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A linear sampling method for inverse
problems of diffraction gratings of mixed type

Guanghui Hu?, Fenglong Qu® and Bo Zhang“**

Communicated by Andreas Kirsch

This paper is concerned with the direct and inverse problem of scattering of a time-harmonic wave by a Lipschitz
diffraction grating of mixed type. The scattering problem is modeled by the mixed boundary value problem for the
Helmholtz equation in the unbounded half-plane domain above a periodic Lipschitz surface on which a mixed Dirichlet
and impedance boundary condition is imposed. We first establish the well-posedness of the direct problem, employing the
variational method, and then extend Isakov’s method to prove uniqueness in determining the Lipschitz diffraction grating
profile by using point sources lying above the structure. Finally, we develop a periodic version of the linear sampling
method to reconstruct the diffraction grating. In this case, the far field equation defined on the unit circle is replaced by
a near field equation defined on a line above the surface, which is a linear integral equation of the first kind. Numerical
results are also presented to illustrate the efficiency of the method in the case when the height of the unknown grating
profile is not very large and the noise level of the near field measurements is not very high. Copyright © 2012 John Wiley &
Sons, Ltd.
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1. Introduction

Diffraction gratings are widely used in many areas of science and technology and have a long history (see [1, 2] for the physical and
mathematical background). This paper is concerned with the problem of scattering of a time-harmonic (with the time variation e~/
o > 0) electromagnetic wave by a partially coated perfectly reflecting grating in an isotropic lossless medium, which is modeled by
the time-harmonic Maxwell equations together with a mixed boundary condition of perfectly conducting and conductive conditions.
In this paper, we assume the grating to be periodic in the x;-direction and constant in the other directions and consider the transverse
electric polarization case. In this case, the scattering problem is reduced to a mixed problem of Dirichlet and impedance boundary
condition for the two-dimensional Helmholtz equation, (A + k?)u = 0, where u is the third coordinate component of the electric field
E = (0,0,u(x1,x2)) and k > 0 is the wave number depending on the index of refraction of the medium. Assume that the diffraction
grating is described by a surface profile I' := {(x1,X2) € R2: x5 = f(x;)} with a 2-periodic Lipschitz function f(x;) > 0 for x; € R and
the isotropic lossless medium is denoted by Q = {(x1,x2) € RZ: x2 > f(x1)}.

The direct problem is to compute the scattered field u® in © when the incident wave v’ and the grating profile T" with the
corresponding boundary conditions are given. There always exists a unique solution to the Dirichlet problem (see [3] for the case
when the grating surface I" belongs to C2 and [4] for the case when the grating surface I" is Lipschitz). It is known that the Neumann
problem is not necessarily uniquely solvable in general. In this paper, we consider the mixed problem, that is, the problem with a mixed
Dirichlet and impedance boundary condition being imposed on I

We are more interested in the inverse problem of determining the grating profile I' from the knowledge of the scattered field
measured on a straight line lying above the grating for a given wavenumber k and given incident waves u'. Note that the propagating
modes (or the ‘far field data’ in periodic case) for all incident directions are not enough to determine the grating profile uniquely;
see [5]. Uniqueness results have been obtained for the cases of Dirichlet and Neumann problems [6-12]. In the case of a lossy medium
(i.e., Im(k) > 0), it was shown in [6] that a C2-smooth perfectly reflecting grating profile f can be uniquely determined from the scattered
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fields for one incident plane wave. In the case of a lossless medium (i.e., Im(k) = 0), in general, global uniqueness with one incident
wave is not true for the inverse problem. It has been shown in [11] that a finite number of incident plane waves are sufficient to identify
a C? perfectly reflecting grating profile from the total field above the structure provided a priori information on the height of the grating
surface is available. In particular, global uniqueness with one incident direction can be obtained if the wave number or the amplitude
is sufficiently small; this, however, is not true for the general case. The uniqueness results of [11] have been extended to the inverse
transmission problem in [13] with continuous total field and its normal derivative across the grating profile. Note that a uniqueness
result was established in [14] for the inverse transmission problem with general transmission conditions on the grating profile. Global
uniqueness results have been established for the inverse Dirichlet and Neumann problems with a minimal number of incident waves
for the class of grating profiles given by the graph of a piecewise linear function or a step function in [8, 9]. These results have been
extended to the case of general polygonal grating profiles in [7, 10]. It was shown in [7, 10] that without excluding the Rayleigh fre-
quencies, two different directions are sufficient to recover the Dirichlet surface, whereas four are sufficient for the case of Neumann
problems. If one excludes the Rayleigh frequencies, one incident wave is sufficient to determine the Dirichlet surface, whereas three
are sufficient for the case of Neumann surfaces. It should be remarked that local stability estimates have been obtained in [15] for an
inverse periodic medium and in [16] for an inverse transmission problem with a polygonal grating interface. A conditional (global)
stability result was established in [17] for the inverse Dirichlet problem. For an overview of inverse diffraction grating problems,
see [18].

Efficient numerical methods for the inverse problem studied in this paper are of great importance because of their wide and
important applications in many areas. However, it is challenging to design efficient numerical algorithms for such inverse problems
because they are both nonlinear and severely ill-posed. For the inverse problem of reconstructing perfectly reflecting grating profiles
(i.e., the inverse Dirichlet problem), several numerical reconstruction algorithms have been proposed, such as the conjugate gradi-
ent algorithm based on analytic continuation [19], the iterative regularization method [20], the Kirsch-Kress two-step optimization
algorithm [4, 21], and the factorization method of Kirsch [22, 23]. Note that the latter two approaches were originally developed for
bounded obstacle scattering problems and do not need the solution of the direct scattering problems (see, e.g., [24,25] and the refer-
ences quoted there). The factorization method was also applied to the case of impedance boundary conditions [22]. The Kirsch-Kress
method proposed in [4,21] has been extended to an inverse periodic transmission problem in [26] with continuous total field and its
normal derivative across the grating profile. A different reconstruction algorithm-based finite element and optimization techniques
was proposed in [27] for the inverse periodic transmission problem.

