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Abstract: This chapter is concerned with the direct and inverse scattering of time-har-
monic plane elastic waves by unbounded periodic structures (diffraction gratings).
We present a variational approach to forward scattering problems with Lipschitz grat-
ing profiles and give a survey of recent uniqueness and existence results. We also re-
port on recent global uniqueness results within the class of piecewise linear grating
profiles for the corresponding inverse elastic scattering problems. Moreover, a discrete
Galerkin method is presented to efficiently approximate solutions of direct scattering
problems via an integral equation approach. Finally, an optimization method for solv-
ing the inverse problem of recovering a 2D periodic structure from scattered elastic
waves measured above the structure is discussed.
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1 Introduction

Diffraction gratings are widely used in many areas of science and technology and
have been investigated since more than 100 years [62]. In recent years, the interest in
these areas has grown immensely because of many industrial applications, for exam-
ple, in radar imaging, nondestructive testing, micro-optics, or solar energy absorp-
tion. In particular, the scattering of acoustic and electromagnetic waves in periodic
structures has been studied extensively concerning theoretical analysis and numer-
ical approximation, using integral equation methods [32, 64, 67, 68] or variational
methods [19-21, 30, 33, 42, 54, 70]. We refer to the monographs [72] for a comprehen-
sive mathematical study and to [15] for the details of the applications of electromag-
netic diffraction gratings. However, there have been only a few papers studying the
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scattering of elastic waves by unbounded surfaces. The aim of this survey chapter is
to report on recent progress in the analysis and numerics of direct and inverse elastic
scattering problems for diffraction gratings.

The relevant phenomena for elastic waves have a wide field of application, partic-
ularly in geophysics, seismology and nondestructive testing. For instance, the prob-
lem of elastic pulse transmission and reflection through the earth is fundamental to
the investigation of earthquakes and the utility of seismic waves in search for oil and
ore bodies [2, 48, 49, 71]. Moreover, identifying parallel vertical fractures (which can
be modeled as periodic structures) in sedimentary rocks can have significant impact
on the production of underground gas and liquids by employing controlled explo-
sions [65]. Inverse elastic scattering problems also arise from detecting cracks and
flaws in concrete structures, such as bridges, buildings, dams, highways and so on;
see [69, 73] for applications in nondestructive testing.

Compared to acoustic and electromagnetic scattering, the elasticity problem is
more complicated due to the coexistence of compressional and shear waves that prop-
agate at different speeds. These two waves are coupled at interfaces where boundary
conditions depending on the elastic medium are imposed. The first attempt to rigor-
ously prove solvability of direct elastic scattering problems for unbounded surfaces
is due to Arens; see [7, 8] for two-dimensional diffraction gratings and [9, 10] for the
more general case of rough surfaces. In [7], existence and uniqueness of quasiperiodic
solutions to the Dirichlet problem was established in the case that the grating profile
is given by the graph of a smooth periodic function. The existence proof is based on
the boundary integral equation method where the solution is sought as the superpo-
sition of single and double layer potentials. We also refer to [29] for earlier studies on
the scattering of elastic waves in a locally perturbed isotropic half-space with a free
boundary using the limiting absorption principle.

In this chapter, we focus on the variational approach, which reduces the forward
scattering problem to an equivalent variational formulation in a truncated periodic
cell involving a nonlocal boundary (Dirichlet-to-Neumann) operator; see Section 3.
We refer to [1, 21, 54] for the variational approach applied to electromagnetic diffrac-
tion gratings. This approach appears to be well adapted to the analytical and nu-
merical treatment of rather general two-dimensional and three-dimensional periodic
structures involving nonsmooth interfaces and transmission conditions. The varia-
tional method can also be applied to elastic scattering by rough surfaces; see [40] for
recent existence and uniqueness results in the case of the Dirichlet problem.

The inverse problem of recovering a grating profile from scattered elastic fields
is of great practical importance. In contrast to the widespread belief of the unique-
ness in bounded obstacle scattering problems with only one incident plane wave, we
cannot expect the same global uniqueness in wave diffraction by periodic structures
(see, e.g. [41] and [45]). This is mainly due to the Rayleigh expansion radiation condi-
tion (RERC) imposed on the scattered field, which involves several propagating modes
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without decay as x» — . In general it is difficult to characterize the exceptional
grating profiles that cannot be identified by one incident plane wave. However, if the
grating profiles are piecewise linear, by the reflection principles for the Helmholtz
and Maxwell equations, global uniqueness by finitely many incident waves can be
proved for the inverse scattering of time-harmonic electromagnetic waves, including
TE and TM polarization [16, 17, 35]. In particular, one can classify and characterize
all unidentifiable sets of grating profiles corresponding to one incident plane wave.
In Section 4 we review corresponding global uniqueness results in elasticity within
the class of polygonal grating profiles under the boundary conditions of the third or
fourth kind, which are based on the reflection principle for the Navier system devel-
oped in [47]. It is a challenging open problem to extend these results to the case of the
boundary conditions of the first or second kind.

The numerical solution of the direct elastic scattering problem under the Dirichlet
boundary condition is addressed in Section 5.1 where we present a discrete Galerkin
method for solving an equivalent first-kind integral equation. From the numerical
view point, the implementation of this method is easier than the integral equation
method with a second-kind integral equation that involves the computation of the
stress operator on the profile.

The numerical treatment of the corresponding inverse problem is challenging
since it is nonlinear and severely ill-posed. There is already a vast literature on the
reconstruction of a perfectly conducting profile for the two-dimensional Helmholtz
equation. Here we mention a conjugate gradient algorithm based on analytic continu-
ation [53], an iterative regularization method [51], a factorization method [11, 12], and
an optimization method [22-24] that follows an approach first developed by Kirsch
and Kress for acoustic obstacle scattering (see [27, Chapter 5] and the references there-
in). In Section 5.2, the two-step algorithm of [22] for the reconstruction of one-dimen-
sional electromagnetic grating profiles is extended to the more complicated case of
elastic scattering. The first step of this method is to reconstruct the scattered field
from near-field measurements by solving a first-kind integral equation. This step is
the linear severely ill-posed part and requires Tikhonov regularization involving the
singular value decomposition of the integral operator. The second step is to approxi-
mate the grating profile by solving a finite-dimensional least squares problem, which
is nonlinear but well-posed.

2 Mathematical formulation of direct and inverse
scattering problems

We assume that a periodic surface divides the three-dimensional space into two non-
locally perturbed half-spaces filled with homogeneous and isotropic elastic media.
Unless otherwise stated, this surface is always assumed to be invariant in the x3-
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direction, and its cross-section in the (x1, x2)-plane is to be represented by a curve A
which is 27r-periodic in x;. We suppose further that all elastic waves propagate per-
pendicular to the x3-axis, so that the problem can be treated as a problem of plane
elasticity.

Denote by Q4 the region above the grating in R?. Suppose that a time-harmonic
plane elastic wave with the incident angle 6 € (—1r/2,1r/2) isincident on A from Q.
The incident wave is allowed to be either an incident pressure wave taking the form

u™ = u(x) = 0 exp (ikpx . é) with 0 := (sin0,—cos0)7, (3.1)
or an incident shear wave taking the form
u™ = uin(x) = 0+ exp (ikgx . é) with 0* := (cos 0,sin0)7, (3.2

where

kpy = w/\2u+A, ks:i=w/J/u

are the compressional and shear wave numbers, respectively, A and p are the Lamé
constants satisfying y > O and A + u > 0, w > 0 denotes the angular frequency
of the harmonic motion and the symbol (-) " indicates the transpose of a vector in
R2. For simplicity we assume the mass density of the elastic medium is equal to one,
so that the total displacement 1 (x1, x2), which can be decomposed as the sum of
the incident field 1™ and the scattered field u*°, satisfies the Navier equation (or
system):

(A" +wHu=0 in Qp, A*:=pA+ (A+ ) graddiv. (3.3)

We first assume that the grating is impenetrable, and that one of the following bound-
ary conditions is imposed on A.

