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1. Introduction

This paper concerns the cloaking of elastic waves. An elastic region is said to be cloaked if its content
together with the cloak is “unseen” by the exterior elastic wave detections. In recent years, the study on elas-
tic cloaking has gained growing interest in the physics literature (cf. [9,20-22,47,53,54]), much followed the
development of transformation-optics cloaking of optical waves including the acoustic and electromagnetic
waves. A proposal for cloaking for electrostatics using the invariance properties of the conductivity equation
was pioneered in [26,27]. Blueprints for making objects invisible to electromagnetic (EM) waves were pro-
posed in two articles in Science in 2006 [40,55]. The article by Pendry et al. uses the same transformation
used in [26,27] while the work of Leonhardt uses a conformal mapping in two dimensions. The method
based on the invariance properties of the equations modeling the optical wave phenomenon has been named
transformation optics and has received a lot of attentions in the scientific community due to its signifi-
cant practical importance. We refer to the survey articles [16,28,29.45] and the references therein for the
theoretical and experimental progress on optical cloaking.

The Lamé system governing the elastic wave propagation also possesses a certain transformation prop-
erty, in a more complicated manner than that for the optical wave equations. Using the transformation
property, the transformation-elastodynamics approach can be developed for the construction of elastic
cloaks, following a similar spirit to the transformation-optics construction of optical cloaks. In a rather
heuristic way, an ideal invisibility cloak can be obtained by the blow-up-a-point construction proceeded
as follows. One first selects a region 2 in the homogeneous space for constructing the cloaking device.
Let P € Q be a single point and let F' be a diffeomorphism which blows up P to a region D within €.
Using transformation-elastodynamics, the ambient homogeneous medium around P is then ‘compressed’
via the push-forward to form the cloaking medium in Q\D, whereas the ‘hole’ D forms the cloaked region
within which one can place the target object. The cloaking region Q\D and the cloaked region D yield the
cloaking device in the physical space, whereas the homogeneous background space containing the singular
point P is referred to as the virtual space. Due to the transformation invariance of the elastic system, the
exterior measurements corresponding to the cloaking device in the physical space are the same to those in
the virtual space corresponding to a singular point. Intuitively speaking, the scattering information of the
elastic cloak is ‘hidden’ in a singular point P.

However, the blow-up-a-point construction would yield server singularities for the cloaking elastic mate-
rial tensors. Most of the physics literature accepts the singular structure and focuses more on the application
side (cf. [9,20,21,53]). To our best knowledge, there is very little mathematical study on rigorously dealing
with the singular elastic cloaking problem. On the other hand, there are a few mathematical works seriously
dealing with the singular cloaking problems associated with the optical cloaks. Concurrently, there are two
theoretical approaches in the literature: one approach is to accept the singularity and proposes to investigate
the physically meaningful solutions, i.e. finite energy solutions, to the singular acoustic and electromagnetic
wave equations (see [30,45]); the other approach is to regularize the singular ideal cloaking construction
and investigate the near-invisibility instead; see [6,38] on the treatment of electrostatics, [4,7,37,41-43] on
acoustics, and [8,10,11] on electromagnetism. In this work, we follow the latter approach to develop a general
framework of constructing near-cloaks for elastic waves via the transformation-elastodynamics approach.
Compared to the acoustic and electromagnetic cases, the elastic cloaking problem turns out to possess more
complicated physical nature due to the coupling of shear and pressure waves that propagate at different
speeds (see, e.g., [17-19,39]).

The present study on regularized approximate cloaking of elastic waves is rather comprehensive and
includes several salient ingredients. First, we provide a rigorous justification of the transformation elastody-
namics, which lacks in the physics literature. Particularly, we prove the well-posedness of the transformed
Lamé system. This is presented in Section 2. In Section 3, we consider the elastic cloaking problem, and based
on the blow-up-a-point transformation, we give the construction of an ideal elastic cloak and analyze the
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singularity of the cloaking elastic material parameters. In Section 4, we introduce the regularized construc-
tion based on a blow-up-a-small-region transformation. Then, we show the existence of resonant inclusions
which defy any attempt in achieving near-cloaks. Section 5 is devoted to the development of our near-cloaking
scheme by incorporating a properly designed lossy layer into the regularized construction. We derive sharp
estimate in assessing the cloaking performance. The asymptotic estimate is independent of the elastic content
in the cloaked region, which means the proposed cloaking scheme is capable of nearly cloaking an arbitrary
elastic object. The estimate is based on the use of a variety of variational arguments and layer-potential
techniques. We also verify that the proposed lossy layer is a finite realization of the a traction-free lining.
Finally, we would like to mention in passing that our study may find important applications in seismic
metamaterials (cf. [46,35,36,12]) to construct feasible devices for protecting key structures from the catas-
trophic destruction of natural earthquake waves or terrorist attacks (e.g., nuclear blast). For instance, the
elastic invisibility cloak could be of great significance in safeguarding nuclear power plants, electric pylons, oil
refineries, nuclear reactors and old or fragile monuments as well as the important components within them.

2. Lamé system and transformation elastodynamics

Consider the time-harmonic elastic wave propagating through an anisotropic medium occupying a
bounded Lipschitz domain 2 ¢ RN (N = 2,3). In linear elasticity, the spatially-dependent displacement

vector u(z) = (u1,---,un)(x) is governed by the following boundary value problem of the reduced Lamé
system
N
0 ( Fu 2 . .
A Ci'kz(fv)—)+w p(z)u; =0, inQ, i=1,2---,N,
j,kz,z:l Oz; \ 777 Oy (1)
New =1 e H 2 (00)N, on 99,

where w denotes the frequency and the Neumann data Ngu is defined as

N N N

Ouy, Oouy, Ouy,
New == Z l/jcljkla—xl’ Z VjCijla_xlv R Z VjCNjkla_xl
7.k, =1 7,k,0l=1 7,k,l=1
with v = (v1,vs,...,vy) € SV~ denoting the exterior unit normal vector to 9. In (1), C = (Cijr1)}; 411

is a fourth-rank constitutive material tensor of the elastic medium which shall be referred to as the stiffness
tensor. p is a complex-valued function with ®p > 0 and Sp > 0, respectively, denoting the density and
damping parameter of the elastic medium. In this paper, we employ the notation {Q;C, p} to denote the
elastic medium supported in €2 characterized by the stiffness tensor C with entries Cjjri(x) € L*°(2) and
p € L>(Q). The stiffness tensor satisfies the following symmetries for a generic anisotropic elastic material:

major symmetry: Cijr = Chuij, minor symmetries: Cyjr = Cjirt = Cijir, (2)

for all 4,5,k, 0l =1,2,---, N. By Hooke’s law, the stress tensor o relates with the stiffness tensor C via the
identity o(u) := C : Vu, where the action of C on a matrix A = (a;;) is defined as

N
C:A= (C : A)ij = Z Cijkl ag-
k,l=1

Hence, the elliptic system in (1) can be restated as

V-(C:Vu)+w?pu=0 in Q.
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Moreover, the boundary operator in (1) can be rewritten as Neu = v -o(u) = v - (C : Vu), which is exactly
the stress vector or traction on 0f).

The equivalent variational formulation of (1) reads as follows: find u = (uy,---,un) € H*(2)" such that
N
Ouy, 07;
ac(u,v) := | Z C’ijklai;;aTU; — w?p(x)uv; p dr = /w - vdz, (3)
Q i,7,k,l=1 90
for any v = (vi,ve,---,vn) € HY(Q)N. Suppose further that the elastic tensor C satisfies the uniform

Legendre ellipticity condition

N N
Z Cijri(T) azjag > co Z lai? ai; = aji, (4)
i gk l=1 ij=1

for all z € Q, ie., (C(z) : A) : A > co||A|[? for all symmetry matrices A = (a;;)];—; € RV*N. Then the

sesquilinear form on the left hand side of (3) satisfies Garding’s inequality

ac(u,u) > col|Vullpzynxy = w? ||p|| e @l|ull L2y forall u e HY(Q)N.
As a consequence, there exists a unique weak solution to (3) for all frequencies w € R, excluding possibly
a discrete set D with the only accumulating point at infinity. The well-posedness of the boundary value
problem (1) allows one to define the boundary Neumann-to-Dirichlet (NtD) map as follows

Acg: HV200)N — HY200)N, A v = ulaq,

where v € H'(Q)¥ is the unique solution to (1). Throughout the rest of the paper, we refer to an elastic
medium {Q;C, p} as regular if it satisfies the major symmetry in (2) and the uniform Legendre ellipticity
condition in (4), otherwise it is called singular. We note that for a regular elastic medium, the corresponding
Lamé system is well-posed provided w ¢ D.

If an elastic material is isotropic and homogeneous, one has

Cla)=CO, OOl = N 0 + 108 100 + 0:48,.1.)- (5)
That is, the stiffness tensor is constant throughout the material with the Lamé constants A and p satisfying

w > 0,NX\ + 2u > 0. For simplicity, the mass density is usually normalized to be one in an isotropic
homogeneous medium, i.e., p(x) = 1. Under these assumptions, the stress tensor takes the form

(Vu+vVu'),

DN | =

o(u) = AT divu + 2pe(u), e(u) =

where I stands for the N x N identity matrix. In this case, the Lamé system (1) reduces to the boundary
value problem for Navier’s equation,

Lu+w’u=0 in Q Tu=1 on 09, (6)

where Tu = Ty yu = v - (€ : Vu) stands for the traction on the boundary of the isotropic medium
{Q;¢© 1}, and

Lu:=V-(C9:Vu)=pAu+ (A + p) graddiv u.
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In two dimensions, T'u can be explicitly written as
Tu :=2u0,u~+ Av divu + ur(02uy — d1uz), 7 := (—va,11), v = (11,V2), (7)
whereas in three dimensions,
Tu:=2ud,u+ Av divu+ pv X curlu, v = (v, v9,v3). (8)

Here and also in what follows, we write T ,u = T'u to drop the dependence of T ,, on the Lamé constants
A and p. Moreover, we shall refer to {§2;C OR 1} as the free space or reference space in our subsequent study
on the invisibility cloaking.

