye=f(p)— f(p)+ Df(fv)[eXP;l Pl — ug. (49)

If y; = 0, then ¢":=p satisfies (42) because — f (p) € F(p) and (43) hold trivially. Assume
that y; # 0. Using (47) and (49), we obtain

yklle < 1£(P) = £(B) + Df(p)lexpy’ pllle + luglle < (L +0d>(p. p).  (50)

Sinced(p, p) < r < (B/(L + 1))'/2,itfollows from (50) that || yx|l. < B.Applying (46) with
x" = —yx, we obtain that there exists ¢’ € (g, + G) ' (—yx) such that d(¢’, p) < Ol|yklle.
Hence, utilizing the upper bound for ® given in (45) and (50), it follows that

L
lyklle < 6d*(p, p) where 6 := AChy
1 — uk 1 — uk

K

d(q'. p) <
Furthermore, it comes from —y; € (g, + G)(¢'), (49), (34) and (13) that

—f () + f(P) = Df (p)lexp,,’ pl+ux € f(p)+Df(p)lexp,’ ¢’ —exp,' pl+ F(q),

which means that u; € f(p) + Df(p)[exp;1 q'1+ F(q’). Thus, ¢’ satisfies (42) and (43).

To finish the proof, choose any pg € B,(p). If po = p, then p;:=p verifies (6) because
0 € Ro(p). If po # p, applying (42) and (43) we obtain that for every ug € Ro(po) there
exists pp such that

£(po) + Df (po)lexp,) pil+ F(p1) 3 ug and d(pi. p) < 0d*(po. p).
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By considering the definition of r and 6, we obtain from the above inequality that p; € B, (p).
Repeating the previous argument it is possible to construct a sequence {px} in B, (p) that
satisfies (6) and converges quadratically to p. O

Under suitable conditions, it is possible to determine the radius » mentioned in Theorem 5.
Details are given in the following result. The proof of this result is along the same lines as
the proof of Theorem 5 and will therefore be omitted.

Theorem 6 Let p be a solution of (2). Suppose that the following conditions hold:

(i) Bs(p) is a totally normal ball, and the mapping G: M = R™ defined in (13) with
r = & is metrically regular at p for 0 with the constant t > 0 and neighborhoods B, [ p]
and B [0].
(ii) © € (0, 1/7) satisfies ||x|l. < td*(p, p) forall p € Bs(p)\{p}, x € Rx(p), k € Np.
(iii) u > 0, k > v and ® > 0 satisfy

T K
<0<

uk <1, .
1 —put 1— uk

(iv) @« < min{8,a/2,b/u} and
IDf(plexp,' g —exp,' ¢'1 = Df (Plexp,' g —expy' ¢'1lle
<ud(q,q") forall p,q,q" €Bu(p).

(v) B > 0 satisfies pa + 28 < b and 208 < a.
(vi) L > 0and ép > 0 satisfy || f(p) — f(p) — Df(ﬁ)[engl plle < Ld*(p, p) for all
P € Bs, (p).
Then for every r satisfying (48) and starting point po € B, (p) there exists a sequence {py}
generated by (6) that is well defined and converges linearly to p.

Some comments about the previous results are in order. First, Theorems 3 and 5 estab-
lish conditions for ensuring that the inexact Newton method (6) converges with linear and
quadratic rates, respectively. Second, a similar result to Theorem 3 is presented in [17, Theo-
rem 2.1] by considering M as Banach spaces. Thus, if M = X, where X is a Banach space,
and the derivative D f(-) is replaced by a suitable approximation, then Theorems 3 and [17,
Theorem 2.1] are equivalent. Third, to ensure superlinear and quadratic convergence, the
authors in [17] assume a stronger condition, namely, the strong metric regularity (see [17,
Theorem 2.3]). We recall that a set-valued mapping F is strongly metrically regular at x for y
if and only if its inverse F~! has a single-valued graphical localization around ¥ for ¥ which
is Lipschitz continuous around y with Lipschitz modulus at y equal to reg(F; x|y), see [17,
p. 1007]. Fourth, we establish quadratic convergence of (6) by only assuming the metric
regularity condition, which is clearly a weaker assumption than strong metric regularity, see
the previous comment. Thus, the result obtained in Theorem 5 is stronger than [17, Theorem
2.3]. Finally, Theorems 4 and 6 refine Theorems 3 and 5, respectively, in the sense that they
provide guidance on how to find the neighborhood to start the proposed method in (6).

It is also important to mention that in [17] is introduced a version of the Dennis-Moré
theorem for the sequence generated by (6). We do not go futher in this topic because we do
not proposed a quasi-Newton method in this paper.