First-kind boundary condition: u =0, (3.4)
Second-kind boundary condition: Tu =0, (3.5)
Third-kind boundary conditions: n-u=0,7-Tu=0, (3.6)
Fourth-kind boundary conditions: T-u=0,n-Tu =0, 3.7

where Tu stands for the stress vector or traction having the form
Tu =2uopu + Andivu + ut(dou; — 01u2), (3.8)

with the exterior unit normal n = (n1,%2)" and the unit tangential vector T =
(=m2,7m1) T on A. Here and in the following the notation ;v = BBTUJ is used. Note that
the boundary condition of the first (second) kind is also referred to as the Dirichlet
(Neumann) boundary condition, and that vanishing normal displacement and tan-
gential stress (normal stress and tangential displacement) correspond to the third
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(fourth)-kind boundary conditions. We refer to the monograph [57] for a comprehen-
sive treatment of the boundary value problems of elasticity (including the boundary
conditions of the third and fourth kind).

The periodicity of the structure together with the form of the incident waves im-
plies that the solution u must be x-quasiperiodic, i.e.

u(xy + 21, x2) = exp(2imr) u(xy, x2), (x1,x2) € Qa, (3.9)

where o := k,, sin 0 is the incident pressure wave (3.1), and « := k; sin 6 the incident
shear wave (3.2). To ensure well-posedness of the boundary value problem (3.3)-(3.9),
a radiation condition must be imposed as x> — +co. Observing that the scattered
field us¢ also satisfies the Navier equation (3.3), we can decompose it into the com-
pressional and shear parts

i .. i
——divu’’, y:=— curlu’®c,

1 —
€ == dg + curl with @ := :
u ; (grad @ + curly) i k%, 12

where the two curl operators in R? are defined by
curlu := 01u» — oouy, u=(u;,ux)’ and curlv := (0pv,-01v) 7,
and the scalar functions @,  satisfy the homogeneous Helmholtz equations
(A+k3)@=0 and (A+ki)y=0 in Q.

Applying the Rayleigh expansion for the scalar Helmholtz equation (see e.g. [54]) to @
and , respectively, we finally obtain a corresponding expansion of 1*¢ into outgoing
plane elastic waves,

WX) = > Apn(Qn, Bn) T exp(ictnX1 + iBnX2)
nez

+ > Asn(Yn, —0tn) T explictn x| + iynX2), (3.10)
nez
for xo > A* := max(x, x,)eA X2, where the constants A, ,, As € C are called the
Rayleigh coefficients and

- ki — g if ol < kp,

Op=0+n, Bn=PLn0):= (3.11)
" B <|iw/o<%—k% if [ otn| > kp.

The parameter yy, := y,(0) is defined analogously as 8, with k,, replaced by k;. The
expansion (3.10) is also called the RERC (see, e.g. [6—8]). We refer to [54] for the RERC
of the scalar Helmholtz equation and to [1, 15, 25] in the case of Maxwell’s equations
in periodic structures.

Since B, and y;, in (3.10) are real for at most a finite number of indices 7, only a fi-
nite number of plane waves in (3.10) propagate into the far field, with the remaining
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evanescent waves (or surface waves) decaying exponentially as x» — +oo. The above

expansion converges uniformly with all derivatives in the half-plane {x € R? : x» > b}

for any b > A*. Now, our direct diffraction problem can be formulated as the follow-

ing boundary value problem.

(DP): Given a grating profile curve A ¢ R? (which is 27r-periodic in x1) and an in-
cident field u" of the form (3.1) or (3.2), find a vector function u = u(x; 0) =
um+usc € H} . (Qa)? that satisfies the Navier equation (3.3), one of the bound-
ary conditions in (3.4)-(3.7), the quasiperiodicity (3.9) and the RERC (3.10).

Let u(x; 0;) denote solutions of (DP) corresponding to N incident pressure or shear

waves u!" of the form (3.1) or (3.2) with distinct incident angles 0 i€ (—%, %) (Jj =

1,2,...,N). The inverse problem which involves near-field measurements 1 (x1, b)

for some fixed b > A* can be formulated as follows.

(IP): Given N incident angles 0, determine the grating profile A from the knowledge
of the near-field data u(x1, b; 0;) forall x; € (0,2m),j =1,2,...,N.

As mentioned earlier, only a finite number of propagating modes of the compressional
and shear parts can be measured far away from the grating surface. From the practical
point of view, it is quite natural to reconstruct the unknown grating profile from the
far-field data u); (x1) of u*“(x) defined by

up(x1) = > Apn(tn, Bn)T explicnx1 + ifnb)
neuUp

+ > Agn(yn, —otn) T exp(ionx) + iynb),

nels

where the sets U, and U, are defined by

Therefore we also consider the following inverse problem:

(IP*): Determine the grating profile from the far-field data u;; (x1; 0;), x1 € (0,27),
for N incident pressure or shear waves 1" with distinct incident angles 0 is
j=12,...,N.

Of course, from these data one can only hope to reconstruct a finite number of param-
eters of the profile (see Section 5.2).
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3 Solvability results for direct scattering problems:
variational method

3.1 An equivalent variational formulation and its Fredholm property

Following the approach of [54] in the case of the scalar Helmholtz equation, we pro-

pose an equivalent variational formulation of the boundary value problem (DP), which
is posed in a bounded periodic cell in R? and is enforcing the radiation condition. In-

troduce an artificial boundary

Ip:={(x1,b): 0<x7 <21}, b>A" =maxxo,
xXeA
and the bounded domain
Qp = {(x1,x2) € Qp: 0 < x1 <21, X2 < b},

lying between the segment I}, and one period of the grating profile curve which is
denoted by A again. We assume that A is a Lipschitz curve, so that Qj is a bounded
Lipschitz domain.

Let H (Qp) denote the subspace of the Sobolev space H' (Q,) of scalar functions
on Q) which are x-quasiperiodic with respect to x;. Introduce the variational space

Va={ueH g((Qh)2 : u satisfies the corresponding essential boundary
condition of (3.4)-(3.7) on A}

equipped with the norm in the usual Sobolev space H! (Q},)? of vector functions. Note
that for the Neumann condition Vi, = HL(Qp)?, whereas for the third- and fourth-
kind boundary conditions only the first condition of (3.6) and (3.7), respectively, is
involved. By the first Betti formula, it follows that for u, € Vg,

- J (A* + wz) u-Pdx = J (a(u,@) —w’u - E) dx — J@- Tuds, (3.12)
Qb Qb rh

where the bar indicates the complex conjugate, and a(-, -) is the symmetric bilinear

form defined by

a(u, @)= 2u+A) (01u1 011 + 02U 02@2) + U (02U 021 + 01U2 01P2)
+ A (01U1 022 + 02Up 01@1) + U (C2U1 01@2 + O1U2 D2@01).
(3.13)

Let H (Iy) denote the Sobolev space of order s € R of functions on I}, that are «-
quasiperiodic. Now we introduce the DtN map 7 on the artificial boundary I},.

Definition 3.1. For any v € H&/Z(Fb)z, we define T v as the traction Tu*¢ on I}

where ©*¢ is the unique x-quasiperiodic solution of the homogeneous Navier equa-
tion in {x» > b} which satisfies (3.10) and ©#°¢ = v onI},.
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The next lemma is devoted to an explicit representation of 7 and its properties.

Lemma 3.2 ([34]).
() Forv =23 ,cpUnexplicnxi) € HY? ()2, we have
Tv =T (w,x)V = — Z Wity exp(icx1), (3.14)
nez

where W,, is the 2 X 2 matrix defined by

1 ( wzﬁn/dn Zufxn—wzfxn/dn
1

Wn = W‘Vl(wl (X) = _Zu(xn + (L)Zl)(n/dn wzyn/dn

) (3.15)

with dy := &2 + Bnyn.
(i) T is a bounded linear map from HY*(Ty)? to Hx''*(T}p)2.
(iii) For My > O sufficiently large, we have the decomposition T = T1 + T, with

TV = — Z WyUn exp(io,x1) satisfying Red — J Tv-vds =0,
In|>Moy Ty
and Trv = =3 <m, WnOnexp(icnxy) forall v e H&/Z(l"b)z.

