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CrossMark
Abstract

This paper is concerned with an inverse transmission problem for recovering
the shape of a penetrable rectangular grating sitting on a perfectly conducting
plate. We consider a general transmission problem with the coefficient \ # 1
which covers the transverse magnetic (TM) polarization case. It is proved that a
rectangular grating profile can be uniquely determined by the near-field obser-
vation data incited by a single plane wave and measured on a line segment
above the grating. In comparison with the transverse electric (TE) case (A= 1),
the wave field cannot lie in H? around each corner point, bringing essential
difficulties in proving uniqueness with one plane wave. Our approach relies
on singularity analysis for Helmholtz transmission problems in a right-corner
domain and also provides an alternative idea for treating the TE transmission
conditions which were considered in the authors’ previous work (Xiang and
Hu 2023 Inverse Problems 39 055004).

Keywords: inverse scattering, penetrable rectangular grating, uniqueness,
transmission conditions, TM polarization case.
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1. Introduction and main result

Consider the time-harmonic electromagnetic scattering of a plane wave from a penetrable rect-
angular grating which remains invariant along one surface direction x3. The diffractive grating
is supposed to sit on the perfectly conducting substrate x, < 0. In transverse electric (TE) and
transverse magnetic (TM) polarization cases, the wave scattering can be modeled by a trans-
mission problem for the Helmholtz equation over the oxx;-plane with a boundary condition
on x; = 0 and an appropriate radiation condition as x, — oo. In this paper the medium above
the grating profile is supposed to be isotropic and homogeneous. For rectangular gratings, the
cross-section A of the grating surface in the ox;x;-plane consists of line segments that are
perpendicular to either the x;- or x,-axis. More precisely, we define a set A of the so-called
rectangular grating profiles by (see figure 1)

A= {A | A is a non-self-intersecting curve in Ri which is 27-periodic in x1,

A is piecewise linear and any linear part is parallel to the x;- or x;-axis} .

Note that A € A cannot contain any crack, for instance, a line segment intersecting the other
part of A at one ending point. The rectangular gratings defined above include the class of binary
gratings, whose grooves have the same height. Denote by QX the unbounded periodic domain
above A, that is, the component of Ri separated by A which is connected to x, = +o00. Let
1} be the periodic domain below A but above the substrate x, = 0. Let v = (v1,1,) €S :=
{x € R%: |x| = 1} be the normal direction at A pointing into . Suppose that a plane wave
in the (x1,x,)-plane given by
u(x1,x,) =P o —k;sinf, S =k cosf

with some incident angle 6 € (—7/2,7/2) and wave number k; > 0, is incident upon the
grating A from the top. Consider a general transmission problem for finding the total field
u = u(xy,x,) such that

Au+ku=0, in Qf,
Au+ku=0, in Q,
ut=u", Ofu=\o,u, on A, (1.1)
u=u+u, in QX,
O,u=0, on I,

with the following radiation condition as x, — +00:

w(x):=u—u = ZA,, glon il in x >A"T:= max x. (1.2)
neZ (Xl ,x2)€A

In (1.1), we have k; > O forj = 1,2, ky #ky, A > 0,A # 1, o, :=n+ v and

5 VK —a2 if o] <k,

B PV T R
The notations (-)* stand for the limits of u and d,u on A obtained from above (+) or below
(=) and T, = {(x1,/h) : 0 < x; <27} for h € R. Note that the TM polarization case corres-
ponds to the special case that A = (k; /k,)?. The expansion in (1.2) is the well-known Rayleigh

expansion (see e.g. [10, 17, 19]), A, € C are called Rayleigh coefficients. The series (1.2)
together with their derivatives are uniformly convergent in any compact set in x, > AT,
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Figure 1. Rectangular periodic structures.

because u € H}X (Si) (see below for the definition) and the scattered fields consist of infinitely
many surface waves which exponentially decay as x, — +00. We will look for weak solutions
to (1.1) and (1.2) in the a-quasiperiodic Sobolev space

H), (Sy) = {u € Hjo. (Sy), e "**'u is 2m-periodic in x; } ,

with S := {x € R?: 0 < x, < h} for any 2 > A™. Note that, since we are interested in quasi-
periodic solutions, the notations Qf ,\, S, and I';, always denote the corresponding sets in one
periodicity cell 0 < x; < 27. Uniqueness, existence and regularity results on solutions to the
forward scattering problem will be summarized as follows.

Proposition 1.1. (i) There exists at least one solution u € H',(S;) to the forward scattering
problem (1.1) and (1.2), where h > A" is arbitrary. Moreover, uniqueness holds true if
k> M.

(ii) Let u € H',(Sy) be a solution to the forward scattering problem (1.1) and (1.2) corres-
ponding to some rectangular grating A € A. Then we have u € H\(S,) N HA(SE) for

any s € [0,1/2), where Shi =8N Qf Moreover, u is real-analytic on S,:L and S, except
at the finite number of corner points of A.

Uniqueness and existence of the above transmission problem have been sufficiently invest-
igated in the literature by applying the Dirichlet-to-Neumann map; see e.g. [1, 2, 4, 9] in peri-
odic structures. In particular, the uniqueness proof for rectangular gratings with the condition
k2 > M follows directly from the authors’ previous paper [24, appendix]. If k2 > A\k3 does
not hold, guided Bloch waves might exist and additional constraint should be imposed on the
total field to ensure uniqueness; see the recent publication [12] for a sharp radiation condition
derived from the limiting absorption principle under the Dirichlet boundary condition. The
second assertion, which states smoothness of the solution around a corner point and up to a
flat interface, follows from standard elliptic regularity result for interface problems in a right-
corner domain; see e.g. in [9, 14, 15, 18, 20]. We refer to the appendix of this paper for the
proof of proposition 1.1.

Now we formulate the inverse problem with a single measurement data above the grating.

(IP): Leth > A™ be a fixed constant and suppose u = u(x;,x;) is a solution to the direct prob-
lem (1.1) and (1.2). Given the transmission coefficient A > 0 (# 1) and the wavenumbers
ki and k,, determine the periodic interface A € A from knowledge of the near-field data
u(xy,h) forall 0 < x; < 2.
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The main uniqueness result of this paper is stated as follows.

Theorem 1.2. Let u; and u, be solutions to the direct diffraction problem (1.1) and (1.2) cor-
responding to (Ay, ki, ko, \) and (A, ki, ka2, M), respectively. If

uy (x1,h) =uy (x1,h) forall x; € (0,27), (1.3)

where h > max{AT,A;} is a fixed constant, then Ay = A;.

