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Abstract. This paper is concerned with time-harmonic acoustic scattering of plane waves in one
or two inhomogeneous half-planes with an unbounded interface. The contrast function is supposed
to have a compact support, while the infinite interface is a local perturbation of the xj-axis. For
an acoustically impenetrable interface, the scattering phenomenon occurs in one half-plane only and
the impedance (Robin) boundary value problem is investigated. In the penetrable case, we study
a transmission problem in two half-planes. Our approach for forward scattering is based on the
finite element method in a truncated bounded domain coupled with the boundary element method.
Numerical experiments are tested to verify our scheme. For the inverse problem, we prove that the
near-field data of a finite number of incoming plane waves or a single point source wave uniquely
determine the shape of a rectangular cavity of impedance-type.
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1. Introduction. The scattering problems in a locally perturbed half-space in
R™ (n = 2,3) have attracted much attention over the last 20 years. They have many
applications in remote sensing, ocean acoustics, geophysics, outdoor sound propa-
gation, and so on. Throughout this paper, the concept local perturbation means a
one-dimensional (1D) curve which coincides with the zj-axis in |z| > R for some
R > 0. This type of interface is not necessarily the graph of a compactly supported
function over the xq-axis. In this paper, we assume that a time-harmonic plane wave
is incident onto a locally perturbed interface separating two isotropic media in two
dimensions and investigate both the direct and inverse scattering problems.

In the time-harmonic regime, it is well known that the total field can be decom-
posed into three parts: the incoming wave u™, the reflected wave u"® corresponding
to the unperturbed scattering interface (i.e., the straight line 25 = 0 in 2D), and the
scattered wave u°¢ caused by the presence of local perturbations. Under the Som-
merfeld radiation condition of 4°¢ in the half-space, one can show uniqueness and the
existence of weak solutions if the total field fulfills a Dirichlet or Neumann boundary
condition, whereas the reflected waves are usually uniquely determined by Snell’s law
in physics; see, e.g., [1, 2, 3, 33, 24, 26, 27, 32, 36].
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Due to the local perturbation of the infinite interface, variational and integral
equation methods (see, e.g., [1, 2, 27, 36, 33]) can be adopted to reduce the unbounded
physical domain to a truncated computational domain. This has significantly simpli-
fied the calculation and analysis over an unbounded domain for treating general rough
surface scattering problems [11, 7, 9, 20, 22, 35, 32]. However, these approaches rely
heavily on the reflection principle of the Helmholtz equation under a Dirichlet or
Neumann boundary condition and can hardly be extended to the Robin case. One
reason lies in the fact that the reflection principle with the Robin boundary condition
is not of the point-to-point type; see, e.g., [19, 23]. In fact, a transparent boundary
condition (or nonreflecting boundary operator) always requires a series expansion of
half-plane Sommerfeld radiation solutions with the corresponding boundary condition
on o = 0. However, unlike the Dirichlet and Neumann cases [27, 33], it is not trivial
to derive such an expansion for the Robin boundary problem. On the other hand,
to the best of our knowledge, it remains unclear how to apply the integral equation
approach, with the free-space fundamental solution being the kernel (see [36] in the
Dirichlet case), to a bounded computational domain for treating the Robin boundary
value problem in a locally perturbed half-space. The authors in [12] studied an equiv-
alent integral system involving the impedance Green’s function in the half-space but
did not provide a proof of the existence of solutions.

The aim of this paper is twofold. First, we shall review and remark on solvability
results for Dirichlet and Neumann boundary value problems; see section 2.1. Our new
contribution is to mathematically justify the reflected waves in appropriate Sobolev
spaces, leading to new insights into the Dirichlet, Neumann, and Robin boundary
value problems under question. Especially in the Neumann case, we shall explain
why surface waves are excluded for local perturbations. Further, using a coupling
scheme between the boundary integral equation and variational methods, we prove
the well-posedness of the scattering problems with the Robin boundary condition
and transmission interface conditions; see sections 2.2 and 2.3. Our coupling scheme
is closest to the lines of [21]. Compared to [26, 3], we avoid the calculations of
hypersingular integral operators. The proposed approach seems promising since it
can be used to handle various boundary value problems in a locally perturbed half-
space, provided that the Green’s function to the unperturbed problem fulfills the
Sommerfeld radiation condition. The solvability result for transmission problems fills
the gap in [15]; see Remark 2.3. Numerical tests will be reported in section 4.

Second, we shall consider the inverse problem of determining the perturbed scat-
tering interface from near-field measurement data [4, 5, 6]. We prove that the near-
field data of a finite number of incoming plane waves (with distinct incident directions
or wavenumbers) or a single point source wave uniquely determine the shape of a rect-
angular cavity of impedance type.

2. Forward scattering problems.

2.1. Half-plane scattering problems for impenetrable interfaces. As-
sume that a time-harmonic incoming wave u®® is incident onto the straight line
Iy := {¥2 = 0} from the upper half-plane R% := {(z1,22) : zo > 0}. The prop-
agation of the incident wave in an isotropic homogeneous medium can be modeled by
the Helmholtz equation

(2.1) Au™ 4+ k2™ =0 in R?

with the wavenumber k > 0. In this paper, v’ is assumed to be a plane wave of the
form
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(2.2) u™ = u"(z;d) = exp(ikz - d) = exp(ik(z1 sinf — x5 cosh)),

where d = (sinf, —cosf) € S := {x : |z| = 1} stands for the incident direction and
0 € (—m/2,7/2) the incident angle. Suppose that the total wave field u = u™ + u"®
does not penetrate into the lower half-space R? := {(z1,22) : 72 < 0}, where u™®
denotes the outgoing reflected wave scattered back from I'y. We consider one of the
following three boundary conditions imposed on I'y:

Dirichlet boundary condition: u=0;
(2.3) Neumann boundary condition: Oyu = 0;
Robin boundary condition: Oyu + ikdu =0,

where v € S is the unit normal at I'y directed into R? (that is, v = (0,1)) and A € C
satisfies ReA > 0, ImA > 0. In 22 > 0, we suppose that the outgoing wave u"®
satisfies the upward angular spectrum representation (UASR) proposed in [11, 9]:

(24)  we(z) = \/% /R exp(i[(22 — W)VEZ — € + 016]) W (€) dE, w2 > h

for any h > 0. Here \/kQ —£2 = i\/§2 — k2 when &2 > k2, where 47°(€) denotes the
Fourier transform of u"¢(xz1, h) with respect to z1, i.e.,

WE(€) = Foyoe[u™ (a1, )] = \/% /R exp(—izr&) u™ (z1, h) dzy, € € R.