The first assertion of Lemma 3.2 can be deduced directly from the definition of T,
whereas the second and third assertions follow from the explicit representation of 7 .
Next we introduce the sesquilinear form B(u, ¢ ) defined by

B(u,®) = J (a(u,@) - wu - @) dx — I@- Tuds, Vu,¢ Vg, (3.16)
Qp Iy

with 7u := T (ulr, ). Applying Betti’s identity (3.12) to a solution u = u*¢ + u™ of
(DP) and using the fact that

Tu=TW* +u™) = Tuc +Tu™ =Tu+ fo, with fo:=Tu™ - Tu™",

we obtain the following variational formulation of (DP): Find u € V such that

B(u, @) :Jfo-@ds, V@ € Vg, (3.17)
Tp
where
o= 2iBoky (A + 2u) dy! exp(iocx; —iBob) (=, o)™ if u™ = ulr,
7 1 —2iyoksudy! explicx) —iyob) (Bo, )™ if ui" = uin,
(3.18)

The problems (DP) and (3.17) are equivalent in the following sense. If u € H} .(Qx)?

loc
is a solution of the boundary value problem (DP), then u|q, satisfies the variational
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problem (3.17). Conversely, a solution u € V of (3.17) can be extended to a solution
u = u™ + us¢ of the Navier equation (3.3) for x» > b, where the Rayleigh coeffi-
cients Ay, and A; ,, of u*¢ are uniquely determined by the Fourier coefficients i, of
exp(—icxy) (u — u™)(x1, b) via the relation

b, = X ¥n Apnexp(ifnb)
tn = (311 _O(n) (As,n eXp(lynb)) ' (319)

The sesquilinear form B obviously generates a continuous linear operator B : Vix — V/
such that
B(u,@) = (Bu,p)a, Vu,eecVs. (3.20)

Here V, denotes the dual of the space V with respect to the duality (-, -)q, extending
the scalar product in L2 (Qp)?2.

Theorem 3.3 ([34]). Assume that the grating profile A is a Lipschitz curve. Then the
sesquilinear form B defined in (3.16) is strongly elliptic over V. Moreover, the opera-
tor B defined by (3.20) is always a Fredholm operator with index zero.

Proof. Using the well-known Korn’s inequality (see [31, Chapter 3], [63, Chapter 10]),
we obtain

| aumdx > cullulu g, - Calluls g, ¥ u e H @),
Qp

for some constants C1, C> > 0 independent of 1. On the other hand, it follows from
Lemma 3.2 (iii) that —7 can be decomposed into the sum of the positive definite op-
erator —77 and the finite rank operator —7T>. Therefore, the sesquilinear form B is
strongly elliptic and the operator B is a Fredholm operator with index zero. O

In contrast to properties of the DtN map for the periodic scalar Helmholtz equa-
tion, the operator —7 for the Navier equation is no longer positive definite (cf. Lemma
3.2(iii) and [44]). Thanks to the periodicity of the domain, we can still justify the Fred-
holm property of B. Concerning the DtN map for the biperiodic Maxwell equations,
we refer to [1, 19, 70].

3.2 Uniqueness and existence for direct scattering problems

We rewrite problem (3.17) in the form

Bu = Fo, JFoe< V&, (3.21)

where T is given by the right-hand side of (3.17). We have the following solvability
results for (DP).
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Theorem 3.4 ([34]).

(i) If the grating profile A is a Lipschitz curve, then there always exists a solution of
(DP) under the boundary conditions of the first, second, third or fourth kind. More-
over, uniqueness holds for small frequencies, and for all frequencies excluding a dis-
crete set with the only accumulation point at infinity.

(ii) If A is the graph of a Lipschitz function, then for any frequency w > 0 there exists
a unique solution of (DP) under the Dirichlet boundary condition.

Proof. (i) By the Fredholm alternative and Theorem 3.3, equation (3.21) is solvable if
the right-hand side ‘F is orthogonal to all solutions v of the homogeneous adjoint
equation B*v = 0. Note that such v can always be extended to a solution of (3.3) in
the unbounded domain Q, by setting

v(x) =D Apn ((xn, —EJT exp (i onX1 — iEnx2>

nez

+ Z Asn (=¥, —0n) T exp (i onx1 — 1Y, x2),
nez

for xo = b, where the Rayleigh coefficients A, », As,, are determined by the nth
Fourier coefficient ¥, of e~ 1®*1yp I, via an analogous relation to (3.19) with S, yn
replaced by f3,,, Y., respectively. On the other hand, it can be derived from

0= (B*vl W)Qh = (U,BW)QI/, = B((ljlv)l v Y e V(X
that v has vanishing Rayleigh coefficients of the incoming modes (see [34]):

Apn=0 for |anl <k, and As;n =0 for |onl <ks. (3.22)

Using (3.22), we arrive at

(Fo,V)q, = Jfo -vds =0,
Ip

with fo given in (3.18). Applying the Fredholm alternative yields the existence of a so-
lution to (DP).

We next prove uniqueness for small frequencies. If B(u, u) = 0 for some u € Vy,
then it follows from [34, Lemma 4] that the Rayleigh coefficient of order zero of u van-
ishes. This together with the asymptotic behavior of the matrix Wy, (see [34, Lemma 2])
as w — 0% leads to the estimate

Re{ - Jﬁ . Tuds} = Clullze
Ip

Tp)?’

for some constant C > 0 independent of u and w. Then, one can prove the coercivity
of the sesquilinear form B via the estimate (cf. [34, Remark 2])

2

B(u,u) = J a(u,Wdx + C llul? = w?ullzz(q,)e = Cillullfy g, 20

Hyl?(Ty)?
Qp
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which implies that u = 0 if w is sufficiently small. In view of the analytic Fredholm
theory (see e.g. [27, Theorem 8.26] or [50, Theorem I. 5. 1]), we obtain uniqueness
and existence for all frequencies w € R*™\D, where D is a discrete set including the
Rayleigh frequencies. Moreover, we conclude from the arguments in [34, Theorem 6]
or [42, Theorem 3.3] that D cannot have a finite accumulation point.

(ii) If A is the graph of a smooth function f and u = 0 on A, by a periodic Rellich
identity we have (see [34])

0

—2Re J (A* + w)u - 0ou dx

J J 2Re(Tu - &) — a(u, w)ny + w? Iulznz) s (3.23)
A

(p [0nul? + (A + p) | divul?®) np ds.

I
S

Since ny = —1/4/1 + | f’|2 < 0, there holds opu = u = 0 on A. Applying Holmgren’s
theorem leads to uniqueness at arbitrary frequency. By Theorem 3.3, existence follows
directly from uniqueness via the Fredholm alternative. Note that the integral in (3.23)
over A does not make sense for Lipschitz graphs. To deal with the Lipschitz boundary,
one can adapt Necas’ method [66, Chap. 5] of approximating the grating profile by
smooth graphs. For the details we refer to [44] and [34]. O

Theorem 3.4 (ii) generalizes the results of [44, 54] for the scalar quasiperiodic
Helmholtz equation to the case of the Navier equation. More general Rellich iden-
tities for the Navier equation (on bounded domains) can be found in [28]. The well-
posedness for the boundary value problem with mixed Dirichlet and impedance
boundary conditions can also be established for all frequencies, provided A is a Lip-
schitz curve [34]. The uniqueness to (DP) under the second, third, and fourth-kind
boundary conditions is not true in general. Nonuniqueness examples can be con-
structed for a flat grating in the resonance case (see [39]).