Let # = F(z) : Q — Q) be a bi-Lipschitz and orientation-preserving mapping. The push-forwards of C
and p are defined respectively by

. 1 8x 0T
F.C:=C = Ciypp(& Ciip—L —4
D) = Gei(ar) Z Mo 0m; (|,

Fop=p=(-—L ar= (95" 9)
P det (M) m:F*l(rZ')7 a O i,j:l.

For notational convenience, we shall write V = V; and denote by {Q;C, 5} = F.{Q:C, p} the push-forward
defined in (9). We first show the following transformation invariance of the Lamé system (1), which shall
play a crucial role in designing nearly cloaking devices to be exploited in subsequent sections.

)

Lemma 2.1. (i) The function u € HY(Q)N is a solution to V - (C : Vu) + w?pu = 0 in Q if and only if
= (F Y)*u:=uoF~'c H (Q) is a solution to

V-(C:Vi)+w?pi=0 in Q. (10)
(i) If the boundary OS2 remains fized under the transformation, i.e., F = Identity on 09, then Ac , = Ag 5

Proof. By changing the variables & = F(z) in the sesquilinear form of (3) and using Green’s formula,
one has

_ -~ 0uy 07 9 fr = ~
/w vds :/ | Z lqkp@]; o7, — wp(&)U;0; p dT
90 a i,q,k,p=1
—/{div(é:va)w?ﬁa} ~17d:fc+//\/'ca~5ds. (11)
Q Q

By choosing v € C5°(Q)N, we see o € H}(Q)N and hence (11) readily implies that div(C : Vi) 4+ w?pi = 0
in Q.

Before proceeding to prove the second assertion, we verify the uniform Legendre elliptic condition for the
transformed tensor éiqkp. Indeed, for any symmetric matrix A = (a;;) € RV*V it holds that

N 1 N 0z, 0%,
Z lqkp QAiq Akp = W 4 Z 4 Cijkt 5 o, 3 Qiq Akp
q,k,p 1,q,k,p,l,j=1
= det Z Cl]k}l az_] akl (12)

i,7,0,k=1



1050 G. Hu, H. Liu / J. Math. Pures Appl. 104 (2015) 1045-107/

with

8x
8

dij* azq7 i,jil,Q,"',N.

In view of the Legendre elliptic condition for C and the bi-Lipschitz assumption on F', we deduce from (12)
that

N N N
5 . S 2 o 2
E Cighp Gij Qi1 > Co E lai;|* > éo E @]
i,q,k,p=1 i,j=1 1,j=1

for some constant & > 0. That is, the transformed tensor C satisfies the uniform Legendre elliptic condition.
Therefore, the transformed Lamé system is well-posed and particularly we have a well-defined NtD map
Ae ;¢ H='12(Q)N — HY2(Q)N associated with the transformed system.

Finally, suppose that F = Identity on dQ and Nzit = Neu = ¢ on 99 for some o € H~Y/2(Q)N
Then, one has

Ag 51 = 1loa = (wo F~1)|aq = ulog = Ac, ¢,

which readily implies that As = Acp.
The proof is complete. O

Remark 2.1. The transformed elastic tensor C possesses only the major symmetry, i.e.,

N N
5 1 0xy 04 1 0y 04
Cigkp = det(M) ljz_l Ciakt g, Oxy Ox;  det(M) ljz_l Criis o Oz Oz

oz 8x ~
det ch]ll L9 = Crpigs

where the second equality follows from the major symmetry of C. However, C does not possess the minor
symmetry. In fact, it has been pointed out by Milton et al. [47] that the invariance of the Lamé system
can be achieved only if one relaxes the assumption on the minor symmetry of the transformed elastic
tensor. This has led Norris and Shuvalov [53] and Parnell [54] to explore the elastic cloaking by using
Cosserat material or by employing non-linear pre-stress in a neo-Hookean elastomeric material. Design
of transformation-elastodynamics-based Cosserat elastic cloaks (without the minor symmetry) has been
numerically tested in the cylindrical case [9] as well as in the spherical case [20]. Note that the transformed
equation (10) retains its original form of the Lamé system and avoids any coupling between stress and
velocity. Furthermore, the transformed mass density is still isotropic. We refer to [47,53,20,9] for discussions
and investigations of the form of the elastodynamic equations under general transformations.

3. Elastic cloaking and blowup construction

We are in a position to introduce the elastic cloaking for our study. Henceforth, we let Q C RY and
D € € be bounded and connected smooth domains. It is further assumed that Q\D is connected and D
contains the origin. Let h € Ry and Dy, := {hz;x € D}. Let Dy, represent the region which we intend to
cloak and let

{Dy/9;¢ @, pl@)}
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be the target medium. From a practical viewpoint, throughout the present study, we assume that
{Dy2; C(@ p(®)} is arbitrary but regular. Let

{Q\D/2;C', pl} (13)
be a properly designed layer of elastic medium, which is referred to as the cloaking medium. Let

{Q\El/ch(c)ap(C)} in Q\l_)l/Qa

14
{Dy/2;C@, pl@)} in Dy, 14)

{Q;C,p}Z{

be the extended medium occupying 2 and let A¢ , be the associated NtD map. Next, we introduce the “free”
NtD map as follows. Let v be the solution to the Navier equation in the free space {€2;C(® 1} (cf. (6))

Lv+w?=0 in Q Tv=1¢eH 2O on 0. (15)

It is assumed that —w? is not an eigenvalue of the elliptic operator £ with the traction-free boundary
condition on 912, and hence one has a well-defined “free” NtD map

Aotp = v]aq

where v € HY(Q)" solves (15). The solution v to (15) can be decomposed into its compressional and shear
parts as v = v, + vs, where in three dimensions

1
U= i graddive, kp=w/v/(2u+ M), (16)

p

1
Us 1= g curlcurlv, ks =w/\/pL, (17)

and kp, ks are known as the compressional and shear wave numbers, respectively. It is straightforward to
verify that the functions v, and v, satisfy the vectorial Helmholtz equations

(A + /4:12)) v, =0, curlv,=0 in £, (18)
(A+k*v, =0, dive,=0 in Q. (19)

This implies that the compressional and shear waves propagate at different speeds. By the elliptic equations
(18) and (19), one can define another two boundary NtD maps

AP 200N - HY200)N, AP = v,)eq,
A BTN » HYV20QN, AW = v,

where vy, vs € HY(Q)Y are solutions to (18) and (19), respectively, prescribed with the boundary values
Tyv, =1, Tsvs =1 on 09Q, (20)
with the operators T}, and T given by (in three dimensions)
Tpvp =20 0,vp + Avdivyy, Tyvs := 2{1 Oyvs + pv X curlws.

One observes that (19) is equivalent to the Maxwell system curl curl v* — k2v® = 0 in Q, hence the boundary
data v x curlv® := ) € H='/?(Div, Q) is sufficient to uniquely determine vy € H(curl, Q); we refer to [13]
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for the definition of Sobolev spaces mentioned here. Since boundary value problems (18), (19) and (20) are
not always solvable for general 1 € H~/2(0Q)" we define the admissible sets of inputs by

P = {sp € HY2(dQ)N : there exists a v, to (18) such that T,v, = 1},
S = {¢p € H V290N : there exists a v, to (19) such that Ty, = ¥}.

Then it is clear that (18), (19) and (20) are uniquely solvable for every 1 € P (resp. 1 € S), provided w?
is not an eigenvalue of the operator £ with the traction-free boundary condition.

Definition 3.1. The layer of elastic medium {Q\Djs; C, p9} is said to be a full elastic cloak if
Ac,,(¥) = Ao(¥) for all p € H~1/2(9Q)N; it is called a compressional elastic cloak if AP (p) = Ac () for
all ¢ € P; and it is called a shear elastic cloak if Aés) () = Ac,p(¥) for all ¥ € S.

We would like to emphasize that the shear and pressure waves are inherently coupled in the Lamé system
and that an incident pure shear or pressure wave would incite the two kinds of waves simultaneously in
general. An inverse problem of significant importance arising in practical applications is to infer information
of the interior object {;C, p} by knowledge of the exterior elastic wave measurements. The boundary NtD
map Ac , encodes the exterior measurements that one can obtain. We refer to [1,5,15,31-33,14,24,25,23,51,
48-50] for the theoretical unique identifiability results and numerical reconstruction algorithms developed
for these inverse problems. According to Definition 3.1, the cloaking layer {Q\D; /2;C (), p(e)} makes itself
and the elastic object { D /;C (a) p(a)} undetectable by the exterior elastic wave measurements.

In this paper we focus on the design of full elastic cloaks. In what follows, we show that the entire elastic
waves diffracted by {D /o; cla), p(“)} can be cloaked if and only if both the compressional and shear waves
can be cloaked.

Lemma 3.1. Let {Q;C,p} be an elastic cloak as described above, which is assumed to be regular. Then,
Ac, = Ay if and only if Ac, = AP and Ac, = AL,

Proof. The necessity follows directly from the fact that the equations in (18) and (19) can be reformulated
as the Navier equation (15).