In this paper, we apply the linear sampling method to our inverse problem of diffraction gratings with a mixed Dirichlet and
impedance boundary condition on the grating profile. The linear sampling method was originally proposed in [28] for bounded obsta-
cle acoustic scattering and does not need the solution of the direct scattering problem as well as the physical property of the scatterer
(see also [29-31] for more details on its mathematical foundation, implementation, and other applications). In the current periodic case,
instead of plane waves, we shall use point sources lying on I'y, as incident waves. This is because uniqueness for the inverse problem
using these incident point sources can be guaranteed (see Theorem 3.1) and also these incident point sources have a dense range on
the grating surface T" (see Lemmas 3.2 and 5.1). Furthermore, the far field equation defined on the unit circle for bounded obstacle
scattering problems is replaced by a near field equation defined on a line ', above the grating surface. This means that the evanes-
cent waves are always included in our computation so that the quality of the reconstruction can be improved. We also refer to [22] for
exploring the number of evanescent modes in order to obtain satisfactory reconstructions based on the factorization method and to
[19,21] using the scattered far field for several incident plane waves based on the optimization method. Another reason for considering
near fields in scattering by diffraction gratings is the uniqueness issue that we will address in Section 3 (see Theorem 3.1)).

This paper is organized as follows. In Section 2, the well-posedness of the direct scattering problem is established using the
variational method. The uniqueness for the inverse problem is proved in Section 3 by Isokov’s method. The linear sampling method
is proposed for the inverse Dirichlet problems in Section 4 first and then for the inverse mixed problem in Section 5. Numerical results
are presented in Section 6 to illustrate the efficiency of the method.

2. The direct problem

In this section, we establish the well-posedness of the direct scattering problem by employing the variational method. Because of
the periodicity of the problem, it can be reduced to a problem in a single period of the grating profile. To this end, we need the
following notations:

I‘:{xeR2|X2=f(x1),O<x1 <2},
QI{X€R2|X2>f(X1), 0<x1 <2m},
Iy ={(x1,b)| 0 <xq <27},
Qp={xeQ|x)<b}

for any b > max{f(x1)| x; € R}. Suppose a plane wave given by u' = el@=Bx2) with (a, B) = k(sin 6, cos §) the incident on T from
the top, where the wave number k is a positive constant and 6 € (—n /2, /2) is the incident angle. We assume that I" has a Lipschitz
dissection I' = I'p U LI U I'}, where I'p and T are disjoint and relatively open subsets of " having LI as their common boundary
|
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(see [32, p. 99]). Then, in the case of transverse electric polarization for the scattering of U’ by the perfectly conducting diffraction
gratings with a partially coated dielectric, the total field u = u(x1, x2), which is the sum of u' and the scattered field u*, satisfies

Au+kKu=0 in 2.1)
u=0 on Ip,

d

o +iAu=0 on I, (2.3)

av

where v is the unit normal of I directed into €. In the case when I'; = ), the problem becomes the Dirichlet problem (the periodic
structure is a perfectly conducting surface in the electromagnetic case or a sound-soft surface in the acoustic case). In the case when
T # @, the structure is coated by a thin layer of material on T’y and is called a partially coated surface with the surface impedance A(x).
In this paper, we assume that A is a positive constant. We also require the total field u to be a-quasiperiodic in x;, which means that

i

u(x1 +2m,x2) =e u(x1,x2), (2.4)

or equivalently u(x) exp(—iax;) is 27-periodic with respect to x;. Note that the incident field u' is a-quasiperiodic. Under the
assumption (2.4), the function u®(x) exp(—iaxy) is 2 -periodic with respect to x; and thus can be expanded as a Fourier series:

U (x1,X2) exp(—ioxi) = ) un(x2)e™ .
nezZ

Because u° satisfies the Helmholtz equation (2.1) in 2, then applying the method of separation of variables allows us to express u® as a
sum of plane waves:

U = Z [ Apel@mxi+iBoxs | g oitnx: —iﬁnxz] . AnB,€C,
nezZ
where

(K —ap)'? if |an| <k,

=n , =
on +o, Bn {i(a%_kZ)UZ if |on| > k,

with i = +/—1. Physically, the scattered field remains bounded as x, — 400, so u® is only composed of bounded outgoing waves in €2,
leading to the well-known Rayleigh expansion condition:

U= X:A,,e""‘"’“+"ﬁ"’<2 for x, > fy = max {f(x1)} (2.5)
nez 0<xy<2m

with the Rayleigh coefficient A, € C. It is clear that u® in (2.5) can be split into the finite sum Zansk of outgoing plane waves and the
infinite sum ", -, of exponentially decaying waves, which are called surface or evanescent waves.

We now introduce some periodic and quasiperiodic spaces that are needed in this paper. For s € R, s > 0, the Sobolev space
H*(0, 27r) of periodic functions is defined as the completion of {u[[g,,] : uisatrigonometric polynomial} with respect to the inner
product

<uv>= 2(1 +n%)Supvp,
neZ

where up and v, are the Fourier coefficients of u and v, respectively. Then the periodic Sobolev space H;,(I‘) and the a-quasiperiodic
Sobolev space H°(I") can be defined, respectively, by

H(T) = {u: T — C,u(x1, f(x)) € H(0,27)},
H(T) ={u:T — C,u(x1,f(x1)) exp(—iax;) € H*(0,2m)}.

For T'g C T, define
H*(T'o) := {ulr, : ue H*(I')}, H*(T'o):={ueH(T): supp(u) < Io}.
Then,
H'2(To) := (A2(To)Y, H/2(To) := (H2(T0))'.

Denote by < H'/2(T'y), H~"/2(I'y) > or < H'/2(I'y),H~"/2(I'y) >, the dual form, which, in our setting, is the extension of the inner
product of L2(T'p). Recall that H'/2(T") is the trace space of H' (S2,) defined by

HY(Q2p) = {ve HY(Q2p) : v(x1,x2) exp(—iax1) is 27-periodic with respect to x; }-
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H},(Qb), H;)(l“o), and Flf,(l“o) can be defined similarly as H' (Q,), H*(I'), and A5 (Ty), respectively, by replacing a-quasiperiodic functions
v with 27-periodic functions v.
The basic space we use for the direct problem is

X ={veHy(Qp): v=00nTp}

equipped with the Sobolev norm ||.||1. If ['p # @, then, by Friedrich’s inequality, the Sobolev norm ||.||1 is equivalent to the norm ||v||x
defined by

W= [ VavPax
Qp
where Vy := V + i(«, 0). For convenience, we write

3
Ag=Vy Vo = A+ 2ad) —a?, dyg = o Fiavy.
Vv

In this paper, C may denote different positive constants in different places.
Given an incident plane wave u' = ell@a—Bx2) oyr goal is to prove that the direct problem (2.1)-(2.5) is well-posed, employing the
variational method. To this end, we define the Dirichlet-to-Neumann map T : H' /2 (T'p) — H1/2 (Tp) on an artificial boundary I'y, by