3.3 Uniqueness and existence for transmission gratings

Suppose the whole (x1, x2)-plane is filled with elastic materials that are homoge-
neous above and below a certain interface A of period 27r. Let Q* be the unbound-
ed domains above and below A, respectively. We assume that the Lamé coefficients
U=, A% in QF are constants satisfying u* > 0, A* + u* > 0, and that the mass den-
sities p* are positive constants in these subdomains. Let k3; := w JpEIRuE + A%),
ki := w+/p*/u* be the corresponding compressional and shear wave numbers, re-
spectively. In Section 3, we assume that a time-harmonic plane elastic wave u" with
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incident angle 0 is incident on A from Q*, which is either an incident pressure wave
of the form (3.1), or an incident shear wave of the form (3.2), with k,, ks replaced by
k;, k¥. We then look for the total displacement field u

u=u"+ut inQ*, u=u inQ-, (3.24)
where the scattered fields u* satisfy the corresponding Navier equations
(A* + w?p*)u* =0 in QF, (3.25)
with the x-quasiperiodicity condition
u*(xy + 21, x2) = exp(2ixtr) u*(xy, x2). (3.26)

On the interface the continuity of the displacement and the stress lead to the trans-
mission conditions

umrut=u", T*W"+u*)=T u" onA, (3.27)

where the corresponding stress operators are defined as in (3.8), with u, A replaced by
U=, A*. Finally, we need to impose appropriate radiation conditions on the scattered
fields u* as x» — +o. Introduce the notation
AT:= max x», A := min x,
(x1,x2)EA (x1,x2)EA
and define 3 and y; as in (3.11) with k,, ks replaced by k3, k. Then we insist
that the scattered fields u* admit the following Rayleigh expansions (cf. (3.10)), for
X2 2 A*:
u*(x) = Z {A;n(an, +B) T exp(ictnx1 + ifyx2)

nez (3.28)

+

+AE, (2yE, — )T explicnXy = iyExo) ] .

Transmission problem (TP): Given a grating profile curve A ¢ R? (which is 217-periodic
in x1) and an incident plane pressure or shear wave ©", find a vector function u €
H}.(R?)? that satisfies (3.24)-(3.28).

Introduce artificial boundaries
I'*:={(x1,b*): 0<x1 <2m}, bt>A"Y, b <A~
and the bounded domains

Qp :=(0,2) x (b™,b"), Q=0 " NQy.
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The DtN maps 7 * on the artificial boundaries I'* have the Fourier series representa-
tions (cf. Lemma 3.2 (i))

T*u* = - > Wiigexp(iocnx1), u*= > U5exp(icnxi) € HY?(I*)?,
nez nez

where the matrices Wi = Wi (w, &) take the form (cf. (3.15))

L1 < w?p*Bi/d; 2u+0(n—w2p+(xn/d;>

Wy =~ + + + + .+ +
n i —2/r(>(n+002p*0<n/d;1 wZP*Yﬁ/dﬁ

with df := o2 + B} y; . Applying the first Betti formula on each subdomain Q* to
a solution of (TP), and using the transmission conditions (3.27), we obtain the fol-
lowing variational formulation of (TP) on the bounded domain Q: Find u € H, & (Q)?2
such that

Bu,p) = J (a(u,P) — w’pu-P)dx — J@-T*uds— J@-T*uds
ot I+ I-

= Jfo - @ds, V@ eHyQ)?. (3.29)
r+

Here the domain integral is understood as the sum of the integrals

J (a* (. @) - w?p* u - P) dx,
o

where the bilinear forms a* are defined as in (3.13), with u, A replaced by u*, A%,
and the function fy on the right-hand side is defined analogously as in (3.18), with
Bo, Y0, kp, ks, A, p replaced by Bg,yq, kp, ki, AT, u, respectively. As in (3.20), the
sesquilinear form B defined in (3.29) generates a continuous linear operator B from
HL(Qp)? into its dual (H (Qp)?)’, with respect to the pairing (1, ¢ )q, = Jo, v - P,
via

B(u,) = (Bu,@lg,, Yu,ecH:Qp)?. (3.30)

The following result extends Theorems 3.3 and 3.4 (i) to problem (TP).

Theorem 3.5 ([34]).

(i) The sesquilinear form B defined by (3.29) is strongly elliptic over HX(Q)?, and the
operator B defined in (3.30) is Fredholm with index zero.

(ii) For an incident plane pressure or shear wave, there always exists a solution to the
variational problem (3.29) and hence to problem (TP).

(iii) Assume that u'" is an incident pressure wave of the form (3.1) (with k, = k).
Then, there exists a sufficiently small frequency wo > 0 such that the variational
problem (3.29) admits a unique solution u € HX(Qp)? for all incident angles and
for all frequencies w € (0, wq]. Moreover, for all but a sequence of countable
frequencies w j — oo, the variational problem (3.29) admits a unique solution.
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(iv) For an incident shear wave of the form (3.2), the results of the third assertion remain
valid under one of the following additional assumptions:
(1) kj, > ki sin 0, or equivalently, u* /(2u* + A*) > sin® 0,
() k, >k, orequivalently, p~ /(2u~ + A7) > p*/u*.

Remark 3.6. Assume that the elastic material is homogeneous above some periodic
Lipschitz interface and below another periodic Lipschitz interface, whereas the elas-
tic medium between the two interfaces may be inhomogeneous with piecewise con-
stant Lamé parameters A, u and density p having jumps at certain (finitely many) dis-
joint periodic Lipschitz interfaces. Then Theorem 3.5 can be easily extended to these
more general periodic diffractive structures.

In general, the uniqueness result of Theorem 3.4 (ii) does not hold for the trans-
mission problem (TP). Even in the special case of two half-planes with certain elastic
parameters A*, u*, p* and the transmission conditions (3.27) on the line {x, = 0},
there may exist nontrivial solutions of the homogeneous problem (Rayleigh surface
waves) that decay exponentially as x» — *oo [3]. Hence additional conditions must
be imposed on the elastic parameters to guarantee the uniqueness. As an example,
we present a new uniqueness result for (TP) at any frequency of the incident wave.

Theorem 3.7. Assume that the interface A is given by the graph of a 21t-periodic Lips-
chitz function x> = f(x1). Suppose further that p* + p~ and that the Lamé constants
A=, u* inQ;, satisfy At = A~, u* = p~. Then there exists a unique solution u to prob-
lem (TP).

Proof. By Theorem 3.5 (i), we only need to prove u = 0 provided that u" = 0. Sup-
pose first that the grating profile is given by a C*-smooth function f. Applying the
Rellich identity (3.23) to u™ in Q;; yields (cf. (3.23))

0 = —2Re J (A* + w)u* - Lu dx
Qp

J J 2Re(T*u* - ou*) —a* (u*, uws)ns + w?p*|lu*’nods, (3.31)
e

= iJZ Re(T*u* - oou™*) — a* (u*, u)n, + w’p*|u*’n, ds.
A

Note that the normal to A is directed into O~. Making use of the transmission condi-
tions (3.27) with ui® = 0,A* = A—, u* = u~, we deduce that Vu* = Vu~ on A,
leading to

T'u™ - u " =T u -0ou, a (wr,u")=a (u,u") onA.
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Thus, from (3.31) we see that

0=w?(p"-p7) J lu*?n, ds.
A

This relation combined with n, = —1/4/1 + |f"|2 < 0 and the transmission condi-
tion (3.27) gives ut = u~ = 0 on A. By the uniqueness to the forward scattering
problem with the Dirichlet boundary condition (see Theorem 3.4 (ii)), we conclude
that u* = 0in Q;j,. Thus u = 0 in Qp. In the general case we proceed analogously to
Theorem 3.4 (ii) by using Necas’ method [66, Chap. 5] of approximating the Lipschitz
grating profile by smooth graphs. O

Remark 3.8. The solvability results in Theorems 3.4, 3.5 and 3.7 can be generalized to
biperiodic diffraction gratings in R3. However, to prove an analog of Lemma 3.2 for
the DtN map, a more sophisticated analysis than for plane elasticity is needed. Note
that the 2 x 2 matrix W,, in (3.14) must be replaced by a 3 x 3 matrix in the biperiodic
case. For further details we refer to [39].