It is well known that a general grating profile cannot be uniquely determined by one plane
wave in a lossless media. In the literature there are uniqueness results using many incoming
waves of different kinds, for instance, quasiperiodic waves with the same phase-shift [13],
fixed-direction multifrequency plane waves [10] and fixed-frequency multi-direction plane
waves [25]. Binary gratings have very important applications in industry, because they can
be easily fabricated [22, 23]. The inverse problem of identifying parameters of binary gratings
plays a major role in quality control and optimal design of diffractive elements with prescribed
far field patterns [1, 5, 9]. In the authors’ previous work [24], a global uniqueness result in the
TE polarization case (i.e. A = 1) was verified. The approach of [24] was based on the singular-
ity analysis of an overdetermined Cauchy problem for an inhomogeneous Laplacian equation
in a corner domain. The singular behavior of the wave field encodes partial information on the
unknown grating, including the position of singular points lying on the interface and also the
physical parameters around them (see e.g. [11, 25]). In the TE case the singularity of the wave
field near corners also yields knowledge of the wave number beneath the grating profile (that
is, k»). If A # 1, the wave field cannot lie in H? around each corner point. This weaker smooth-
ness gives rise to difficulties in carrying out approach of [24] to the transmission conditions
with A # 1. It seems non-trivial to recover the parameters A and k, from the corner singularit-
ies in the TM case, and hence we can only get weaker uniqueness results than [24]. The aim
of this paper is to develop a different approach only for identifying the shape of a rectangular
grating profile stated as in theorem 1.2. Numerically, optimization-based iterative schemes are
usually utilized for solving the inverse problem. One may conclude from theorem 1.2 that the
global minimizer of the object functional within the class of rectangular gratings is unique.
The proof of theorem 1.2 also implies that wave fields must be singular (that is, non-analytic)
at the corner point.

2. Preliminary lemmas

The singularity analysis seems natural for justifying uniqueness to inverse scattering from
penetrable scatterers whose boundary contains corner points; see e.g. [6, 7, 24] where the
TE transmission conditions (i.e. A =1) were considered. In this section, we prepare several
lemmas for the proof of theorem 1.2. They are mostly motivated by the papers [6, 7, 24],
but are interesting on their own right. Throughout the whole paper, we let (r, ) be the polar
coordinates of x = (x1,x,) in R2, and let Bg denote the disk centered at origin with radius
R > 0. The corner domains €2, and the line segments I, (¢ = 1,2) are defined as (see figure 2):

Q:={(r0):0<r<R,0<0<3r/2}, TI:={(r,0):0<r<R},
D :={(r0):0<r<R, —w/2<0<0}, II:={(r,37/2):0<r<R}.
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Figure 2. Illustration of two domains €2, and two line segments II, (¢ = 1,2).

Lemma 2.1. Let q| and g, be two constants in Bg and let )\ be a positive constant. Suppose
that uy and u, satisfy the Helmholtz equations

Aup+qeupy=0 inBg, (=1,2

subject to the transmission conditions

8u1 8142
uy = Uy, — =

8]/ E on Hl UH2 (21)

If g1 # q2 and \# 1, then uy = up =0 in Bg.

The proof of lemma 2.1 will be postponed to the appendix. When A = 1, the proof was given
in [7, proposition 2.1] in a general corner domain. The assumption A # 1 brings additional
complexities even in a right corner domain and the results does hold true for general planer
angles. In our uniqueness proof, we need a weak version of lemma 2.1, which is stated below.

Lemma 2.2. Suppose p(r,0) =0 in Qy and pi(r,0) =p € C,p#0 in Q. Let vy, vy be
solutions to

Avy +k2(1+p1)v1 =0, Av,+kv,=0 inByg,

subject to the transmission conditions (2.1). Then vi = v, =0 in Bg.

Proof. Set q; := k*(1+ p;) in . Since the Cauchy data of v, are analytic on II; UTI,, the
Cauchy data of v; are also analytic thereby the transmission boundary conditions. Since v; is
analytic in {2, by the Cauchy—Kowalewski theorem in a piecewise analytic domain (see [16,
lemma 2.1]), the function v; can be analytically extended from (2, to a full neighboring area
of the corner as a solution of the Helmholtz equation Aw; 4+ g;w; = 0, where w; denotes the
extended solution. Now applying lemma 2.1 to w; and v, gives w; = v, = 0 near the origin.
This together with the unique continuation leads to vi = v, = 0 in Bg. O

5
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To investigate the regularity of solutions to the Helmholtz equation in a corner domain, we
consider the transmission problem

{Aue + Ky =0, in Qg 2.2)

uy =1y, Oyu;=A0yu, on Iy,

where ky (¢ = 1,2) are constants satisfying k; # k, and the unit normal vector v at I, is sup-
posed to point into €2. To rewrite the system (2.2) into a divergence form, we define

o1, in Qy, . (K, in Q, N _ Juw, in @,
“(9)'_{/\, in O, “(9)'_{/\@, in O, (r,0) = wr, in Q.

Then the transmission problem (2.2) can be equivalently written as
V- (a(@)Via)+&(0)i=0 in Bg.

By a decomposition theorem (see e.g. [9, 20, 21]), one obtains

S

Z 71/% lnr in Bg, pj€{071»~~-}7

where W € H*(Q) ({ = 1,2) and nj € (0,1) are eigenvalues of the following positive definite
Sturm-Liouville eigenvalue problem:

0!’ (0) + 7P () =0,  0€(0,3m/2)U(~7/2,0),
@i+ (0) = ;- (0), ol 1 (0)=Xp/_(0), (2.3)
0 (37/2) = i (—=7/2), ] (37/2) = Ap{ (=7/2).

In (2.3), the subscripts ‘+” and ‘—’ denote the limits from €2; and €2,, respectively. It is obvious
that 779 = 0 is an eigenvalue with the eigenfunction ¢; + = C € C. A general solution to (2.3)
takes the form

A+ cos (1;0) JrB+ sin(n;0), 6€(0,37/2),

;i (0) = {A cos (7 9)+B sin(n;), 6€(—n/2,0), @4

where the non-vanishing coefficients Aji, BjjE are uniquely determined by the transmission
conditions through a homogeneous 4-by-4 algebraic system. Lengthy calculations give the
first positive eigenvalue (see appendix)

1 2 1 2
7] = — arccos —ﬂ > -~ 2.5)
@ 2(A+1) 3

which yields the leading singularity of i around the origin.

Lemma 2.3. For 0 € [0,7], we have ¢;(6) = ¢;(8+7/2) if and only if n; =4N; ¢;(0) +
(0 +m/2) =0ifand only if n; = 4N+ 2. Here N € N.