In fact, for u™(z1,h) € L*(R), the UASR condition (2.4) can be written in the form

0®(z, e
u(x) = 2/]R a(ymzy)u (y1,h)dy1, 2 > h,

which is called the upward propagating radiation condition (UPRC) (see [13, 14]).
Here ®(z,y) is the free-space fundamental solution to the Helmholtz equation in R?
given in (2.12).

The UASR can be derived for bounded outgoing waves in general settings. The
representation (2.4) shows that u" is a linear superposition of the upward propagat-
ing plane waves exp(iz1€ + ixo+/k% — £2) for || < k and evanescent surface waves
exp(iz1€ + ixa\/k? — &2) for |£| > k. Hence, the radiation condition UASP covers
plane waves, surface waves, and the Sommerfeld outgoing waves which propagate into
the upper half-plane. We refer to [13, Theorem 2.9 (ii)] for the proof that the Som-
merfeld radiation condition is stronger than the UPRC. For h > 0, define the strip
between I'g and T'y, by U, := {x : 0 < 29 < h}. For s, 0 € R, introduce the weighted
Sobolev spaces

Vi, i {u: [/ﬁ (\(1 )2l + |V [+ )] ’Q)dx} " oo}

and
Hy(R) := (1+a7) %’H*(R),

where H?(R) is identified with the Sobolev space H*(R) with norm

1/2
ol = ( / <1+52>3|fv|2d5) .
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The weighted space Hy(R) will be endowed with the norm
ol ms my == [1(1 + 23)2?v(21)| |1 ()

Obviously, the restriction of the incident plane wave u‘™ given in (2.2) to U, belongs

to the space ‘N/;w for all p < —1/2 and h > 0. Moreover, given u"™® € V}, , for p > —1,
it holds that u™|p, € Hy/*(R) and @5¢ € H,/?(R), and that the integral (2.4) can
be interpreted as a linear functional between H, ;/ *(R) and its dual space H:;/ *(R);
see [9]. Below we present solvability results of the boundary value problems (2.3) and
(2.4), which will be referred to as unperturbed scattering problems.

THEOREM 2.1.
(i) In the Dirichlet or impedance case, there exists a unique solution to the half-

plane scattering problem in the weighted Sobolev space Vj, , with h > 0 and
0 € (—1,—1/2). Moreover, the solution u"® is of the form

u"(x) = —exp(ik(x1 sin @ + xo cos 6))

in the Dirichlet case and
0— X
(2.5) we(z) = 22

cosf X exp(ik(z1 sinb + x4 cos b))

in the impedance case. B
(ii) Under the Neumann boundary condition, all solutions u™ € Vj, , with h > 0
and ¢ € (—1,—1/2) can be expressed as

u"(z) = exp(ik(x1 sin @ + x2 cos h))
(2.6) + C" exp(ikzy) + C~ exp(—ikz;)

for some C* € C.

Proof. The case of the Dirichlet or Robin boundary value problem follows from
the solvability results for unbounded rough surface scattering problems in R2, where
the scattering interface is allowed to be a global perturbation of the x;-axis. We refer
to [9, 22, 20] for the details.

In the Neumann case, it is easy to verify that u"¢ = exp(ik(x sin € + x5 cos0)) €
\7h7g is indeed a solution. Let w be another solution and set v := "™ — w. Then v
satisfies the UASR

1
(2.7) v(z) = —/ exp (ilL’Q\/kZ — &2 +ix1§) 0(£,0)dE, x9 >0,
Ver Jr
together with the homogeneous boundary condition d,v = 0 on x5 = 0. Note that

Oqv(x1,0) € H;1/2(R), since v € ‘7;,79 for any h > 0 and ¢ € (—1,—1/2) by our
assumption. It is easy to observe that

0= FoyseOov(21,0)] = in/k2 — €2 5(£,0) € HyV/*(R).

Since H, 1/ *(R) is the dual space of H i/j (R), the above relation is understood as

(2.8) /R VIZ =€ 0(6,0)f(€)de =0 forall f € H;(R)
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with s € (1/2,1). In particular, the identity (2.8) holds for all smooth functions with
compact support. This implies that y/k2 — &2 ©(¢,0) = 0 in the distributional sense.
Hence, 9(¢,0) = C16(€ — k) + C~6(£ 4+ k) for some C* € C. Inserting the expression
of #(&,0) into (2.7) yields

v@) = CHFS, e mVIE s — )| + 07 Fl [V o + )
= Ot exp(ikz1) + C~ exp(—ikzy),

which belongs to \N/M) for all p € (—1/2,—1) and h > 0. The proof of the second
assertion is complete. 0

The expressions for u"¢ in Theorem 2.1 (choose C* = C~ = 0 in the Neumann
case) can be physically interpreted by Snell’s law. From the second assertion, one
can conclude that uniqueness to the Neumann problem does not hold in general in
the weighted Sobolev space V}, , with p € (—1/2,—1). Since the UASR covers surface
waves (which exponentially decays as xo — +00), the second assertion shows that
surface waves do not exist in the half-plane scattering problem under the Neumann
boundary condition. Note that the right-hand side of (2.6) contains no exponentially
decay terms.