We conclude this section by presenting a semi-local convergence result for the inexact
Newton method proposed in this paper to solve (2). This result makes no assumptions about
the unknown solution to the problem under investigation; instead, the assumptions are made
about the starting point pg. Itis worth mentioning that this resultis novel, even in the Euclidean
context.
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Theorem 7 Assume that for (po, yo) € Q x R™ with yy € f(po)+ F(po) and ug € Ro(po),
the following conditions hold:

(i) Bs(po) C 2 is a totally normal ball, and the mapping G: M = R™ defined by

_ | f(po) + Df(po)lexp),) pl+ F(p), p € Bs(po)

G(p) = (D
f(p)+ F(p), p € M\ Bs(po)
is metrically regular at pg for yo with the constant o > 0 and neighborhoods B[ po]
and Bp[yo].

(ii) the positive constants |, a, B, ©, € and t satisfy
no <1, «a<a/2, po+28<b,
o/(l —po) <O =a/2p), €e+1<2p/a.
(iii) Nuolle < tllyolle and for all p € Bs(po) there holds
B B Bl—a) (-
O+ 1+ a—a2+1" 01+

(iv) llxlle + Iylle < d(p, q) holds for all p,q € Bs(po), x € Re(p), y € Rk—1(g), k € N
and p # q.
(v) f: M — R™ is continuously differentiable, and the inequalities

I1f(q) = f(p) = Df (p)lexp,’ qlll < ed(p,q)

IIyo||65min{ } =0 +1). (52)

and
IDf(p)lexp,' g —exp,’ q'1 = Df (po)lexp,, g — exp,) q'llle < nd(q.q")
hold for all p, q, q’" € Bs(po).

Then there exist sequences { pi}xeN and {uy}ren satisfying:

(A1) d(px, po) < =201+ 0lyolle.
(A2) d(px, pr—1) < &=1O + 0 llyolle-
(A3) wi—1 € f(pr—1) + Df (pe—D)lexp, ! | pil+ F(pi).

In particular, { px }ren remains in Bs(po), converges to a solution p of (2), and satisfies

~k

d(pr, p) < O +Ilyolle forall k eN.

1—-a

Proof Note that the function g, : M — R", p € Bs(po), defined by

Df(p)lexp,' q — exp,' pol = Df (po)lexp,, 1, ¢ € Bs(po)
0, q € M\Bs(po),

satisfies g, (po) = 0. From (53) and the second inequality in (v), it follows that

gp(q) = { (53)

lgp(@) = gp(@)le = IDf(p)lexp," g —exp, ' ¢'] = Df (po)lexp), ¢
—exp,) ¢'1lle < pd(q.q').
for all p, g, q" € Bs(po). Thus, by using (ii), one has
a<al2, no 428 <b, 208 < «a,
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and

lgp(Po)lle < B, Ngp(@) — gp@)lle < 1nd(q.q"), p.q.q" € Ba(po).

Hence, we can apply Lemma 2 with g = g,, F = G,v =y, 0’ = ©, X = yp and p = po,
to obtain the following statement:

(S) for every x,x’ € Bg[yol and every g € (g, + Gt n B[ pol there exists ¢’ €
(gp + G)~'(x') such that d(g. ") < Ollx — x'.

Due to (iv), for every k € N, the following can be stated:
Pk # Pr—1 € Bs(po), ur € Ri(pr) = luklle + lluk—1lle < td(pr, pr—1). (54

We are now able to prove (A1)-(A3) by induction. By using statement (S) with x = yy,
G = p = po, and x’ = ug, we conclude that there exists p1 := ¢’ € (g, + G)~!(uo) such
that

d(p1, po) < Ollyo —uolle < O+ llyolle,

where the last inequality follows from (iii). Moreover, the inclusion p; € (gp, + G) Y (ug)
is equivalent to

uo € f(po) + D f (po)lexp,) pil+ F(p1).

Hence, (A1)-(A3) hold for k = 1. For k > 1, assume the induction hypothesis: there exist
pj € Bs(po)andu; € R;(p;) such that (A1)—(A3) hold forevery j € {1,2, ..., k}. Denote

z:=r(po) — f(pr) — Df (po)lexp), pol + u. (55)
wi=f(po) — f(pk-1) — Df (p)lexp,! pol = Df (pr—1)lexp,! | pil +ur—1.  (56)

By (A3), (53), (51) we find py € (g, + G)~'(wy). On the other hand, the first inequality in
(v), (54), (A1), (A2) and (52) yield

lzxe — yolle = I.f (po) — f(pr) — Df(l?k)[eXp;kl pollle + lluklle + llyolle
< ed(pk, po) +d(pk, pk—1) + lIyolle
< ed(pr, po) + (€ +)d(pr, pr—1) + llyolle

and
lhwe = yolle < 11£(po) — f(pr) = Df (p)lexpy, pollle
+ 1) = f(pr—1) = Df (pr-vlexpy, | pillle + lux—1lle + lIyolle
< ed(pk, po) + (€ +1)d(pk, pe—-1) + lIvolle
and
€O
€d(pk, po) + (€ +)d(pk, pe—1) + Iyolle < —a Iyoll + (€ +OO[yoll + Iyolle
(e +1)O®
=< ﬁllyoll + (€ + 00O yoll + lIyolle
Y
a—a”+1
= 17,\”}’0”53 <8
—

which implies wy, zx € Bg[yol. Therefore, we can apply (S) withx” =z, § = p = py and
X = wy to conclude that there exists ¢’ € (gpk—i—G)_l(zk) suchthatd(q’, pr) < Ollzk—wg|le.
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Putting g = py.1 in this inequality and taking into account (55), (56), the first inequality in
(v), (54) and (A2), we get

d(pi+1, pk) < Ollzk — wille
=0 (I = f(0 + FPre1) + D pr-lexpp, pellle + luglle + -1l
< O(e + 0d(pr. pe—1) = ad(pr. pe—1) < & O yolle < &* O +0llyolle-
In view of this and (A1), we also have

d(pi+1, po) < d(pry1, pr) +d(pr. po)