4 Uniqueness for inverse scattering problems

In this section, we will review recent uniqueness results for inverse elastic scattering
by periodic structures. Suppose that the two gratings A1, A> generate the total fields
u;(x; 0m) (j = 1,2) for the incident plane wave of the form (3.1) or (3.2) with the in-
cident angle 6 = 0,,. We are interested in the following uniqueness questions about
the inverse problem (IP). Does the relation

u1(x1,b;0m) = ux(x1,b;0m), V x1€(0,2m), form=1,2,...M,

with some sufficiently large b imply A; = A>? If yes, what is the minimal number of
incident elastic waves needed to assure uniqueness? Moreover, can we describe the
exceptional classes of grating profiles that generate the same near field data on x» =
b? A first answer related to these questions is given in [6] for the Dirichlet boundary
condition with several incident frequencies.

Investigating the eigenvalues and quasiperiodic eigenfunctions of Lamé operator
in a periodic layer, it is proved in [6] that a Dirichlet C2-smooth surface can be unique-
ly determined from the scattered fields corresponding to incident pressure waves for
one incident angle and an interval of wave numbers. Moreover, a finite number of
wave numbers is enough if some a priori information about the height of the grating
is available. In particular, uniqueness with one incident pressure wave holds if the
height is sufficiently small. This extends the paper by Hettlich and Kirsch on the peri-
odic analog of Schiffer’s theorem (see [52]) to the case of elastic scattering. We further
refer to [6, Theorem 5] for the minimal number of compressional wave numbers need-



116 —— Johannes Elschner and Guanghui Hu

ed to guarantee uniqueness. See also [5, 14, 18, 55] for other uniqueness results within
smooth periodic profiles in inverse scattering of acoustic and electromagnetic waves.

As already mentioned in the introduction, there are recent uniqueness results on
inverse acoustic and electromagnetic scattering by polygonal and polyhedral obsta-
cles and diffraction gratings [4, 16, 17, 26, 35, 41, 45, 46, 59, 61]. These results are
essentially based on reflection principles for the Helmholtz and Maxwell equations.
In this section, we present corresponding uniqueness theorems for polygonal elas-
tic diffraction gratings under the third or fourth-kind boundary conditions, where
a reflection principle is available. There seems to be no reflection principle for the
Navier equation under the physically more relevant boundary conditions of the first
(Dirichlet) or second (Neumann) kind. Thus it is still a challenging problem to study
uniqueness in the inverse problem under these boundary conditions.

Let A be our admissible class of periodic structures defined by

A:={A: A= (x1,f(x1)), where f is a continuous piecewise linear
function of period 27t satisfying maxy,er{f(x1)} < b, and
the graph of f restricted to [0,277] consists of finitely many
line segments and is not a straight line parallel to the x-axis}.

Note that flat gratings are excluded from our admissible class A, because such grat-
ings cannot be uniquely determined by a fixed number of incident pressure or shear
waves [36, Section 4].

4.1 Inverse scattering of incident pressure waves

In this section, we make the following assumptions.

(A1) u™ =ult:= 0 exp (ikpx - ) with some fixed incident angle 6 € (-5, 5).

(A2) Without loss of generality, one of the profiles A1, A> € A has a corner point at
the origin O = (0,0).

(A3) The corresponding total fields 11 and u; both satisfy the third (or fourth) kind
boundary conditions on A; and A, and they coincide on I,:

ui(x1,b;0) = uz(x1,b;0), x1 € (0,2m). (3.32)
Introduce the (exceptional) class of polygonal grating profiles D (8, k) by

D»(0,kp) := {A € A : eachline segment of A lies on a straight line
defined by x> = x; tan @ + k,fcgs an for

somen € Zwith € {§ +T,% - Ty}

if k,(1 £sin6) € Z, and by D2(0,kp) := () otherwise. See Figure 3.1 for two dif-
ferent grating profiles from the class D> (0, k,) with 8 = —%, ky = 2.1In fact, the
set D> (0, kp) contains grating profiles which only depend on the incident pressure
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—4*pi =2*pi 0 2*pi 4*pi

Figure 3.1: (See Color Plates for a color version.) D, (0, k) with @ = — %,k = 2.

wave. One can prove that D» (0, k,) = 0 for all k,, and 0 satisfying k,, (1 +sin0) € Z
[36, Lemma 11].
Given a fixed incident angle 0, define

Mp:={neZ:Bn(0) =0}, ms:={neZ:y,(0) =0}

We say that a Rayleigh frequency occurs if either 11, = () or 75 =+ (), and that Rayleigh
frequencies of the compressional (shear) part are excluded if 7, = @) (715 = 0). Let us
now give the main theorem for the fourth-kind boundary conditions.

Theorem 3.9 ([36]). Assume the boundary conditions of the fourth kind (3.7) are im-
posed on A1 and Ap. Then the relation (3.32) implies that one of the following cases
must occur:

i A=A

(i) A1,A2 € D2(0,kp), Ty =, and the total field takes the form

u = éexp(ikpx . é) — éexp(—ikpx . é) —ej exp(ikpx1) + ey exp(—ikpx1)
withu =u; (j =1,2),e; = (1,0)".

It follows from Theorem 3.9 (ii) that the class D> (6, k,,) contains the exceptional
grating profiles which generate the same total field, with a finite number of propagat-
ing modes only involved in the compressional part of the scattered field. Nonunique-
ness examples to (IP) with one incident pressure wave can be easily constructed from
the set D> (0, kp) (see e.g. [36, Section 6.2]).

The following reflection principle for the Navier equation is the main tool for prov-
ing Theorem 3.9 and the other theorems below. We denote by R; the reflection with
respect to a line [ in R?, and by R; the reflection with respect to the line I’ that passes
through the origin O and is parallel to [.
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Lemma 3.10 ([36]). (Reflection principle for the Navier equation) Let Q be a symmetric
domain with respect to a line 1, and let I C Q be a subset of another line such that
Ri(I) c Q. Assume u € H'(Q)? satisfies the Navier equation A*u + w?u = 0 in Q.
(i) If u satisfies the boundary conditions of the fourth kind (3.7) on L n Q, then

u(x) + Rj(u(Ri(x))) =0 in Q. (3.33)
(ii) If u satisfies the boundary conditions of the third kind (3.6) on L n Q, then
u(x) —Rj(u(Ri(x))) =0 in Q. (3.34)

(iii) In particular, if u satisfies the fourth respectively third-kind boundary conditions
on both land I in Q, then the same boundary conditions hold on Rl(i).

The original version of the reflection principle for the Navier equation can be
found in [47], where it was proved in the three-dimensional case when the domain Q
is symmetric with respect to the (x1, x7)-plane. The proof readily carries over to a two-
dimensional domain Q in the above lemma. Note that the relations (3.33) and (3.34)
are similar to those given in [60, 61] for the Maxwell equations.

Proof of Theorem 3.9. From the assumption (3.32) and the unique continuation of so-
lutions to the Navier equation, it follows that u; (x) = up(x) for all x lying above
the profiles A1 and A;. Relying on the analyticity of u ; and the reflection principle in
Lemma 3.10, one can always find an “exit” ray | extending to infinity in x, > b such
that u; (j = 1,2) satisfies the fourth-kind boundary conditions on [. Applying prop-
erties of almost periodic functions to u|; gives the vanishing Rayleigh coefficients
Apn = 0for |ay| > kp and As , = O for |y | > ks. Therefore, both of the total fields
uj =um"+ uj-c, Jj = 1,2, can be reduced to a finite sum of propagating waves, i.e.