Next, we prove the sufficiency. Let v and u solve the boundary value problems (15) and (1), respectively.
The function v can be decomposed as v = vy, +vs with vy, v, € H(Q)" given by (16) and (17), respectively.
Set ¢y, 1= Tv, = Tyvp and ¥, := Tvs = Tsv, in . Then 9, + s = Tv = ¢ on 0. Consider the boundary
value problems

V- (C:Vuy) +w?pu, =0 in Q, MNeu, =1, on 00,

V- (C:Vuy) +w?pus =0 in Q Neus =1, on 0N,
By uniqueness of solutions to (1), we have u = u, + 1. On the other hand, it follows from the assumptions
Aép) = Ac,, and A(()S) = Ac,, that u, = v, and us, = v, on Q. Therefore,

Ay =v=vp+vs=up+us=u=~Ac,p on 0N
The proof is complete. O
In the rest of this section, using the transformation-elastodynamics approach based on Lemma 2.1, we

present the blow-up-a-point construction of an ideal full elastic cloak. This elastic cloak has been studied in
the physics and engineering literature (cf. [9,20,21]), and we shall focus on analyzing the singular structure
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from a mathematical point of view. Henceforth, we denote by Bg the central ball of radius R > 0, and Sg the
boundary of Bg, i.e., Sg = {z;|z| = R}. We take Q = By and D/ = By, following the notations introduced
earlier in this section. Let {By;C(®), 1} be the isotropic homogeneous free space, and let Ag = Acw) 1 on Sy
be the free NtD boundary operator. Consider the transformation
BQ 0} — BQ El,

F{ WO} BB o
The transform F blows up the origin in the reference space to By while maps Bo\{0} to Bs\B; and keeps
the sphere Sy fixed. Using the transformation F, the reference medium in B\{0} is then push-forwarded
to form the transformation medium in {By\B1;C(?, p(9} as follows:

C(y) = F(CO)@)lampr1¢s p'(y) = Fe(1)(@)|o=r-1(), ¥ € B2\Bu. (22)

Let us consider the boundary value problem (1) in = By with

{B>2\B1;C9,p@} in By\By,

23
{B1;C@), p)} in By, 23)

{B2;C,p} = {

which defines the NtD map A¢,, on Sp. By Lemma 2.1, one may infer that A¢ , = /NXO on Sy, where /NXO is
the NtD map associated with the elastic configuration {Bs\{0};C(®),1}. Noting that the inhomogeneity of
the elastic medium {B,\{0};C®, 1} is supported in a singular point, one may infer that Ao = Ao, which in
turn implies that A¢ , = Ag. That is, the construction (23) yields an ideal full elastic cloak. However, the
above argument is rather heuristic and intuitive. Indeed, we shall show that the cloaking elastic medium
parameters C(©) and p(¢) possess singularities, which make the attempt to rigorously justify the ideal elastic
cloak highly nontrivial; see [30,44] for the relevant discussions on the singular optical cloaking of acoustic
and electromagnetic waves.

Next, let us determine the explicit expressions of the material parameters for the cloaking medium in (22).
First, one can easily obtain that the Jacobian matrix of F'in (21) and its determinant are given as follows:

T 1
M :7I_A ~ - A~ A:: —
(v) 2(7,71)( 109 +5999, §=y/rr=1yl
T ifN=2
4(r—1)° 1 )
det(M):{ (TQ) if N =3
8r—nz» WIN =0

Hence, by Lemma 2.1, the push-forwarded elastic tensor and density in By\B; are given by

M(y) o CO(z)|pmp-1(y) o M(y)T

e L P9 y) = [det(M)] (24)

C(y) =

where the operator ¢ denotes the multiplication between a matrix and a fourth-rank tensor. More precisely,
N

in view of the definition of F, in Lemma 2.1, we have for C(¢) = (C'Z-(;I)d)Z-,]-JMZ1 that
c c c 0 0 0
Cic Cic Cic G G G
.2k1 .2k2 Q.kN M .2k1 '2k2 2.kN M/ det(M) (25)

; o e 6 @
Ci(J(V)kl Cz'(JC\T)kQ Ci(JcV)kN Cz‘(N)kl Cz‘(N)kQ Cz‘(N)kN
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for i,k = 1,2,---, N. Writing the fourth-rank tensor C(*) in the tensor product form (C’Z-(j(.),il)f\,’ﬁk’l:l =

(C;.(L)_)ﬁkzl ® (C.(ﬁ%)év,z:u with the second-rank tensors (C’fgg.)?szl and (C'_(ﬁ)l)é-\fl:l,

operator ¢ in the first relation of (24) is understood as the two-mode tensor-matrix product in the sense

then the multiplication

of (25). It is easily seen that the push-forwarded density p(®) vanishes on the inner boundary of the cloaking
device, namely S;, in RN. To see the singularity of C(®), we insert the expression of M into C(%),

C(y) = ﬁ(l —§©9)oCOo(I-§®g) [det(M) "
+ ﬁ(l —999)oC? o (§®g) [det(M)]
+ ﬁ(@ ®29)oCO o (I—g§®g) [det(M))
+ i(:&@ﬂ) oC9 o (§ @) [det(M)] " (26)

Clearly, in two dimensions, the item in the first line in (26) has a singularity of the form 1/(r — 1) as r — 1,
while the item in the fourth line vanishes on S;. The 3D spherical cloak obtained by blowing up a single
point turns out to be less singular than the 2D one, since there are no unbounded entries in the transformed
elasticity tensor. Using the relations

one can deduce from (26) that

1

= mc(o)(y) (g®g) —0

C(y): (@)
as |y| — 1. This implies that the tensor C(®) does not satisfy the uniform Legendre ellipticity condition (4)
in Bs.

We have calculated the cloaking elastic medium parameters in the Cartesian coordinates using the identity
(25). The derivation of the cloaking medium tensor in the 2D polar coordinates (r,0) or 3D spherical
coordinates (r,6,¢) can be proceeded as follows. Noting the symmetric matrix § ® § maps y to its radial
direction, one can see that the Jacobian matrix M in the polar or spherical coordinates is of the form

M (1/2 ) 0 ) (27)
0 2(r—1) In

where Iy_; denotes the (N —1) x (N —1) identify matrix. Here we have employed the following conventional
correspondence between indexes: 1 +— 7, 2 +— 0, 3 — ¢ in RN, N = 2, 3. Recalling the Voigt notation for
tensor indices,

11051, 2252, 33+ 3, 23,32+ 4, 13,31+ 5, 12,21 > 6,

we may write the elasticity tensor (5) as

A2 A A0 0 0
A 2 A
v 0 0 vt A0
Cp = Cos=| X A+2u 0 28
0 0 0O 0 u 0 K
0 0 0 0 0 u
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in three and two dimensions, respectively, with a, 3 = 1,2,---, N. Using the polar coordinates in 2D, one
can deduce from (25), (27) and (28) the transformed elasticity tensor C(®) with eight nontrivial entries
(see also [9]):

C)e = 20 = D/r, Oty = pr/(r = 1),

Cﬁ?@@ = Cég)rr = )\7 Cig?%‘ = Céf‘i‘@ =M

Crong = 1lr = 1)/r. Chghg = (A+2u)r/(r = 1).
Physically, the vanishing of O}, Cﬁg)re and the singularity of C’g;)e(,, C’é%r on S; imply an infinite velocity
of the pressure and shear waves propagating along the inner side of the cloaking interface. The stress tensor

for the 3D spherical cloak turns out to have 21 nontrivial entries in By\B; with ten of them vanishing on
the sphere S7; we refer to [20] for detailed discussions.

4. Regularized blowup construction and cloak-busting inclusions

It is seen from our earlier discussion that an elastic cloak can be obtained by using the transformation-
elastodynamics approach through a blowup transformation. However, as shown in the last section, the
blow-up-a-point construction produces singular cloaking medium parameters, which pose server difficulties
not only to the corresponding mathematical analysis but also to the practical realization. The singular cloak-
ing medium comes from the use of the singular blowup transformation (21). In order to avoid the singular
structure, it is natural to regularize the singular blow-up-a-point transformation F' as follows. Let h € R
be a sufficiently small regularization parameter, and consider the transformation Fj, : By\Bj, — B2\B;
defined by

=

x|

2-2h | x| |z
Fy(x) = £2_h +otp)iy forh<|z[ <2
7 for |z| < h.

It is easy to verify that Fj : By — By is bi-Lipschitz, orientation-preserving and Fj|sp, = Identity.
Moreover, Fj, degenerates to the singular transformation F' in (21) as h — +0. Now we consider the
cloaking construction similar to (23) of the form

(Bs:C, p} = {B2\B1;¢,7,p} in By\B, (29)
{By;C@), pl)} in By,
with the cloaking medium given by
C () = (Fn)(CN @)yt P W) = (FR)e()(@)]pepr(y)r ¥ € Bo\Bi. (30)

We let AZ, , denote the NtD map associated with the elastic configuration in (29). Since F}, degenerates
to the singular blow-up-a-point transformation as h — +0, one may expect that A’CL_’ o Ag as h — +0.
That is, (29) would produce an approximate elastic cloak, namely a near-cloak. However, in what follows, we
shall show that no matter how small h € R is, there always exists a certain elastic inclusion {B;;C (a), p(“)}
depending on h, that defies any attempt to achieve the near-cloak. Indeed, we shall show that for any
h € R4, there exists a certain elastic inclusion {Bj; cl, p(“)} such that the corresponding A(@,p is not even
well-defined due to resonance. In doing so, we first note that by using Lemma 2.1, the NtD map associated
with {Bs;C, p} in (29) is the same as the one associated with the virtual elastic configuration
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{By\By;C 1} in By\By,

_ 31
{Bp;C@, 59} in By, B

{B2;C,p} = (Fy, )e{B2:C.p} = {

where {B},;C(®, p(®)} = (Fh_l)*{Bl; C@, p(@)}. That is, the NtD map Ag’p characterizes the boundary effect
due to the small inclusion {By,;C(®, 5(*)} supported in Bj,. Since the target elastic medium {By;C(®, p(®)}
is arbitrary but regular, we see that the content of the small inclusion {Bh;é(a), ﬁ(“)} is in principle also
arbitrary but regular. Hence, in order to show the failure of the near elastic cloaking construction (29), it
is sufficient to show that for any h € R, there always exists a certain {Bh;é(a),ﬁ(a)} such that the NtD
map Aé, ; associated with the elastic configuration {Ba; C, p} is not well-defined due to resonance.