" 1 _&k _&k+l
=a"Od+9lyolle + —a Ol +Jlyolle = ﬁ@)(l +olyolle-

Furthermore, it comes from pi41 € (gp;, + G)_1 (zx) that

ur € f(pr) +Df (p)lexpy, pril+ F(prr)-

Overall, we can conclude that (A1), (A2) and (A3) hold for all k > 1.
Now our focus is to show the convergence of {p;}. Using (Al) and (A2) in a simple
induction procedure, we can show that

_An—m

o 1l—a
d(pm, pn) < amﬁ(a(l + Ollyolle

holds for all m < n, m,n € N. Hence, since @ € (0, 1), {px} is a Cauchy sequence, and
consequently, there exists p € M such that limy_, oo px = p. From (A1) and (52), it follows
that px € Bs(po) for all N, which implies that p € Bs[po] C Q. As f is continuous and F
has closed graph, by letting k — 400 in (54) and (A3), we conclude that p is a solution of
(2). Finally, using (A2), we get

k—14+m
d(pe. p) = lim_d(pr. pism) < lim > " d(pi. pis1)
i=k
k—14+m ~k ~m
. N ek —am
< lim > @00+l = lim ———=6( + 0|yl
m— 00 — m— 00 11—«
~k
= 200 +0loll,
—
for all k € N. O

We conclude this section with some remarks about Theorem 7. First, it is a result to
guarantee the existence of a neighborhood which the inexact Newton’s method is well-
defined and, hence its convergence to a solution of (2). Thus, in practice, it can be hard to
evaluate all the parameters in itens (i) — (v). Second, it states that if the initial point py € M
satisfies the inclusion yg € (f + F)(po) where yo € B, (0) and

0 L B B Bl—-a) &(1—-a)
< x :=min , N )
O+ 1+ a—-62+1 ®
then the inexact Newton’s method finds a solution of (2) in Bj; (po), where
. 60+
X=——"z" llyolle-
—a
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We can interpret this remark as follows: although we cannot evaluate x in practice, if we
choose yp close to O then the proposed method will work. Third, the assumption |[ug|| <
tllyolle in (ii7) ensures that the first call (and the subsequent calls) to the inexact Newton’s
method for solving (2) address the inexactness. Fourth, conditions in (i)-(ii) are usual in
the context of metric regularity, and both inequalities in (v) are related to the smoothness
assumption of f and the continuity of the exponential map. Thus, if € and 7 are small enough,
this assumption holds.

5 Application

In this section, we investigate three well-known problems that can be formulated as general-
ized equations on Riemannian manifolds.

Example 5 (System of Inequalities and Equalities) Consider the generalized equation (2) with
F = —K, where K C R™ is the fixed cone

R x {0}" :={x eR":x; <O0fori=1,...,sandx; =0fori =s+1,...,m}.

Itis easy to see that this generalized equation is equivalent to the following system of equalities
and inequalities:

filp) <0 fori=1,...,s,

57
filp) =0 fori=s+1,...,m. (57)

Let p solve (57) and let each f; be continuously differentiable around p foralli =1, ..., m.
As defined in [10, Definition 3.12], the Mangasarian—Fromovitz condition for system (57) is
as follows:

(grad f;(p),v) <0 fori e{l,...,s}with f;j(p) =0

v € 73 M such that _ ]
(grad fi(p),v) =0 forief{s+1,...,m}.

" (58)
After making simple adaptations of [25, Example 4D.3] to the Riemannian context, we can

assert that condition (58) is equivalent to the Aubin property of (—f + K)~! at x for p,
which, in turn, by Theorem 2, is equivalent to the metric regularity of — f + K at p for x.

The following proposition serves as a prerequisite for discussing the last two examples in
this section. This result establishes an equivalence between problems (2) and (3).