Tvi= Y iBava€®™  for v(x) = Y vne®™ € H'/2(T).

nez nezZ

The operator T is well defined and bounded because S, = i|an| + O(1/|n]) as |n| = +oco. Clearly,

8US . L . aui
TWlo=b) =5 =0 TWlg=p) =ipe PPt = ——| .
X2 X2 Ty
This implies that
du 0 —iBb jaxi
T(Ulr,) — o |r, = 2ife 7™, (2.6)

which is equivalent to the Rayleigh expansion (2.5). Let v(x) = u(x)e™ ™. Then v € H;,(Qb) satisfies AgqV + kv = 0in Q} with the
boundary conditions

ov :
v=0on I'p, dygv+ilkv=0on T}, Tv— 5, |06 = Ziﬂef’ﬁb on T.
v

Let w(x) = v(x) — e~ Bx2_ Then the problem (2.1)-(2.3) can be reformulated as follows. Find w € H:,(Qb) such that

AW+ Kw=0 in Q, 2.7)
w=g on Ip,
dyaw+iAlw=h on I}, (2.9)
0
w—""_0 onr, (2.10)
v

where g = —e 1yl € HY*(Tp) and h = —e~ @1 (3 4 jrui) e H, /2(T)).

Theorem 2.1
Forge H:,/z (Tp)and h e H,;]/Z(I‘/), if I # @, then the problem (2.7)-(2.10) is uniquely solvable in H;(Qb) with the estimate

Wlligea =€ (1l + Ly ) 1)
where C is a positive constant independent of g and h.
Proof

We first prove the uniqueness of the solution. To do this, it is enough to prove thatw = 0in Q, ifg=0and h=0.Letg=0and h=0.
Then it follows from the weak formulation of the problem (2.7)—(2.10) with the test function replaced by w that

/ |Vaw|2—k2|w|2dx—i/ A|w|2ds—/ WwTwds = 0.
Qy I Ty

. ______________________________________________________________________________________________________|
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Taking the imaginary part of the previous equation gives

[ Alw|?ds = —Im/ wTwds = =27
I Ty

Because A > 0, it follows that w = 0 on I}, which, together with (2.9), implies that d,, W = 0 on I';. By Holmgren’s uniqueness theorem
and the analyticity of w, we obtain that w = 0in Q.

We now prove the existence of the solution. From [32], it is seen that there exists a'g € H;/Z(I‘) such thatgis the extension of gto I"
satisfying that ||§||H;/2(F) < C||g||H;/2(FD), where Cis independent of g. Consider the following Dirichlet problem:

1 [ .
> Bulel? <0, o= 7/ w(xi, be”"™ dxy.
7 Jo

leen| <k

~ v,
AgVo+k2vo=0 in Q, vo=¢g onT, Tvo—a—ozo on I'.
v

Arguing similarly as in [4], it is easy to show that the aforementioned Dirichlet problem has a unique weak solution vy € H;(Qb)
satisfying the estimate

Vol (q,) = C|@||H;/2(F) =gl (2.12)

where C is a constant independent of g. Let wg = w — vq. Then, the problem (2.7)-(2.10) is equivalent to the following problem. Find
wo € X such that

Aqwo + KPwo =0 in Qp, (2.13)
wo=0 on Ip, (2.14)
dpaWo +ilwg =h on T}, (2.15)

W,
Twg— —— =0 on T}, (2.16)

ov

where h = —dyaVo—iAvo+h e H;VZ(F,). Because Iy is Lipschitz, then 9, 4 Vo € H;”z(I‘,) should be defined as follows:
/ @0y ,aVods = / [—Vavo -V + kzv(@] dx + / @Tvods, Vo eX. (2.17)
I Qb I‘b

Because wq vanishes on T'p, we can derive the following variational formulation for the problem (2.13)-(2.16):
/ [Vawo Vg — kzwo(p] dx — i / Agwods — / FTwods = / hgds (2.18)
Qyp T Ty V]
forany ¢ € X. Let
a(wo, @) = / Vawo - Vgpdx — / @Twods — i/ Apwods,
Qp Ty v

b(wo, ) = — / k*wopds, L(p) = / hgds.
Q I

b

Then the variational problem (2.18) becomes
a(wo,¢) +b(wo,9) =L(p)  VpeX. (2.19)

Set
-I 2 .
Wy = 27/ wo(x1, b)e”"™1dx,, U={neZ: By isareal number}.
T Jo
Then, we have that, for ¢ € X,

atwo o) = [ (VaolPdc+2m 3 Ballwal? <27 3 polnl =i [ Aol
b i

neZ\U neld

and

la(wo, wo)| > /

|vawo|2dx+/1/ |wo|?ds > C||wol |2
Qp I

Hp(20)"

Copyright © 2012 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2012, 35 1047-1066
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where the last inequality is derived by using Friedrich’s inequality. From the boundedness of T and the trace theorem, it is seen that
la(wo, ¢)| SC||W0||H;(gzb)||<ﬂ||H;(Qb) Vo eX.

Hence, by the Lax-Milgram theorem, the first term a(-, -) of (2.19) gives rise to a bijective operator on X, whereas, because the embed-
ding X C L?(Rp) is compact, the second term b(-,-) defines a compact operator on X. From (2.12) and (2.17) together with the aid of
the trace theorem and the boundedness of T, it follows that

ILg)| < / @navolds + / |Avoplds + / Ihigldls
I Ty L

< € [Igllya ey + 1l 2ry | ol

where C is a positive constant independent of g and h. The Riesz representation theorem implies that L(-) defines a linear bounded
operator / on X with the estimate

1l = 1Llber = CAIgll 2y, + 1Al

Then a standard argument implies that the Fredholm alternative is applicable, which, together with the uniqueness part of the theorem,
implies that the problem (2.19) has a unique solution wg € X satisfying the estimate

[Wolliy(y = I = CCllglyr2 gy + 1Al 172
This yields the estimate

Wl ) = Iwolliy (@, + 1IVollky(p)

= C(HQHH;/Z(FD) + ||h||Hp_1/2(F/))’
where Cis a constant independent of g and h. The proof of the theorem is thus completed. O

For the original scattering problem (2.1)-(2.5), we have the following well-posedness result (Theorem 2.2), which is a corollary of
Theorem 2.1. To state this result, we need the free-space quasiperiodic Green function defined by

G(x,y) = Z 471113 eflan(i—y1)+Bnlxa—yall (2.20)
nez n

where x,y € R? with x —y # n(27,0), n € Z, and the Rayleigh frequencies {k : B,(k) = 0} are excluded. It is known from [3] that G(x, y)
is weakly singular at x = y and satisfies the Helmholtz equation in Rﬁ_ when x —y # n(2x,0), n € Z.