Next we introduce the half-plane Sommerfeld radiation condition, which ensures
the uniqueness of the Neumann boundary value problem in a locally perturbed half-
plane.

DEFINITION 2.2. The function v is said to satisfy the half-plane Sommerfeld radi-
ation condition if the relation

(2.9) lim 7(8,v —ikv) =0, r=|z|, z€{|lz|>R}NRL

00

holds uniformly in all directions & € ST.

Note that the half-plane Sommerfeld radiation condition is stronger than UASR.
That is, if v satisfies (2.9), then v must fulfill the UASR, but not vice versa. The
above radiation condition implies the asymptotic behavior in the upper half-plane

(2.10) u(z) = e\/k; <v°°(:z) +0 (i)) = a| — oo,

uniformly in all directions & € ST, where v> is called the far-field pattern of the
radiation solution v.

In a vast literature (see, e.g., [33, 1, 27]), it has been proved that the perturbed
acoustic scattering problems (see section 2.2 below for the formulation) with the
Dirichlet and Neumann boundary conditions admit a unique solution v € H} (Q7)
of the form

u = uin + ue 4 usc,
N exp(ik(x1sinf + xzo cosd)) in the Dirichlet case,
" exp(ik(xysinf + x9 cos b)) in the Neumann case,

where ©®¢ = u — u™ — u"® satisfies the half-plane Sommerfeld radiation condition.
Evidently, the assumption on u*¢ gives rise to C* = 0 in the Neumann case (see the
second assertion of Theorem 2.1), since exp(+ikz1) does not fulfill (2.9). This ex-
plains why uniqueness of the Neumann boundary value problem could be proved with
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Fic. 1. Geometrical settings for the impedance boundary value problem. A plane wave is
incident from above and Ar =T N{|z| < R} is the locally perturbed part.

the Sommerfeld radiation condition for u*¢. However, one can construct nontrivial
solutions to the homogeneous Neumann boundary value problem (i.e., u® = 0) that
fulfill the UASR other than (2.9); see Remark 2.2 below.

The remaining part of this section is devoted to well-posedness of forward scat-
tering problems with the Robin boundary condition and transmission conditions.

2.2. Scattering from locally perturbed half-planes: Impedance case.
Assume a time-harmonic plane wave u'"(x;d), with d € S being the incident direc-
tion, is incident onto a bounded penetrable scatterer D embedded in a homogeneous
isotropic half-plane Qt. The boundary I' := 901 C R? is assumed to be a Lipschitz
continuous curve that coincides with the straight line I'g := {2 = 0} in |z1| > R for
some R > 0; see Figure 1. We emphasize that the perturbed part, which we denote by
Ar :=TnNn{z: |z1| < R}, is not necessarily the graph of some function. We refer to
them as scattering problems from locally perturbed half-planes, due to the presence
of the bounded scatterer D C R? and the curved surface Ar. The acoustic prop-
erty of the background medium in Q% can be characterized by the refractive function
q € L>®(Q7%) such that ¢ = 1 in QF\D (after some normalization). Equivalently, the
contrast function 1 — ¢ is compactly supported in D. In this section, we suppose that
the total field u satisfies the Robin boundary condition on I'. The wave propagation
of the total field is then governed by the following boundary value problem for the
Helmholtz equation

(2.11) Au+kqu=0 in QF, du+ikdu=0 on T,

where v € S is the unit normal at ' directed into QF. Let a > 0 be such that
D C {x: x5 < a} and let V}, , be defined as the same as Vj, , with Ty replaced by T.
Denote by u™¢ the outgoing reflected field corresponding to the unperturbed problem
(iie., D = () and T' = T'y); see Theorem 2.1. Below we state well-posedness of the
forward scattering problem with local perturbations.

THEOREM 2.3. Assume that A € C satisfies ReA > 0, ImA > 0. Then, for
any incident plane wave at the wavenumber k > 0, there exists a unique solution
u € HE (QF) of the form u = u'™ + u™ 4+ u®¢ for (2.11), where the scattered field
u®® fulfills the half-space Sommerfeld radiation condition (2.9). Moreover, if Ag is
the graph of some Lipschitz function, then u coincides with the unique solution in
the weighted Sobolev space Vi, , for all h > a and ¢ € (—1,—1/2) such that u — u™
satisfies the UASR (2.4).
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If Ar (and thus T') is the graph of some Lipschitz function, then the existence
and uniqueness of v — u™ in V;, follow from the well-posedness of rough surface
scattering problems with generalized impedance boundary conditions [22]. The above
theorem implies that the unique solution u — u'™ € V}, , satisfying the UASR consists
of an outgoing plane wave u™¢ and a Sommerfeld radiating solution u*¢ in the upper
half-space.

It suffices to prove the first part of Theorem 2.3. For this purpose, we need the
free-space fundamental solution ®(z,y) to the Helmholtz equation (A + k?)u = 0 in
R2, given by
i
4
Here Hél) is the Hankel function of the first kind of order zero. Denote by G(z,y)
(y e Ri) the Green’s function to the unperturbed impedance boundary value problem,
ie.,

(212) (I)(Ivy) = H(gl)(kLE*yDv x7yER23 937531

(A+k2)G(I,y) = 75(‘T7y) in R?}-a
(02 +ikAN)G(-,y) =0 on x9 =0.
Evidently, G(z,y) can be regarded as the total field incited by the point source wave

u™ = G(-,y) incident on TI'y. Below we present the expression of G and its far-field
behavior (see, e.g., [10]).