Proof. Recalling the expression of ¢;(6) in (2.4), we have

@i (0+7/2) = A cos(n; (0 +/2)) +BJr sin(nj (0 +m/2)), 6€][0,7].
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For 7; = 4N, we obtain

0j (0 +m/2) = Af cos (4N6) + B;" sin (4N6) = ¢;(0).
If n; = 4N+ 2, then

w0 (0+7/2) = fAj* cos((4N+2)0) — B]?L sin((4N+2)0) = —¢;(9).
Conversely, if ¢;(8) = ¢;(6 +7/2) for 8 € [0,7], then ; # 4N + 2. In the following, we only

need to show that the eigenvalue 7); cannot be a fractional number which implies 7; = 4N.
Setting # =0 and 6 = 7 in the equality ¢;(0) = ¢;(6 + 7/2) yields

(costrmr ot o) sniemmitonr ) (32 )= (0):

By simple calculation,

1 —cos(m;/2) —sin(7n;/2)

cos () — cos (3m1;/2)  sin () — sin (377;/2) ‘ = 2sin () [1 — cos (77;/2)] ,

which cannot vanish when 7; is a fractional number. Hence, A]+ = B]+ =0, which is
impossible.

Similarly, if ¢;(0) + ¢;(6 + 7/2) = 0 for § € [0, 7], then 7; # 4N. To show that the eigen-
value 7); cannot be a fractional number, we take 6 =0 and 6 = 7 in the equality ¢;(8) + ¢;(6 +
7/2) = 0. It then follows the linear system

(o2 ) o ) (5)=(5)

In this case the determinant of coefficient matrix is given by 2sin(rr;) [1 4 cos(mr;/2) |, which
does not vanish when 7; is a fractional number. Hence, 7; = 4N + 2 for some N € N.
O

In the subsequent sections, we normalize the eigenfunctions in L?(—7/2,37/2), that is,

©o(0) = 1/v/2 and

32 2 3n/2 L=,
/ lj (0) Pdo = 1, / %1 (0) 01 (0)do = 0 ::{ 0, ifj#£L

—m/2 —7/2

Then, we make an ansatz on the solution i to (2.2) of the form (refer to (2.33) in [3])

i(r,0) = ajrp;(0)+> e (r)g;(0), a;€C. (2.6)

J20 j20

Note that the second part is required to satisfy the inhomogeneous equation

N V- 1a(0)V (e (1) o (0))] = £(r,0),

j20
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with f{(r,0) := —#(0)it(r,0) in Bg. The first part on the right hand side of (2.6) satisfies the
homogeneous equation with f= 0. Since a(f) is a piecewise constant function, it holds that

1 n' 77/'2 _f(r,@)
> [r (ref) _rze/"| % 0) =1

j20

Multiplying ;(6) to both sides of the above equation and integrating over (—m /2,37 /2) with
respect to 6 yields

where

0 3mw/2
§0 == [ B0 z@— [ 0500 @)
—7/2 0
An explicit expression of ¢; is given by (see e.g. [3])
A

ej(’):Tn
]

r — r
// ﬁ.(s)slfnfdsfrzin/ﬁ(s)sH"fds forj>0,0<ry<r.
ro/2 j J0

In the special case j =0, one has

1, . 1 0 , 1 37 /2

—(reg(r)) =fo(r) i= —— kKsuy (r,0)dg — — Kuy (r,0)dy. 2.8

r( 0( )) fo() m a2 2 2( ) 0 \/ﬂ o 1 1( ) 0 (2.8)
Straight forward calculations yield the leading terms of f and e.
Lemma 2.4. Let uy = u1(0) = u(O0). we have

s Uug ™ 2]

P =——=(B+3k2) —— +0o(1), e(r)=—=(K+3k P +o(r), asr—0.

fO() 2(2 1)\/2771_ () 0() 8(2 l)m ()

3. Proof of theorem 1.2

From the coincidence of u#; and u; on I',, we obtain u; = u, in x, > h. The unique continuation
of solutions to the Helmholtz equation leads to

uy (x1,%) = up (x1,x,) forallxe Qj\'l N Qj\'z. 3.1

Assume on the contrary that A; # A,. Switching the notations for A; and A, if necessary, we
only need to consider the following cases:

e Case one: there exists a corner point O of A; such that O € Qj{z (see figure 3);

e Case two: all corners of A and A, coincide but A; # A, (see figure 4);

e Case three: there exists a corner point O of A, lying on Ay, but O is not a corner of A (see
figure 5).

Obviously, the corners of A; and A, do not coincide completely in the first and last cases.
Using coordinate translation, we suppose that the corner O is located at the origin. Below we
shall prove that neither of previous three cases occurs. This contraction yields A; = A;.
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Figure 4. Case two: corners of A; and A, are identical but A # A,.

Figure 5. Case three: O € A; N A, is a corner of A, but not a corner of A;.

3.1 Case one

Choose R > 0 such that By C Qj{z. Since the corner point O € Qj{z stays away from A,, the
function u; satisfies the Helmholtz equation with the wave number k| in Bg, while u; fulfills the
Helmholtz equation with the variable potential k3(1 + p; ). Here, p; (x) is a piecewise constant
function defined by
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Recalling the transmission conditions in (1.1), we find that the pair (u;,u) is a solution to

Auy +k (1+p1 (x))uy =0, in Bg,

Auy + k%uz =0, in Byg,
Su—
Uy = up, )\Buzl/ :%7 on BrNA;.

Here, the symbol (-)~ denotes the limit from €2, . Applying lemma 2.2, we obtain u; = 0 in
Bpg and thus u; = 0 in R2, which is impossible (see [24]).

3.2. Case two

The corners of A; and A, coincide (see figure 4), implying that A; and A, have the same
height and also the same grooves but with different opening directions. This section relies on
ingenious analysis on the regularity of solutions to the Helmholtz equation in a corner domain.
We refer to [20] for an overview of the interface problem of the Laplacian equation.

Choose a corner point O € A; N A; and R > 0 sufficiently small such that the disk Bg :=
{x € R%: |x| < R} does not contain other corners. We can conclude from proposition 1.1 that
uy,uy € H'7S(Bg) (0 < s < 1/2) fulfill the system

V- (a(@)Vu))+k(0)u; =0, in Bg, (32)
V-(a(@+7/2)Vuy)+ k(0 +7/2)uy =0, in B, :
where
(1, if 0€(0,37/2), (R, if 0€(0,37/2),
a(0) = {/\, if 0e(—n/2,0), k()= {Alkg, if 6e(-n/2,0),

anda(f £27) = a(0), k(0 £ 27) = k(0). It is obvious that u, coincides with u; after a rotation
about the angle 7 /2, that is, us(r,0) = u;(r,0 + 7/2). In lemma 3.1 below, we shall derive a
more explicit expression of uy (¢ = 1,2) under the condition (3.1).