Theorem 2.2
Let the incident field ui(x) = elkxd op ui(x) = G(x,y) fory € Q. If the impedance coefficient A > 0 on I'j, then the problem (2.1)-(2.5) is
uniquely solvable in H'(Q2p) with the scattered field u® satisfying that

el gy < CUGNe 72y + 11ll=172(1)s
_ . ~ o ; _ o~
where'g = —u'|r, € H1/2(FD), h= —(a—u +iAu')|r, e H 1/2(1*,), and C is a positive constant independent of g and h.
v

3. Theinverse problem

In this section, we consider the inverse problem of determining the diffraction grating profile from a knowledge of the scattered field
measured above the diffraction grating by using point sources lying above the grating as incident waves.

For f; € %1(0,27) and Aj > 0,j = 1,2, and for the incident wave u' = G(x, 2), let u;(x;z) be the scattered field corresponding to
I={xe R2: x; = fi(x1),0 < x1 < 27} and the parameter Aj, j = 1,2. The purpose of this section is to prove the following uniqueness
result on recovering the grating profile f and the parameter A from the knowledge of the scattered field corresponding to incident
point sources.

Theorem 3.1
Assume that f; C%1(0,27) is a partially coated diffraction grating profile with mixed sound-soft and impedance boundary conditions
onIjandA;>0,j=1,2.Forafixed wave number k > 0, if the total fields u; and u; satisfy

u1(x;zn) = u2(x;2n) VxeTq
. ______________________________________________________________________________________________________|
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fqr an infinite number of point sources ui(x) = G(X,zn), zn € Tq, n = 1,2,..,then fi = f, and A1 = A2, where uj(x;z,) =
u'(x) + uf(x;zn),j =1,2.

To prove this theorem, we need the following denseness result for incident point sources.

Lemma 3.2
Let A be the restriction to one period (0, 277) of a 27t -periodic Lipschitz surface below T'y. Then the set {G(-, zp) |po : Zn €T, n=1,2,...}
is complete in H'/2(A).

Proof
Let ¢ € H/2(A) be such that

f 0()G(x,z,)ds(x) =0,  n=1,2,...
A

Then, to prove the lemma, it is enough to show that ¢ = 0 on A. Define
ux) = / Gy, x)e(y)ds(y)  forx e RZ2\A,
A

where RZ = {x e R?: 0 <xq < 27 }.Then
Au+ku=0 in ]R{,ZT\A, u(zn) =0, n=12...

and u(x) is an —a-quasiperiodic function satisfying the Rayleigh expansion condition above and below the grating A. By the
unique continuation result for the Helmholtz equation on a line (see [33, Lemma 3.2]), we have u = 0 on I';. Consequently,
from the uniqueness result of the exterior Dirichlet problem and the analytic continuation of solutions to the Helmholtz
equation, it follows that u = 0in Q5 = {x € R2 : x liesabove A}, which, together with the trace theorem, implies
that ut = 0 in H1/2(A). Here, the superscripts + and — indicate the limit obtained from Q, and R%\QA, respectively. By
the continuity of the single layer potential across A, it is found that u~(z) = 0 on A. Thus, an application of the uniqueness
result to the region below A gives that u(x) = 0 in R%\QA. Note that the classical layer potential theories on closed surfaces
(see [24], [32, Theorem 6.10]) can be carried over to the present periodic case (see, e.g., [34]). Thus, from the jump relation of the
normal derivative of the single layer potential u with H1/2 density, it is obtained that ¢ = 0 on A. The proof is complete. O

Proof of Theorem 3.1

We first show that uﬁ (v2) = usz(-;z) inGforany z € Gg, where G = Q1N Qy, Qj = {x € R2: x; > fi(x1),0 < x; <2m},j=1,2,and
Gg = {x € G: x3 < a}.In fact, for each z € G4, we can always choose a smooth surface A lying above dG but below z. By Lemma 3.2,
{G(,zn)|A : 2zn € Tg, n = 1,2,...} is dense in H1/2(A). Thus, for an arbitrarily small ¢ > 0, there exists a finite sequence a, € C
such that

16(:2) = D anG (- zn)l /24 < -
n

Because both G(-,z) and )", anG(:, zn) satisfy the Helmholtz equation and the Rayleigh expansion condition below A, it follows from
the well-posedness of the exterior Dirichlet boundary problem that

16(,2) =Y " anG(zn)lin ) < €
n

for a compact subset K lying below A such that I’y U I'; C K. By Theorem 2.2, we obtain that

||uf(x;z)—Za,,u;(x,zn)||H1(Ga) <Ce  j=1,2.
n

This, together with the fact that u3 (x; zn) = u3(x; z,) for x € Gg, yields that
U3 (x;2) = uy(x;2), Vx €G, z€Gg. (3.1

We now prove, by contradiction, that f; = f,, similarly as in the proof of Theorem 3.1 in [12]. In fact, if f; # f,, then we may assume
without loss of generality that there is a point x* € I'1 = 927 such that x; := x* + v(x™)e € Q1 N Q3 and B¢ (x*) N I, = @ for some
small disk B¢ (x*) centered at x* with radius ¢. Consider the following problems:

AUl (xxs) + kUi (X Xg) =0 in
Uf(XFXs) = —G(x, Xg) on TIijp,

ol (xixe) . .
ey £ +1Aju]§(x;xs) = —% —iAjG(x,xs) on Tj,

. ______________________________________________________________________________________________________|
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where j = 1,2.In the case when x* € Tip, U5 (xe; X¢) ~ O(In¢), but u3 (xe; X¢) remains bounded as ¢ — 0T, whereas in the case when
x* € Ty, v(x*) - Vus (Xe; xg) ~ O(1/e), but v(x*) - VU5, (xe; xe) remains bounded as ¢ — 0. This is a contradiction because, by (3.1),
U3 (x; xe) = U3 (x; xg) for x € Q1 N Q3. Thus we have f; = f;.

