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Abstract In this work, we propose a new variational model for multi-modal image registration

and present an efficient numerical implementation. The model minimizes a new functional based

on using reformulated normalized gradients of the images as the fidelity term and higher-order

derivatives as the regularizer. A key feature of the model is its ability of guaranteeing a diffeo-

morphic transformation which is achieved by a control term motivated by the quasi-conformal

map and Beltrami coefficient. The existence of the solution of this model is established. To

solve the model numerically, we design a Gauss-Newton method to solve the resulting discrete

optimization problem and prove its convergence; a multilevel technique is employed to speed up

the initialization and avoid likely local minima of the underlying functional. Finally, numerical

experiments demonstrate that this new model can deliver good performances for multi-modal

image registration and simultaneously generate an accurate diffeomorphic transformation.
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1. Introduction

Image registration can be used to either find differences between a pair of similar images

for aiding artificial intelligence or fuse complementary information from two related images to

enhance imaging capability which is otherwise not possible with a single modality. It consists of

finding a reasonable spatial geometric transformation between given two images of the same

object taken at different times or acquired using different devices. It is a challenging task

required in diverse fields such as astronomy, optics, biology, chemistry, life sciences, remote

sensing and particularly in medical imaging. For an overview of image registration, methodologies

and approaches, especially for registering images acquired by the same modality (e.g., CT-CT),

we refer to [1–5]. For a more recent survey one can refer to [6]. Here our emphasis is on registering

two images from different modalities (e.g., CT-MRI or digital-infrared).
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The image registration problem can be described as follows: given a fixed image R (the refer-

ence) and a moving image T (the template), both represented by scalar function mappings over

Ω ⊂ Rd −→ R, find a suitable geometric transformation y(x) = (y1(x), ..., yd(x)) : Rd −→ Rd

such that the deformed template T (y) is similar to the reference R. In reality, according to

specific applications, image registration can be classified into two categories: mono-modal regis-

tration and multi-modal registration. In this work, we focus on 2D deformable image registration

models (d = 2) for multi-modal images using a variational approach.

In order to measure the difference between the deformed template T (y) and the reference

R, a fidelity term D(T (y), R) should be defined. Minimizing this fidelity term alone is an

ill-posed inverse problem and thus regularization techniques are needed to overcome this ill-

posedness [7–14]. Generally speaking, a regularization technique turns an ill-posed problem into

a well-posed optimization model:

min
u∈H
J (u) = S(u) + λD(T (x+ u), R), (1.1)

where the displacement u = y − x is a minimizer of this joint energy functional and λ is a

positive parameter.

Here the first term, the regularizer, S(u) controls the smoothness of u and reflects our ex-

pectations in penalizing unlikely transformations. Various regularizers have been proposed, such

as first-order derivatives-based total variation [15, 16], diffusion [17] and elastic [18] regulariz-

ers, and higher-order derivatives-based linear curvature [19], mean curvature [20] and Gaussian

curvature [21] regularizers; refer also to [8, 13,22–24].

The second term, the fidelity measure, D(T (x + u), R) quantifies the distance or similari-

ty between the transformed template image T (x + u) and the reference R. For mono-modal

registration, a widely-used data fidelity term is the sum of squared differences, defined by

D = ‖T (x + u) − R‖22 ≡ SSD(T (x + u), R) to measure the difference between the reference

image R and the deformed template image T (x + u). However for multi-modality registration,

the choice of D(T (x + u), R) is more challenging since the images are captured from differ-

ent machineries and SSD no longer makes sense. Hence, how to design the right (or rather

better) similarity measures that can identify the difference (in features, colors, gradients, illu-

mination etc) between images from different modalities is a main issue. Various measures have

been proposed and tested in the literature. Designing a measure which is based on the geo-

metric information such as the gradients of the images is a good choice. See for instance, the

normalized gradient field (NGF) [25–27], edges sketching registration [28], normalized gradient

fitting [25, 29] and mutual information (MI) [30–32]. Recently [33] proposed a cross-correlation

similarity measure based on reproducing kernel Hilbert spaces and found advantages over MI.

However, most of the models of type (1.1) are insufficient in ensuring that y(x) is a diffeomor-

phic map, as they only control the smoothness of transformation (see remarks and illustrations

in [34,35]). They do not exclude non-natural transformations such as folding or tearing between

the two images, unless λ is small (small λ implying a poor registration fidelity error). Over

the last decade, more and more researchers have focused on diffeomorphic image registration to
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ensure that folding measured by the local invertibility quantity det(∇y) is reduced or avoided

where det(∇y) is the Jacobian determinant of y. Under desired assumptions, obtaining a one-to-

one mapping is a natural choice [7,10,36,37]. There are several studies on model (1.1) in dealing

with diffeomorphic maps for the mono-modal registration, but fewer theoretical or experimental

studies for the multi-modal registration.

In this work, we aim to design a diffeomorphic registration model for multi-modal images. The

formulation consists of minimizing a new functional based on reformulated normalized gradients

of the images as the fidelity term [29], higher-order derivatives and a new Beltrami coefficient

based term [38, 39]. An effective, iterative scheme is also presented and numerical results show

that the new registration model has a good performance. An alternative approach to imposing

a constraint is the so-called inverse consistent mapping in which both T to R and R to T are

registered in the same model; see [34,35,40] and many references therein.

The rest of this work is organized as follows. In Section 2, we propose our new multi-modal

registration model. In Section 3, we illustrate the solution algorithm. Numerical results are

shown in Section 4, and finally a conclusion is summarized in Section 5.

2. The proposed variational model

We aim to design a variational diffeomorphic model to cope with a multi-modality image

registration. Since (1.1) usually cannot guarantee a diffeomorphic registration, one direct method

is to add a constraint and obtain the following constrained optimization model:

min
u∈H
J (u) = S(u) + λD(T (x+ u), R)

s.t. det(∇y) > 0.
(2.1)

Here the above constraint is highly nonlinear and is non-trivial to implement using any commonly

used framework of optimization solvers. Below we shall discuss first how to deal with this

constraint and then the choice of S,D terms.