LEMMA 2.4. Green’s function G(-,y) (y € R3) can be expressed as
G(Zﬂ,y) = @(Qj‘,y)+@(l‘,y,)fp(l‘,y),
i eikl(y1+y2)(1—5%)"/ 2 — (21 —a2)s]
2.13 P =
( ) (xvy) o1 A (1 _ 52)1/2[(1 _ 82)1/2 + A}

with Tm /> > 0. Here y' = (y1,—y2) for y = (y1,y2) € R%. Moreover, the func-
tion G(-,y) satisfies the half-space radiation condition (2.9), with the far-field pattern
given by

ds

o/ B o cosf — A\ e,
G™(Z,y) = exp(—iki y)+cos€+/\exp( ikZ - y'),

where & € ST := {(cosf,sinh) : 6 € (0,7)}.

If A =0, then P(z,y) = 0 and G(z,y) coincides with the Green’s function sat-
isfying the Neumann condition on I'g, which can be easily obtained by the method
of images. The correction term P(z,y) given by (2.13) can be derived via Fourier
transform. We refer to [10, 7, 8] for an asymptotic expansion of P as |z| — oo
and alternative representations of P in the form of Laplace-type integrals which are
suitable for numerical evaluation. The proof of Lemma 2.4 can be found in [7, Chap-
ter 2.1]. Tt is easy to observe that the far-field pattern of G fulfills the relation
G™(,y) = u'™(y; —2) + u"(y; —2), where u™(z;d) and u"*(x;d) are given by (2.2)
and (2.5), respectively.

Our proof of Theorem 2.3 is based on the variational argument in a truncated
bounded domain Qf := {z € QF : |z| < R} coupled with a Dirichlet-to-Neumann
map derived from the integral representation of u*¢ in {z € RT : |z| > R}. Similar
coupling schemes were used in [26, 3] for treating the transmission problem with a
locally perturbed medium and a flat interface (i.e., D # ) and T’ = {z3 = 0}) as well
as the Dirichlet and Neumann boundary value problems.
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A variational formulation coupled with an integral equation is derived as follows.
Let 9Q}, = S U AR be the boundary of Qf, where S}t := {z : 2 € QF,|2| = R}. Let
v C 05 be a subboundary of some boundary domain Q C R?. Introduce the spaces
(see, e.g., [28])

HI/Q(’y) ={uly:ue Hl/Q(GQ)}, ﬁl/g('y) ={ue H1/2(8Q) : supp(u) C v}

Then we denote by H~/2(v) the dual space of H'/2(v) and by H~'/2(y) the dual
space of H'/2(y). It is easy to derive the following variational formulation for u €
H*(Qg):

(2.14) / Vu-V@—lfqu@dm—/ &,u@ds—ik)\/ upds =0
Qf st AR

for all ¢ € H' (), where v € S is the normal on S}, pointing into the exterior of

QE Choosing R; > R and applying Green’s formula for u*¢ to the region QEl \Qifz
yields

u(a) = (— Lo+ ) W), Gl:y) — D )Gy dsly), w € U, \ O,

Note that both «*¢ and G(-,y) satisfy the impedance boundary condition on Ag, \Ag.
Letting R1 — oo and making use of the asymptotic behavior of u*¢ and G as |z| — o0
yields

(2.15) w*(z) = /S [ W)a,Gly) — du™(y)Claiy)] dsly), =€ XN\Q.
R
Taking the limit z — S} in (2.15) and setting p := Guu“\s; € ﬁ*1/2(51§), we get

(2.16) (I -D) (usc|3;> +8p=0 on Si.

Here [ is the identify operator, D and S are the double and single layer operators
over S’]? respectively, defined by

Po)a) =2 [ 2 Clea)dste). v S

(@) =2 [ Glaimp(s)dsty), ve sh

We remark that the jump relations for D and S remain valid, since G(-;y)—®(-; y) is of
C*>-smoothness in Q. Combining (2.14) and (2.16) gives the variational formulation
for the unknown solution pair (u,p) € H* (%) x H/2(S}) =: X as follows:

_ (a1 ((u,p), (. X)) _ sz Ovds
(217)  A((u,p); (9, x)) = (arz((u,p),(so,x))) B (fS;(ID)(mS;)de)

for all (¢, x) € X, where v := u — u® = u'™ + u"® and

a1 (1,9, (9, X)) :=/ Vu-w—quwdx—/ ppds —ikx | ugpds,
Qf St AR

az ((u,p), (9, X)) = /S [ =D)ulsy) + 5] s
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Remark 2.1. The variational formulation (2.17) and our scattering problem are
equivalent in the following sense. If u = ug 4+ u*¢ is a solution to our original problem,
then the restriction of u to Q}; satisfies the variational equation (2.17). On the other
hand, if u € X is a solution to (2.17), then solution u can be extended from Q}; to
OF via u = u'™ + u" + u*, where u*¢ is expressed by (2.15) in terms of the trace
of u*¢ on S}. It follows from (2.16) that the jump of u*® is continuous at Sj;. The
jump of J,u*¢ is also continuous at S?{', since the operator § is always invertible under
the Robin boundary condition on Ar. Hence, u € Hlloc(Qﬂ and u — ug satisfies the
radiation solution (2.9).

Below we shall verify uniqueness and existence of solutions to (2.17).