We next prove that A1 = A,.Let 'y = ', = I'. Then uy = up and duy /dv = duz/dv on I'. The boundary conditions

auj' .
uj=0 on Tjp, 5 +iAjuj=0 on Iy

imply that T'1p N Ty = @, because, otherwise, u1 = du;/dv = 0 on an open arc of T'; therefore, by Holmgren's uniqueness theorem,
u = 0in , which is impossible. Thus, T'1; = T'y; := T}, which yields that (A1 — A)u; = 0 on I';. Because uq # 0in 2, we have 11 = A,.
The theorem is proved. O

Remark 3.3

Our proof can be easily extended to the nonconstant impedance case, so Theorem 3.1 remains true if the impedance coefficient 4 is a
continuous function on I'.

4. The linear sampling method for the Dirichlet problem

In this section, we consider the linear sampling method for the case when I'y = @, that is, the Dirichlet problem. To this end, we introduce
the following operators. For g € L2(I'q) := H(I'q) and h € H~"/2(T"), define

(Hg)(x) = /F GO, y)g)dsy) xeT,
(S1h)(x) = /r GOYh()dsG)  x € Ta,
(S2h)(x) = /r GO, y)h(y)dsly) xeT.

Properties of these operators are summarized in the following lemma.
Lemma 4.1
(i) H: [2(Tg) — H'/2(T') is an injective, bounded operator with dense range in H'/2(T").

(i) S1: H Y2(I') > H'/2(T,) is an injective, compact operator with dense range in H'/2(T").
(iii) The operator S : H~/2(T") = H'/2(T") is a norm isomorphism.

Proof

(i) Forx € T'and y € I'g, the kernel G(x,y) is continuous, which, together with a simple calculation of ||H<p||,_,1/2(r), implies the
boundedness of H. From the proof of Lemma 3.2, it is seen that the dual operator H* : H_1/2(F) — L2(Ty) of H defined by

(H*¢)(y) = /F G e(dsk) =0,  peH (D),

is injective. Thus, the range of H is dense in H'/2 (T"). The proof of Lemma 3.2 also yields that H is injective.

(ii) The compactness of Sq follows from the continuity of the kernel G(x,y) for x € I'; and y € T', whereas the injectivity and
denseness property of S; follow from the proof of Lemma 3.2.

(iii) From [23, Lemma 2.3], it is known that S; is a norm isomorphism.

|

We now take point sources G(x, y) with y € Ty defined by (2.20) as incident waves u;',(x) and write u;(x) for the scattered solution of

the problem (2.1)-(2.3) corresponding to u;',(x). To derive a periodic version of the linear sampling method, we consider the following
near field equation:

/I‘ uy ()g(y)ds(y) = G(x,2), xeTy (4.1

for z € R2. The near field operator N : H'/2(T') — H'/2(T,) is defined by
Nw = V|1"a, (4.2)

where V is the a-quasiperiodic solution to the exterior boundary value problem for the Helmholtz equation AV + k?V = 0 with
the Dirichlet boundary value w on I' and satisfying the Rayleigh expansion condition (2.5). Note that the definition of the near
|
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field operator N here differs from that in [22, Formula (9)], which corresponds to the input-output operator. For h € H‘”Z(l’) and
g € L2(Ty), define

Gy = /F G(x)h)ds(y), x€R2\T,
(o) = [ 4g0)ds(y), xe T

Obviously,

ShX)|r = (S2h) (), Sh)X)Ir, = (S1h)(x),
(F9)(x) = —(NHg)(x),  (S1h)(x) = (NS2h)(x),

which implies that
F(g) = 5155 "H(g), Range(S1) = Range(N). (4.3)
Clearly, the near field equation (4.1) is equivalent to
(Fg)(x) =G(x,2), xe€Tly (4.4)

forze R2.
The region €2 can be characterized by the following lemma, which is a corollary of Theorems 3.3 and 3.4 in [23].

Lemma 4.2 o
G(-,2)|r, isintherange of Nifand only if z € R2\Q.

Now, we present the main theorem for the Dirichlet problem.

Theorem 4.3 '
Assume that the incident field u;,(x) = G(x,y) and T is Lipschitz with T') = @.

(i) Ifze R2\Q, then forany e > 0, there exists g € L?(I') such that

IFgz = GC.2) l/2r,) <& and lgzllizr,y > 00 asz—T".

(i) Ifz e Q,thenforany e > 0and§ > 0, there exists g§'8 € L2(Tg) such that
||Fg&d — G 2)p/2r,) <e+38 and 1g&% Nl 2r,) > 00 as §—0.

Proof

(i) Ifze R2\Q, then —G(-,2)|r, = N(=G(- 2)|r) is in the range of S;. Thus, there exists h, € H~'/2(") such that (S1h,) (x) = —G(x,2)
for x € . Because Syh, € H'/2(I"), then, by Lemma 4.1, for any & > 0, there is g& € L2(T'y) such that

”Hg§ - Sth”H1/2(I‘) <é, (4.5)
155" HZ = helly—12(ry < Ce “6)
for some constant C > 0. From the boundedness of S; and (4.3), it follows that
1151 52_1H9§ =5 hZ”HVZ(Fa) <Ce,
||Fg§ - G(.’Z)”H”Z(Fa) < Ce.

Because —G(x,2) = (51h;)(x) = (NS2h;)(x) for x € T'q and —G(-,2)|r, = N(=G(,2)|r), we have —G(,, 2)|r = S2h;. By (4.5),
we get

zirlf)_ ||H9§||H1/2(r) = ZE)TITJ_ ||52hz||H1/2(r) —&
= ZirlT_L 1G(-, 2) ||H1/2(r) —¢
= 00,
which, together with the boundedness of H (Lemma 4.1 (i), implies that

gz 2,y > 00 asz—T".

. ______________________________________________________________________________________________________|
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(i) If z € Q, then, by Lemma 4.2, G(-,2) is not in the range of N and is therefore not in the range of S; either. This means that the
equation

S1h, = G(',Z)|1"a (4.7)

has no solution in H~1/2(I"). However, because Sy : H~/2(I") — H'/2(T',) is compact and has a dense range in H'/2(T'y), then
for each § > 0, we may obtain an approximate solution to the equation (4.7) by using the Tikhonov regularization:

h® =3 (6.2, 9n)n.
’ HEZNV(SHM% s

Here, (itn, ¢n, gn) is a singular system of S1 and y(§) is the regularization parameter chosen by the following Morozov discrepancy
principle (see [24]):

§
117D — G Dl rar,y = 6.

or equivalently,

> Gt et =
[(G(-2),gn)|” = 6°. (4.8)
(A + pp)?
neN
From Picard’s Theorem (see [24]) and (4.8), it follows that
A §) =0 §—0 49
Ihz™ N g=172(ry = 0% y(6) — 0, as § — 0. (4.9)

By Lemma 4.1, it is seen that, for any ¢ > 0, there exists g§'5 € L%(Ty) such that
— §
1S3 1H9§'8 - h;/( )||H1/2(ra) <e. (4.10)

From this, it follows that

— § §

15155 " Hg5® — 510 Dy = IFGE + S10Y D /2 r, < Ce.
This, together with (4.9), implies that
IFgE® — GC,2) |l /aryy < Ce + 6.