Lemma 3.1. Let uj,u; € H'*$(Bg) (0 < s < 1/2) be solutions to (3.2). If
ui(r,0) = uy(r,0) forall 6€(0,7),re€0,R),
then

w(r)= > aQrresle), (=12 (3.3)

n,meN:n+m=>=0

where @[Jéi) (9) is the normalized eigenfunction of (2.3) corresponding to the eigenvalue n = 2n
and 43, (0) = 3, (0 + 7/2).
Proof. To prove (3.3), it suffices to verify for all / € N that

up (r,0) = Z alf), Petm g (g 0)+o (), as r—0. (3.4)

o<n+m<l

Recalling (2.6) and lemma 2.4, we have

ug (r,0) = up + Za}z)r""@j@ (0)+ e (Z (é) 0)+ Zel, , £=1,2,

j=1 j=1
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where @fl) (0) := p;(#) are normalized eigenfunctions, npj@ (9) := @}1)(9 +7/2) and

@y " / © (-7 / 0 ()51 ; _

e, (r)==— f ids — ids, forj>0,¢=1,2. (3.6)
],O ( ) 27)] /2 7 ( ) 2,'7

Here the functions ];.(’f;) with ¢ = 1,2 are defined analogously to (2.7) and 0 < ry < r. By (2.5),

we know that 7 > 2/3 forj > 1, which together with e () = o(r) (¢ = 1,2) implies that (3.4)

holds with /= n+m =0 and ay)) = ay = v/27u.
Step 1: prove that (3.4) holds for /=1.Itis obvious thatif / = n +m = 1 for some n,méeN,
thenn=0,m=1 or n=1, m=0. Hence, it suffices to prove

ue (r,6) = al Jusd) (6) + {gﬂwgf)(a)m(g §4>(9)}r2+o(r2), as r—0, (=12,

with some a(()?, a%e()) € C for £ =1,2. Recalling from the definition of e( ) (G=0,¢=1,2)
in (3.6), we obtain

e () = g ouor® +o (1), if 7 #2, s s 0 3.7
%0 Vom g 2] 3 : L ’ '
X diougriInr+o(r), if n=2,
where d; o € C are given by
NP )y o0
dio =~k PRONCE (B)do k7 | 0o (B)g; " (B)dg | 1 >0. (38)
—7/2

Hence, it follows from (3.5) that

w(r,0) =uo+ aj(e)r”fgp]@ (0)+o (1),

0<n;<2

where /o = max{n; : 0 <17; < 2}. Recalling u;(r,0) = us(r,0), Opu;(r,0) = Ogus(r,8) (0 €
[0, 7]), we obtain

!/
ol (0) =6 0), ol [of" )] =a [o? @], Yo ©m), ne©2),

which can be rewritten as the linear system

A;r cos (n;0) + B;r sin (1;0) A;r cos(nj (0+3)) — Bj+ sin(n; (0+ %))
BjJr cos (1;0) — A;r sin (1;0) AjJr sin (1 (0+7%)) — B;“ cos (nj (0+3))

—~

Since the determinant of coefficient matrix is [(A;")? + (B;")?] sin (57;) > 0, we obtain a(l)

al?) =0 for 0 < 7; < 2. It then follows from (3.5) that

ug (r,0) =up + Z a}@rm@]@ )+ Z (Z) 0)+o (rjl) asr— 0,

2<ni<4 n; =0

1
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where /; = max {7, : 2 < 7; < 4}. Hence,

V2
ue (r,0) = o +algrPvl” (0) + Y ol (6) + 2 Daguo P Inr v (6)

2<ni<4
27 d;
+“W2§:¥§§%ﬁwy7@+w%/0, asr— 0, (3.9)
n#2 i
where “5 ()) ( ) Dy = = d for n; = 2. Equating the coefficients of the terms 7> and *Inr

yields
Dy ouo Wél) (0) - 52) (9)} =0,

2 2 27d; ()u()
[al0us? (0) —alus? O] + 3 R

S [ 0 - ¢ 0] =0
nj#2 J

J

for all § € (0, ). Since wéz) 0) = 77,/)5]) (0), by linear independence of trigonometric func-
tions, we conclude that

D, oup =0, agl())Jragzng and dioup =0 if ¢ ( )7é<p ( ), mj # 2.
If <p(l) 0) = <p}2) (6), we have 7; = 4N by lemma 2.3 and

4 _{0» if oy =4N, N#£0,
TG +K), if =0 (ie.j=0).

This implies that the terms with j # 0 in the following summation all vanish, i.e.

Py Y Y20 0 (g) 2, Y200 0 )

n#2 J

Inserting these results into (3.9) yields as » — O that

ug (r,0) = Z a(é) P ”+m)1l)(i) Z a([)r”’go 9 Z (i) )+o (rl‘)

0<n+m<1 2<n<4 n; =0

where ao 0 =/ 2muy, ao 1 =V2ndyouo/4, a% = fagz()) Further, we have aé‘? = ay, )do 0/4
and

a(()%d]’ozo for n; # 0; (l)% (0) = (2)¢ (0) forall 0 <n+m<1,
(5)(” B \/de()u()rz if 77]#2,

md Quorzlnr, if "7j22-
It is seen from (3.7) that e( )(r) = o(3). This finishes the step 1.

12
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Step 2: induction arguments. We make an induction hypothesis that for some N > 1,

w(r,0)= Y ar(lerz(n-i-m)wéﬁ) (0) + ) aj(@) rn/(pj@ ()

0<n+m<N 2N<n;<2N+2
¢
+3 eln (el (0)+0(™);
77//
a(l) n,2n 3.10
ar(le)_ w1 D2 VYn+m=N,0<n<N—-1; ( )

M (2N)2—(2n)??
an,),,d =0, fornm#2n, VO<n+m<<N—1;

i) (0) = alnps?) (9), YO<n+m<N,

where ey (r) (£ = 1,2) is defined as (2.8), (3.6) with £ replaced by £\

3mw/2 .
£90) = / Bluo - 3 aOremu® 0)| o (0)dg

o<n+m<N—-1

0 -
- / Blumo— 3 a®rwmu® 0)| o (0)ds;

—m/2 0<n+m<N—1
Iy :=max{n; : 2N < n; < 2N +2};

0 - 3m/2 -
d,»,zn=—lk% /zwé,?(e)so}” (0)dg + K3 / 0 (6) oM (8)dg

7k% (k2 )f 7r/2|1/} ()|2d9a if 77j:2n,
- (.11

K=8) [0 L) ) O, if m#2m,

for 0 <n < N—1; Dy, 0, := dj 2, when 7; = 2n.
Note that the above induction hypothesis with N = 1 has been proved in step one. Now we

want to prove that (3.10) holds for N + 1. By the definition of e}f\),, straightforward calculations
show that

N+2 .

() m S andian+o (P, i £ 2N +2,

GN( =9 wp (3.12)
2 PN 2 Inr + o (PN if 7 =2N+2.