UL =ur =u"+ Z An,n((xn;Bn)Tei((XnX1+an2)
[otn |<kp

* Z A (Yn, — o) T et&nX1+ynX2)

lotn | <ks

for x» > b, which can be analytically extended to the whole plane. Further, it can
be derived from the reflection relation (3.33) that the solution u and its finite number
of propagating directions exhibit some rotational and reflection invariance (see [36,
Lemmas 6 and 7]) around the origin. This symmetry implies further that As, = 0
for all || < kg, due to the incident pressure wave u}g" and the assumption that
Aj (j = 1,2) is the graph of a function [36, Lemma 8]. Therefore, the total field on-
ly consists of the compressional part with a finite number of propagating directions
lying on the circle |x| = k,. Among these directions, only the incident wave of di-
rection (x,—f)" is propagating downward, whereas the other waves of directions
(o, Bn) " are propagating upward when S, > O or along the x-axis when 8, = 0.
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From the reflectional and rotational invariance of these directions, one can describe
each propagating direction of the compressional part and its corresponding Rayleigh
coefficient in terms of the incident compressional wave number k, and the incident
angle 0. This implies the representation of the total field in Theorem 3.9 (ii) and leads
to the definition of the unidentifiable set D> (0, k,) (see [36]). O

The following results can be obtained directly from Theorem 3.9.

Remark 3.11.

(i) LetO e (-%5,5).1fD2(0,ky) = Dor A ¢ D2(0,kp), then one incident pressure
wave with the incident angle 8 uniquely determines A € A. Since D> (0, kp) = 0
if m, = (), we have uniqueness with one incident pressure wave provided the
Rayleigh frequencies of the compressional part are excluded.

(if) Two incident pressure waves are always sufficient to uniquely determine A € A
since

Dz(@l,kp)ﬁﬂz(gz,kp)ZQ), 01 = 0.

Before stating the main theorem for the third-kind boundary conditions, we in-
troduce the following three (exceptional) classes of polygonal periodic structures.
For 2k, sinf € Z, let

N2(0,kp) := {A € A : eachline segment of A lies on a straight line defined

by x> = x;tan 0 + n for some n € 7, or

ky, cos 0

X2 = x1tan(0 + %) + c for some ¢ € R},

and if 2k, sin 0 ¢ Z, set N> (0, kp) := ). Moreover,

N3(0,kp) := {A € A: eachline segment of A lies on a straight line defined

by x2 = x1tan @ + n for some n € Z, with

21T
ky~/3 cos @

STT T T
cp€{9+?,9+€,9—3}}

if0 e [, §land kp+/3sin(§ = 0) € Z, and N3 (0, kp) := () otherwise. Finally,

N3(0,kp) := {A € A : eachline segment of A lies on a straight line defined
27T
by x> = +x1 + k—n for somen € Z, or
p
X2 = 1m for some m € 7}
kp
if 0 = 0and k, € Z, and N4 (0, k) := 0 otherwise. See Figure 3.2 for examples of
the triangular grids on which the profiles of N3(8, k) and N4 (0, k) are located.
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Figure 3.2: (See Color Plates for a color version.) Left: N3(6,k,) with 6 = —%, kp = 2. Right:
N1(0,kp) with kpy = 4.

Theorem 3.12 ([36]). Assume the third-kind boundary conditions (3.6) are imposed on
A1 and A». Then the relation (3.32) implies one of the following cases:

i A1 =Ao.

(i) @) A1,A2 € N2(0,kyp), 1y = 0, and the total field takes the form

ulx) = éexp(ik,,x . é) - éexp(—ik,,x . é).
(b)) A1,A2 € D2(0,kp), p + 0, and the total field can be written as
u(x) = éexp(ikpx . é) — éexp(—ikpx . é)
+ e1 exp(ikpx1) — e1 exp(—ikpx1).

(iii) A1, A2 € N3(0,kp) with 0 € [—F, T 1. Inthis case, T, + 0if 0 = T or0 = -7,
and the total field takes the form

ulx) = éexp(ikpx . é) + Rotz%(é) exp(ikpx - ROtZ_n(é))

3
+ Rotux (6) exp(ikpx - Rotun (6)),
where Roty, denotes the rotation around the origin O by the angle @.
(iv) A1, A2 € N4(0,kp), 0 = 0, 1, = 0, and the total field can be written as
u(x) = —ex exp(—ikpxz) + ez exp(ikyx2)

+ er exp(ikpx1) — e exp(—ikpxy).

Hereu =u; (j=1,2),e;1 =(1,0)T andex = (0,1)7.

Corollary 3.13. Suppose that the assumptions of Theorem 3.12 are satisfied. If (3.32)
holds for four incident pressure waves with distinct incident angles, then A1 and A»
must be identical, while three incident waves are always enough to imply A1 = A» if the
Rayleigh frequencies of the compressional part for each incident angle are excluded.
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We refer to [35, Corollary 5] for additional conditions on the incident angles and
the compressional wave number k, guaranteeing that each grating profile A € A
can be uniquely determined by three incident pressure waves under the third-kind
boundary conditions.

4.2 Inverse scattering of incident shear waves

In this section, we assume that the profiles A1, A> € A satisfy the conditions (A2)
and (A3) again, whereas u™ in (A1) has to be replaced by the incident shear wave
uﬁ"(x) = 0+ exp(iksx - é). Then the uniqueness results of [36] for incident plane
shear waves may be stated as follows.

Theorem 3.14. Assume the boundary conditions of the third kind (3.6) are imposed on
A1 and A». Then the relation (3.32) implies one of the following cases:

(i) A1 =Ao.

(ii) A1,A2 € D2(0,ks), 115 = 0, and the total field takes the form

u(x) = 0+ exp(iksx-0)— 0+ exp(—iksx-0)+es exp(iksxy) —es exp(—iksx1)
withu =u; (j =1,2),e2 = (0,1)".
Theorem 3.15. Let the fourth-kind boundary conditions (3.7) be satisfied on A1 and A3,
and assume that (3.32) holds. Then one of the following cases must occur:

i) A=A
(i) @ A1,A2 € N2(0,ks), 15 = 0, and the total field takes the form

u(x) = 6+ exp(iksx - 0) — 0+ exp(—iksx - 0).
(b) A1,A2 € D2(0,ks), 115 + 0, and the total field takes can be written as
u=0*+ exp(iksx - 0) — 0+ exp(—iksx - 0) — e exp(iksxy) + ep exp(—iksxy).

(i) A1, A2 € N3(0,kg) with O € [—F, T 1. Inthis case, ts = 0 if 0 = T or 0 = -,
and the total field takes the form

u(x) = 0+ exp(iksx - 0) + (Rotzr (0))* exp(iksx - Rotzx (0))

£m
3

+ (Rot%n(é))l exp(iksx - Rotax (0)).

3

(iv) A1,A2 € N4(0,ks), 0 = 0, 115 # 0, and the total field can be written as

u(x) = e; exp(—iksxz) — e1 exp(iksxz) + ez exp(iksxi) — ez exp(—ikpx1).

As the counterpart of Remark 3.11 and Corollary 3.13, we have the following unique-
ness results with the minimal number of incident shear waves.
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Corollary 3.16. Two (four) incident shear waves with distinct incidence angles are suf-
ficient to uniquely determine a grating profile A € A under the boundary conditions of
the third (fourth) kind. If the Rayleigh frequencies of the shear part are excluded, then
the minimal number is one (three).

Remark 3.17. The uniqueness results in Section 4 generalize those for acoustic and
electromagnetic gratings [35] to the elastic case. As one would expect, the derivation
of the unidentifiable classes in 3D is more complicated than in 2D, since we must take
into account biperiodic structures which vary in both x; and x» and where the inci-
dent wave is not perpendicular to the x3-axis. In general, there exist five (two) class-
es of unidentifiable polyhedral grating profiles in the case of plane shear (pressure)
wave incidence under the boundary conditions of the third (fourth) kind [37].

5 Numerical solution of direct and inverse scattering
problems

5.1 A discrete Galerkin method for (DP)

In this section, we discuss the numerical treatment of the direct scattering problem
for the Dirichlet boundary condition. The approach is based on the discrete Galerkin
method proposed by Atkinson [13] for solving an equivalent integral equation of first
kind. A similar method is used in [56] for solving the forward problem of elastic scat-
tering from an open arc in R2. As mentioned in the introduction, the implementation
of this method is easier than the integral equation method with a second-kind integral
equation. This approach also leads to the unique solvability of the forward scattering
problem for the Dirichlet boundary condition (see [38, Lemma 4.1]). In the sequel,
we assume that the incident wave is an incident pressure wave, and that A is the
graph of some C2-smooth periodic function f. For piecewise linear gratings where
the scattered field may be singular at corner points, one can adopt a mesh grading
transformation to parameterize the grating profile (see [38, 43]). In this section, it is
supposed that 1, = 15 = (), that is, the Rayleigh frequencies are excluded.