Our idea is reformulation of this constraint and an effective way is to control the Beltrami

coefficient [39] instead of controlling the Jacobian determinant of the transformation directly.

The Beltrami coefficient measurement is defined by

|µ(y)|2 =
‖∇y‖2F − 2 det(∇y)

‖∇y‖2F + 2 det(∇y)
. (2.2)

From this equation, we can see the equivalence: det(∇y) > 0 ⇐⇒ |µ(y)|2 < 1. The key point

here is that the former constraint cannot be easily built into an unconstrained optimization but

the latter can be easily built [39]. In this work we consider the following equivalent formulation

to (2.1):

min
u∈H
J (u) = S(u) + λD(T (x+ u), R)

s.t. |µ(y)|2 < 1.
(2.3)

In order to solve (2.3), as remarked, we solve the following unconstrained optimization prob-
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lem (note the notation change from (1.1) with λ for D replaced by βj for S)

min
u∈H
J (u) = S(u) +D(T (x+ u), R) + γC(u) (2.4)

where φ(t) = t is a choice (but we shall recommend another choice) in the third (control) term:

C(u) =

∫
Ω

φ(|µ(u)|2)dx, |µ(u)|2 =
(∂x1u1 − ∂x2u2)2 + (∂x2u1 + ∂x1u2)2

(∂x1
u1 + ∂x2

u2 + 2)2 + (∂x2
u1 − ∂x1

u2)2
. (2.5)

Here, we expect that φ possesses the following properties:

• φ(0) = 0;

• φ has a big jump at 1;

• φ is twice continuously differentiable;

• φ is monotonically increasing in [0, 1);

• φ has an upper bound.

Then we can see that φ promotes |µ(u)| < 1 and the upper bound can help to build the existence

of the solution of (2.4). For our previous work [39], φ is chosen as an unbounded function, so we

cannot build the existence of the solution.

It is easy to see that φ1(v) = v2

(1−v)2+ε for a small ε, such as ε = 10−8, satisfies the requirements

and has an upper bound 1
ε . In addition, we also consider another function φ2(v) = ax2

bx2+e1−cx2 ,

where a and b control the jump, c adjusts the position of the jump and the upper bound is
a
b . Figure 1 shows the function φ2(v) from varying a, b and c (with c = 1 on the left plot, and

a = 10−8, b = 10−16 on the right fixed). Numerical tests in Section 4 will show that these two

choices of φ lead to very similar performances and other choices of φ remain to be explored.
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Figure 1 The function φ2: the left plot fixes c and the right plot fixes a, b

Data fitting. We consider a similarity measure D based on the gradient information [29].

This measure is motivated by the standard NGF [25, 41] and it primarily explores the potential

of normalized gradients beyond its standard form. We shall combine the idea of normalized

gradients fitting combined with a measure based on the triangular similarity inequality. More

precisely, we consider the following fitting term

D(T (x+ u), R) = DGF (u) + αDTM (u) (2.6)
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where GF stands for ‘gradient field difference’ and TM for ‘Triangular Measure’ with

DGF (u) =

∫
Ω

|∇nT (x+ u)−∇nR|2dx,

DTM (u) =

∫
Ω

(|∇T (x+ u)|+ |∇R| − |∇T (x+ u) +∇R|)2dx.

Here the new fitting term, (2.6) of GF and TM, improves, in a major way, on the standard

NGF [25,41] which is defined by

DNGF (u) =

∫
Ω

(1−∇nT (x+ u) · ∇nR)2dx.

Regularization. A regularizer controls the smoothness. Our primary choice for smoothness

control is the diffusion regularizer [17] which uses first-order derivatives and promotes smooth-

ness. As affine linear transformations are not included in the kernel of the H1-regularizer, we

desire a regularizer which can penalize such transformations. As such, we add the regulariz-

er based on second-order derivatives (Laplacians) to the model which removes the need of any

pre-registration step by an affine transformation. The second-order derivatives lead to smooth

transformations [24]. Our recommended regularizer is given by

S(u) =
β1

2
S1(u) +

β2

2
S2(u). (2.7)

Mathematical analysis of model (2.4). Most registration models are non-convex with

respect to u and consequently, if solutions exist, there are local minimizers or solutions are

generally not unique. Below we prove the existence of a solution for the problem (2.4). Before

stating the main result, we first consider the concept of the Carathéodory function.

Definition 2.1 Let Ω ⊂ R2 be an open set and let f : Ω × Rn × R2×n × R2×2×n → [0,+∞).

Then f is a Carathéodory function if:

(1) f(x, ·, ·, ·) is continuous for almost every x ∈ Ω.

(2) f(x,u, ψ,Θ) is measurable in x for every (u, ψ,Θ) ∈ Rn × R2×n × R2×2×n.

We will use some theory about integrals of higher-order. It also sets up assumptions with

which our optimization problem (2.4) admits a minimizer.

Lemma 2.2 ([42]) Let Ω ⊂ R2 be an open set and f : Ω × Rn × R2×n × R2×2×n → [0,+∞)

satisfies the following assumptions:

(i) f is a Carathéodory function.

(ii) f(x,u, ψ,Θ) is quasi-convex with respect to Θ.

(iii) 0 ≤ f(x,u, ψ,Θ) ≤ a(x) + C(|u|2 + |ψ|2 + |Θ|2) where a(x) ∈ L1(Ω), C > 0.

Then J (u) is weak lower semi-continuous (denoted by wlsc in W 2,2(Ω).