Proof of Theorem 2.3. Assuming u’" = 0, we have u = u*¢. Taking the imaginary
part of (2.14) with ¢ = u = u®°, we see

(2.18) “kRe()) / [u**[2ds = Tm / Dy us Tds | .
Ar st

Making use of the radiation condition of u*¢ and the Cauchy—Schwarz inequality, we

find
Im doucuds | = Im / (Bpu® — iku) weds | + k / u=[? ds
Sh Sk st

=k |u™(2)|* ds
S+

as R — oo. Hence, the right-hand side of (2.18) is nonnegative for sufficiently large
R > 0. Since Re(A) > 0, this implies that «*¢ = 0 and thus d,u*® = 0 on Ap for
large R > 0. Applying Holmgren’s uniqueness theorem (see, e.g., [16, Theorem 2.3])
gives u*¢ = 0 in QF. This finishes the proof of uniqueness. To prove existence, we
only need to show that the variational formulation (2.17) is of Fredholm type.
Denote by (-, -) the L? duality between H'(Q}) and H~1(Q},) and by < -, - > the
L? duality between H'/ 2(5;5) and H—1/ 2(S;g), respectively. By the Riesz representa-
tion theorem, there exist linear operators
T, Jy: HYQY) — H1(QM),
Ty :HY2(SE) — H-HQ),
Ty VA (SE) - H(SE),
Jy: HY QL) — HY?(S})
such that for (u,p), (¢, x) € X,
(Thu, p) == Vu -V +upde,

+
Qg

—/ (K*q — updr — ik)\/ upds,
Qf AR

(Jluvcp) :

<T2p7 §0> ::/ padsa
Sk

<T3pa X> = Spydsa
S

(Jou, x) = — D(U\S;)Yds.

+
Sk
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By Sobolev embedding theorems, J; is compact. The operator J, is also compact,
since the double layer operator D : HY/2(S}) — HY2(S}) is compact (see [28]).
Then we may rewrite A : X x X — C? as

A((u,p), (p, X)) = (A1(u,p), (¢, X)) + (A2(u,p), (¢, X)),

where (-,-) denotes the duality between X and X', and the operators 4; : X — X’
(j = 1,2) are defined as

(' I _(J1 O
ne (B B) e (20),
Since T; and T are coercive operators over H'(QF) and H~Y/2(S}) (see [28]), re-
spectively, the real part of Ay, given by

is coercive over X. Since Ay is compact, the operator A is Fredholm type with index
zero. Applying the Fredholm alternative yields the existence of solutions. ]

Having obtained the trace u®¢, d,u*® on S}, from (2.17), we may calculate the
far-field data through (cf. (2.15))

u™(2) = /S+ [u* ()0, G (5y) — O,u™(y)G™=(23y)] ds(y), & €ST,

where G*°(Z,y) is given in Lemma 2.4.

Remark 2.2. If A = 0, one can construct a nontrivial solution v to the homoge-
neous Neumann problem (i.e., u™™ = u™® = 0) with local perturbations, which fulfills
the UASR. In fact, set g% (z) = C* exp(dikwz;) for some C* € C. We claim that
we can find a Sommerfeld radiation solution v*¢ € HJ (%) such that v = g* 4 v*¢
solves the homogeneous boundary value problem

(A+k*)v=0 in QF, d,v=0 on T.

If T coincides with x5 = 0, it holds that v*¢ = 0 and thus v = g*. In the case of local
perturbations, the existence and uniqueness of v*¢ follow from existing arguments
for cavity scattering problems; see [1, 33, 27]. Note that the constructed solution v
satisfies the UASR but not the Sommerfeld radiation condition.

2.3. Transmission problems in a two-layered medium. In this subsection,
we shall carry over the proposed coupling scheme under the impedance boundary value
problem to transmission conditions. Our aim is to derive an equivalent variational
formulation in a bounded domain and then apply the Fredholm alternative. The
uniqueness of solutions was verified in [29, 25] for more general locally perturbed
interfaces. We also refer to [30, 34, 31] for solvability results obtained via the limiting
absorption principle which requires an a priori estimate of the solutions.

We preserve the notation used before and introduce new ones as follows. Let
2~ denote the unbounded region below I', Qp = {z € Q™ : |z| < R}, Sy =
{z € Q : |z| = R}. Denote by ¢_ the refractive index function characterizing the
inhomogeneous medium in Q~ such that ¢ = 1 in Q~\D_, where D_ C Q™ is a
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FIG. 2. Geometrical settings for the transmission problem. D = Dt U D™ are inhomogeneous
media embedded above and below T", respectively.

bounded domain; see Figure 2. If an incident wave from Q% could penetrate into the
Q7 the total field u can be modeled by the transmission problem

(2.19) Aug + kiqiui =0 in QF,
. uy =u_, Ofuy=n0, u_ on T n € C,

where uy = u|g+, ¢y = ¢, and k; = k,k_ € R are the wavenumbers in QF, respec-
tively.

Denote by ¢ the upward (+) and downward (—) propagating fields correspond-
ing to the unperturbed scattering problem (that is, I' = ', D = 0, D_ = (), which
satisfy

(2.20) Auf +Eu =0 in 'Ri = {z:x9 2 0},
u =" O+l =00, [u] on Tg:={z:zy =0}

At infinity, we suppose that u}® satisfy the upward and downward angular spectrum
representations. By [22], the solutions ¢ € Vi, , are uniquely solvable for all h > a
and ¢ € (—1,—1/2). Here the number a > 0 is chosen such that DYUD™ C {z : |z2| <
a} and the Sobolev space V_j, , is defined in the same way as Vh,g (see subsection
2.1) with Ty and T, replaced by I" and I'_j, respectively. If ui" = eilazi—BTz2)
with a = ky cos, Bt = ki sinf, then by the Fresnel formula, u’* € Vi , can be
expressed as

Bt =np” gilomi+6Taz)

wrle) = S0 v >0,
287+ . -
ur_e(x) _ o fnﬁ_ PRICEIRC :1:2)’ Ty <0,

B = \/k? — k2 cos?0.