We would like to appeal for a bit more general study in two dimensions only by considering the following
Lamé system:

V- (C(O) :Vup) +w?piuy =0 inrg < |2] < 71,
V- (CO : Vug) + w?poug =0 in |z| < 7o,

(32)
Tu; =0 on |z| =1,

up = uz, Tuy =Tus on |z| = ro.

Here, pi1, po are two positive constants, w € R is a fixed frequency, and the elastic tensor C(9) is given
by (5) with fixed Lamé constants A, p in || < 1. In what follows we shall verify that, for any ro < rq,
there always exist constant densities pg, p1 > 0 for which the system (32) admits non-trivial solutions. This
implies that resonance occurs and the boundary NtD map is not well-defined for the system. Clearly, this
also indicates the failure of the near-cloaking construction (29) due to the existence of resonant inclusions.

Let (r,¢) be the polar coordinates of z = (z1,22) € R?. We look for special solutions to (32) of the form

uj = ¢ Vx(Jo(kz(]j)r)), Vi = (0zy,0uy)s kl(,j) = w2\/pj/(>\ +2u), ¢ €C,

i.e., u; consists of spherically-symmetric compressional waves only. Here Jy denotes the Bessel function of
order zero. Similar examples can be constructed for general elastic waves by using the Bessel function of
order n. Simple calculations show that

e D) Dy (€95
u] CJ ) JO( P T) Sincp (33)

Since (A + (kz(,j))2)J0(kz(,j)r) = 0, one can readily check that u; satisfy the Navier equations in (32) and that

cos

Tuy = (k§,1>)2< > (203 (kD) = Mo(k§r)] e on ol = 1.

sin
On the other hand, the transmission conditions on |z| = r( in (32) are equivalent to (see Lemma 4.1 below)

8u1 - 811,2

T~ O lel=re (34

U1 = u2,

due to the invariance of the Lamé constants on both sides of the interface. Inserting (33) into (34) yields
the linear system

( (kpro) Jo (k' ro) - (ko) T (ki o) ) () 0
(k' r0)? T (ki o) — (ki m0)? T (ko)

Introduce the functions
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f(t) ==2pJy (t) = AJo(t), g(t) == —>

Since there are infinitely many positive zeros of f tending to infinity, we may choose a p; > 0 such that
f(kl(,l)rl) =0. Set t; := kél)ro. Then we can find a t5 € Ry, to # t1 such that

g(tr) = g(t2) if Jg(t1) #0; Ji(t2) =0 if Ji(t1) =0.

Now, the number p; > 0 is chosen such that the relation k,(f)ro = t9 holds. With those choices of p;
and py, we have the homogeneous Neumann boundary condition Tu; = 0 on |z| = r1. Moreover, due to
the vanishing of the determinant of the matrix, one can find a nontrivial solution (¢1, c2) to the above
linear system so that the transmission conditions hold true. Hence we have constructed a non-trivial pair
of solutions (uy,u2) to (32) for any fixed ro < r; and w € R;.

Finally, we give the proof of (34).

Lemma 4.1. Let D C Q be a C?-smooth domain in R?. Assume that u; € H'(Q\D)2, uy € H'(D)? satisfy
the transmission condition uy = us, Tuy = Tus on OD. Then O,u1 = dyus on dD.

Proof. We carry out the proof by making use of the definition (7). Let v = (v1,10) and 7 = (—va, 1)

denote the normal and tangential directions on 9D, respectively. Set u; = (u§-1), u§-2))T for j = 1,2. Using

the formula
Ohw = 10, w — 0, w, Osw = V0, w + 11 0;w,

we separate the normal and tangential derivatives involved in the stress operator. Consequently, the stress
operator T'u; on 0D can be rewritten as

1
ruy = (1 Ok u+mWw)(@@5
! A+ mrve g+ A+ p)v3 (

P (e Aﬁ—m@)<&%”>
A3+ (A4 v uéz)
=: A\, 1, v) Opuj + B(A, p, v) Oru;. (35)
Set U = w1 — ug. From (35) and the assumptions Tu; = T'ug, u; = ug on 9D we see
0=TU = A\ p,v)0,U on 9ID. (36)
Direct calculations yield that the determinant of A(A, u,v) is given by

det(A) = p(A+2u) > 0.

Hence, by (36) we obtain 0,u; = d,us on dD.
The proof is complete. O

5. Nearly cloaking the elastic waves
5.1. Our near-cloaking scheme

Through the discussion in Section 4, we see that the regularized blow-up-a-small-ball construction fails
due to the existence of resonant inclusions, namely the cloak-busting inclusions. We would like to mention
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that similar phenomena have been observed in regularized optical cloaks; see [10,11,37,43]. In order to defeat
the resonance, a natural idea is to introduce a certain damping mechanism. This motivates us to develop a
near-cloaking scheme by incorporating a suitable lossy layer right between the cloaked region and cloaking
layer.

We are in a position to present the proposed near-cloaking scheme. Let 2 and D be as described in
Section 3. Let h € R} be a small regularization parameter and let F} be a bi-Lipschitz and orientation-
preserving mapping such that

Fh : Q\Dh — Q\D, Fh(aQ) = 0N0.

Introduce the mapping

Fy(z) for z € Q\Dy,
F(z) =
x/h  for x € Dy.

Clearly, F': Q — Q is bi-Lipschitz and orientation-preserving and F(99)) = 90f2.
Our proposed regularized near-cloaking construction takes the following general form:

(ue.py = 4 AP CO T} i D, s, (37)
Y {D1/2§C(a)7ﬂ(a)} in D1/27
where
— {O\D;c™W, pM}  in Q\D,
{Q\D1/2§ C(C)v p(c)} = = 2 (2 . = (38)
{D\Dl/z;c P9} in D\D1/2a
with
{\D;cW, pV} = (Fy).{\Dy; €@, 1},
{D\D1/5:€?,p*} = () { Dp\Diya; €2, 57} (39)
In (39), the elastic medium in Dj,\Dy, 2 is given by
{Dn\Dyj2: €%, 5®}, €& =0, 5@ = a+ip, (40)

where «, 3, v and ¢ are fixed positive constants. Here, we note that in (40), we introduce a critical lossy
layer {Dh\l_?h/Q; Cc™, ﬁ(2)}, wherein [ is the damping parameter of the elastic medium. We next present the
main theorem in assessing the near-cloaking performance of the above proposed construction. Henceforth,
for two Banach spaces 2" and %, we let £ (2", %) denote the Banach space of the linear functionals from
Z to . Moreover, we let C' denote a generic positive constant, which may change in different estimates,
but should be clear in the context. Then, we have:

Theorem 5.1. Assume —w? is not an eigenvalue of the elliptic operator L on Q with the traction-free boundary

condition. Let Ac , be the NtD map corresponding to the elastic configuration (37)-(40), and let Ao be the
free NtD map for the Lamé system. Then there exists a constant hg € Ry such that when h < hy,

[[Ac,p — Nollz(-1/200)~ 117200y v) < ChY, (41)

where C'is a positive constant independent of h, C'¥), p(®) and §.
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By Theorem 5.1, we see the construction (37)-(40) produces a near-cloak within h"-accuracy of the
ideal cloak in RY. Moreover, since the estimate (41) is independent of the content being cloak, namely
{D, /Q;C'(“)7 p(“)}, it is capable of nearly cloaking an arbitrary target elastic medium. We would like to
remark that § > 0 in (40) is a free parameter and one may simply choose it to be 0.

In order to prove Theorem 5.1, we first note that by using Lemma 2.1

Ac,p = Aé,ﬁa (42)
where
C(O) in Q\Eh,
{2C,0) = (F)AQC, 0} = { €, 53 in Dy\Dy s, (43)
C@, 5@ in Dy,
with

{D2; €, 51} = (F71){ Dy 2: €@, p}.

Let u € HY(Q)N be the solution to the Lamé system associated with the elastic configuration {€2;C, p};
that is

V-(C:Vu)+wpu=0 in Q, Ncu:wGH*I/Q(GQ)N on 0.
Let @i := uo F~!. Then by Lemma 2.1, @ solves the boundary value problem
V-(C:Va)+w?pa=0 in Q, Nga=1v¢ on 0, (44)

and let ug € H(Q)" be the solution in the free space; see (15). By (42), we see that Theorem 5.1 immediately
follows from:

Theorem 5.2. Assume —w?

is not an eigenvalue of the elliptic operator L on Q) with the traction-free boundary
condition. Let @ and ug be solutions to (/4) and (15), respectively. Then there exists a constant hy € Ry

such that when h < hg,

@ — wol| 17200y < C AN (|9 gr-1/2(00 v (45)

where C' is a positive constant independent of h, 1, C, pand 6.
5.2. Proof of Theorem 5.2

Before giving the proof of Theorem 5.2, we sketch the general structure of our argument. First, by using
a variational argument together with the use of the lossy layer {Dy\D), /2;67(2), ﬁ(2)}, one can control the
energy of the elastic wave field in Dy\D), s2- Next, by a duality argument, we control the trace of the
traction of the elastic wave field on 9D),. In this step, we need derive a critical Sobolev extension result.
Then, the study is reduced to estimating the boundary effect on 92 due to a small elastic inclusion Dy,
with a prescribed traction trace on 0Dj. We shall make use of a variety of layer potential techniques in
this step. Finally, the sharpness of our estimate has been numerically verified and shall be reported in a
forthcoming work.
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Lemma 5.1. The solutions to (44) and (15) satisfy the estimate

B[22 3, 2y < C 1117200 1 — w0l 2 omy
where C' is a positive constant depending only on €.