To analyze the proposed model (2.4), we first consider the solution space where H = {u ∈
W 2,2(Ω); |

∫
Ω
u(x) dx| ≤ |Ω|(M + diam(Ω))}. Then, it is convenient to rewrite the energy J (·)

by merging all terms under one integral in the following form:

J (u) =

∫
Ω

f(x,u,∇u,∇2u) dx, (2.8)
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where

f(x,u, ψ,Θ) =
β1

2
|ψ|2 +

β2

2
|Θ|2 + |∇nT (u)−∇nR|2+

α(|∇T (u)|+ |∇R| − |∇T (u) +∇R|)2 + γφ(|µ(u)|2).

To apply Lemma 2.2, we assume that the magnitude of |∇R| and |∇T | are bounded by a constant

c > 0. Then, we have the following result:

Lemma 2.3 The energy functional J (·) is wlsc in H.

Proof We verify that the functional f(·) fulfils the assumptions in Lemma 2.2:

i) Since the gradients of the fixed and the moving images ∇R and ∇T are assumed to be

continuous, and u ∈ H, i.e., continuous, we have ∇T (u) is continuous. Thus, the function f(·)
is a Carathéodory function.

ii) It is easy to check that f(x,u, ψ,Θ) is convex with respect to Θ, clearly implying that it

is quasi-convex.

iii) For condition (iii), we have |∇nT (u)| ≤ 1 and |∇nR| ≤ 1, which means that:

|∇nT (u)−∇nR|2 ≤ (|∇nT (u)|+ |∇nR|)2 ≤ 4. (2.9)

Moreover, since |∇R| and |∇T | are bounded by a constant c > 0 and u is continuous, then

∇T (u) is also bounded and we have

α(|∇T (u)|+ |∇R| − |∇T (u) +∇R|)2 ≤ α(|∇T (u)|+ |∇R|)2 ≤ 4αc2. (2.10)

Moreover, from the definition of the function φ(·), we clearly have

φ(|µ(u)|2) ≤ 1

ε
. (2.11)

Therefore, using inequalities (2.9)–(2.11), we have

f(x,u, ψ,Θ) =
β1

2
|ψ|2 +

β2

2
|Θ|2 + |∇nT (u)−∇nR|2+

α(|∇T (u)|+ |∇R| − |∇T (u) +∇R|)2 + γφ(|µ(u)|2)

≤β1

2
|ψ|2 +

β2

2
|Θ|2 + 4 + 4αc2 +

γ

ε
.

Then, the function f(·) fulfils the condition (iii) of Lemma 2.2 with a(x) ≡ 4 + 4αc2 + γ
ε which

implies that the energy J (·), is wlsc in H. �

We are now ready to prove the existence of a solution for the minimization model (2.4).

Based on Lemmas 2.2 and 2.3, we have the following result

Theorem 2.4 The minimization problem (2.4) admits at least one solution in the space H.

Proof Using the positivity of C(u), DGF (T (u), R) and DTM (T (u), R) and the generalized

Poincaré inequality [43] for S, there exist two constants C,K ∈ R such that

J (u) ≥ C‖u‖2H +K. (2.12)
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Now, we consider a minimizing sequence (un)n∈N ⊂ H of J (·) , i.e.,

J (un) −→
n→∞

inf
u∈H
J (u).

The inequality (2.12) guarantees that the sequence (un)n∈N is uniformly bounded in H. Thus,

there exists a subsequence, still denoted (un)n∈N, such that un ⇀
n→∞

u weakly in H. Using the

weak lower semi-continuity of J (·), we obtain that the limit u is a minimizer of J (·). �

3. The solution algorithm

In this section, we shall develop a numerical algorithm to solve model (2.4). Here, we choose

first-discretize-then-optimize method, namely directly discretize the variational model to get a

discrete optimization problem and then use optimization methods to solve this resulting opti-

mization problem.

3.1. Discretization

In the implementation, we set Ω = [0, 1]2, employ the nodal grid and define a spatial partition

Ωnh = {xi,j ∈ Ω|xi,j = (xi1, x
j
2) = (ih, jh), 0 ≤ i ≤ n, 0 ≤ j ≤ n}, where h = 1

n and the discrete

domain consists of n2 cells of size h×h. We discretize the displacement field u on the nodal grid,

namely ui,j = (ui,j1 , ui,j2 ) = (u1(xi1, x
j
2), u2(xi1, x

j
2)). By lexicographical ordering, we reshape four

matrices to two long vectors of dimension R2(n+1)2×1

X = (x0
1, ..., x

n
1 , ..., x

0
1, ..., x

n
1 , x

0
2, ..., x

0
2, ..., x

n
2 , ..., x

n
2 )T ,

U = (u0,0
1 , ..., un,01 , ..., u0,n

1 , ..., un,n1 , u0,0
2 , ..., un,02 , ..., u0,n

2 , ..., un,n2 )T .

Discretization of fitting term. Firstly, set ~R = ~R(PX) ∈ Rn2×1 as the discretized

reference image and ~T (PX + PU) ∈ Rn2×1 as the discretized deformed template image, where

P ∈ R2n2×2(n+1)2 is an average matrix from the nodal grid to the cell-centered grid [6]. In order

to discretize ∇T and ∇R, we introduce two discrete operators: D1 = In⊗ ∂1
h and D2 = ∂1

h⊗ In,

where

∂1
h =

1

2h


−1 1

−1 0 1

... ... ...

−1 0 1

−1 1

 ∈ Rn×n.