In the transmission case, we look for functions

(2.21) uf =up —u = in QF, wCi=wo —W° in Q7

which fulfill the half-plane radiation condition (2.10) in the upper and lower half-
planes, respectively.
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To derive the variational formulation, we denote again by G(x,y) the Green’s
function to the unperturbed transmission problem, i.e.,

(A+kDG(z,y) = =6z —y) in R*\{y}y ¢T,
G () =G (hy), 05GT(,y)=10,G (,y) on z2=0
with the Sommerfeld radiation condition (2.10) in each half-space. We refer to [30,
34, 31, 18] for the existence, uniqueness, and representations of G.
Let R > 0 be sufficiently large such that the truncated domain Qp = {x :
|z| < R,z € R?} contains the penetrable inhomogeneities D = DT U D~. Obviously,
0Ng = S’E UARUSS. Analogously to the impedance boundary value problem, we may

derive the following variational formulation: Find u € H'(Qg) and p = (p*,p7) €
H=Y2(S}) x H~Y/2(Sy,) such that

A _ fs; dyvipds +1 fsg 0,0 @ds
(2.22)((“’]’)’(“"”‘”‘ S (1= D) (wlga X ds + 1 fs (T =D ) (vl g )X~ ds |

S ((u,p), (QD,X))
A((u,p), (¢, X)) == <a2 ((u, p), (so,x))>

for all p € H'(Qg) and x = (x*,x~) € H-'/2(S}) x H~'/2(Sy). Here
Vg = u —uft = u™ 4 u's,

o () (p0) = [ Vuy Vo Rou e [ g

R SR

ok,

@ (). (p0) = [ [(1=D)ulgy) + 5797 3T s

R

+1 {/S (1 =D )(uls) +S757] de} .

R

Vu_~V¢fk%q_u_¢dx7/ pgods},
Sk

The single and double layer operators are defined via
o)) =2 [ oy Glamal)dsty). @€ Sk,
R

(SEf)(z) =2 /i G(x;y)f(y) ds(y), z € SE.
SR

By arguing analogously to the proof of Theorem 2.17, one can prove that the operator
A satisfies Gardinger’s inequality over X := H'(Qg) x H~1/2(S%) x H='/2(Sy). We
omit the details, since the proofs are quite similar. Hence, by the Fredholm alternative
we obtain the following.

THEOREM 2.5. For any incident plane wave at the wavenumber k > 0, there
exists a unique solution (u,p) € X to the variational formulation (2.22). Hence, the
transmission problem (2.19) and (2.21) admit a unique solution u = u'™ + u"® + u*c.

Remark 2.3. Theorem 2.5 corrects the solvability results presented in [15]. When
n=1and D = (), the authors there claimed that the unique solution takes the explicit
representation (see [15, Theorem 2.2])
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u’(x) = /A [G(z,y)0,u*(y) — 0,G(x,y)u*(y)] ds(y) for all z € R*\Ag.

In fact, the above representation holds for |z| > R only, and it does not satisfy the
governing equation in the region between Ar and zo = 0.

3. Inverse scattering from rectangular cavities of impedance type. In
this section, we consider the inverse problem of recovering the shape of a rectangular
cavity of impedance type. Assume that the scattering interface I' coincides with
22 = 0 in || > R for some R > 0 and the perturbed section Ar C I" consists of line
segments parallel to x1- or xs-axis only. Such a geometry models a rectangular cavity
above or below the ground plane x5 = 0. Further, we suppose that the region Q%
above I' consists of homogeneous media and satisfies the geometrical assumption

(3.1) (w1,72) € QT = (21,29 +5) € QT forall s> 0.

Let u'™ be either an incoming plane wave of the form (2.2) or a point source wave with
the source position located at y € QF (see (2.12)). We assume that the impedance
coefficient X is given as a priori data and the near-field data are measured on the line
segment

I={(x1,h):|z1] < C} forsome C >0, h>R.

The following theorem asserts that the data of a finite number of incoming plane
waves or one point source wave can be used to uniquely determine Ar. Moreover,
we show that the number of incoming waves required depends on the height of the
cavity. The deeper the cavity, the more the incoming plane waves. This kind of
uniqueness result is similar to that given by Colton and Sleeman [17] for inverse
scattering from a bounded sound-soft obstacle. It was proved in [17] that the shape
of a sound-soft obstacle can be uniquely determined by the far-field pattern of a
finite number of incident plane waves provided a priori information on the size of the
obstacle is available. We remark that the idea of Colton and Sleeman cannot apply
to a bounded obstacle with a Neumann or Robin boundary condition, due to the
lack of monotonicity of the eigenvalues of the negative Laplacian for these boundary
conditions; see [16, Chapter 5]. Our arguments show that, at least for rectangular
cavities, one can get uniqueness with a finite number of incoming plane waves.

THEOREM 3.1.

(i) Suppose that there is a priori information that max{|za| : (z1,22) €'} < H
and let M be the largest integer less than 2Hk/mw. Then Agr can be uniquely
determined by the near-field data set I of 2M + 1 plane waves with distinct
incident directions d; = (sinf;, —cos6;) withcosf; # X, j=1,2,...,2M+1,
and one fired wavenumber.

(ii) Let H be given as in case (i) and assume k; < K for some upper bound
K eR", j=1,2,...; N+1, where N as the largest integer less than 2HK /.
Then Ag can be uniquely determined by the near-field data set I of incoming
plane waves with one fized direction and N + 1 wavenumbers.

(iii) Let u® be a point source wave. Then the near-field data measured on I uniquely
determine Ag.

Proof. Let '™ and T'® be two rectangular perturbations of zo = 0 . Denote by
u3¢ and u; the scattered and total fields corresponding to ') (j =1,2) (see Theorem

2.3), and by Q;' the unbounded domain above I'¥). Assuming u; = us on I, we need
to prove that Ag) = Ag), where Ag) := AW N {|z| < R} denotes the perturbed part.
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n % Z Q+

Ty = by

Fic. 3. Illustration of the shape of two different rectangular cavities D) and T'(®) | which
generate identical outgoing waves for an incident plane or point source wave.