Proof. Multiplying @ to (44) and integrating by parts yield

—/(é:Vﬂ):Vﬁdw+w2/ﬁ|ﬂ|2da::—/[(C:Vﬂ)w} - ds
) Q o0

Similarly,
—/(C(O) : Vug) : Vg dx +w2/|u0|2dx = —/w -l ds.
Q Q o9

Taking the imaginary parts of the above two identities and making use of the definition of 5(?) in (40), we

arrive at
/ Im(5\)|a)?dz + Bw? / |i?dx = — Im/w (@ — o) ds. (46)
Dy /2 Dy\Dy /2 0

Since Im(p(*)) > 0, Lemma 5.1 follows easily from (46).
The proof is complete. O

In what follows, we employ the notation 7% to denote the traction operators on 0D, when limits are
taken from the outside and inside of Dy, respectively. For simplicity we write W+ (z) = T+ (hx) for x € dD.

Lemma 5.2. Let 4 and ug be solutions to (44) and (15), respectively. We have the estimates

- C(,y + /a2 + 52h7(5w2)2

||\I}7||§-I*3/2(8D)N S 322 AN 72 |a — o || /20y 101 17200~ »
(’Y + /a2 + ﬁQh—éwQ)Z B .
1* |5 —s/20pyn < C o2 W2FO=N 16— ug|| sz oy 0] 5r-1/2(00)

where C' is a positive constant depending only on D and ) but independent of h and 1.

Proof. By the definition of the norm || - || -3/2(9p),
W] r-3/29py~ = sup ’ /\I'(a;) - o(x) ds‘.
el ra/2 (5 pyn =1 5D

For any ¢ € H3/2(0D)N, there exists w € H?(D)" such that (see Lemma A.1 in Appendix A)

(i) w=¢ on D and Tw = 0 on ID;

(i) [lwllz2pyy < Cl@llms/20p)v;
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Then we have

/ U (z) - p(z)ds = / T~ a(hx) - p(x) ds = / T~ a(hx) - w(z) ds. (47)
For y € Dy, write z = y/h € D. Set v(z) := @(hz) = a(y) for z € D. By the definitions of C® and 5
(see (40)), we know
v R La(y) +w*(a+iB)a(y) =0 i Dy\Dyyo. (48)
Direct calculations show that
YR Lo(z) + w (@ +iB)v(z) =0 in  D\D . (49)

Using the fact Tw = 0 on 9D, it is seen from (47) that

/ U (z) - p(x)ds =h~! /T*’u(x) ~w(x)ds

oD oD

=h"t /T_v(ar) cw(z) —o(z) - T w(z)ds

oD

=p! / Lv-w— Lw-vdx,

D\D,

where the third equality follows from Betti’s formula and the fact that w = 0 in D; /5. Recalling (49) and
applying the Cauchy—Schwarz inequality yield

| [0 @) @) ds] <171 VT B ollia oy, 02y
oD
+ 07|l 2o\ B, o)~ [1£0]] L2 (D) (50)
In view of the relations

Wl 27D, )~ = 1@(h )| L2 (p\D, )y = h_N/QHﬂHm(Dh\Eh/z)Na

[[Cw|| 2Dy~ + [|w]|L2(pyn < Cllol|msr2 o)~

we derive from (50) that
| /\Iﬁ(x) - p(x) ds| < Ch-N/2-1 (1 +va? + 2wyt h,[;) |\a|\L2(Dh\5h/2)N DIl 37200y -
oD

This implies that

|| g-s/2(0pyv < C hN/2 (1 + Va2 + 2wyt h_(;) ||ﬂ||L2(Dh\f)h/2)Nv (51)

which together with Lemma 5.1 leads to the first assertion of Lemma 5.2. By (48) and the transmission
conditions on dDj,, we have
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THa=~h**T~a on 0Dy,.

Hence, ¥+ = v h*°¥~ on dD. Combining this with the estimate of [|¥~||g-s/29py~ in (51) proves the

second assertion of Lemma 5.2.
The proof is complete. O

Lemma 5.3. Assume that —w? is not an eigenvalue of the elliptic operator £ on € with the traction-free
boundary condition. Let ug € H(Q)N be the solution of (15) with v € H-Y2(0Q)N. For h > 0 and

© € H-Y2(dD,)N, consider the elliptic boundary value problem

Lv+w?v=0 inQ\Dp,
Tv=¢ on 0Dy,
Tv=1Y on 09.

Then there exists hg € Ry such that when h < hyg,

lv = wollgr1/200yx < C (R 1Yl g-17200)x + Y lo(h )| g-sr20pyn) 5

where C' is a positive constant independent of h, ¢ and 1.
Proof. Set w = v — ug in Q\Dy,. Then w € HY(Q\Dy,)V satisfies

Lw+w?w =0 1in Q\Dy,
Tw=¢p—Tuyg on Dy,
Tw=0 on Of).

Let w; € HY(Q\Dy)" be the unique solution of

Lwy +w?w; =0 in Q\Dy,
Twy = @ on 0Dy,
Tw; =0 on 0f).

Then wy :=w —wy; € HY(Q\Dy)V satisfies

Lwy + w?wy =0 in Q\Dy,
Tws = Tug on 0Dy,
Twy =0 on 0f).

By Lemma 5.4 in Section 5.3, we know

|lwal| 172 a0yy < C AN |9l g-1/2(a0)~ -

Hence, in order to prove (52) we only need to verify

will 172 aayn < ChYHlo(h ) g-sr2(ap)v-

To that end, we consider the following elastic scattering problem in an unbounded domain:

LW4+wW=0 in R"\D,, TW=¢ on 0Dy,
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where W € HL (RM\Dy) is additionally required to satisfy the Kupradze radiation condition (see (83)
below) when |z| — co. We shall show in Section 5.3 that (see Lemma 5.5)

W i1/200)y + [ITW aallc@ny < ChYN 7 o(h )| g-sr2op)v- (54)
Obviously, the difference P := w; — W € H'(Q\D},) is the unique solution to

LP+w?P =0 in Q\Dy,
TP=0 on 0Dy,
TP =-TW on 0.

Making use of layer potential techniques, one can show that
1P[| 172008 < C[TWaallcon)- (55)

(55) can be proved in a completely similar manner to that of Lemma 5.4 in what follows. Finally, combining
(54) and (55) yields the estimate (53), which completes the proof. O

Proof of Theorem 5.2. We set ¢ = TV a|gp, in Lemma 5.2, so that v = @ and ¥+ = ¢(h-). By Lemma 5.2,
it holds that

1@ — wollgra/2aayy < Cr (BN |91 ir-1/200)~ + B[ F || gr-a/2apyw) - (56)
Recalling from the second assertion of Lemma 5.2 that, for sufficiently small h,

=N 16— ol |17 o o 1011517 (57)

||‘I’+||H‘3/2(6D)N < Goh H1/2(5Q) H-1/2(9Q)N

Combining (56) and (57) and applying Young’s inequality yield the desired estimate in (45).
The proof is complete. O

5.3. Estimates on small inclusions
5.3.1. Layer potentials for the Lamé system
We first recall the fundamental solution II(x,y) (Green’s tensor) to the Navier equation (15) in RY. Let

G (z,y) denote the free-space fundamental solution to the scalar Helmholtz equation (A + k?)u = 0 in RY.
In three dimensions, it takes the form

exp(ik|lz — y
Gk:(a%y):ﬁ? Qf#y, $7y€R37

while in two dimensions,
G = Y HO (ke — R?
k;(l',y)— 4 0 ( |.’L' y|)7 x#:‘ﬁ xaye )

where Hél)(-) is the Hankel function of the first kind of order zero. Then the Green’s tensor II(z,y) for the
Lamé system can be represented as

1
H(w)(;p,y) = ; Gr.(z,y)1 + — grad grad [Gks (z,y) — G, (, y)] (58)
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for 7,y € RN, x # y, where the compressional and shear wave numbers k,, and ks are given respectively in
(16) and (17), and I stands for the N x N identity matrix.

Let @ be a bounded simply connected domain in R with the smooth boundary dQ. In our subsequent
applications, @ = Dy, or @ = Q. For surface densities p(x) with & € 9Q, define the single and double layer
potential operators for the Navier equation by

(SLow)(@) = [ M. pe)dsty). = R¥0Q. (59)
2Q

(DLog)(@)i= [ Slo)e)isty), = € &\0Q, (60)
2Q

where Z(z,y) is a matrix function whose I-th column vector is defined as

E(z,9)] " e =Ty Mz, y)e] = v(y) - [o(H(z,y)e)] on IQ,

for x # y,l = 1,2, N. Here, €;, 1 <1 < N are the standard Euclidean base vectors in RY, and T,(y) is the
stress operator defined in (7) and (8). We also let

(Sqe)(x) = / M(x, y)p(y)ds(y), € 0Q, (61)
oQ

(Kop)(x) == / (e, v)e(w)ds(y), = € 0Q. (62)
oQ

Using Taylor series expansion for exponential functions, one can rewrite the matrix H(w)(m, y) in 3D as the
series (see, e.g., [5])
I e~ (n+1)A+2u)+p  (iw)" _
H(w) _ o n—1 I
(wy)=1- PR ey

n=0

- ﬁ 2 u(i j: gu) (im?ﬂ;ﬁ) z —y|" P (@ —y) ® (x —y), (63)
n=0 ’

where r @ z:= 22 € RV*N for x = (z1,---,zn5) € RV. Letting z — y, we get

_ A+ 3 1 i 22+ 5
S8mu(A +2u) |x — y| 12mp(A + 2p)
At 1
8mp(A + 2p) |z — y]?

) (z,y)

(x—y) @ (x —y) + o(1)w?. (64)

Taking w — +0 in (64), we obtain the fundamental tensor of the Lamé system with w = 0 in R3:

A+ 3u 1 A4 p 1
8mu(A+2p) [w —y|  8mu(A+2p) [z —yf?