Proposition 2 Let Q2 € Mandlet{E\, ..., E,}beabasisfor X (2). Suppose V: Q — T M
is a single-valued vector field, and Z : 2 = T M is a set-valued vector field. Then, a point
p is a solution to (3) if and only if it is a solution to the generalized equation (2) with
f:Q— R"and F: Q = R" defined, respectively, by

)=V (p), Ex(p)), ... (V(p), En(p))) and F(p):= U (v, E1(p))s - -, (v, En(P))).
veZ(p)

(59

Proof If p is a solution of (3), then there exists v € Z(p) such that V(p) + v = 0;.
Consequently,

(V(p), Ei(p)) + (v, Ei(p)) = (V(p) + v, Ei(p)) =0 foralli=1,...,n.
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Using the definitions of f and F in (59), we find that p satisfies (2). Conversely, if p is a
solution to (2) with f and F defined in (59), then there exists v € Z(p) such that

«V(p), Ex(p)), ... (V(P), En(p)) + (v, E1(P)), ... (v, En(p))) = 0.

Since {E1(p), ..., E4(p)} forms a basis for 73.M, it follows that (V (p) + v, v) = 0 for all
v € T M. Thus, 05 = V(p) + v, implying that p is a solution to (3). O

In the following example, we discuss the variational inequality problem proposed in [45],
which extends the problem introduced in [47].

Example 6 (Variational Inequality Problem) Let V: @ € M — 7 M be a single-valued
vector field. Consider the variational inequality problem

peQ, (V(p),y(©0)=0 forally eT5 . (60)

where F]qu is the set of all geodesics y : [0, 1] — M satisfying y(0) = p, y(1) = ¢, and

y(t) € Qforall r € [0, 1]. Since the normal cone associated with €2 is the set-valued vector
field Ng: Q = 7 M defined by

No(p):= {v € T,M: (v, 7(0)) <0 foreach y e rf,{q},
for all p € Q2 (see [44]), the problem (60) is equivalent to

p €2, V(p)+ Na(p) >0,

which, in turn, by Proposition 2, is equivalent to generalized equation (2) with f: Q — R”"
and F: Q = R" asin (59), with Z = Nq and {E}, ..., E,} being any basis for X' (2).

The following example proposes an approach based on the Riemannian extension of the
analysis presented in [37].

Example 7 (KKT Conditions) Consider the constrained nonlinear optimization problem on

M:

minimize f(p) (61)
subject to g(p) <0, h(p) =0, (62)
where f: M — R, g:=(g;,...,8&,,): M — R",and h:i=(hy, ..., hy,): M — R" are

assumed to be continuously differentiable functions. The constraint g(p) < 0 means that
g;(p) < Oforalli = 1,...,mj. The Lagrangian function £: M x R™ x R™ — R is
given by

mi m2
L(p, ,2) = £(p) + Y pigi(p) + Y kihi(p),
i=1 i=1
where pi=(i1, ..., m) € R™ and A:=(A1, ..., Ay,) € R™. For each (i, 1) € R™ x
R™2, consider the function £  : M — R defined by £, ;.(p) = L(p, , A) forall p € M.
Based on [10], we assert that the KKT conditions for (61) and (62) are:

mi my

grad £,,5.(p) = grad f(p) + ) i grad g;(p) + Y digradh;(p) =0,  (63)
i=1 i=1

mi

p=0, g(p)<0, Y wg(p)=0, (64)
i=1
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h(p) =0. (65)

Let M:=M x R™! x R™2 and consider the vector field V: M — TM = T M x R™ x R™2
defined by

Vi(p, i, &) = (grad £,,5.(p), g(p), h(p)),
and the set-valued vector field Z: M = 7 M defined by

{y e R M wiye = 0} x {0}, if ju > 0;

_ ) {0, x
Z(p, 1, A) = i 7. otherwise,

where Rﬁ‘ denotes the set of vectors in R”! with nonnegative coordinates. Note that KKT
system (63), (64) and (65) is equivalent to the problem

Py ) € M, V(p, i, )+ Z(p, 1, &) 3 (0,,0,0). (66)

Let {Eq, ..., E,} be a basis for X(M) and {E, 11, ..., En+m1+%} be the canonical basis
for R™! x R™2. Then, {E1, ..., Eytm,+m,} forms a basis for X (M) and, by Proposition 2,
(66) is equivalent to the generalized equation

(pr s 2) € M, f(p i, M)+ F(p, 11,2) 30, (67)

where f: M — R x R" x R™ and F: M = R" x R™ x R™2 are defined, respectively,
by

(grad L, 5 (p), Ei(p)), ifi=1,...,m
(f(p,,2)i = 1 (€&(P))i-n, ifi=n+1,...,n4+my; (68)
(h(p))i—n—m,, ifi=n+m+1,....,n+m +my;

and

(0} x {y e RY s XM i =0} x {0}, if o > 0;
; (69)

Fp. . 2) = { otherwise.

The following result provides a function ¢ associated with the generalized equation dis-
cussed in the previous example, which satisfies the assumptions of Proposition 1.