Hence, the discretized ∇T and ∇R are [D1
~T ,D2

~T ] and [D1
~R,D2

~R] respectively. Set LT =

(
∑2
i=1Di

~T�Di
~T+ε).1/2, LR = (

∑2
i=1Di

~R�Di
~R+ε).1/2 and LTR = (

∑2
i=1Di(~T+ ~R)�Di(~T+

~R) + ε).1/2, where � indicates the component-wise product and (·).1/2 indicates the component-

wise square root. Then for DGF (u) and DTM (u), we have the following discretizations:

DGF (u) ≈ h2pT1 p1, DTSM (u) ≈ h2pT2 p2, (3.1)

where p1 = (D1
~T ./LT−D1

~R./LR;D2
~T ./LT−D2

~R./LR;D3
~T ./LT−D3

~R./LR), p2 = LT+LR−
LTR and ./ indicates the component-wise division.
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Discretization of regularization term. By using the forward difference, central differ-

ence, mid-point rule and Dirichlet boundary conditions, for the first-order and second-order

regularization terms, we have the following approximations:

S1(u) ≈ h2
n−1∑
i=0

n−1∑
j=0

2∑
l=1

(ui+1,j
l − ui,jl

h

)2
+
(ui,j+1

l − ui,jl
h

)2
(3.2)

and

S2(u) ≈h2
n−1∑
i=1

n−1∑
j=1

2∑
l=1

(ui+1,j
l − 2ui,jl + ui−1,j

l

h2
)2 + (

ui,j+1
l − 2ui,jl + ui,j−1

l

h2

)2
+

h2
n−1∑
i=0

n−1∑
j=0

2∑
l=1

(ui,jl − ui+1,j
l − ui,j+1

l + ui+1,j+1
l

h2

)2
. (3.3)

By introducing the discrete differential operator and using the Kronecker product, we can

build two matrices A1 and A2 and have the following compact form:

S1(u) ≈ h2UTA1U, S2(u) ≈ h2UTA2U. (3.4)

Discretization of control term. Note that φ(|µ(u)|2) involves only first order derivatives

and all ui,j are available at vertex pixels. Then we shall divide each cell (Figure 2) into 2 trian-

gles. In each triangle, we construct two linear interpolation functions to approximate the u1 and

u2. Consequently, all partial derivatives are locally constants or φ(|µ(u)|2) is constant in each

triangle.

V1 V2

V3

V4

Figure 2 Partition of a cell. 4V1V2V4 is Ωi,j,k

Set Li,j,k(x) = (Li,j,k1 (x), Li,j,k2 (x)) = (ai,j,k1 x1 + ai,j,k2 x2 + ai,j,k3 , ai,j,k4 x1 + ai,j,k5 x2 + ai,j,k6 ),

which is the linear interpolation for u in the Ωi,j,k. Note that ∂x1
Li,j,k1 = ai,j,k1 , ∂x2

Li,j,k1 =

ai,j,k2 , ∂x1
Li,j,k2 = ai,j,k4 and ∂x2

Li,j,k2 = ai,j,k5 . Then according to the partition in Figure 2, we

have

C(u) =

∫
Ω

φ(|µ(u)|2)dx ≈ h2

2

n∑
i=1

n∑
j=1

2∑
k=1

φ
( (ai,j,k1 − ai,j,k5 )2 + (ai,j,k2 + ai,j,k4 )2

(ai,j,k1 + ai,j,k5 + 2)2 + (ai,j,k2 − ai,j,k4 )2

)
. (3.5)
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To simplify (3.5), define 3 vectors ~r(U), ~r1(U), ~r2(U) ∈ R2n2

by ~r(U)` = ~r1(U)`~r
2(U)`,

~r1(U)` = (ai,j,k1 − ai,j,k5 )2 + (ai,j,k2 + ai,j,k4 )2,

~r2(U)` = 1
/

[(ai,j,k1 + ai,j,k5 + 2)2 + (ai,j,k2 − ai,j,k4 )2]

where ` = (k − 1)n2 + (j − 1)n+ i ∈ [1, 4n2].

Hence, (3.5) becomes

C(u) ≈ h2

2
φ(~r(U))eT (3.6)

where φ(~r(U)) = (φ(~r(U)1), ..., φ(~r(U)2n2)) denotes the pixel-wise discretization of u1, u2 at all

cell centers, and e = (1, ..., 1) ∈ R2n2×1.

Finally, combining the above three parts (3.1), (3.4) and (3.6), we get the discretization

formulation for model (2.4):

min
U

J(U) := h2pT1 p1 + αh2pT2 p2 +
β1h

2

2
UTA1U +

β2h
2

2
UTA2U +

γh2

2
φ(~r(U))eT . (3.7)

3.2. Optimization method for the discretized problem (3.7)

In the numerical implementation, we choose a line search method to solve the resulting

unconstrained optimization problem (3.7). Here, the basic iterative scheme based on the search

direction δUk step k is

Uk+1 = Uk + θδUk, (3.8)

where θ is the step length. The key point here is to obtain a descent search direction. A

commonly used approach to generate δUk is to apply a standard Newton method

HeδUk = −dJ

where He and dJ are respectively the exact Hessian and the gradient of (3.7). Unfortunately

the above equation does not generate a descent search direction since He is indefinite. Below we

shall discuss, in a Gauss-Newton framework, how to construct a positive, definite and approxi-

mate Hessian H so that a descent direction is generated. Consequently a converging method is

obtained.

Gradient and approximated Hessian of (3.7). Firstly, we consider computing the

gradient and approximated Hessian of the discretized fitting term h2pT1 p1+αh2pT2 p2. Its gradient

and approximated Hessian are respectively:{
d1 = 2h2PT (dpT1 p1 + αdpT2 p2),

Ĥ1 = h2PT (dpT1 dp1 + αdpT2 dp2)P,
(3.9)

where ˜̃p1 = [ΛD1− sdiag(D1
~T ./t)Γ; ΛD2− sdiag(D2

~T ./t)Γ], ˜̃p2 =
∑2
i=1 sdiag(Di

~T ./LT−Di(~T +
~R)./LTR)Di, Λ = sdiag(1./LT), t = LT.3, Γ =

∑2
i=1 sdiag(Di

~T )Di and sdiag(v) is a diagonal

with v on its main diagonal. Here the special notation ‘./’ and ’(·).3’ refer to pointwise division

and power function respectively. Quantities LT,LTR, D1, D2 are as defined in the previous

subsection.
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Remark 3.1 Evaluating the deformed template image ~T must involve interpolation because

Ũ are not in general pixel points. Here in our implementation, we choose B-splines for the

interpolation.