We first recall the free space fundamental solution ®(x, ) to the Helmholtz
equation (A + k?)u = 0 given by

i
dp(x,¥) = ZH(()”(klx —yD), Xx#y, x=(x1,%2),y = (V1,72) € R?,

with H(()l) (t) being the first-kind Hankel function of order zero, and then recall the
«-quasiperiodic fundamental solution to the Helmholtz equation defined by (see
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e.g. [58])
Gr(x,7) = D exp(—ia2mn) & (x +n(2m,0), )
nez
N é + exp (it (X1 — 1) + iBnlx2 — ¥21), (3.35)
nez P

for x —y # n(2m,0), n € Z, where B, are defined as in (3.11) with k, replaced by k.
The free space fundamental solution to the Navier equation (3.3) is given by (see [56])

1
I'ix,y) = ECI),(S(X,y) I+ —grad grad [Cbks(x,y) - <I>kp(x,y)],

where I stands for the 2 X 2 unit matrix. Then, the x-quasiperiodic fundamental so-
lution (Green’s tensor) to the Navier equation (3.3) takes the form

II(x, y) Z exp(—ix2mmn) I'(x + n(21m,0),y)

nez

for x — y = n(2m,0),n € Z. The convergence of the above series for I1(x, y) is
discussed in [7, Section 6]. Define

( ( i
P(n) P(n) 4mw?By \ocnBn B2 , .

S(n) S(") - i I i 0‘121 AnyYn =g (3.37)
S(n) S(n) 747Tllyn 4 w?yn \otnyn Y% o . .

We can derive from (3.35) that IT(x, ) takes the form

M(x,y) = > P™exp(ilatn(x1 — Y1) + Bulx2 — ¥21 1)

nez

+ > SMWexp(ilotn (X1 — 31) + ynlx2 — 321 1). (3.38)

nez

Our approach is based on the following decomposition of the x-quasiperiodic funda-
mental solution IT(x, ) and the periodicity of the grating surface.

Lemma 3.18 ([38]). On the profile A, the x-quasiperiodic Green’s tensor I1(x, v) has
a logarithmic singularity of the form
1 1
M(x,) = —m—In(lx = yD I+ (x, ), m=_5Kk+kp),  (339)

whereIT* (x, ) is a continuously differentiable matrix in the variables x,y € A.

To solve problem (DP) under the boundary condition (3.4), we make the ansatz
for the scattered field u*¢ in the form

W (x) = jmx,y) d()ds(y), x €O
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with some unknown «x-quasiperiodic function ¢p(y) € L?(A)2. Then we only need
to solve the linear first-kind integral equation

Jl‘[(x,y) d(y)ds(y) = —u"(x), x €A. (3.40)
A

Set

x = (t, f(), ¥ = (s,f(5)),
g(t) == —u"(t, f(t)) exp(—iat),

p(s) = (s, f(s)) exp(—iaxs)y1 + f'(5)?,

K(t,s):=1I(t, f(t);s, f(s)) exp(ic(s — 1)).

Multiplying (3.40) by exp(—ixt) gives the equivalent form
21
'[ K(t,s)p(s)ds =g(t), 0<t<2m. (3.41)
0

Note that p(t), g(t) are both 27T-periodic with respect to t. It follows from the de-
composition in (3.39) that

K(t,s) = —m%ln ‘2(”2 sin(t_TS> ‘ I+H(t,s),

where H (t, s) is a continuously differentiable function on R x R. Define the integral
operators

21
Ap(t) := —m% I In ‘2(”2 sin <t_TS) ‘ Ip(s)ds,
0

21

Bp(t) := J H(t,s) p(s)ds.
0

Let H,}, (0,277) denote the Sobolev space of 21r-periodic functions on (0,277). Then,
solving the first-kind integral equation (3.41) can be transformed into:

Given g € Hy(0,21)%, find p(t) € L*(0,2m)* suchthat Ap + Bp = g.  (3.42)

Let further 7,, denote the (271+1)-dimensional space of trigonometric polynomials of
degree not greater than n, with the basis given by {@, (t) := et _n <wm <nl.
Then the orthogonal projection P,, of L?(0,277)? onto 72 takes the form

n

21
_ L imt _ L J —ims 2
(Pap)(t) = mmz pme™, = o ) p(s)e”™ds € C?,

=-n
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and the corresponding Galerkin method for (3.42) consists of solving the projection
equation

n
(A+ PuB)pn = Png, forpn= > cjpj(t) € s, cjeC. (3.43)
j=—n
Let C,[0,277] denote the continuous complex-valued 2717-periodic functions in t. The
basic idea of the discrete Galerkin method proposed in [13] is to replace the orthogonal
projection Py, by the interpolatory projection Q, : C,[0,271]? — 72 at the equidistant
grid points t; = jh,h = 21m/(2n + 1), and to approximate (3.43) by

(A+QuBn)pn = Qng, Pn € .71%; (3.44)

where the integral operator B is approximated by a finite-dimensional operator using

the trapezoidal rule
2n

Bupn(t) = h 3 H(t, t;)pu(t)). (3.45)
j=0
To avoid the computation of H(t, s) for t = s (i.e. the diagonal terms), we introduce
the collocation points sy = kh + h/2,k = 0,1,...,2n, which is a shift of the equidis-
tant grid points ¢ ;. Then, problems (3.44) and (3.45) are equivalent to

n
m@;(sk) ' o -
j:Z_n |:maX{1,|J|}I+Bn(pJ(Sk):| CJ 7g(Sk), ka,l,...,Z’VL.

Using (3.45) and the orthogonality of @, the previous finite linear system becomes
(see also [43, section 3])

2

S

(0w + RH (s, t) | pn(t)) = g(s), k=01,....2n,  (3.46)
0

J
in terms of the unknown density p, where

n
0k = 5=h > (50 () /max(l, [ml}.
LU ——
Note that s # t; forallk,j = 0,1,...,2n, and that the oy can be readily comput-
ed employing the fast Fourier transform. Solving the linear system (3.46) in the un-
knowns p, (£;) then gives an approximate solution p,, € J, of the integral equation
(3.40). We refer to [13] for a convergence analysis of this approximation method.

5.2 Atwo-step algorithm for (IP)

In this section, we present a numerical method for the profile reconstruction problem
(IP) in the case that the Dirichlet condition is imposed on the unknown profile A.
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We assume that A is the graph of a sufficiently smooth 27r-periodic function f, and
suppose that we have the a priori information that A lies between the horizontal lines
{x2 = 0} and {x2 = b} for some b > 0. For simplicity we restrict ourselves to the
case of one incident wave with incidence angle 6. We can rewrite the corresponding
near-field data u;° (x1) = u*“(x1, b) and far-field data uj; (x1) as

uif(x1) = > An(0) explictax1), up(x1) = > Ap(0)exp(ionx1), (3.47)

nez nels

where

An(0) = A%?’L(an’Bn)TeiBnb + Asn(=yn, O(n)Teiy”b,

A (0) = An(0), ifn e Up,
T Ap (0, Br) TetPr?, ifn e Us\'Up.

We consider the following inverse problem, which is a slightly more general version

of problem (IP*) formulated at the end of Section 2 (in the case of a single incidence

angle).

(IP"): Given a finite number of Rayleigh coefficients A, (0), |n| < K, forsomeK € N,
determine the unknown grating profile A.

Note that the far-field data A5, (0), n € ‘Us, are covered if K is sufficiently large. Since
(IP") is nonlinear and severely ill-posed, it is quite natural to apply regularization and
optimization techniques. Introduce the Hilbert space X = L2(0,27r)2 with the scalar

product
21

(w(t), v(t) == % j w(t) - vt

0

and the norm [|u|| := +/(u, u). Define the linear operators J, Sy : X — X by

Jo(x1) : % M(x1, b;t,0)@(t)dt,

S (x1) = % M(x1, £(x1); 6, 0) @ (t)dE.