Here Doy oy := dj oy with 1, = 2N + 2 and d; 5y is defined analogously by (3.11).
Using the relations u; (r,0) = ua(r,0), Opu; (r,0) = dgua(r,0) (6 € [0,7]), we deduce from
the expressions of #; in (3.10) that

/ /
o6 (0) = a6 (0), ol [o ()] =a [¢P )]
V8 e (0,m), g€ (2N,2N+2).

Similarly, we can obtain an equation system about the unknowns a}l) and aj(z), where

the determinant of coefficient matrix is still not equal to zero for 2N < n; <2N+2.

13
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Consequently, we achieve that a}l) = aj(z) = 0 for 2N < 1; < 2N + 2. Inserting this into (3.10)
gives

w(r0)= 30 aQremu @+ 3T o)

0<n+m<N ANH2< 1 <2N+4
+Ze]N —1—0(er) {=1,2.
120

Using the relations in (3.12), we can obtain

n+m=N+1

n+m L (¢ 4
u(r8)= 3 alO P 0) 422 ST a0 g (0) +all), (P2, (0)

0<n+m<N 0<n<N—-1

a;(vez)DzNJrz,erzNHI w(z) 0) + Z az(\]éz)dj,ZN N2 () )
+— N7rPoN o P S ®j

4N +2 N2 (2N+2)" — 77,-2

+ Z a}g)r""goj@ (0)+o (rl’”‘) , £=1,2.

INH2<n; <2N+4

Here, a,(\,J)rl 0= a(é) for nj =2N+2, Iy := max{n; : 2N+2 < 1n; < 2N+4} and

a(g) D

n.m—14"2n,2n

= — 5, VO<n<N—ln+m=N+1. (3.13)
(2N+2)"—(2n)

a)!

n

Applying the induction hypothesis a,(l},),, g) 0) = a,(f,),, éi) () for all 0<n+m<N
into (3.13), we have

a s (0) = a2 (0), YO<Sn<N—1,n+m=N+1. (3.14)

Comparing the expressions of u; and u, and using the fact that u; = u, for all § € (0,7)
yields

2
a\y Dani2, niNy o (0) = aly Dao, v iy (6).

and

)

d:

1 ay o @j,2N (1)

N+10¢2N+2( )+ Z a2 5% (0)
n#2N+2 (2N+2)" =1} !

@ 4
ey ay o 4j,2N 2)
AN, oszJrz (0) + Z ————¢;" (0).
nj#2N+2 (2N + 2) 7712 '

Since a](vly?) =(—1)"a ](\,22), 1/12N+2( )=(— l)N“wSV)H(@), we conclude that
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ay b Dans2 v iy (0) =0,

and

OF)
) N+, (1) ay 042N
[aN-H o— (=1 N+1 0} ¢2N+2( )+ E P R
ON+2)* — 12
nrana ( i

x [ (0) = (1" (9)] =0.

Using lemma 2.3 and the linear independence of trigonometric functions, we conclude that

N+1 0¢2N+2( )= N+1 o%zwz( )5 (3.15)
and
al(vlz)dj o 0, if cpj (9) =+ go (9) , N is an even number,
o 0, if cpj(l) () + 90(2) (6) # 0, N is an odd number.

Recalling lemma 2.3 and the definition of d; 5y, we find that

Ao — 0, if 7 =4l and N is an even number, [ # N/2,
92N 0, if 7 =4[42 and N is an odd number, [ # (N—1) /2.

Based on the above results, we conclude that

ayhdion =0, form;#2N, (=1,2.

Combining the previous equalities with the following two induction hypothesis

£) ,S ,2, 1 Dau,on

Clmmzm, Vn—l—mZN,OSnSN—l,
r(u)ndj,zn:0, forn; #2n, VO<n+m <N—1,

a 9

we find that
a,(f,),,djgn:& forn; #2n, VO<n<N,n+m=N. (3.16)
Hence,
u(rd)= > alf P @)+ Y o (6)
0<ntm<N+1 INH+2< 1y <2N—+4
+3 e (N (0) +o (M), e=1.2, (3.17)
120

where ej(ﬁe 1 1s defined in the same way as ej( 1\)/’ Dy >y equals to dj oy when 7; = 2N and

¢
o aj(v,z) Do on
I

a - b
M N +2)7 — (2n)

(=1,2. (3.18)
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Then, the relation a,(\,l,z) é,l\,) 0) = a,(v%z) 5,2\,) (0) gives that

1 1 2 2
a iy (8) = a1y (6). (3.19)

Therefore, relations (3.13)—(3.19) imply that (3.10) still holds for N + 1.
Step 3: by the induction argument, we know that (3.10) holds for any N € N which
implies (3.4) for all / € N. Hence, the proof of (3.3) is complete. O

By lemma 3.1, we have

ST al)20tm (A= cos (2n0) + By sin (2n0)], 0 € (—7/2,0),

u (r, 0) = n+m>=0
1 () S alhRttm (At cos (2n0) + B sin (2n)], 6 € (0,37/2).
n+m=0

Now, using the transmission condition of u#; on II, one can repeat the proof in the proof of
lemma 2.1 to obtain u; = 0 around O, which is impossible. This excludes the case two.

3.3. Case three

Assume there exists a corner O of A, such that O € Ay, but O is not a corner point of Aj.
Without loss of generality, we suppose that O is located on a vertical line segment of A; (see
figure 5). Choose R > 0 sufficiently small such that the disk Bg does not contain any other
corners. We can see that u;,u; € H'75(Bg) (0 < s < 1/2) are solutions to the systems

Auy +Kuy =0, in 6€[0,7/2)U(37/2,27],
Auy + Ky =0, in fe(r/2,31/2), (3.20)
ul =uy, Ofuy =0 uy, on 0=w/2,3m1/2,

Auy + kuy =0, in 6€(0,7/2),

Aty + Ky = 0, in fe(r/2,2m), 3.21)
wi =uy, Ofuy=A\0; uy, on 6=0,m/2.

By proposition 1.1 (ii), the Cauchy data (uf,ayu?') are analytic on Bg N A,. Then, the
coincidence u; (r,0) = us(r,0) for all § € [0, 7 /2] implies that u; and 9, u; are both analytic
on Bg N A,. By the Cauchy—Kowalewski theorem in a piecewise analytic domain (refer to
lemma 2.1 in [16]), we conclude that there exists R; € (0,R) such that u, can be extended
analytically from Bg, N Qj{z to Bg, and the extended function w, satisfies that

Awy + k%W2 =0, in BRH

wr=us, Oywr=0,uy, on By NA,.
Recalling the transmission boundary in (3.21) and the fact that A is a constant, we also find
that u, and 0,u, are both analytic on Bg N A,. Similarly, the solution u, can be extended

analytically from Bg, N Q) to Bg, (Ry € (0,Ry)) by the Cauchy—Kowalewski theorem. Denote
by v the extended function in Bg,, which satisfies

Avy + kv, =0, in Bg,,
va=u,, Ovr=0,u,, on Bg,NA;.