Combining (4) and (4.10) gives

1% li2ry > 00 IHGE Il /ary > 00 as 6 —0.

The proof is thus complete.

5. The linear sampling method for the mixed problem

In this section, we extend the linear sampling method for the Dirichlet problem to the mixed problem, that is, the case when T # @. In
this case, the near field operator N : H'/2(I'p) x H~/2(I')) — H'/2(I'y) is defined by

N(g,¥) = U|r,, i€ H'2(Tp), hy e HV/2(T)),
where u* satisfying the Rayleigh expansion (2.5) is the unique solution to
A+ KU =0inQ, u=¢onlp &t +ilu°=1y on Ty (5.1)

It should be pointed out that, in this section, the incident wave u;',(x) is taken as

uj,(x) :=u'(x,y) = G(y, x),

which is different from the previous section. By the definition of G(x, y) it is seen that such uj,(x) satisfies the Rayleigh expansion
condition (2.5) and therefore propagates upward and does not appear to be meaningful as incident waves. However, in the next section,
we will present the method of Arens and Kirsch [23] for generating the scattered field using the aforementioned incident waves.

We write the near field equation (4.1) as

(Fg) = —(NHg), (5.2)
. ______________________________________________________________________________________________________|
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where H: 12(T4) — HY2(Tp) x H~'/2(T)) is now defined by

[ soamdst),  xer,
Hoyoo =1 T

(av(x) * M) /Fa u, (X)g(y)ds(y), x el

Lemma 5.1
The range of His dense in H'/2(T'p) x H~/2(I')).

Proof
Let ¢ x ¥ € H-'/2(I'p) x H'/2(T)). To prove the lemma, it is enough to show that ¢ = 0 and ¥ = 0 under the assumption that

<Hg, ¢ Xy >=<Hg,¢ > 11/2(Tp) XFA—1/2(Tp) + < Hg, ¥ > =1/2(0) K H/2(T) = 0 (5.3)

forany g € L2(T'y). By (5.3), we obtain that

i _ 9 . ,_ - -
/FD [I‘a u'(x, y)g(y)ds(y)@(x)ds(x) + /F, (av(x) + :A) /Fa ul ()g(y)ds(y)¥ (x)ds(x) =0,

which gives on exchanging the order of integration that

0

/F ) ul, ()P(x)ds(x) + /r /(m +iMu, ()Y (x)ds(x) =0,  foralmostally € Iy.

Let
9
u(y) = /F G(y, x)p(x)ds(x) + /r (m—ik) G(y, x) ¥ (x)ds(x).

Then u(y) is a a-quasiperiodic solution of the Helmholtz equation in R2\T" with the Dirichlet condition on Tg. Furthermore, u(y)
propagates upward above T satisfying the Rayleigh expansion condition (2.5) and downward below T' satisfying the Rayleigh
expansion condition (2.5) with « replaced by —«. From the uniqueness of the exterior Dirichlet problem and the analyticity of u(y),
itis found that u(y) = 0in 2. By the jump relations of the single and double layer potentials, we get

_ ut u—
U+|FD_U |FD =0, (81)_ )\U+> FI_(W—IAU )

where the superscripts + and — indicate the limit obtained from € and R%\ﬁ, respectively. Thus,

:0,

T

Au+ku=0 in R2\Q,
u =0 on Ip,
ou—
—— —jAu" =0 onT)
v
A similar argument as in Section 2 can be used to show the existence of a unique solution to the aforementioned scattering problem
satisfying the Rayleigh expansion condition (2.5) with « replaced by —a. In particular, we have u = 0 in th\Q. By the jump relation
across I' of the potential u again, we get

dut du~ + _
0=BT|FD_871)|FD=_('0' O=u |F/_u |FIZW'

This completes the proof of the lemma. O

We now derive a periodic Green representation formula.

Lemma 5.2
If ue H'(Q2p) for any b > max;cg f(t) and satisfies the Rayleigh expansion condition (2.5), then for every x € Q, we have

_ 9G(x,y)  du(y)
u(x) = /1“ |:u(y) ) — 0 G(x,y)] ds(y),

where G(x, y) is the quasiperiodic Green function defined by (2.20).
_______________________________________________________________________________________________|
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Proof
Fix x = (x1,x2) € Q and choose b > x,. Denote by B(x, §) the small ball centered at x with radius § such that B(x,§) C 4. The
application of the second Green formula to the region €2, \B(x, §) gives

_ du(y) 3 8G(x,y)] d
0 /B(Qb\s(xs))[3V(Y)G(X'y) O ) s0)

( / /Fb /as(xs) /r)[gvg/; )= (Y)aan()(:/;/)]ds(y) o4

=h+h+1+1,

where TV = {(0,y2) U (27,y2) : f(0) < y2 < b}. From the Rayleigh expansion condition (2.5) of u and the definition of G(x, y), it is

seen that
aG(x,
2= [ [y - 5557 |
=/ [g’(y)c( y)—u (y)aG( y)]dy1=0. (5.5)
0 y2
From the periodicity of f(x1) with period 27, it follows that
aG(x,
= / [T%G( y) - u(y) av(fyﬂds(y)ﬂ. (5.6)

Denote by H(()D(t) the Hankel function of the first kind of order zero. Then ®(x,y) := (i/4)H(()1)(k|x —y|) is the fundamental solution
of the Helmholtz equation in R2. It has been shown in [3] that G(x, y) has the same singularity as ®(x, y) and that ®(x,y) — G(x, y) is
analyticin [(0,27) x R] x [(0, 27r) x R]. Thus,

= / [a“(” Gl y) — u(y) 2y )] ds(y)
dB(x,8)

av(y) v(y)
du(y) I[G(x.y) — P(x.y)]
= —_ ® — —
/ . [av D 1600.) — 00y - ) } ds(y)
du(y) IP(x,y)
+ /i;B(x,S) |:8v(y) D(x,y) —u(y) ) ] ds(y) — —u(x), (5.7)
as § — 0. Combining (5.4)-(5.7) and letting 6§ — 0 give the required result. The proof is thus complete. O

Lemma 5.3
The near field operator N is injective and compact with dense range in H1/2(Fa).