Since u; is analytic in o > R and the measurement surface I can be extended
to an entire straight line T'y, := {x : 9 = h} in x5 > R, we have u; = ug on T'j,.
By uniqueness to the Dirichlet boundary value problem in a half-plane (see, e.g., [9]),
we see u; = ug for all 5 > h. Applying the unique continuation yields u; = ug in
QF NQF and in particular

Oyuy + ikduy = Oyus +ikAug on  9(QF N Q;)

Assume on the contrary that Ag) # Ag). Since AS%) (j = 1,2) are of rectangular type
and fulfill the assumption (3.1), one can always find an infinite strip ¥ = (a, b) x [l1, 00)
which contains at least two line segments, L; C T') (j = 1,2), parallel to the z;-axis
such that u; (or ug) satisfies the impedance boundary condition on both L; and Lo
and that ¥ € Qf (or ¥ € Q3 ). Without loss of generality, we may suppose that (see
Figure 3)

ECQT, Lj:{(xl,lj):arl E(a,b)}CA%), lo > 1y, ‘l]| < H.

This implies that v := wuy is a solution to the Helmholtz equation in X satisfying
Oov + tkAv = 0 on L1 U Ly. Define w := 0yv + itk v. We see that w still satisfies the
Helmholtz equation in ¥ with the Dirichlet boundary condition on Ly U Lo. Applying
reflection principle for the Helmholtz equation (see, e.g., [19]) to w yields the vanishing
of w on an infinite number of line segments in ¥, i.e., w = 0 on L,, with

L, :={(z1,ln) : 21 € (a,0),l, =l + (n—1)(Ia —11)} forall neN.
Choose m € N sufficiently large such that [,,, > R. This implies
(3.2) w:= 0oty +ikAu; =0 on x5 =1, forall n>m.
Below we shall consider incident plane and point source waves separately.

Case (i): u™(z) = exp(ik(z1sind — x5 cosb)) for § = 0; € (—n/2,7/2) (j =
1,2,...,2M + 1) are plane waves at the fixed wavenumber k € RT.
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In this case, the total field u; is of the form (see Theorem 2.3)

cosf — A
— e

_ ik(z1sin0—x2 cos0)
(8:8) w =e cosf + A

ik(z1 sin 04z2 cos 0) + u\ic in ‘IE| >R

i
where u$¢ satisfies the Sommerfeld radiation condition (2.9). Inserting (3.3) into (3.2)
and making straightforward calculations show that

(3.4) A, eFe15m0 4 9ouse(xy,1,) + ikAui®(z1,1,) =0 forall z; €R, n>m,
where the constant A,, = A,,(0,k, \) € C is given by
Ay, = ik(X\ — cosf)e”Hln o8O 4 ik(cosh — \)etklncost,

Due to the decay of uj® when z7; — oo, we conclude from (3.4) that A4,, = 0 for all
n > m, implying that

exp(2iskcosf) =1, s:=1lo—1; >0.

Hence, sk cos = nm for some 1 € Z. Recalling that 2H > s > 0 and 6 € (—7/2,7/2),
we obtain

(3.5) 0<n=(skcosh)/m < (2HEk)/.

This implies that for every fixed incident angle §; € (—n/2,7/2), there exists an
integer [; such that the previous relation holds with n = n; < M. Moreover, we have
n; = n; if and only if 6; = 6 or §; = —0;,. Hence, it is impossible that the relation
(3.5) holds for 2M + 1 distinct directions 6,(j = 1,2,...,2M +1). This contradiction
yields Ag) = Ag).

Case (ii): u"(z) = exp(ik(z1sinf—zo cosh)) for k =k; < K (j =1,2,...,N+1)
are plane waves with fixed 0 € (—7/2,7/2).

As done in Case (i), we conclude that for every k; the relations

(I =l )kjcosf =nym, 0<mn; <2HK/m,

hold for some integer 1; < N. Further, we have n; = 7, if and only if k; = k;.
Hence, if uy coincides with ug on I for N 41 distinct wavenumbers, then the relation
0 < n; < N must hold for all j = 1,2,..., N + 1. However, it is impossible since
7n; 7 1. This proves Ag) = Ag).

Case (iii): u™(z) = i/4Hél)(k|x —g|) is a point source wave with fixed k € RT
and y € QE.

Analogously to the plane wave case, the unique solution can be written as u; (z) =
G(z,y) + ui(z) in |z| > R, where G(z,y) is the half-space Green’s function with the
impedance boundary condition on x3 = 0. Denote by y* the reflection of the point
source with respect to the line T, , i.e., y* = (y1,y2 + 2(nm — y2)) for yo < 7. On
the one hand, we have |ui(y*)| < oo since y* € Qy. On the other hand, using the
extension formula for the Helmholtz equation across an impedance surface I';, , we
may express u1(y*) in terms of the values of ui(x) for x € {(y1,z2) : T2 € (y2,Mm)}
as follows (see, e.g., [23, 19]):

l’"" .
ur(y™) = ui(y) — 2ik)\/ e*(yﬁmk}‘ul(yl,t) dt.

Y2
This implies that u;(y*) = oo, since uy(z) = 1/(2m)O(In(1/|z — y|)) as ¢ — y. This
contradiction implies that Ag) = Ag). ]
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Remark 3.1.

(i) It follows from Theorem 3.1 that more plane waves are needed for detect-
ing rectangular cavities which are large and deep. In the first assertion of
Theorem 3.1, the number of incident directions can be reduced to M + 1 if
the incident angles are all required to be nonpositive or nonnegative.

(ii) The proof of Theorem 3.1 relies on the reflection principle for the Helmholtz
equation under the Dirichlet boundary condition. This property is applied to
the function du + iAu if the Robin coefficient A is known in advance. It is
unclear to us how to carry out the proof if A is not given.