1 () (z—y)®(x—y). (65)

Analogously, in two dimensions we have the expression (see [34, Chapter 2.2])

1 3+ A
17(® N | A | —yl I+
(@,9) dr | p2u+ M) nlz -yl

T
m(ﬂ:—y)@(x—y) ~ (66)



G. Hu, H. Liu / J. Math. Pures Appl. 104 (2015) 1045-107} 1065

Similar to the definitions of SLg, DLg, Sg, Dg, we define the operators SLg)), DLES), Sg)), Dg) in the
same way as (59), (60), (61) and (62), but with the tensor II)(z, ) replaced by TI(9) (z, y). Tt is well known
that these operators all have weakly singular kernels; see, e.g., [34] and [39].

Using the asymptotic behavior of Bessel functions, it has been shown in two dimensions (see, e.g.,
[33, Lemma 2.1])

1 (z,y) = 01O (z,y) + n1 + Oz — y[* In|z - y|) (67)
as r — y, where 7 is a constant given by

1 A ] A 11 In(A+2
Yy po Ty Ate Ll Wt o)

nzhr[u()\—km) 2 2/ T u+2p) 2 g e |

with £ = 0.57721 - - - being Euler’s constant. From the asymptotic behavior (67), it follows that for € Dy,

/ [T (2, y) [mae dy = O(h* In ), / 192, T (2, 9)llmax dy = O(h), (68)
Dy, Dy,
for j = 1,2,3 as h — +0, where || - ||max denotes the maximum norm of a matrix. Analogously, we can

deduce from (64) that in 3D,
/ 111 (2, ) [max dy = O(h?), / 102,11 (2, 9) | max dy = O(h), j =1,2,3, (69)
Dh Dh

as h — +0. The relations in (68) and (69) remain valid for all w > 0. The difference 1) (z,y) — (") (z, )
is a continuous function in RV x R,

5.3.2. Estimates on small inclusions

Lemma 5.4. Assume that —w? is not an eigenvalue of the elliptic operator £ on 0 with the traction-free
boundary condition. Let ug € H'(Q)N be the unique solution of (15) with 1 € H=/2(0Q)N. Consider the
Lamé system

Lw+w?w =0 in Q\Dp,
Tw = Tug on 0Dy, (70)
Tw=0 on 0f).

Then there exists a constant hg € Ry such that for all h < hg, the above Lamé system admits a unique
solution w € HY(Q\ D). Moreover, there holds the estimate

N

w1290y < ChY 9] g-1/2090)n (71)
where C' is a positive constant independent of h and 1.
Proof. For clarity we divide our proof into three steps.

Step 1. Show that the function

V(z):= / I(x,y) Tuo(y) ds(y), =€ Q\Dp,
oDy,
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satisfies the estimates

IV (h)llcwpy < Chll$llg-1zeays  VIlewoa) < CRY 1| g-1/200)- (72)

We first estimate V (x) for € Q. From Betti’s formula, we rewrite the j-th component V; of V' as

Vi(z) = / I (2, y)e;] - Tuo(y) ds(y)

9Dy
= /Euo(y) I (z,y)ej]dy + /[C(O) V(I (2, y)e;)] : Vyuo dy
Dy, Dy,
=—w? /uo(y) T (2, y)ej)dy + /[C(O) LV, (07 (z,y)e;)] : Vyuo dy. (73)
Dy, Dy,

Since [|TI(x, y)|lmax and |[9y,11(2,y)||max are uniformly bounded for all z € 992, y € dDj and for all
j=1,2,3, we readily derive from (73) that

[Vi(z)| < C BN (w?[|uollzos (D) + (Vo] pos (pyyvxn) < ChNHwHH*l/z(&Q)Nv

for all j = 1,2, 3, where the last inequality follows from the stability of the boundary value problem (44). This
proves the second estimate in (72). The first estimate when x € 9Dy, follows straightforwardly from (73),
the relations in (68) and (69), together with the fact that both [[ug||p~pyx and [[Vugl|pe(pynxn are
bounded by [[¥[| gr-1/2(90)~-

Step 2. Set ¢1 = w|gp, , P2 = w|an. In this step, we shall verify

é1llL2@ppyy < CRNTD2 N o1z oqyy,  d2llrzaayy < CRN (|9 g-1/2(00)- (74)

Again using Betti’s formula, we represent the solution w to (70) as

w(z) = / (e, y)Tw(y) — E(z, y)w(y)} ds(y)
OQUADy,

_ / S, y)uly) ds(y) — / {I(z, 4)Tuo(y) - Sz y)w(y)} ds(y)
oDy,

o0
= —DLoa(¢2)(z) + DLop, (61)(z) = V(2),

where the function V is defined in Step 1. Since T'ug is smooth on dDj, and the boundaries of © and Dy,
are both smooth, by the elliptic regularity w is smooth up to the boundary of Q\Dj. Hence ¢; and ¢y are
both smooth functions. Letting x tend to 92 and dDy, and applying the jump relations for double layer
potentials, we have for ¢1 € C(9Dy,), ¢o € C(91) that

{ 161(2) = (Kop, &) (z) — (DLoags) (2) + V(x), @ € 0Dy, 75)

%qﬁg(x) = (DLsp, ¢1) (x) — (Kaap2) (x) + V(z), =z € K.
2

Since —w® is not an eigenvalue of the operator £ on € with the traction-free boundary condition, the

operator 11+ Kpq : C(OQ)N — C(0Q)N is continuously invertible. Thus it follows from (75) and (72) that
2
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lp2llcanyy < C (IIDLap, d1llcooyy + [VIIcwoa))

<C (h(N_l)/Q 161112000~ + BN ||1/J|\H—1/2(39)N> : (76)

Since the L2-norm of ¢o can also be bounded by the left hand side of (76), we only need to verify the first
estimate in (74). To that end, we rewrite the first equation in (75) as

[(57+ K83 = R) exl0)| (1) + (DLonon() () = Vi), € D, (77)

where the kernel of the operator R : L2(0D)N — L?(0D)" is given by the continuous matrix T1(®) — T,
Further, it can be straightforwardly checked that

IR 222 0Dy~ 12(0pyvy < C AN

On the other hand, the L2-norm of DLpa¢s(h-) over D can be bounded by the left hand side of
(76) and that of V(h-) can be estimated as in the first relation of (72). Hence, by the boundedness of
(31— Ké%)_l : L2(0D)N — L?(0D)N, we deduce from (77) that

|1 (h)lz2opyy < Ch|[Y[|g-1/200)~,
leading to the first relation of (74) on 9Dy,
Step 3. By the second equality in (75) and the definition of ¢ in Step 2, one has
w(z) =2[(DLop, ¢1) (x) — (Koad2) (x) + V(z)], x € 0. (78)
By a similar argument to that for the proof of the second relation in (72), one can show that
VI 20y < ClIVIIeroayy < ChN ([ r-1/200)~ - (79)
Further, using the first estimate in (74) yields
IDLap, e1lli/200yx < ClIDLop, e1llcroayy < C AN ([0 g-1/200~ - (80)
Since Kaq : L2(Q)N — HY(Q)Y is bounded, by the second estimate of (74) we find
| Kaadall /2 aayy < ChY |19l g-17200)~ - (81)

Combining (78)-(81) yields (71).
The proof is completed. O

Consider the time-harmonic elastic scattering problem from a small cavity Dy, C €. This can be modeled
by the following boundary value problem in the exterior of Dy: find W € H} (RV\Dj,)" such that

loc
LW +wW=0 in R"\D,, TW=¢ on 9D. (82)

Since RN\ D), is unbounded, W is required to satisfy the Kupradze radiation condition when |z| — oo
(see, e.g., [1]):
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ow, ow, .
hm < a P —Y,kap> = 0, hm ( 6 —Y/ksWs> = 07 r= |§L'|, (83)

r—00 r r—00 r

which holds uniformly in all directions & = z/|z| € S¥~!. The functions W), and Wy denote the compres-
sional and shear parts of W, respectively; see (16) and (17). It is well known that the above boundary value
problem is well-posed for any ¢ € H='/2(0D;,)N.

Lemma 5.5. Let W € H} (RN\D},)N be the unique solution of the system (82)-(83). Then, there ewists

loc

ho € Ry such that when h < hy,
Wl r1/20098 + ITW loallc@ayy < ChYNHlo(h )| g-sr2ap)v (84)
where C' is a positive constant independent of h and .
Proof. From Betti’s formula, we have the expression
W(z) = (DLop,$)(x) — (SLop,¥)(x), = €RY\Dy, (85)

with ¢ = Wlgp, € H1/2(8Dh)N. Letting © — 0Dy and applying the jump relations of layer potential
operators, we obtain

59(2) = (Kop, 6)(z) — (S90,9)(x), « € 0D, (36)

Similar to (77), (86) can be equivalently formulated as

K%z ~ KO - R) ¢(h-)} (hx) = —(Sap, ¥)(hx), =€ D, (87)

where the kernel of the operator R : H-Y/2(dD)N — H~2(dD)N is given by the continuous matrix
MO — ) satisfying the estimate (see [52, Chapter 4.3])

RN £(rr-1r2(00)~ -1/2(apyny < C BN (88)

Since 11 — ngj) is an isomorphism from H~/2(dD)N to H='/2(dD)", it follows from (87) and (88) that
for h € Ry sufficiently small

e(h ) -1720p)v < Cl[(Sop,. @) (h )l -172(0p) - (89)

In order to estimate the left hand side of (89), we decompose (Syp, ¢)(hz) into

(Sop, ) (ha) = KN "X (Sapp(h-))(ha)
= WV (SShe(h-)(ha) + (Gopw(h-)) (ha), (90)

where the integral kernel of the integral operator Ggp is given by
' (2,y) = AN (har, hy) — WV 1T1O (2, y).