Proof

By the well-posedness of the exterior mixed boundary problem (2.7)-(2.10), it is easy to see that N is injective and bounded. By the
definition of N, there exists a function u satisfying the Rayleigh expansion condition (2.5) such that N(¢, ¥) = u(:)|r,. The near field
operator N can be decomposed into N = NNy, where

Ny :H'/2(Tp) x H=Y2(T)) — HY2(T) x H=V2(T), Np:HY2(T) x HV/2(T) — H'/2(Tg)
are defined by
Ni(g,¥) = (ulr, dvulr),  Na(ulr, dvulr) = ulr,,

respectively. From the well-poseness of the exterior mixed boundary problem, it is seen that N; is bounded, and from Lemma 5.2, it
follows that N, is compact. Thus, N is a compact operator.
We now prove that the range of N is dense in H'/2(Ty). To this end, let h € H~/2(I'y) be such that

<N(@ V)b > ooy =0 Y eH2(Tp), v e H (I (5.8)
Then, it is sufficient to prove that h = 0. By Lemma 5.2, we have
<N(p,¥),h > H1/2(Tg)xH—1/2(Ty)

= / u(x)h(x)ds(x)
Iq

_ 9G(x,y)  du(y)
- fr ([r [u(y) wy) WG(X Y)} dS(y)) A(x)ds(x)

PR
= [ o 8~ v | s 59

Copyright © 2012 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2012, 35 1047-1066



G.HU, F. QU AND B. ZHANG
I ——

where Vj(y) = / G(x,y)h(x)ds(x), y € RZ\T,. Let iy, be the (—a)-quasiperiodic radiating solution to the problem:

a

Alp + k20, =0 in Q, (5.10)
up = Vp on I'p,
i )Y/
Thoia, =2 iy, on T (5.12)
v v

From the second Green formula and the Rayleigh expansion of 4, and u, it follows that

oup  ou. _ oup  ou. _
/;‘[Ug_al;”)} dS—Aa [UW_EU[)] dS—O,

which, together with (5.11) and (5.12), implies that

d aV ou -
—/ thds +f [u—h + iAth] ds = —/ §0ﬂd5 +/ upyrds.
r, v L dv rp Ov Ty

This, together with (5.9), yields

<N(@ x¥),h>p2(0,)xH-1/2(Ty)

v, 0 v
= / [g;J — ﬁvh] ds + / [u—h + iAth] ds—/ Y Vpds
oL v v L dv T

Ve 00 i
:/ ga(a—h—%)ds—i—/ W (@i — Vi) ds.
o v v T

From this equation, it can be seen that the dual operator of N is given by

N*h = (38‘/” - aa“",m—v,,) e H2(Tp) x HV2(T)).
v V

From (5.8), we see that N*h = 0, so

% = aﬂ on I'p, up = Vy on I. (5.13)

av v
Combining (5.11), (5.12), and (5.13) gives that dVj,/dv = dup/dv and Uy = Vj, on T'. Thus, by Holmgren’s uniqueness theorem, i, = Vj,
in Q4. Because U, = Vj, on T’y and both Uy (x) and Vj(x) satisfy the (—a)-quasiperiodic Rayleigh expansion condition for x; > g, it
follows from the uniqueness result of the exterior Dirichlet problem that iy, = V}, for x, > a. Now, in view of the fact that 4y, is analytic
in 2, we have by the jump relation of dVj,(y)/dv(y) asy — I'; that

+
Fo WV
av

vy

at
Fo ™ 0 |p ~ v

T, v

_ oy
Ta av

Iq

which completes the proof of the lemma. O

We are now ready to analyze the near field equation (5.2). Combining Lemmas 5.1 and 5.3, the linear sampling method for the mixed
problem can be proved, similarly as in the case of Dirichlet problems.

Theorem 5.4
Assume that T} # @ and assume that u;(x) is the unique scattered solution corresponding to the incident wave ug,(x) = G(y,x),
yelg.

(i) Ifze R%\ﬁ, then for any ¢ > 0, there exists g5 L2(I'y) such that
IFgz = GC. D) llg/2r,) <& lgzlli2ry) > 00 asz—>T".
(i) Ifz e Q,thenforany e > 0and g > 0, there exists 9?3 € L2(Ty) such that

IFge® —GC. Doy <e+6 195 I,y > 00 as 6 —0.
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Proof
_ d
(i) Letz e R2\Q.In this case, —G(-,2)|r, = N(h1, h2) with hy = —G(-,2)|r, and hy = — (a— + iA) G(-2)|r,-By Lemma 5.1, there is
v

gé € L2(Ty) satisfying that
IHgZ — (h1'h2)”H'/Z(FD)xH*T/Z(F,) <eé.
By the boundedness of N, we have
INHgE — N(h1, h) iy 2r,y < Ce,
that s,
IFg; — G(':Z)”;.n/z(pa) <Ce.
Further, when z — I'", we get

. e . _
zinlj— “ng”H‘/Z(I‘)xH—‘/Z(I‘,) = zinlj— ||(h1rh2)||H1/2(1‘)xH—1/2(1‘,) —&=09,

which implies that [|g; [|,2(r,) — ccasz— T~
(ii) If z € Q then, by Lemma 4.2, G(-,2) is not in the range of N, so N(h1,h2) = G(-,2)|r, has no solution in H1/2(FD) X H_1/2(F,).
However, because N: H'/2(T'p) x H"/2(I'})) — H'/2(T'4) is compact and has a dense range in H'/2(T'y), then for every § > 0, we

may solve N(h%'(g), hg('g)) = G(-,2)|r, by the Tikhonov regularization with the parameter y = y(§) determined by the Morozov
discrepancy principle such that

§ §
IN (h%’( ) Y )) ~ G D2, <8 (5.14)

§ $
I (h%’( )Ihg( )) li1/2(0pyxH—1/2(1y) = O y(§) =0, as § — 0. (5.15)

It follows from Lemma 5.3 that for any ¢ > 0, there exists g§'8 € L2(T',) such that
IHg? — (R @, pZ®) | <e (5.16)
z 1 H/2(Tp)xH=1/2(T) ' .
which implies that
§ ) § )
INHgE? — N (h17( ), n )) s,y = IIFGE% +N (h{( ), hy¢ )) lg/2r,y < Ce.
This, together with (5.14) and (5.16), gives
1Fg&% — G(,2) I y1/2(r) < Ce +6.
Combining (5.16) and (5.15), we obtain that
195° li2ry — 00, as §—o.