Propositigp 3 Let f and F be as definedin (68) and (69), respectively. If f is locally Lipschitz,
then £ : M — R" x R™ x R™2, defined by

(grad £, 5 (p), Ei(p)), ifi=1,...,n,
&(p, u. A)); = ymin {w;—p, —(@(P)i-n}, fi=n+1,....,n+my, (70)
h(P))i—n—m» ifi=n+m +1,....,n4+mg+my,

is locally Lipschitz. Moreover, |¢(p, (b, A)|le = 0 if and only if (p, u, A) € (f + F)~10).
Proof By utilizing (70) and (68), it can be inferred that
1E(p, e, 2) = £(p's i, W)

= 1f (P s 1) = £ W W) = llg(p) — ()

mi
+ 3 Imin {1, —(@(p);} - min {1}, ~(&(), | P

j=1
<1f(p, s 2) — £/ 1, )12 = llg(p) — g(p)I?
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+ mz (max {111 = 1)1 (o)) - <g<P’>>f|})2
j=1

<Py 1) = £ s A2+ e — |2
<fp.w.d) — £/ 1 INZ+d* ((po e, ), (P it 1))

for all (p, u, M), (p/, /.2y € M. Since f is locally Lipschitz, the previous inequality
implies that ¢ is also locally Lipschitz. The last part of the result follows directly from the
discussion in Example 7 and from (70). O

6 Numerical Example

In this section, we present a numerical example based on a generalized equation derived from
Example 7, and solve it using the inexact Newton method described in (5). All computations
were performed on a MacBook Pro running macOS Sonoma 14.5, equipped with 16 GB
RAM, an Apple M1 Pro CPU, and MATLAB R2022a. To ensure reproducibility, we fixed
the randomness using MATLAB’s built-in function rng(2024).

Here, we consider the Riemannian constrained optimization problem on M:

N
L 1 2 i
minimize f(p).:ﬁ Z}d (p,p") (71)
i=
subject to g(p):=d*(p, p) —r*> <0, (72)
where r > O and p!,..., pV, p € M are chosen such that r < rinj(p) and pl...,pN e

B, (p). We will use the fact that

N
2 L o 5
gradf(p) = — > exp,' p' and gradg(p) = ~2exp,' . Vp € Br(p). (73)
i=1

The problem defined by (71) and (72) represents a constrained version of the Riemannian
center of mass, also known as the (Riemannian) mean, as proposed in [10]. This problem was
first introduced in [38] and has been extensively studied in recent literature (see, for example,
[13, 30, 54]).

Particularly, we are interested in problem (71) and (72) with M = S3:={ pE R* ||l plle =
1}, equipped with the metric of the ambient space R*. According to [36], the skew-symmetric
matrices

0-10 0 00 —-10 00 0 —1
1000 00 01 00—1 0
Mi=tooo-1]" =110 00| ™=|010 0]
0010 0-100 100 0

induce an orthonormal basis of vector fields { £, E, E3} on S3, defined by Ei(p) = M;p
(standard matrix—vector product) for all p € S*andi = 1,2,3. By defining £, : S > R
by

L, (p):=t(p) + ng(p),
it follows from Example 7 that the KKT conditions for (71) and (72) are:
grad £, (p) = gradf(p) + w grad g(p) = 0), (74)
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w=0, glp) =<0, nglp) =0, (75)
which is equivalent to the generalized equation
(p.w) €S’ xR, f(p.w)+F(p.w) 30, (76)

where f: 3 xR — R3 xRand F: S* x R — R? x R are defined, respectively, by

f(p, ) = ((grad L, (p), E1(p)). (grad L, (p), E2(p)). (grad L.(p), E3(p)). 8(p))
(77)

and

0} x{yeRy:uy=0},ifu >0,

A, otherwise, (78)

forall (p, u) € S* x R.
To apply the inexact Newton method in (5) to solve (76), the subproblem in each iteration
k involves computing (v, vr) € T(pk,uk)(S3 x R) = ’2},kS3 x R such that

(f (i 1) + D (prs i) [(wics V)T + F(xp,,, v, ik + i) N Re(pis fax) # 9.

To accomplish this, we need to select ux € Ry (pr, pr). Here, let 2 be 2 and Ry, is given in
(40), with the function ¢ defined in Proposition 3. Set px = min(|[¢* (pk, i) lle/4, 1/10k)
and we use uy = p; x [1, 1, 1, 1]°, where ¢ denotes the transpose operation, for all k. In this
way, uy is in Ry, and ||uk||. is also monotonically decreasing to O, for all k. Then solve the
following optimization problem:

. 1
minmize > Iz + f (s 1tx) + Df (P 1) [(v, )] — u|? (79
subject to (v, v) € ’ijkS3 xR, z=1(z1,22,23,24) € F(exp,, v, g + v). (80)

Based on the definition of F in (78) and the fact that every v € 7), S? can be expressed as a
linear combination of E1(pi), E2(px), and E3(p), we can find a solution to (79) and (80)
by solving the Euclidean quadratic constraint problem:

s 1
minimize {1z + f (Pk. i) + Df (P i1 Ev(pi) + 2 B2 (pie) + 3 E3(pr). v)] = will?
(81)
subject to (a1, a2, 3) € R3, 71=20=23=0, z4 € RT, wr +ve RT, z4(pug +v) =0.
(82)

Thus, the iteration k + 1 is obtained as follows:

(Pk1- k1) = (exp,,, (@) E1(pr) + o5 E2(p) + o5 E3(pi)). 1 + ve)

where oc’f, 0/2‘, 0/3‘, Vi are a solution for (81) and (82).