Using (64) and (65), together with straightforward calculations, one can show that when N =3
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I o= (n+1D)A+2u) +p (iw)" _
H/ = 2— _ n—1 I
(@,y) =h 4 Z (A +2p) (n+2)n! [h =Ty

n>2

2t e )
h ; p(A+2u)  (n+2)n! |ha — hy|"™* (hz — hy) ® (ha — hy)

. 22+ 5u
—h2io—"1 " T4 h202 A(hlae —
o O g L Akl =),

where A is a real-analytic function satisfying A(f) — 0 as t — 0. In two dimensions, it follows from
(66) and (67) that
' (x,y) = AT (ha, hy) — 110 (, y)]
=h [H(O)(hw, hy) =T (z,y) + 1T + h* I hO(|z — y|* In |z — yl)}

3+ A
=——————hlnh Ih+ R InhO(jz — y[*In |z —
A Sl T+ O~y e )
= O(hlnh)
as h — +0. Hence, by the mapping properties presented in [52, Chapter 4.3],

I[(Gapw(hz)) (h-)||g-120p)x < Ce(h) |lo(h-)||z-3/29p) (91)
with the dimensional constant

2 : —
e(h) ::{h if N =3,

hlnh if N=2.

Recalling the boundedness of the operator SéOD) . H32(0D)N — H'2(0D)N, we see from (90)
the estimate

1 (Sop,. @) ()l -1/29p)n < Ce(h) [le(h )|l fr-2/2(0p)w

with
w={} T
hlnh if N=2.
Hence, by (89),
o(h ) -1/20p)v < CER) [[o(h- )l -3/20p)~- (92)

Let € be a compact set of RV\ D containing 9Q. For = € ©;, we see from (85) and (92) that

IWllzz2in < CRYHlo(h )| -1/20m)v + llo(h ) g-3/200) }
< ChNHp(h )l g-sr2ap)n- (93)
Finally, the estimate in (84) is a consequence of (93) and the interior estimate for elliptic boundary

value problems.
The proof is complete. O
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5.4. Finite realization of the traction-free lining

Finally, we present an interesting observation on the physical nature of the proposed lossy layer
{D\D,5;C?, p®} = (F},).{Dr\Dp/2;:C?, 5P} in our near-cloaking construction (37)-(40). It can be
shown to be a finite realization of the traction-free lining. Indeed, we have:

Lemma 5.6. Suppose that —w? is not an eigenvalue of the elliptic operator L on Q\D with the traction-free
boundary condition. Let U € HY(Q\D)3 be the unique solution of

V- (CW:VU)+w?pMU =0 inQ\D,
Nc(l) U=1y on 02, (94)
Nc(l) U == 0 on 8D,

where 1 € H=Y2(0Q)N and {Q\D;CM), pM} is the elastic medium in (39). Let u € H'(Q)N be the solution
to the boundary value problem

V-C:Vu)+wpu=0 in Q Neu=1 on 09Q, (95)
where (2;C, p) is given in (37)—(40). Then for sufficiently small h € Ry, we have
U = ullgrrr2a0yy < ChN 9]l gr-1/2 (a0~ »
where C' is a positive constant independent of h and .

Proof. Set U = F.U, 4 = Fou in Q. By Lemma 2.1, we see # satisfies (44) and U is the solution of the
boundary value problem

LU+w?U=0 in Q\D,, TU=1% on 99, TU=0 on OD,.

Moreover, we have U = U, u = @ on 9. Let uy be the solution to the free-space boundary value problem
(15). Then the difference W := ug — U satisfies

LW +w?W =0 in Q\D,, TW =0 on 99, TW =Tuy on ODy,.
From Lemma 5.4, we see
T = woll /2 a0yy = Wl gz aayy < C BN |9l gr-1/2(a0)w - (96)
On the other hand, it follows from Theorem 5.2 that
@ — woll /2 oayy < CRY[[9]] g-1/200) - (97)
Hence, combining the two estimates in (96) and (97), we finally have

WU = ull gz ooy = 10 = @l g2 o0y~
<||U - uo|| gz ooy~ + [T — wol| sz a0y~

< ChY )l gr-1/2 (00~ -

The proof is complete. O
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6. Concluding remarks

In this work, we develop a general mathematical framework on approximate cloaking of elastic wave fields
via the approach of transformation elastodynamics. This opens up many new and interesting problems for
further investigation. Based on the so-called GPT-vanishing structure (where GPT stands for generalized
polarization tensor), schemes of significantly enhancing the accuracy of the approximate cloaks of acoustic
and electromagnetic waves were proposed in [4,6,7]. We would like to note that similar idea may be applied to
the regularized approximate elastic cloaks by using the generalized elastic moment tensors (EMT) proposed
in [3,2] to devise enhancement schemes. Moreover, as described in Section 3, it is of particular interest
to devise compressional and shear elastic cloaks; that is, cloaking devices that are used for cloaking only
compressional or shear waves. Finally, it is of practical importance to construct cloaking devices whose
elastic materials retain both the major and minor symmetries.
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Appendix A
We derive the following Sobolev extension result which is required in the proof of Lemma 5.2.

Lemma A.1. For any ¢ € H3/?(OD)N, there exists w € H?(D)N such that

(i) w=¢ on ID and Tw =0 on dD;

(ii) [[w|lg2pyy < Cll9llmsr2opyn s
Proof. For ¢y € H'/?(9D)"N, one can clearly find w; € H?(D)" such that

w; =0 inDyyp, dwi=v¢ ondD, |willuzpyy <ClYllgi/206p)n-

By [56, Theorem 14.1]; there exists wy € H?(D)" such that

(i) wy = ¢ —wy on D and J,we = 0 on ID;

(1) [[wallz2pyx < Cll¢ — willgsr2apyvi
(111) Wy = 0 in D1/2.
Hence, the sum w := wy 4+ wo satisfies
(a) w=¢ on dD and d,w =1 on ID;
() Nlwllzzpyy < CU1@llmsr2apyy + 1Yl 17200y~ );

(C) w =0 in Dl/?-

In order to conclude the proof of the lemma, it is sufficient to determine a ¢ = ¥(¢) € H'/2(0D)" such that
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Tw=0 on 0D and ||’(/)||H1/2(3D)N < C||¢||H3/2(3D)N. (98)
In two dimensions, we recall from (35) that the stress operator can be decomposed into
Tw= A\ p,v) 0w+ B\, p,v)0;w on 9D.

In particular, the matrix A is invertible, B is bounded and the tangential derivative d,w € H'/2(dD)N is
uniquely determined by w = ¢ on dD. Hence, choosing ¢ := —A~'Bd,w € HY?(OD)"N, we see that the
relations in (98) are both fulfilled.

In the 3D case we need the following identity:

0
grad p = Grad ¢ + 8—f v, v=(v,va,V3), (99)
where Grad(-) denotes the surface gradient of a scalar function on 9D. Write w = (wq,ws,ws) and

Grad w; = ([Grad w;]!, [Grad w;]?, [Grad w;]?). By (99) and the definition (8), one can represent the three
dimensional stress operator as

Tw = A\ p,v) d,w + B(A, u, v, Grad w),
where

B := v ([Gradw]' + [Grad ws]® + [Grad ws]?)
+ pv x ([Grad ws)?® — [Grad wo]?, [Grad w]* — [Grad ws]', [Grad wo]' — [Grad w1]?) ,

pt A+ pvi A pnve (A p)rivs
A=2u+ v - )+uwxvx)=| A+prive p+AN+p)d A+ s
A+ vy A+ pvavs p+ (A4 p)v3

It is straightforward to verify that

Bl g1/20p)8 < Cllwllgirz@apyy = Cll@llm1200)v s

since only the surface gradients are involved in B. On the other hand, we have det(A4) = p?(\ + 2u) > 0.
Hence, similar to that in the 2D case, one can take ¢ := —A~'B € H'/2(9D)N. This verifies (98) in three
dimensions and completes the proof. O

References

[1] C.J. Alves, R. Kress, On the far-field operator in elastic obstacle scattering, IMA J. Appl. Math. 67 (2002) 1-21.

[2] H. Ammari, H. Kang, Polarization and Moment Tensors. With Applications to Inverse Problems and Effective Medium
Theory, Applied Mathematical Sciences, vol. 162, Springer, New York, 2007.

[3] H. Ammari, H. Kang, G. Nakamura, K. Tanuma, Complete asymptotic expansions of solutions of the system of elastostatics
in the presence of an inclusion of small diameter and detection of an inclusion, J. Elast. 67 (2002) 97-129.

[4] H. Ammari, J. Garnier, V. Jugnon, H. Kang, M. Lim, H. Lee, Enhancement of near-cloaking. Part III: numerical
simulations, statistical stability, and related questions, Contemp. Math. 577 (2012) 1-24.

[5] H. Ammari, H. Kang, H. Lee, Asymptotic expansions for eigenvalues of the Lamé system in the presence of small inclusions,
Commun. Partial Differ. Equ. 32 (2007) 1715-1736.

[6] H. Ammari, H. Kang, H. Lee, M. Lim, Enhancement of near-cloaking using generalized polarization tensors vanishing
structures. Part I: the conductivity problem, Commun. Math. Phys. 317 (2013) 253—266.

[7] H. Ammari, H. Kang, H. Lee, M. Lim, Enhancement of near-cloaking. Part II: the Helmholtz equation, Commun. Math.
Phys. 317 (2013) 485-502.

[8] H. Ammari, H. Kang, H. Lee, M. Lim, Enhancement of near cloaking for the full Maxwell equations, STAM J. Appl. Math.
73 (2013) 2055-2076.

[9] M. Brun, S. Guenneau, A. Movchan, Achieving control of in-plane elastic waves, Appl. Phys. Lett. 94 (2009) 061903.


http://refhub.elsevier.com/S0021-7824(15)00088-4/bib414Bs1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726932303037s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726932303037s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726932303033s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726932303033s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726933s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726933s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D35s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D35s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726931s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726931s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726932s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726932s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726934s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib416D6D61726934s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib42474Ds1

G. Hu, H. Liu / J. Math. Pures Appl. 104 (2015) 1045-107/4 1073

[10] G. Bao, H. Liu, Nearly cloaking the electromagnetic fields, STAM J. Appl. Math. 74 (2014) 724-742.