For the discretized diffusion regularizer β1h
2

2 UTA1U + β2h
2

2 UTA2U , its gradient and Hessian

are respectively {
d2 = h2(β1A1 + β2A2)U,

H2 = h2(β1A1 + β2A2).
(3.10)

Finally, for the discretized Beltrami term βh2

2 φ(~r(U))eT , the gradient and approximated

Hessian are as follows: {
d3 = βh2

2 d~rTdφ(~r),

Ĥ3 = βh2

2 d~rTd2φ(~r)d~r.
(3.11)

where dφ(~r) = (φ′(~r1), ..., φ′(~r4n2))T is the vector of derivatives of φ at all cell centers,
d~r = diag(~r1)d~r2 + diag(~r2)d~r1,

d~r1 = 2diag(A31U)A31 + 2diag(A32U)A32,

d~r2 = −diag(~r2 � ~r2)[2diag(A33U + 2)A33 + 2diag(A34U)A34],

(3.12)

� denotes a Hadamard product, ~̃r, ~̃r1, ~̃r2 are the Jacobian of ~r, ~r1, ~r2 with respect to U respec-

tively, [φ̃(~r)]` is the `th component of φ̃(~r) and
˜̃
φ(~r) is the Hessian of φ with respect to ~r, which

is a diagonal matrix whose ith diagonal element is φ′′(~ri), 1 ≤ i ≤ 2n2. More details about ~r1,

~r2, A31, A32, A33 and A34 are shown in Appendix A.

Therefore, combining the above results for 3 terms, we can obtain the gradient

dJ = d1 + d2 + d3 (3.13)

and the approximated Hessian of (3.7):

H = Ĥ1 +H2 + Ĥ3. (3.14)

Search direction. With the above approximated Hessian (3.14), in each outer (nonlinear)

iteration, we solve the Gauss-Newton system

HδU = −dJ (3.15)

to obtain the search direction δU for (3.7). Since we impose the Dirichlet boundary conditions, H

is symmetric and positive definite. In our implementation, we choose MINRES as the numerical

solver [44,45].

Step length. Here, we choose a popular inexact line search condition, Armijo condition,

which determines a step length θ that satisfies the following sufficient decrease condition:

J (U + θδU) < J (U) + θηdJ
T δU. (3.16)

Here, we set η = 10−4 and use the backtracking approach to find a suitable θ. In addition,

we need to check that ~r(U) is smaller than 1 which is the norm of the discretized Beltrami

coefficient. For more details, please refer to [46–48].

Stopping criteria. In the implementation, we choose the stopping criteria used in [3]:
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(1.a) ‖J(Uk+1)− J(Uk)‖ ≤ τJ(1 + ‖J(U0)‖),
(1.b) ‖Uk+1 − Uk‖ ≤ τW (1 + ‖X + U0‖),
(1.c) ‖dJ‖ ≤ τG(1 + ‖J(U0)‖),
(2) ‖dJ‖ ≤ eps,

(3) k ≥ MaxIter.

Here, eps is the machine precision and MaxIter is the maximal number of outer iterations. We

set τJ = 10−3, τW = 10−2 and τG = 10−2. If any one of (1) (2) and (3) is satisfied, the itera-

tions are terminated. Hence, a Gauss-Newton numerical scheme with Armijo line search can be

developed and summarized in Algorithm 1. The global convergence of Algorithm 1 is discussed

in Appendix B.

Algorithm 1 Gauss-Newton scheme by using Armijo line search for Image Registration: U ←
GNAIR(α, β1, β2, γ, U

0, T,R)

Step 1: Set k = 0 at the solution point Uk = U0.

Step 2: For (3.7), compute the energy functional J(Uk), its gradient dkJ and

the approximated Hessian Hk by (3.14).

while “none of the listed 3 stopping criteria are satisfied” do

Solve the Gauss-Newton equation: HkδUk = −dkJ ;

Use Line Search to find step length θ;

Uk+1 = Uk + θδUk;

k = k + 1;

Compute J(Uk), dkJ and Hk;

end while

Multi-Level strategy. A multi-level strategy is a standard technique in image registration.

In the multi-level strategy, we firstly coarsen the template T and the reference R by L levels.

Then we can obtain U1 by solving our model (2.4) on the coarsest level. In order to give a good

initial guess for the finer level, we adopt an interpolation operator on U1 to obtain U0
2 as the

initial guess for the next level. We repeat this process and can get the final registration on the

finest level. The most important advantage of the multi-level strategy is that it can save com-

putation time because of less variables on the coarser level than on the fine level. In addition, it

can help to avoid to trap into a local minimum.

Here, we use finite element interpolation (Figure 3) to obtain U0
2 rather than bilinear inter-

polation since it can keep consistent between the coarse level and fine level.

4. Numerical results

In this section, we will show some numerical results to illustrate the performances of our

proposed model (2.4). We set the zero vector as the initial guess U0. In order to measure the

performance of our model (2.4), we introduce three terms to measure the deformed template
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V1 V2

V3

V4

(a) Coarse Level

V1 V2

V3

V4

V5

V6

V7

V8 V9

(b) Fine Level

Figure 3 Interpolation from coarse level to fine level

with the reference:

GFer =
DGF (u)

DGF (u0)
, (4.1)

NGFer =
DNGF (u)

DNGF (u0)
, (4.2)

MIer = −DMI(u). (4.3)

The good result means that it can lead to small GFer, small NGFer and large MIer.

All of the tests are coded by Matlab 2018a and performed on a PC with 3.20 GHz Intel(R)

Core(TM) i5-6500 microprocessor and with installed memory (RAM) of 8 GB.