For the implementation of our algorithm, we use the following expressions derived from
(73) and (77):
— 23 Lexpyl pl = 2uiexpy! B E1(pr)
— 23 Jexpyl pl = 2uiexpy! B, Ea(pr)
-5 i eXP;kl = 2wk eXP;kl P E3(pr)
d*(p. p) = r?

S (pres i) =
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and

(grad,, fi(pk, 1r), v) —2(log,, p, E1(pr))v

(grad ), fo(pk, 1i), v) — 2(log,, p, E2(pr))v

(grad,, f3(pk, 1g), v) — 2(log,, p, E3(pr))v
—2(log, P, v)

D f(pk mi)l(v, v)] = , (v,v) e Tka3 x R,

where, foreach j € {1, 2, 3}, gradlJ £ Pk, i) denotes the Riemannian gradient of f; (-, ftx)
at py, which is the projection of the Euclidean gradient of f; (-, ux) at py onto 7, S3. This
projection can be obtained by multiplying the vector by the matrix id4x4 — pi (pk)’, where
idax4 denotes the identity matrix of dimension 4 x 4. Additionally, we need to know the
following expressions:

. v
cos(f|vll2) p + sin(||v]l2) ——, v € T,S°\ {0},
expp(u):: llvll2

P, v=0,
and

. %(p’ql(l —pr"a, q ¢ {p.—p}.
exp, (q)= 1 —{(p.q)

0, q=p.

These formulas on the sphere can be found in [28], for example.

Now, we are prepared for the numerical implementation. We use the Matlab built-in
function rand to generate p’, normalizing them to unit vectors. Each component of p' lies
within the interval (0, 1). Specifically, we consider four cases:

Al. N=10,r =2, p=1[0,0,0, 1], and pg = p';
A2. N =500,r =2, p=1[0,0,0,1],and po = p';
A3. N=10,r =0.1, p=10,0,0, 1], and py = p;
Ad4. N =500, =0.1, p =[0,0,0,1],and pg = p';

where po is the initial iteration point. For the stopping criteria, we use

1D (pr, ) lle <1072 and g(pr) < 10712

where ©:=(f1, f2, f3).
From Fig. 1 and Table 1, we can claim that for the above four cases A1-A4, we find a

solution (p*, u*) for generalized equation (76). This is because for all four cases, we achieve
1®(p*, uH)lle < 10712, g(p*) < 1072 and u* > 0. In addition, KKT system (74) and (75)
is also satisfied under (p*, u*), which is asserted in theory and again ensured numerically.
Furthermore, looking into cases A1-A2, we have g(p*) < 0, which means that p* lies in
the interior of the constraint region. But for cases A3-A4, p* is on the boundary of the
constraint region because g(p*) is almost equal to 0. Due to the effect of the constraint, the
convergence rate of the norm of ® (py, ux) for cases A1-A2 is stable. For cases A3-A4, the
convergence rate of the norm of ® (py, wx) in the first several iterations is unstable but after
several iterations, the convergence rate becomes stable. This coincides with the theory that
the convergence rate of the inexact Newton method becomes stable when the iteration point
is close to the solution.
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Fig.1 Norm of ®(py, uy) at each iteration for four cases A1-A4

7 Conclusion

In this paper, we address the problem of finding solutions to generalized equations on Rie-
mannian manifolds. If the manifold is a Euclidean space, then it is well-known that this
problem encompasses several other contexts, such as standard nonlinear optimization, vari-
ational inequalities, and equilibrium problems. Here, we present a general inexact Newton
method for solving generalized equations. Firstly, we discuss the metric regularity property
and provide some examples of mappings satisfying this property. Secondly, we establish
local convergence results, including both linear and quadratic convergence under suitable
assumptions, along with a semi-local convergence result. Finally, we discuss the relationship
between problems (2) and (3).

All results obtained here are derived under assumptions that are highly natural in com-
parison to their Euclidean counterparts, without requiring additional conditions related to
the geometry of the manifold. From this perspective, considering a problem as a generalized
equation may be a promising approach in the context of manifolds as well.

As a next step, we plan to investigate how to extend the theory presented here to cases
where the exponential map is replaced by a general retraction. Moreover, we intend to apply
this new concept to quasi-Newton-type methods for solving problem (2).
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A Appendix

We begin this section by presenting two supporting lemmas. The proof of the first one can be
found in [46, Lemma A.1]. The second one is analogous to [46, Lemma A.2], but its proof
requires some adaptations. Therefore, we provide the proof here.

Lemma3 Let (p, v) be a point on T M, and B, (p) be a normal ball. Define the following
vector field on B, (p):

V(p) = Pjpv, p € B, (p).
Then, V is a smooth vector field on B, (p).