[11] G. Bao, H. Liu, J. Zou, Nearly cloaking the full Maxwell equations: cloaking active contents with general conducting layers,
J. Math. Pures Appl. 101 (2014) 716-733.

[12] S. Brulé, E. Javelaud, S. Enoch, S. Guenneau, Experiments on seismic metamaterials: modeling surface waves,
Phys. Rev. Lett. 112 (2014) 133901.

[13] A. Buffa, M. Costabel, D. Sheen, On traces for H(curl, ) in Lipschitz domains, J. Math. Anal. Appl. 276 (2002) 847-867.

[14] D.P. Challa, M. Sini, The Foldy-Lax approximation of the scattered waves by many small bodies for the Lame system,
Math. Nachr. (2015), http://dx.doi.orf/10.1002/mana.201400137.

[15] A. Charalambopoulos, D. Gintides, K. Kiriaki, The linear sampling method for the transmission problem in three-
dimensional linear elasticity, Inverse Probl. 18 (2001) 547-558.

[16] H. Chen, C.T. Chan, Acoustic cloaking and transformation acoustics, J. Phys. D, Appl. Phys. 43 (2010) 113001.

[17] P.G. Ciarlet, An Introduction to Differential Geometry, with Applications to Elasticity, Springer, Dordrecht, 2005.

[18] P.G. Ciarlet, P. Ciarlet Jr., Another approach to linearized elasticity and a new proof of Korn’s inequality, Math. Models
Methods Appl. Sci. 15 (2005) 259-271.

[19] P.G. Ciarlet, G. Geymonat, F. Krasucki, A new duality approach to elasticity, Math. Models Methods Appl. Sci. 22 (2012)
1150003.

[20] A. Diatta, S. Guenneau, Controlling solid elastic waves with spherical cloaks, Appl. Phys. Lett. 105 (2014) 021901.

[21] A. Diatta, S. Guenneau, Cloaking via change of variables in elastic impedance tomography, arXiv:1306.4647.

[22] M. Farhat, S. Guenneau, S. Enoch, A. Movchan, Cloaking bending waves propagating in thin elastic plates, Phys. Rev. B
79 (2009) 033102.

[23] D. Gintides, M. Sini, Identification of obstacles using only the scattered P-waves or the scattered S-waves, Inverse Probl.
Imaging 6 (2012) 39-55.

[24] P. Haner, G.C. Hsiao, Uniqueness theorems in inverse obstacle scattering of elastic waves, Inverse Probl. 9 (1993) 525-534.

[25] G. Hu, A. Kirsch, M. Sini, Some inverse problems arising from elastic scattering by rigid obstacles, Inverse Probl. 29 (2013)
015009.

[26] A. Greenleaf, M. Lassas, G. Uhlmann, Anisotropic conductivities that cannot be detected by EIT, Physiol. Meas. 24 (2003)
413-420.

[27] A. Greenleaf, M. Lassas, G. Uhlmann, On nonuniqueness for Calderén’s inverse problem, Math. Res. Lett. 10 (2003)
685-693.

[28] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann, Invisibility and inverse problems, Bull. Am. Math. Soc. 46 (2009)
55-97.

[29] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann, Cloaking devices, electromagnetic wormholes and transformation optics,
SIAM Rev. 51 (2009) 3-33.

[30] A. Greenleaf, Y. Kurylev, M. Lassas, G. Uhlmann, Full-wave invisibility of active devices at all frequencies,
Commun. Math. Phys. 275 (2007) 749-789.

[31] G. Hu, J. Li, H. Liu, H. Sun, Inverse elastic scattering for multiscale rigid bodies with a single far-field measurement,
SIAM J. Imaging Sci. 7 (2014) 1799-1825.

[32] G. Hu, J. Li, H. Liu, Recovering complex elastic scatterers by a single far-field pattern, J. Differ. Equ. 257 (2014) 469—-489.

[33] G. Hu, M. Sini, Elastic scattering by finitely many point-like obstacles, J. Math. Phys. 54 (2013) 042901.

[34] G.C. Hsiao, W.L. Wendland, Boundary Integral Equations, Springer, Berlin, Heidelberg, 2008.

[35] M. Kadic, T. Backmann, N. Stenger, M. Thiel, M. Wegener, On the practicability of pentamode mechanical metamaterials,
Appl. Phys. Lett. 100 (2012) 191901.

[36] M. Kadic, T. Backmann, R. Schittny, M. Wegener, On anisotropic versions of three-dimensional pentamode metamaterials,
New J. Phys. 15 (2013) 023029.

[37] R. Kohn, D. Onofrei, M. Vogelius, M. Weinstein, Cloaking via change of variables for the Helmholtz equation,
Commun. Pure Appl. Math. 63 (2010) 0973-1016.

[38] R. Kohn, H. Shen, M. Vogelius, M. Weinstein, Cloaking via change of variables in electrical impedance tomography,
Inverse Probl. 24 (2008) 015016.

[39] V. Kupradze, Three-Dimensional Problems of the Mathematical Theory of Elasticity and Thermoelasticity, North-Holland,
Amsterdam, 1979.

[40] U. Leonhardt, Optical conformal mapping, Science 312 (2006) 1777-1780.

[41] H. Liu, Virtual reshaping and invisibility in obstacle scattering, Inverse Probl. 25 (2009) 045006.

[42] H. Liu, On near-cloak in acoustic scattering, J. Differ. Equ. 254 (2013) 1230-1246.

[43] H. Liu, H. Sun, Enhanced near-cloak by FSH lining, J. Math. Pures Appl. 99 (2013) 17-42.

[44] H. Liu, T. Zhou, Two dimensional invisibility cloaking via transformation optics, Discrete Contin. Dyn. Syst. 31 (2011)
525-543.

[45] H. Liu, T. Zhou, Transformation optics and approximate cloaking, Contemp. Math. 559 (2011) 65-83.

[46] S. Kim, M. Das, Seismic waveguide of metamaterials, Mod. Phys. Lett. B 26 (2012) 1250105.

[47] G.W. Milton, M. Briane, J.R. Willis, On cloaking for elasticity and physical equations with a transformation invariant
form, New J. Phys. 8 (2006) 248.

[48] G. Nakamura, G. Uhlmann, Identification of Lamé parameters by boundary measurements, Am. J. Math. 115 (1993)
1161-1187.

[49] G. Nakamura, G. Uhlmann, Global uniqueness for an inverse boundary problem arising in elasticity, Invent. Math. 118
(1994) 457-474, Erratum: Invent. Math. 52 (2003) 205-207.

[50] G. Nakamura, G. Uhlmann, Inverse problems at the boundary for an elastic medium, STAM J. Math. Anal. 26 (1995)
263-279.

[61] G. Nakamura, T. Kazumi, G. Uhlmann, Layer stripping for a transversely isotropic elastic medium, STAM J. Appl. Math.
59 (1999) 1879-1891.


http://refhub.elsevier.com/S0021-7824(15)00088-4/bib424Cs1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib424C5As1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib424C5As1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4134s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4134s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib424353s1
http://dx.doi.org/10.1002/mana.201400137
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib43474B3031s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib43474B3031s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib434372s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib436961726C6574s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib436961726C65743035s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib436961726C65743035s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib436961726C65743132s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib436961726C65743132s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4447s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib44473033s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4647454Ds1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4647454Ds1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4753s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4753s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4848s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib484B4As1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib484B4As1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474C55s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474C55s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474C5532s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474C5532s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474B4C5534s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474B4C5534s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474B4C5535s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474B4C5535s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474B4C55s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib474B4C55s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib484C4C53s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib484C4C53s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib484C4Cs1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4853s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib487369616Fs1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4132s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4132s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4133s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4133s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4B4F5657s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4B4F5657s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4B535657s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4B535657s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4B75707261647A65s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4B75707261647A65s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4C656Fs1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4C6975s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4C697531s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4C53s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4C5A31s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4C5A31s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4C5As1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4131s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4D4257s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4D4257s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E5531s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E5531s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E5532s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E5532s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E5533s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E5533s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E4B55s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E4B55s1

1074 G. Hu, H. Liu / J. Math. Pures Appl. 104 (2015) 1045-1074

[52] J.-C. Nédélec, Acoustic and Electromagnetic Equations: Integral Representations for Harmonic Problems, Springer-Verlag,
New York, 2001.

] A. Norris, A. Shuvalov, Elastic cloaking theory, Wave Motion 48 (2011) 525-538.

] W. Parnell, Nonlinear pre-stress for cloaking from antiplane elastic waves, Proc. R. Soc. A 468 (2012) 563-580.

] J. Pendry, D. Schurig, D. Smith, Controlling electromagnetic fields, Science 312 (2006) 1780-1782.

] J. Wloka, Partial Differential Equations, Cambridge University Press, Cambridge, 1987.


http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E6564656C6563s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E6564656C6563s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib4E6F727269733131s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib5061726E656C6Cs1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib50656E536368536D69s1
http://refhub.elsevier.com/S0021-7824(15)00088-4/bib576C6F6B61s1

	Nearly cloaking the elastic wave ﬁelds
	1 Introduction
	2 Lamé system and transformation elastodynamics
	3 Elastic cloaking and blowup construction
	4 Regularized blowup construction and cloak-busting inclusions
	5 Nearly cloaking the elastic waves
	5.1 Our near-cloaking scheme
	5.2 Proof of Theorem 5.2
	5.3 Estimates on small inclusions
	5.3.1 Layer potentials for the Lamé system
	5.3.2 Estimates on small inclusions

	5.4 Finite realization of the traction-free lining

	6 Concluding remarks
	Acknowledgements
	References