16
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Again using the transmission conditions in (3.21) yields

Aw, + k%wz =0, in Bpg,,
Avy + k%vz =0, in  Bpg,,
Wy =Vva, Ouywr = A1, on Bg,N Ay

Since k; # ky, we obtain w, = v, = 0in Bg, by lemma 2.1, that is, u, = 0 in Bg,. This together
with the unique continuation leads to u, = 0 in Bg, which is impossible.

Remark 3.2. We remark that the uniqueness proof for treating case three is also valid in the
TE polarization case, providing a different method to the approach present in [24, section 4.3].
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Appendix

This section is devoted to the regularity problem around a corner point and up to the flat inter-
face. For the readers’ convenience, we also justify the well-posedness of solutions to the for-
ward scattering (1.1) and (1.2). The proof of lemma 2.1 will be given in section A.4.

A.1. Regularity around a corner

Firstly, we investigate the regularity of a solution to the transmission problem of the Helmholtz
equation in a right angle domain (see the figure 6).

Theorem A.1. The solution it to (2.2) has the regularity it € H'+*(Bg) NH'*2/3(Qy) for any
0<s<1/2(0=1,2).

Proof. For the sake of notational simplicity, we write ¢ (0) := ;(6), n := n; for some fixed j.
A general solution to (2.3) takes the form

At cos(nf)+Btsin(nd), 6€(0,37/2),

p(0) = {A‘cos (n0) +B~sin(nd), 60€ (—7/2,0). (D

Using the transmission boundary conditions in (2.3) yields

AT =A", ATcos(3mn/2)+B*sin(3mn/2) = A~ cos(mn/2) — B~ sin(mn/2).
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T2
Br
O
(0) IT; I
I, 2

Figure 6. Sketch map of Qy and II, (¢ = 1,2).

Since
, —nAT sin(nf) +nB* cos(nb), 6 € (0,37/2),
v (0) = {—nA_ sin(nf) +nB~ cos(nd), 6¢€(—x/2,0),
we have
BY =XB~, —A%sin(37n/2)+ B* cos(37n/2) = X [A” sin(wn/2) + B~ cos (mn/2)] .

That is, (AT,A~,B",B™) satisfies the following 4-by-4 algebraic system:

1 —1 0 0 AT
cos(3mn/2) —cos(mn/2)  sin(37wn/2) sin(71/2) A~
0 0 1 - Bt
sin(37n/2)  Asin(mn/2) —cos(3wn/2) Acos(mn/2) B~

(=N}

We denote the fourth order matrix on the left by M. Then simple calculation shows that

1 —1 0
M| = cos(3mn/2) —cos(mn/2)  sin(37wn/2) sin (71/2)
0 0 1 -
sin(37n/2)  Asin(mn/2) —cos(3wn/2) Acos(mn/2)
cos(3mn/2) —cos(mn/2)  sin(37n/2) sin(71/2)
= 0 1 —-A
Asin(7n/2) +sin(37n/2)  —cos(37mn/2) Acos(mn/2)

cos(3mn/2) —cos(mn/2) 0O
= 0 1 -A
Asin (7n/2) +sin (371/2)
cos(37n/2) — cos(mn/2)

Asin(mn/2) 4 sin(37n/2)

sin(7mn/2) + Asin (37n/2)

0 Acos(mn/2) — Acos(3mn/2)

sin(7n/2) + Asin(37n/2)
Acos(mn/2) — Acos(37n/2)
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That is,

IM| = —\cos (3mn/2) — cos (m1/2)]*
— [Asin(mn/2) 4 sin (371 /2)] [sin (7n/2) + Asin (371/2)]

= 2Xcos (3mn/2) cos (1n/2) — (A* + 1) sin (371/2) sin (71/2) — 2X

(A—1) N6+
2

=+ l)zcos2 (mn) — cos (mn) 0,

which implies that

N +6)A+1

or cos(mm)=1.
2\ +1)° ()

cos(mn) = —

Hence,

1 N +6A+1
1 = — arccos —+7+2 or n=2I, leN.
m 2(A+1)

Note that, n € (0,1) and

NA6A+1 A+ +4N 1 2)

S
2(A+1)° 2017 2 (A41)?

1
(1/2,1), ie. —1<cos(mn) < —5

Therefore,
L ccos [LXEOAFLY 2
= 2(A+1)° 3

The proof is complete. 0

A.2. Regularity up to flat interface

In this subsection we suppose that the angle is 7 and consider the transmission problem

{AW + k%w =0, in Qg, (A2)

Vi =V, (91,\1] = /\8VV2, on Hg,

where k; are constants and k; # k», the unit normal vector v at ﬁg is pointing into S~21. The two
semi-circles €2, and their boundaries II, (¢ = 1,2) are defined as (see the figure 7):

Q:={(r0):0<r<R, 0<6<m/20r3m/2<0<2r}, I :={(r,7/2):0<r<R},
Q:={(r,0):0<r<R, 7/2<60<3m/2}, I := {(r,37/2) : 0< r < R}.

In order to rewrite the equation (A.2) into the divergence form, we define

3 1, in ; 2, in O 3 v, in
g):={ > M f):= {0 ol )=V
a () {)\, in O, R (0) {Akg, in O, v(r6) {vz, in (.
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Z2

Qo

x1

I,

Figure 7. Sketch map of Q and I, =1,2).

Then (A.2) is equivalent to
V- (a(@)Vv)+£(0)v=0 in Bg.

By the decomposition theorem, v = vT/JrZ;?’:lEjr‘sfqﬁj(G) (Inr)? in Bg with p; € {0,1,...}.
Here, w € H2<§g) (¢ =1,2), and §; € (0,1) are eigenvalues of the following positive defin-
ite Sturm-Liouville:

¢/ (0) —I—(szqu (0)=0, in 0€[0,7/2)U(n/2,37/2)U(37/2,27],
G+ (M/2) = 0j— (n/2), ¢4 (7/2) = A _(7/2), (A3)
¢+ Bm/2) = ¢ (37/2), ¢j, (37/2) = A¢; _ (3m/2).

/

Here, ¢; ., qu” . denote the limits from §~21 and ¢; _, J the limits from 52.

Theorem A.2. The solution v to (A.2) has the regularity v € H'"(Bg) N H2(S) for any 0 <
s < 1/2, and v is analytic on the closure of Qy (¢ = 1,2).