ZJTr
0
Tr
0
The Kirsch—Kress method adapted to our diffraction problem consists of solving the

optimization problem

. 2
1T —upl® + y I@l® +nfu™ o f+ S|~ inf ,  (348)
feM,peX

where y > 0 denotes the regularization parameter, n > 0 is a coupling parameter
and M is an admissible set of profile functions with uniformly bounded C%!-norm.
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The convergence analysis for problem (3.48) is presented in [44] in the case of the
quasiperiodic Helmholtz equation, which we think can carry over to the quasiperi-
odic Navier equation. Since the combined optimization scheme (3.48) requires the
determination of two unknown functions f and @, to reduce the computational ef-
fort, we extend the two-step inversion algorithm proposed in [22] for electromagnetic
gratings to the inverse elastic scattering problem (IP’).

Step 1: Reconstruct the scattered field from the near-field data uj’ (x1).
We try to represent the scattered field u’¢ as the single layer potential

21T

u(x) = % I IM(x1,x2;¢,0)@(t)dt, x € Qa
0

with some unknown «-quasiperiodic function @ (t) € X. Then we only need to solve
the first-kind integral equation

Jo(x1) = uy’ (x1), x1 € (0,2m). (3.49)
Expand @ (t) € X into the Fourier series
@)= Y Pnexpliont), @ni= (P, @) e

nez

Then, it follows from (3.36)-(3.38) that the operator J takes the form

Jp(x1) = Y MM @pexplicnx1), M™ :=(P™ exp(ifnb)+S™ exp(iynb)).
nez
Since the operator J is compact on X, we consider the Tikhonov regularized version
Yo + J*J@ = J*ujf of equation (3.49) with the regularization parameter y > 0,
where J* denotes the adjoint operator of J. Let the singular value decomposition of
M® pe given by M = g™ (W) (y(W))* where

U(n) _ (Ul(n)s UZ(TL))’ V(n) _ (vl(n)’ VZ(?’L))’ Z(n) — diag(O'l(n), 0.2(?1) )

with UJ(."), V}") € C? being column vectors and 0}") € R*forn € Z, j = 1,2. Then,
the regularized solution @, is given by (see [27, Chapter 4])

(Py:ZZ

(n)
nez j=1 (0'

zz"

(n)
[n|<K j=1 (U

(n)
(uij ,U(") eXp(w(nt)) ) exp(ictyt)

Q

(An . U ) V(") exp (i t)

in the case that near-field data are given, where A,, € C? are defined in (3.47). Now

we can represent @, as
2 O_(n)
(n) : (n) . J (n) (n)
Z @, exp(icnt), @y": z _ (An U;j ) V; (3.50)
In|<K Y j=1 (O'(n))z tYy
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When far-field data are given, we only need to replace uif, Ay, by uil, Ay, respective-
ly.

Step 2: Determine the grating profile function f by minimizing the defect
Hum of + Sf(pH — inf (3.51)
fem

over some admissible set M of profile functions.

Having computed @, from the first step, we may consider Sr(g, ) as an approx-
imation of the scattered field on the grating profile. We now turn to investigating the
nonlinear least-squares minimization problem (3.51). Using (3.36)-(3.38) and (3.50),
we see that the integral operator Sy takes the form

Sf(py(xl) _ Z P(n)q,;n)eianxlﬂﬁnf(xl) + S(n)(p;n)eianxlﬂynf(xl)_

In|<K

Hence, problem (3.51) is equivalent to

2
De B0 1 S (P @M eiBaf 1) 1 g pivaf(t)) gint

In|<K

- inf, (3.52)
fem

where, for C?-smooth grating profiles, an admissible set M is given by

M
M= <|f(t) =agp+ Z am cos(mt) + ay+m sin(mt)]», (3.53)

m=1

with some fixed number M € N and bounded Fourier coefficients a j. We discretize
the objective functional in (3.52) by the trapezoidal rule and then solve the resulting
minimization problem in a finite-dimensional space.

Here we present two numerical examples using the two-step algorithm. Take ks =
4.45, w = 5, and probe the unknown grating profile by a single incident pressure
wave with @ = 0 and k, = 4.2. With these settings we have U, = Us; = {(n € Z:
[n| < 4}. In the following Examples 3.19 and 3.20, unless otherwise stated we always
set K = 7 in (3.50) and (3.52) . This implies that all propagating modes of the com-
pressional and shear parts corresponding to [711| < 4 are used, while six additional
evanescent modes corresponding to 5 < [n| < 7 are also taken into account.

Example 3.19 (Fourier gratings). Suppose that the grating profile function is given by
the finite Fourier series

f(t) =2+ C(cos(t) + cos(2t) + cos(3t)), T =0.05m,

where T characterizes the steepness of the profile. We used exact near-field data to
reconstruct this profile function, which has the form (3.53) with M = 3. To generate
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Figure 3.3: (See Color Plates for a color version.) Sensitivity of the method to the parameter K in
Example 3.19.

the synthetic data, the discrete trigonometric Galerkin method of Section 5.1 was em-
ployed. Figure 3.3 illustrates the sensitivity of the method to the parameter K, from
which we see that the propagating modes corresponding to K = 4 (i.e., only far-field
data are used) lead to satisfactory results. The reconstruction from noisy data even
with noise level 6 = 10% can still produce good results in the case K = 7. However,
the results are not acceptable if we increase the steepness to 0.17t.
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Example 3.20 (General smooth gratings). Suppose that A is the graph given by the
function
f(t)=1.5+0.2exp(sin(3t)) + 0.3 exp(sin(3t)),

which can be approximated by the truncated Fourier series
f*(t) =2.133-0.0543 cos(6t)—0.0814 cos(8t)+0.22606 sin(3t)+0.339 sin(4t)

with four interior local minima. In this case we chose M = 8 in (3.53), with a total of 17
parameters to be determined. The computational results are presented in Figures 3.4
and 3.5. Since the steepness of A is relatively large, the downward convex part of the
grating surface is not well-reconstructed. One can see from Figure 3.4 that data with
10% noise lead to a larger deviation in contrast to the profile reconstructed from data
corresponding to a noise of 5%.

Our experiments have shown that the reconstruction with K < 7 also leads to
a large deviation and that the one with K > 8 only slightly improves the computa-
tional results in Figure 3.4. Figure 3.5 demonstrates the computational results from
different initial guesses using unperturbed propagating modes.

The two-step algorithm is easily implemented, and satisfactory reconstructions
can be obtained with a low computational effort for suitable initial values of grating
parameters. This is mainly because the singular value decomposition of the derived
first-kind integral equation can be readily achieved, and only the unknown grating

3 T

©— computed (5=0)
2.8 % target 7

— — — initial

. S ©— computed (6=0.05)
- ) —+— computed (3=0.1)
264 target
v — — — initial

2.4
2.2
2

1.8

1.6 1 1 1 1 1 1
0 1 2 3 4 5 6

Figure 3.4: (See Color Plates for a color version.) Example 3.20. K = 7, M = 8.
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K=4,M=8
3 T

2.8 € computed
target
— — —initial

2.6

2.4

% R &

K=4,M=8
T

&— computed
target
3F /N — — —initial B

Figure 3.5: (See Color Plates for a color version.) Example 3.20. K = 4,M = 8,6 = 0.

profile function needs to be determined in the second step. Moreover, no direct scat-
tering problems need to be solved in the process of the inversion algorithm. As our
experience has shown in [22-24], the two step algorithm is in general faster and more
accurate than the minimization of the combined cost functional. The reconstruction
scheme can also be applied to piecewise linear grating profiles with a finite number of
corners (see [38]), and it can be readily adapted to the case of several incident angles
or a finite number of incident frequencies. However, the convergence of the two-step
algorithm is still open.
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