Lemma4 Let f: M — R™ be a continuously differentiable function at p and B,(p) a
normal ball. Then, for each € > 0, there exists § € (0, r) such that

IDf(P)Psp —Df(P)lmap < € forall p € Bs(p).
Proof 1t follows from (7) and parallel transport properties that
Df(p)[Pspvl = ({grad f1(p). Pjpv) pe ..., (grad fiu (p), Pjpv) ).

= ((Pp[; gradfl(p)v U>[77 R ] (Ppﬁ grad fm(P), v}ﬁ)v S 7}3/\/{7 P € Br(ﬁ)

From norm properties, we have

1D f(p)Psp — D (PIIVIIZ

> l(Pyj grad fi(p) — grad f;(p), v) 1%,

i=1
m

<Y Py erad fi(p) — grad fi(P3Iv115, v e TpM, p€B(p).
i=1

Since D f (p) Psp — D f(p): T5M — R™ is a linear map, the above inequality implies that

IDf(P)Psp = Df (Dllpap

<Y Py erad fi(p) — grad f;(p)II3
i=1

m
=Y _llgrad fi(p) — Pjpgrad fi(p)I}, p € B (p).
i=1
Under the assumptions of the lemma, grad f; is a continuous vector field around p for all

i =1,...,m.Hence, using Lemma 3 with v = grad f; (p) and considering the fact that the
function M 3 p > || - ||, is continuous, we obtain

I}iinﬁ I grad fi (p) — Pjp grad f;(p))|l, = Il grad f;(p) — Pjj grad fi(p)ll; = 0.

Thus, it follows from the last inequality above thatlim, . 5 |D f (p) P5p — D f (P) llmap = 0,
which is equivalent to what we want. O

In the following proposition, we provide a Riemannian version of the Fundamental Theorem
of Calculus and two inequalities that play a crucial role throughout this paper. We claim that
the inequalities in the following result do not hold for a general retraction.
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Proposition 4 Let f: M — R™ be a continuously differentiable function at p. Then, there
exists § > 0 such that for each p’, p € Bs(p), we have

1
f(p)—f(p/)=/0 Df(y()ly®]dt, (83)

where y : [0, 1] = M is a geodesic satisfying y(0) = p’ and y(1) = p. In particular, for
each € > 0, there exists a normal ball Bs,_(p) such that

If(p) = f(p) — Df(ﬁ)[eXPEI pllle =ed(p.p).  peBs.(p). (84)

Furthermore, if D f is L-Lipschitz continuous around p then there exists anormal ball Bs, (p)
such that

If(p)— f(p) — Df(ﬁ)[eXp,E1 pllle < Ld*(p. p).  p €Bs, (p). (85)
Proof Choose 8 > 0 such that f is continuously differentiable on Bs(p). Pick p’, p € Bs(p)

and consider a geodesic y: [0, 1] — M connecting p’ = y(0) to p = y(1). Using [21,
Proposition 2.7], we conclude that

d
o= Dfly)ly®],  te€]0,1].

Applying integral with respect to ¢ on both sides and using the Fundamental Theorem of
Calculus for the real function f o y, we conclude that

1
Fp) = f(p) = fly(D) = f(r(0) :/ Df(y@)ly()]dt, (86)

0
which completes the proof of (83). Now, let us prove (84) and (85). Let B,-(p) be a normal
ball. For each p € B, (p), the geodesic y;,: [0, 1] — M connecting p to p can be written

as yjp(1) = exp;(texpy, ' p), which implies that 75, (1) = Pjy;, ) exp,,' p holds for all
t € [0, 1]. Hence, it follows from (86) with y = y5,, that

1
Fp) = f(p) = /0 Df ¥ip )Py x5 pldL.
By adding the term —D f( ﬁ)[explf,l p] on both sides, it comes that
1
F(p) = f(p) = Df(Plexp;' pl = /0 (Df Wpp®) Poys,0) = DF () lexpy ' pl de.

Applying the Euclidean norm of R™, we get
If(p) — f(p) — Df(ﬁ)[exppTl Pllle

1
= H /O (DS Wpp @) Poyypy — DF (D)) lexps! pl dt

e

1
< [ @130 Py 0~ PG texoz ]

1
< /O 1D ) Py = D Pllmap I exp5' pl d.

It follows from (8) and simple properties of integral that
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1£(p) = £(p) = Df (P)lexp," pllle

< S[l(lJPl] DS Wpp ) Ppys,0 = DS (Pllmap} d(p, P, ®7)
tel0,

for all p € B,(p). For arbitrary ¢ > 0, it follows from Lemma 4 and & €
(0,r) that |Df(p)Psp — Df(P)llmap =< € for all p € Bs (p), which implies that
IDfip(®) Ppyspy — DF(P)llmap < € for all p € Bs (p) and ¢ € [0, 1]. Therefore,
(87) yields (84). Finally, assume that D f is L-Lipschitz continuous around p. By Defini-
tion 1, there exists §; € (0, r) such that |Df(p)Psp — Df(P)llmap < Ld(p, p) for all
p € Bs, (p), which implies that

sup {IDf (¥pp(0) Piyspcy = D (P)llmap} < L sup {d(ypp(0), p)} = Ld(p, p),
tel0,1] 1€[0,1]

for all p € B, (p). Using the previous inequality and (87), we conclude the proof of (85). O
The following proposition provides a geometric property of the exponential map.
Proposition 5 Let B, (p) be a totally normal ball. Then, for each p and q in B, (p), we have
Vog (1) =exp, | q —exp, o p. 10,11, (88)
where yp,: [0, 1] — M is the geodesic connecting p = y,4(0) to g = ypq(1).