4.1. Example 1 – Registration of a pair of MR T1 and T2 images

In this example, we consider a pair of MRI images (T1 and T2) in Figure 4 (a, b) whose

resolution is 256×256. We choose a six-step multilevel strategy. In order to choose the parameter

easily, we fix α and set α = 1.

First, we consider the model without Beltrami control term, namely γ = 0. For the parame-

ters of regularizers, we set β1 = 100 and β2 = 70. Its resulting deformed template and transfor-

mation are shown in Figure 4 (d, g). From Figure 4 (f), we can find that the deformed template

is visually good and this choice gives GFer = 0.2622, NGFer = 0.8433 and MIer = 1.1149. In

addition, the resulting transformation is smooth and has no folding (since the minimum of the

Jacobian determinant of the transformation is positive).

Now, we investigate the sensitivity of β1 and β2 without Beltrami control term i.e., γ = 0.

From Figure 5 (a-c), we can find that when we fix α and change β1 and β2, GFer, NGFer and

MIer are robust. However, according to Figure 5 (d), although GFer, NGFer and MIer are robust,

the minima of the Jacobian determinants of the transformations are not consistent and can be

negative, which means that the resulting transformation has folding. This phenomenon is clear

because in the model, there is no restriction about how to control the transformation.

Second, in order to overcome this drawback when γ = 0, we keep β1, β2 unchanged and choose

a suitable γ > 0. Here, we set γ = 50 and choose φ = φ1. Figure 4 (f, i) shows the corresponding

deformed template and transformation. We see that the deformed template (f) is similar visually

to the previous one (d) and the measurements are also similar (GFer=0.2592, NGFer=0.8420
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and MIer=1.1154). The minimum of the Jacobian determinant of the transformation is positive,

which illustrates that the transformation is diffeomorphic; clearly γ > 0 is necessary.

(a) Reference (b) Overlay of T and R (c) Template

(d) T (y) with γ = 0,

GFer=0.26, NGFer=0.84,

MIer=1.12

(e) Overlay of T (y) and R

with γ = 0

(f) T (y) with γ = 50,

GFer=0.26, NGFer=0.84,

MIer=1.12
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(g) Map y with γ = 0,

min det(∇y) = 0.14

(h) Overlay of T (y) and R

with γ = 50
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(i) Map y with γ = 50,

min det(∇y) = 0.12

Figure 4 Example 1: a pair of MRI images (T1 and T2). By using the control term, the resulting

transformation is diffeomorphic and the deformed template is also visually satisfactory

We also investigate the sensitivity of the parameters β1 and β2 under this fixed γ. Figure 6

clearly demonstrates that no matter how we change β1 and β2, the measurements of the results

are robust. In addition, since the minimum of the Jacobian determinant of the transformations

is always positive, our proposed model is not sensitive with respect to the β1 and β2 under a

suitable γ.

For the computing time, the model with γ = 0 needs 14.4 seconds and the model with γ = 50

needs 31.7 seconds. Although introducing the Beltrami control term can increase the running
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time, the extra computation cost is worthy the effort since it can guarantee that the resulting

transformation is regular and has no folding. We also investigate the convergence of the algorithm

for our model. Here, we force the relative norm of the gradient of the approximated solution to

reach 10−3 although it only runs several iterations by using the practical stopping criteria. Here,

according to Figure 7, we can find that the algorithm for our model is convergent.

Hence, this example illustrates that our new control term can effectively control the trans-

formation and lead to an accurate registration. Meanwhile, the new control term can make this

model more robust.
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Figure 5 Example 1: sensitivity of β1 and β2 without Beltrami control term. Obviously, this model is

sensitive with respect to β1 and β2 since the minimum of the Jacobian determinant of the transformation

can be negative with some specific β1 and β2

4.2. Example 2 – Registration of a second pair of MRI images

Here, we consider another pair of MRI images (T1 and T2) in Figure 8 (a,b) for verifying our

observation for Example 1. The resolution is 256× 256 and we also choose a six-step multilevel
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Figure 6 Example 1: sensitivity of β1 and β2 with Beltrami control term. Clearly, this model is not

sensitive and robust with respect to β1 and β2 under a suitable γ

0 20 40 60 80 100 120 140

No. of Iteration

10
-3

10
-2

10
-1

10
0

R
e
la

ti
v
e
 N

o
r
m

 o
f 
T

h
e
 G

r
a
d
ie

n
t

=0

=10

(a) Relative norm of the gradient

0 20 40 60 80 100 120 140

No. of Iteration

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

R
e
la

ti
v
e
 N

o
r
m

 o
f 
T

h
e
 F

u
n
c
ti
o
n
 V

a
lu

e

=0

=10

(b) Relative norm of the function value

Figure 7 Example 1: Relative norm of the gradient and relative norm of the function value with or

without γ. Here, we can notice that our algorithm is convergent

strategy. Again, in order to reduce the complexity of choosing parameters, we fix α = 10−5 in

this example.
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Firstly, we consider the model with γ = 0 i.e., test the model made up of NGF and the

same first- and second-order regularizer. From Figure 8 (d-f), although the deformed template

is visually satisfactory, we can find that the resulting transformation has folding (since the

minimum of the Jacobian determinant is negative). Figure 9 (a) shows the details about the

mesh folding. As a comparison to later, we set β1 = 50, β2 = 0.01 and γ = 0. Here, we test

three pairs of (β1, β2) and the corresponding results are shown in Figure 10. We can find that

for our proposed model with γ = 0, it is very hard to choose the suitable parameters to get a

good registration, namely, simultaneously a diffeomorphic transformation and a visually pleasing

deformed template.

Secondly, in order to overcome this difficulty by non-zero γ, we keep β1, β2 unchanged and

choose γ as 0.1, 1 and 10 separately. Here, we test both φ1 and φ2. Figures 11 and 12 show that

they can all generate visually satisfactory deformed template and diffeomorphic transformations.