Proof. Write ¢(0) := ¢;(0), §; := J for some fixed j. A general solution to (A.3) takes the form
Atcos(60) +Btsin(00), 6<[0,7/2)U(37/2,27],
¢(0) =15 .
A~ cos(00)+ B~ sin(60), 6¢€ (w/2,37/2).
Using the transmission boundary conditions in (A.3) yields

{AJF cos (w6/2) + Bt sin (78 /2) = A~ cos (w6 /2) + B~ sin (74 /2),
A cos (370/2) + BT sin (3w /2) = A~ cos (370 /2) + B~ sin (376/2) .

Since

5'(6) = {—5A+sin(59)+5z§+cos(59), 0 €[0,7/2)U(3r/2,27],
~ | —6A"sin(60) + 6B cos (66), 6 € (7/2,371/2),

20
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then we obtain that

—AT sin (78/2) + B* cos (16/2) = [ —A~ sin(6/2) + B cos (w6/2)] ,
{ —A*sin(376/2) + B* cos (370/2) = A [~A~ sin (375 /2) + B~ cos (375 /2)] .

That is, (A~,B~,A™,B*) satisfies the following equation system:

cos (md/2) sin(md/2) —cos(wd/2)  —sin(wd/2) A~ 0
cos (376/2) sin(37§/2) —cos(3w§/2) —sin(37/2) B~ | o
—Asin(w6/2)  Acos(w8/2)  sin(wd/2) —cos (76 /2) At 17| o
—Asin(376/2)  Acos(3w6/2)  sin(3w5/2)  —cos(3wH/2) BT 0

We denote the fourth order matrix on the left by M. Then simple calculation shows that

cos (7 /2) sin(7d/2) 0 0

cos (3md/2) sin(376/2) 0 0
—Asin(76/2)  Acos(wd/2) (1—=A)sin(wd/2) (A—1)cos(7d/2)
—Asin(3710/2) Acos(373/2) (1 —A)sin(37w6/2) (A—1)cos(3m/2)

|M| =

cos(wd/2)  sin(md/2) 0 0

(A—1)? cos(3w6/2) sin(37d/2) 0 0
0 0 sin(7§/2)  cos(md/2)
0 0 sin(376/2) cos(3wH/2)

= (A= 1)%sin*(70) =

That is, sin(70) = 0 and then & € N, which implies that v € H' (Bg) N H*($2;) and ¥ is analytic
up to the boundary of II; UII,. The proof is complete. O

A.3. Uniqueness and existence of forward scattering problem
Define the DtN mapping T : HI/Z(F ) — Hﬁl/z(Fh) by
(Tf) (x1) == _iBufu€™™,  where f(x;)=> f,e™" € H/*(I).
neZ neZ
Introduce the piecewise analytic functions
1 in S, (k& in S,
a(x) = {)\ in S, r(x) = {Akg in S, .

The scattering problem (1.1) and (1.2) can be equivalently formulated as the following diver-
gence form in the truncated domain S:

V-(a(x)Vu)+k(x)u=0, in Sy,
Oou=Tu+ (0o’ — Tu') on I, (A4)
u= 0’ on FO.

Theorem A.3. The boundary value problem (A.4) has at least one solution u € H',(S) for
any fixed h > A". Moreover, uniqueness remains true for any ky,ky > 0 under the following
monotonicity conditions on the medium:

k> Mg, (A.5)

21
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Proof. From the definition of T, it follows that for f € HY *(T'),

e(ThHA) == D IBIIAF <0, I(TLN) = D B />0, (A6)

|| >k || <ky

where the pair (-,-) denotes the duality between Hy /2 and H,ll/ % on T'y. The variational for-
mulation for (A.4) can be written as: find u € H', (S},) such that for all v € H (S},),

L(u,v) :=/ la(x) Vu-Vv—a(x)r(x)uv] dx — TquSZ/ (Tui— 8ul)vds.
Si T I Ox;
(A7)

Using (A.6), one can conclude that the above sesquilinear form gives rise to a strongly elliptic

operator £ such that L(u,v) = (Lu,v) for all u,v € HY (Sh) (see also e.g. [5, 9]), where (-,
denotes the inner product over the Hilbert space H.,(S)). On the other hand, the adjoint of £:
H' (S,) — H. (S) takes the explicit form

(L*u,v) =L(v,u) = / [a(x)Vu-Vv—a(x)r(x)uv] dx+27rZiEunVn, u,v € H' (S).

Sh n€Z

Here, u, and v, denote the Fourier coefficients of e 7 "*y|p, and e~ '*v|p,, respectively.
Taking the imaginary part on both sides of the previous identity with v =u and using (A.6),

we get Y. |Ba||ua|*> =0 for u € Ker(L£*). This implies that
|D‘n|<kl

/ (Tui—gbl)vds—o forall veKer(LY).
T

X2

By Fredholm alternative, there always exists a solution u € H_ (Sj,) to (A.4).

To prove uniqueness, we suppose that ' = 0. Then u satisfies the upward Rayleigh expan-
sion radiation condition. Taking the real part on both sides of (A.7) with v=u and u' = 0 and
using (A.6), we obtain

= [ [Vl —a@ ) ] dv=— 3 [l unfe 40 <0

Sh [an | >ky

Multiplying the Helmholtz equation by x, d,u and integrating by part over S?f yield the
Rellich’s identities:

I = (/ /)xz {7V2‘VM|Z+V2]€%|M|2+2RG (82F8Vu+)] ds
o JA

+/ |Vul> — k3 |u|* — 2|0oul*dx = 0,

Sy

I :/x2 [—1/2|Vu|2—|—1/2k%\u|2 4+ 2Re (32ui—8yu7>} ds
A

+ /7 |Vul> — i3 |u|* — 2|0oul*dx = 0.

Sh
The integrand over A is well-defined because, for rectangular gratings it holds that u €

Hi/2+E(S,jf) for some € > 0 depending on A (see e.g. [20, chapter 2.4.3] and [9, section 3.3]).
Straightforward calculations show that

22
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/ X [—V2|VM\2 + vk} |ul* + 2Re (0,1 Oyu)| ds =h Z 1Bl [un|* =0,
'y

|an|<kl
and
0=TI"+AI"
:7/ NA=D) [0 P+ (A= 1)|0ru >+ (kf — M3) |uf*] voxa ds
A
2/a(x)|82u|2dx+11,
Sh

where 0, denotes the tangential derivative on A with 7 := (—1,, ;). By the assumptions (A.5)
on ky,k, and recalling the fact that v, > 0 on A, we conclude that the integral over A is non-
positive, so that each term in the above expression vanishes. Consequently, we get 0bu = 0 in
Sy and I} = 0, implying that u, = 0 for all |c,| > k;. Therefore,

u=A,e" 4 A, e kv i QX, Ay Ay €C

if o, = ky or i, = —k; for some n,m € Z (that is, Rayleigh frequencies occurs). Note that the
above expression of u is well-defined in R, Since 1, = 1 on the line segment of A parallel to
the x;-axis and k% > \k2, one can also deduce from (A.8) that u = 0 on this segment, which
gives A, =A,, = 0 and thus u = 0.