Proof Let p and g be arbitrary points in B, (p). Note that (88) is trivially satisfied whent = 0
and ¢+ = 1. Thus, we only need to analyze the case where ¢ € (0, 1). Considering that the
geodesic starting from p with direction y,, (0) is unique, and that B, (p) is a totally normal
ball, we have

1
———Vpq(0) = exp,’ (Vpg (1)), 1€ (0, 1).

d(p,q) d(p, ypq (1))

Applying parallel transport on both sides of the equation, we obtain

7)Ppypq 0 7pg (O] =

d(p.q S Py @130, (Vg ()]

d(p, Ypq(@)

—1
= T P Pl 1€ O,

Since y)q is a geodesic, the field y,, is parallel along y,4, and, consequently, the equality
Ypq(t) = Ppy,,n[Vpq(0)] holds for all 7 € (0, 1). Thus, the last expression implies

d(p. ypy (1)) . -
dp gy T = =Py (). 1€ O.1).

In a similar manner, we can show that

d 1,q) . -
Mm (1) = exp},plq(t)(fn 1€ 1).

d(p,q)
To conclude the proof, simply add the last two equalities and use the fact that d(p, yq (1)) +
d(ypq(t),q) =d(p,q) forallt € (0, 1). O

In the next result, we will establish a sufficient condition for the function f : M — R to
have closed graph.
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Proposition 6 Let f: M — R be a continuous function. Then, the graph of f is closed in
M xR

Proof Since the function f is continuous, the function ¢ : M xR — R defined by ¢(p, x) =
| f(p) — x| is also continuous. On the other hand, we have that

gph f:={(p,x) e M x R: x = f(p)} = ¢ (0).

Therefore, gph f is closed because it is the inverse image, by the continuous function ¢, of
the closed set {0}. m]

Throughout this paper, our strategy to prove some results requires the following lemma.

Lemma5 Let f: M — R™ be a continuously differentiable function at p. Then, for each
€ > 0, there exists a totally normal ball Bs,_(p) such that

IDf(p)lexp,' p' —exp, p"1 = Df (p)lexp;' p —exp;" p1lle
Sed(p/’p//)’ p’p/7 PU eBﬁg(ﬁ)'
Proof Let B, (p) be a totally normal ball. Define the function ¥: B, (p) x B, (p) — R by
W(p.q) =Df(p)lexp,' q1 = Df (p)lexp,' l. (89)

Lete > 0, and consider M x M with the product metric. Since D f and exp~! are continuous

at p and continuously differentiable at (p, p), respectively, Do W (p, q) (the differential of
W (p, -) at g) is continuous at (p, p). Therefore, there exists § € (0, r) such that

d((p.q). (. p)=*(p. p)+d>(q. p))? <& implies [Dr¥(p.q) — Dra¥(p. p)lle <e.

From (89), it follows that W (p, g) = 0 for all ¢ € B,(p) which implies D, W (p, p) = 0.
Thus, the last line can be rewritten as

d*(p, p) +d*(q. p) < 8> implies [DrW(p,q)lle < €. (90)

Set 8.:=8/~/2. It follows from d>(p, p) + d*(q, p) < 8 for all (p, q) € Bs_(p) x Bs,(p)
and (90) that | Dy (p, g)ll. < € forall (p, g) € Bs,(p) x Bs, (p). Consequently,

sup {ID2W(p, @)} <€ forall p € Bs (p). On
qeBs, (p)

For p, p’, p” € Bs,(p), it follows from the first part of Proposition 4 and (89) that
Df(p)lexp,' p' —exp,' p"1 = Df (p)lexp,' p' —exp,' p']
=W(p, p)—¥(p, p"),
1
=/ DyW(p, y(®)ly(H)]dt,
0

where y : [0, 1] — M is a geodesic that satisfies y (0) = p” and y (1) = p’. Since Bs_(p)
is totally normal, y (¢) € B, (p) for all ¢ € [0, 1]. Hence, applying the norm to both sides of
the above equality and using norm properties, we obtain

IDf(plexp,' p' —exp,’ p"1=Df(p)lexp;' p' —expy' pllle

1
< /0 D2 (p, y )Ly (D]l dt,
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1
fo ID2% (D, ¥ () lmap 17O .

=
< sup {ID2%(p, @llmap} d(p', P").
q€Bs. (p)
The conclusion of this proof follows from the previous inequality and (91). O
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