In addition, according to Tables 1 and 2, we can see that the measurements obtained by these

choices are very similar, which again demonstrates that the new model is robust due to the use

of the Beltrami control term.

(a) Reference (b) Template (c) Overlay of T and R

(d) T (y): γ = 0, GFer = 0.73

NGFer=0.96, MIer=0.78
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(e) y with γ = 0,

min det(∇y)=–0.1114

(f) Overlay of T (y) and R

with γ = 0

Figure 8 Example 2: a pair of MRI images (T1 and T2). Without using the control term, the resulting

transformation is not diffeomorphic although T (y) is visually satisfactory

5. Conclusion

Image registration is an increasingly important and often challenging image processing task
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(a) Folding mesh by new model without control term (b) Folding mesh by NGF

Figure 9 Example 2: zoom in the transformations obtained by the new model without control term

(left) and NGF (right) respectively. Clearly, the transformation has folding

with a broad range of applications such as in astronomy, optics, biology, chemistry and med-

ical imaging. In this paper to improve the multi-modality registration model based on the

normalized gradients of the images, we propose a new gradients-based variational model using

a regularization term which combines first- and second-order derivatives of the displacement.

More importantly, in order to control the transformation, we add a novel control term moti-

vated by Beltrami coefficient, which can lead to a diffeomorphic transformation. By employing

first-discretize-then-optimize method, we design an effective solver to solve our proposed model

numerically. Experimental tests confirm that our proposed model performs well in multi-modality

images registration. In addition, with the help of the Beltrami control term, the proposed model

is more robust with respect to the parameters. Future work will consider generalizations to 3 di-

mensions and registration of images that do not have dominant gradients. In addition, since the

Beltrami coefficient is defined in the complex space which can be considered as a 2 dimensional

space, how to extend the definition of Beltrami coefficient to 3 dimensional space is also one of

our future directions.

γ time(s) GFer NGFer MIer min det(∇y) max det(∇y)

0 65.6 0.7341 0.9564 0.7835 −0.1114 1.8740

0.1 147.0 0.7352 0.9561 0.7823 0.1188 2.2557

1 331.1 0.7327 0.9553 0.7833 0.1494 2.2922

10 135.3 0.7349 0.9561 0.7824 0.2339 2.2788

Table 1 Example 2: Sensitivity test on γ when α = 10−5, β1 = 50 and β2 = 0.01 for φ1

γ time(s) GFer NGFer MIer min det(∇y) max det(∇y)

0 65.6 0.7341 0.9564 0.7835 −0.1114 1.8740

0.1 168.7 0.7356 0.9558 0.7832 0.1127 2.2322

1 162.8 0.7364 0.9562 0.7828 0.1136 2.2232

10 202.9 0.7355 0.9558 0.7833 0.1188 2.2240

Table 2 Example 2: Sensitivity test on γ when α = 10−5, β1 = 50 and β2 = 0.01 for φ2
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(a) T (y): (β1, β2) = (50, 0.01)

GFer=1.02, NGFer=0.997,

MIer = 0.55

(b) T (y): (β1, β2) = (1, 10−4)

GFer = 1.01, NGFer = 0.92,

MIer = 0.597

(c) T (y): (β1, β2) = (1, 10−5)

GFer = 1.003, NGFer = 0.897,

MIer = 0.599

(d) Overlay of T (y) and R

with (β1, β2) = (50, 0.01)

(e) Overlay of T (y) and R

with (β1, β2) = (1, 10−4)

(f) Overlay of T (y) and R

with (β1, β2) = (1, 10−5)
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(g) y: (β1, β2) = (50, 0.01),

min det(∇y) = 0.9752
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(h) y: (β1, β2) = (1, 10−4),

min det(∇y) = 0.1944
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(i) y: (β1, β2) = (1, 10−5),

min det(∇y)=–0.264

Figure 10 Example 2: a pair of MRI images (T1 and T2). The deformed templates and transformations

are obtained by the model made up of NGF and the first- and second-order regularizers. Here, we do

not impose a control term (so the third column gives the wrong results)

Appendix A. Computation of the vector ~r(U). First of all, denote the 3 vertices of

this triangle by V1 = x1,1, V2 = x2,1 and V4 = x1,2 in Figure 2. Set L(V1) = (u1,1
1 , u1,1

2 ),

L(V2) = (u2,1
1 , u2,1

2 ) and L(V4) = (u1,2
1 , u1,2

2 ) at the vertex pixels. Here the linear approximations

are L(x1, x2) = (a1x1 + a2x2 + a3, a4x1 + a5x2 + a6).

After substituting V1, V2 and V5 into L, we get

(
a1

a2

)
=

1

det

(
x1

2 − x2
2 −x1

2 + x2
2

−x2
1 + x1

1 x1
1 − x1

1

)(
u1,1

1 − u1,2
1

u2,1
1 − u1,2

1

)
, (5.1)
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(a) T (y) with γ = 0.1,

GFer=0.74, NGFer = 0.96,

MIer = 0.7823

(b) T (y) with γ = 1,

GFer=0.73, NGFer = 0.96,

MIer = 0.7833

(c) T (y) with γ = 10,

GFer=0.73, NGFer = 0.96,

MIer = 0.7824

(d) Overlay of T (y) and R

with γ = 0.1

(e) Overlay of T (y) and R

with γ = 1

(f) Overlay of T (y) and R

with γ = 10
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(g) y with γ = 0.1,

min det(∇y) = 0.1188
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(h) y with γ = 1,

min det(∇y) = 0.1494
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(i) y with γ = 10,

min det(∇y) = 0.2339

Figure 11 Example 2: a pair of MRI images (T1 and T2). By using the control term with φ1, the

resulting transformation is diffeomorphic and the deformed template is also visually satisfactory(
a4

a5

)
=

1

det

(
x1

2 − x2
2 −x1

2 + x2
2

−x2
1 + x1

1 x1
1 − x1

1

)(
u1,1

2 − u1,2
2

u2,1
2 − u1,2

2

)
, (5.2)

where det =

∣∣∣∣∣x1
1 − x1

1 x1
2 − x2

2

x2
1 − x1

1 x1
2 − x2

2

∣∣∣∣∣.
According to (5.1) and (5.2), we can formulate two matrices D1 ∈ R2n2×(n+1)2 and D2 ∈