O

A.4. Proof of lemma 2.1

Proof. Recalling the Taylor expansion of analytic solutions of the Helmholtz equation (see [7,
8]), we have

ug (r,0) = Z pram (a,(fm cos (nf) + b,f,zl sin (n9)> , for 0<r<R,
n,mEN:n+2m=>0

where the coefficients a,(f,),, and bff,),, fulfill the recurrence relations

o _ —4qe a0 PO —4qe b Y n,meN.
an,erl 4(m+1)(n+m+1) nm7 n,m—+1 4(m+1)(n+m+1) n,m’ n,m
(A.8)
The transmission conditions in (2.1) are equivalent to the four relations:
n+2m=lI n+2m=lI n+2m=lI n+2m=lI
dooath=Yal, > mbh=x > b,
n,meN n,meN n,meN n,meN
n+2m=I n+2m=I
> [albcos (nm/2) bl sin(n/2)| = 3 [af2) cos (nm/2) — b2 sin (n7/2)]
n,meN n,meN
n+2m=I n+2m=I
n|a) sin n7r2+b )cos nw/2)| = A n|a, )sm n/2) + b3 cos(nm/2)] .
Z n,m n,m n,m
n,meN n,meN
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Case one: n = 2k + 1 for some k € N. In this case the transmission conditions can be sim-
plified to be

(1) (2)

a2k+l,m = Z aZk—H,m’
2k+1+4+2m=I 2k+l+2rr11)=l . (2) (A 9)
i .
Y @)D A =AY kD) (=D e
2k+1+42m=I 2k+1+42m=lI

DO C S DTSV D DU ¢J SIS DY

2k+142m=I 2k+142m=I
A.10)
k4 (1) k1(2) (
DR GV A SV DU G5 DAY
2k+1+4+2m=I 2k+142m=I

It suffices to show asy, |, = b5, |, =0 forallkmeN, (=1,2.

We first consider the case: [ = 2k+ 1 +2m = 1, thatis k =0, m = 0. From (A.9) and (A.10)
we deduce that

1 2 1 2 1 2 1 2
h=a alh=ral b=l o=l
Since A # 1, we obtain a% = aﬁ% = b% = bf& = 0. By the recurrence relation (A.8), we have
O =b") =0forallmeN, £=1,2.

m

We carry out the proof by induction. Supposing for some M € N that

d

A= A =0, B =50, =0, for k<M, kmeN. (A.11)

We need to prove the above relations in (A.11) with M replaced by M + 1. For this purpose, it
is sufficient to verify

1 2 1 2
agll/3+3,0 = ag/\}+3,o =0, bgﬁ/3+3,o = bg/\}+3,0 =0.

Setting | =2k+ 1+4+2m =2M+ 3 in (A.9) and (A.10) and using the relations in (A.11), we
obtain
1 2 1 2 1 2 1 2
a§113+3,o = a§M+3,0’ agn)+3,0 = /\a;v;w,o; bg/\}+3,o = /\bgﬁz+3,07 bg/&+3,0 = b§&+3,o~
Again using A#1 yields agzlv;%,o = aﬁ;%}o = bg,lv}%’o = bgi3+3,o = 0. Consequently, we

achieve that a%il m= bgi)_H n=0forallkmeN, {=1,2.
Case two: n = 2k for k € N. It then follows from the transmission conditions that

1 2 k 1 k(2
Z agk,)m: Z aék?m’ Z (_1) agk?m: Z (_1) agk?m’ (A12)

2k+-2m=l1 2k+2m=1 2k+-2m=1 2k+-2m=l
1 2 k 1 k 2
Z kbék)m =A Z kbék?m’ Z (71) kbgk?m =A Z (71) kbgk?m
2k+2m=I 2k+2m=1 2k+-2m=1 2k+-2m=1

(A.13)
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Suppose li=k+m= 0, that is k=0, m =0. From the relation (A.12), we obtain aé}g =
ally. Then we set] = k+m — 1in(A.12) and (A.13), thatis k=1, m =0 or k=0, m = 1. This

gives the relations b2 0= )\b% and

1 1 2 2 1 1 2 2
R P A R, B A R
which imply that a(()ll) = a(()zl) and agl()) = azzg Since a(()l()) = a(()za, ‘1(()}1) = ((] 1) ((f? = a(()é()) and

q1 # q», we obtain that
a(()ly)n = a(()z,l =0, VmeN.

Set2:k+m:21n(A.12) and (A.13), thatisk=2,m=0ork=1,m=1ork=0,m=2,
we have

1 1 2 2
) +d) = ) +af), 2b§)3+b§,f:)\(2b§3+b( >),
aglg o) = a) — a2, 26§10~ b{) = A (21;553 b(z)) ,

which lead to that

(1) ) Q) ) (2 (1) 2
ago=4a z(th 4= élv b( >‘b40’ b2,1 :)‘bg,l)'

Since agl()) = a%, aéll) = agzl) , ang =1 a% and g, # g1, we conclude that

a) =a) =0, VmeN.

Since b2 0= )\b223, b2 | = )\b;f nd bgef = %b%, we arrive at
1 2 1) 92, (2 92491,
0=b1 =2} = =T pl + A L0 = AL,

That is bgzg = 0 for g, # q1, A # 0. By the recurrence relation (A.8), we conclude
by) =by) =0, YmeN,
We shall finish the proof by induction. Supposing for some M € N that
al, =a, =0, all =), for ISk<M, meN; (A.l4)
B = b5 0 =0, bSyo=AbSy . for ISK<SM, meN. (Al5)

We need to prove all relations in (A.14) and (A.15) with M replaced by M + 1. For this purpose,
it is sufficient to verify

1 2 1 2 1 2 1 2)
ag}n;o = agz& 0=0, ag(z)wﬂ) = a§(1)v1+1) ; bgz& 0= bgz&o =0, bgz&u 0= /\b§M+2 0

Setting I=k+m=M+1in(A.12) and using (A.14), we obtain

ORI (VR ¢

a (2) (1) (1) (2) (2)
2(M+1),0

1 = Ymty,0 T % Dm+1),0 ~ %am1 = Ym+1),0 ~ Gom,1
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. 1 2 1 2 . 1 2 1 2
That is, a§(1)w+1),o:a§(1)u+1),o and ag}&,l:ag,&l. Since aé&,zaﬁ&w agﬁz,ozag,‘,}o,
Ay 1 = s @i and g1 # g, it follows that @y, =aly, =0. Similarly, setting
I=k+m=M+1 in (A.13) and using (A.15) will lead to by, o =AbS(y, )0 and

1 2
bgn),o - bg}t},o =0.
O
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