(iii) By arguing the same way as the proof of Theorem 3.1, one can prove that a
bounded rectangular obstacle of impedance type can be uniquely determined
by the far-field pattern of a single plane or point source wave.

4. Numerical tests. In this section, we present several numerical examples to
verify the efficiency of the proposed finite element method coupled with the boundary
element method in a locally perturbed half-plane. Below we shall consider acoustic
wave scattering problems with Dirichlet, Neumann, or impedance boundary conditions
enforced on I' := {x : x5 = f(x1)}. For simplicity we assume that the inhomogeneous
medium is absent, i.e., D = () and ¢ = 1 in Q7. The truncated domain Q; is
discretized by uniform triangle elements using the MATLAB toolbox pdetool and
the standard piecewise linear basis functions {¢;}¥, are employed to construct the
finite element space on QE. Here N is the total number of nodes in ng and we
denote by {z; };le the nodes on SE. Then we use piecewise constant basis functions
{wj};yfl_l to construct the boundary element space, where v; is defined on the line
segment Sj.[f’j with vertices z; and z;41. In particular, the combination of Np — 1
segments S’E)l, SEQ, ceey SE)NRA gives an approximation of S’E. Denote

er = ||u® — UZC”LQ(Q;)7 ez 1= [[u® — U}SALC”Hl(Q;)a €3 ‘= ||p*ph||L2(s;)~

It should be pointed out that there is no limit that the boundary integral equations
for the scattered field can only be derived on Sj. In fact, the boundary integral
equations (2.16) hold true for any smooth open arc whose ending points are located
on F\AR

Ezxample 1. In this example, the local perturbation of the infinite plane is supposed
to be given by the graph of the piecewise smooth function

f(x ) — R(Q) - z%a 7R0 S Z1 S RO?
! 0, otherwise,

which lines above the z;-axis. The incident field is set to be a point source u'"(x) =
-3 él)(k|x —z|), * # z, emitting from the source position located at z = (0,0.5)
lying below I'. Then the scattered and reflected fields are given, respectively, by

' = GHG (ke = =) = HEY (Kl = &),

_
4
sc i 1 1 1
e = SHE (Kla — 2|) = SH (Kl = )
in the Dirichlet case, and by

re _ o1 e
W= =2 HP (ke — z)) = JH (ke — 2'),

w = <H (klz — 2[) + 2" (k| - 2))
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TABLE 1
Numerical errors for Example 1 with k = 1 in the Dirichlet case.

h el Order e Order es3 Order
0.4040 | 3.73E-3 - 5.19E-2 - 1.74E-2 -
0.2098 | 9.14E-4 2.15 2.59E-2 1.06 8.70E-3 1.06
0.1068 | 2.21E-4 2.10 1.29E-2 1.03 4.34E-3 1.03
0.0539 | 5.21E-5 2.11 6.47E-3 1.01 2.17E-3 1.01
0.0271 | 1.18E-5 2.16 3.23E-3 1.01 1.08E-3 1.01

TABLE 2
Numerical errors for Example 1 with k =5 in the Neumann case.

h el Order 1) Order es Order
0.4040 | 5.65E-2 — 4.78E-1 — 4.15E-1 —
0.2098 1.55E-2 1.97 2.22E-1 1.17 1.25E-1 1.83
0.1068 | 3.99E-3 2.02 1.08E-1 1.07 4.11E-2 1.65
0.0539 | 1.01E-3 2.01 5.36E-2 1.02 1.65E-2 1.33
0.0271 2.53E-4 2.01 2.67E-2 1.01 7.66E-3 1.12

Fic. 4. The exact and numerical solutions of p for Example 1 with h = 0.0539 in the Dirichlet
case.

in the Neumann case, where z/ = (0,—0.5). These analytical formulas can be used
to examine the validity of our approach. Tables 1 and 2 list the L? and H! errors of
u®¢ in QE and the L? error of p = 0,u*¢ on S} respectively. The convergence rate
as a function of the finite element mesh size h (see also Tables 1 and 2) shows the
convergence order of O(h?) in the L*(Q2}) norm and the order of O(h) in the both
H 1(Q}E) norm and Lz(SE) norm. In Figure 4, we plot the real and imaginary parts of
the numerical solution p,. They are in a perfect agreement with the exact ones from
both quantitative and qualitative points of view.

Ezample 2. In this example, we first consider the scattering of plane incident wave
if Q7 is of impendence type in the absence of local perturbation and check whether
our code provides the correct solution. Then the total field is given by (cf. (2.5))

u = u" + u"® = exp(ik(zy sinf — x5 cos b))
cosf — A

sl OP(ik(z1sind + 53 c080)), 0 € (—m/2,7/2).

Choose k =3, A =1, and § = — /3. Table 3 presents the L?(Q},) and H*(Q},) errors
of u and their convergence rates as functions of the finite element mesh size h. In
Figure 5, we show the real part of the exact and numerical solutions of the total field,
which are in a perfect agreement with each other from a qualitative point of view.
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TABLE 3
Numerical errors for Example 2.

h el Order €2 Order
0.4630 | 4.68E-1 - 2.47E0 -
0.2315 | 1.38E-1 1.76 1.16E0 1.09
0.1173 | 3.64E-2 1.96 5.64E-1 1.06
0.0592 | 9.23E-3 2.01 2.79E-1 1.03
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Fic. 5. The exact and numerical solutions of the total field for Fxample 2.
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Fic. 6. The numerical solution of the total field for Example 2 where the local perturbation is
sin-type.

Finally, we consider the case of a general scattering interface with an impendence
boundary condition. The local perturbation of the infinite plane is given by

—sin(nz1/Ro), —Ro <z1 < Ry,
0 otherwise.

flz1) =

Figure 6 presents the numerical results using the finite element method coupled with
the boundary element method.
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