R2n2×(n+1)2 such that

A31 = [D1,−D2], A32 = [D2, D1], A33 = [D1, D2], A34 = [D2,−D1].
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(a) T (y) with γ = 0.1,

GFer=0.74, NGFer=0.96,

MIer = 0.78

(b) T (y) with γ = 1,

GFer=0.73, NGFer=0.96,

MIer = 0.78

(c) T (y) with γ = 10,

GFer=0.73, NGFer=0.96,

MIer = 0.7824

(d) Overlay of T (y) and R

with γ = 0.1

(e) Overlay of T (y) and R

with γ = 1

(f) Overlay of T (y) and R

with γ = 10
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(g) y with γ = 0.1,

min det(∇y) = 0.1188
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(h) y with γ = 1,

min det(∇y) = 0.1494
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(i) y with γ = 10,

min det(∇y) = 0.2339

Figure 12 Example 2: a pair of MRI images (T1 and T2). By using the control term with φ2, the

resulting transformation is diffeomorphic and the deformed template is also visually satisfied

Then using the Hadamard product �, we get a compact form for
~r1(U) = A31U �A31U +A32U �A32U,

~r2(U) = 1./((A33U + 2)� (A33U + 2) +A34U �A34U),

~r(U) = ~r1 � ~r2 ∈ R2n2×1.

(5.3)

Appendix B. The Global Convergence of Algorithm 1. In order to discuss the global

convergence result of Algorithm 1 for the discretized optimization problem (3.7), we first review

two lemmas.
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Lemma 5.1 ([46]) For the unconstrained optimization problem

min
U

J(U)

let an iterative sequence be defined by Uk+1 = Uk + θδUk, where δUk = −(Hk)−1dJ(Uk) and θ

is obtained by Armijo condition. Assume that the following three conditions are met:

(i) dJ is Lipschitz continuous;

(ii) the matrices Hk are SPD;

(iii) there exist constants κ̄ and M such that the condition number κ(Hk) ≤ κ̄ and the norm

||Hk|| ≤M for all i.

Then either J(Uk) is unbounded from below or

lim
i→∞

dJ(Uk) = 0 (5.4)

and hence any limit point of the sequence of iterates is a stationary point.

Lemma 5.2 Consider the matrix H = H1 +H2 +H3 comprised of 3 submatrices {Hj}. If H1

and H2 are symmetric positive semi-definite and H3 is SPD, then H is SPD with λH3
≤ λH ,

where λH3
and λH are the minimum eigenvalues of H3 and H separately.

Proof According to Rayleigh quotient, we can find a vector v such that

λH =
vTHv

vT v
. (5.5)

Then we have

λH3
≤ vTH1v

vT v
+
vTH2v

vT v
+
vTH3v

vT v
=
vTHv

vT v
= λH , (5.6)

which completes the proof. �

In addition, define an important set X := {U |~r(U)` ≤ 1 − ε, 1 ≤ ` ≤ 2n2} for small ε. So

U ∈ X means that the transformation is diffeomorphic. Under the suitable γ, we assume that

each Uk generated by Algorithm 1 is in the X .

Theorem 5.3 Assume that T and R are twice continuously differentiable. For (3.7), by using

Algorithm 1, we obtain

lim
i→∞

dJ(Uk) = 0 (5.7)

and hence any limit point of the sequence of iterates produced by Algorithm 1 is a stationary

point.

Proof It suffices to show that Algorithm 1 satisfies the requirements of Lemma 5.1. Recall ~r(U)

and we can see that it is continuous. Here, we use the Dirichlet boundary conditions and then

‖U‖ is bounded. Hence, ~r(U) is a continuous mapping from a compact set to R2n2×1 and ~r(U)

is proper. So for some small ε > 0, X is compact.

Firstly, we show that in X , dJ of (3.7) is Lipschitz continuous. The term φ(~r(U))eT in the

(3.7) is twice continuously differentiable with respect to U ∈ X . In addition, T and R are twice

continuously differentiable. So (3.7) is twice continuously differentiable with respect to U ∈ X
and dJ is Lipschitz continuous.
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Secondly, we show that in X , Hk = Ĥk
1 + Hk

2 + Ĥk
3 is SPD. By the construction of Ĥk

1

and Ĥk
3 , they are symmetric positive semi-definite. Hk

2 is symmetric positive definite under the

Dirichlet boundary conditions. Consequently, according to Lemma 5.2, Hk is SPD.

Thirdly, we show that both κ(Hk) and ‖Hk‖ are bounded. We notice that in each iteration,

Hk
2 is constant and we can set ‖Hk

2 ‖ = M2. For Ĥk
1 , we get its upper bound M1 because T is

twice continuously differentiable and X is compact. φ is also twice continuously differentiable

with respect to U ∈ X , then we have ‖Ĥk
3 ‖ ≤M3. Hence, we have

‖Hk‖ ≤ ‖Ĥk
1 ‖+ ‖Hk

2 ‖+ ‖Ĥk
3 ‖ ≤M1 +M2 +M3. (5.8)

So set M = M1 +M2 +M3 and ‖Hk‖ ≤M . Set σ as the minimum eigenvalue of Hk
2 . According

to Lemma 5.2, the smallest eigenvalue λmin of Hk should be larger than σ. The largest eigenvalue

λmax of Hk should be smaller than M due to λmax ≤ ‖Hk‖. So the conditional number of Hk is

smaller than M
σ .

Finally, we can find that (3.7) has lower bound 0. Hence, by applying Lemma 5.1, we complete

the proof. �
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