The theorem is thus proved.

6. Numerical experiments

As mentioned in Section 4, the incident waves uj,(x) = G(y, x) are not of physical relevance because they propagate away from the

surface. Thus, the scattered field uf,(x) corresponding to uj,(x) cannot be generated directly. We now use the method of Arens and
Kirsch [23] to generate u;(x). Note first that fory € Ty and x € Qg,

G(Xry) - G(y,X)

n

_ 3 1 plit@nGa—m—Bala—y} | 3 1 gtitanta—yn)+Baba—y: )}
Ak Bn
an<k an<k

=AW xy) + A x,¥). (6.1)
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Itis clear that AW (x,y) and AD (x,y) are upwards and downwards propagating modes, respectively. SetD}',(x) =G(x,y) — AD x,y).
Thenff)',(x) is propagating downwards towards the scattering surface. Denote by ° (x, y) the corresponding scattered field with respect
to the boundary value problem (2.7)-(2.10). Then, it is seen from (6.1) and the boundary value of t*(x, y) that

@)+ AV [y = TEy)|p, +66y)

=—G(,")Ir,-

ro =60, ~ AV Iy

Similarly, we have

0
(5 + iA) @6y + AV

d d _
= (0 +7) @9+ 6t =2l ~ (5 +2) GO

0\ ——
=— (5 +IA) (G(,) |r, -

y=1.25-0.25c0s(2x)

1.5N\
1

k=6.45, 5=0, y=10"20

0 1 2 3 4 5 6

y=1+0.4sin x-0.4sin(2x)

k=6.45, 8=0, y=102°

0 1 2 3 4 5 6

Figure 1. Example 6.1: two Fourier, perfectly reflecting grating profiles to be reconstructed and their numerical reconstructions from exact data (i.e, § = 0).
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Then by the uniqueness of the direct problem, it follows that u;(x) =T (x,y)+ AW (x,y) for x € Q4. Thus, the scattered field u;(x) can

be exactly generated using the incident ﬁeIdU;,(x).
Our reconstruction algorithm consists of the following steps:

Step 1. Select a mesh of sampling points in a computing region ¥, = {x € RZ: 0 < x; < a,0 < x; < 27}, which contains the grating
surface.

Step 2. Make use of the Tikhonov regularization and the Morozov discrepancy principle to compute an approximate solution g& to
the near field equation (4.1) or (5.2).

Step 3. Consider ||g5|l;2(r,) as an indicator function of sampling points z and get the contour plot of the function z — In(||g5 [l;2(r,))-

To implement Step 2, one needs to calculate the a-quasiperiodic Green function G(x, z) for x = (x1,x2) € ['q,z = (21,22) € X4. In this
paper, we apply Ewald’s method (see, e.g, [35,36]) to accelerate the evaluation of the Green's function G(x, z). In order to illustrate the
performance of the aforementioned reconstruction algorithm, we now present some numerical examples.

In the following experiments, we always assume that the unknown profile lies between the lines x; = 0 and x = 2 and that both the
incident point sources and the detecting positions are located at 'y = {(x1,2) : x1 € (0,2m)}, thatis, a = 2. The incident angle is always

y=1+0.4sin(x)+0.3cos(2x)

k=m, 8=0, y=10"20

k=m, =0.03

k=m, $=0.05

0 1 2 3 4 5 6

Figure 2. Example 6.2: a Fourier, perfectly reflecting grating profile to be reconstructed (top) and its numerical reconstructions from exact data (§ = 0) and noise
data with different noise levels (§ = 0.03,0.05).
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taken as 6 = 0. We plot the function z — In(||g3 [l ;2(r,)) over a 200x 60 grid lying on the region [0, 2] x [0, 1.95]. Each of the reconstruc-
tions discussed later can be finished within 50 s on one MATLAB work station provided the near field data u;(x1 ,a),0 < x7 < 27 forall
incident point sources y € I'; can be obtained in advance. We use 257 incident point sources u;',(x) with the source point y equivalently
distributing on I'y. It should be noted that the right-hand side of (4.1) is becoming singular as z moves to I, so the values of ||g¢ l2qr,)
at the sampling points near 'y are always larger than those at other sampling points.

In Examples 6.1 and 6.2, we will consider the reconstruction of smooth perfectly reflecting grating profiles by assuming that T'; = .

Example 6.1 (Reconstruction of Fourier gratings using exact data)
Suppose the grating profile ' = {x: x, = f(x1)} is given by the graph of a trigonometric polynomial (Figure 1):

f(X]) = f] (X]) =1.25-0.25 COS(ZX]), X1 € R,
or f(x1) = fh(x1) =14 0.4sin(x;) —0.4sin(2x7), x7 €R.
The height of f; is 0.5, whereas that of f, is greater than 1. The wave number is set as k = 6.45, which implies that each incident
point source has 13 incoming plane waves and that each scattered field has 13 outgoing modes. The near field measurements for each
incident point source are generated by solving the direct problem using the discrete collocation method proposed in [37]. We get an
approximate solution to the equation (4.1) using unperturbed near field data on I, with the regularization parameter y = 1072°. The

results are shown in Figure 1. The reconstruction of f; is satisfactory, but the reconstruction on the downward convex part of f is not
very good.

Example 6.2 (Reconstruction of Fourier gratings using noisy data)
Here we perform a numerical experiment for the profile function discussed in [22] (see the top picture in Figure 2):

f(x1) =14 0.4sin(xq) 4+ 0.3 cos(2x7), x1 € R.
The exact near field data are perturbed with the following random errors:

uy(tj, a) + 8 uy (4, a) wj,

1.5 A1
v
s
1+ P i
0.5 i
0 Il Il Il Il Il Il
0 1 2 3 4 5 6

k=r, 8=0, y=10-20

k=m, 6=0.03

0 1 2 3 4 5 6

Figure 3. Example 6.3: a piecewise linear two-tower, mixed-type grating profile of fixed height 0.7 to be reconstructed (top) and its reconstructions from exact
data (§ = 0) and noise data (§ = 0.03). An impedance condition is imposed on the dashed line part, and a Dirichlet condition is imposed on the remaining part.
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where § > 0 is the noise level, t; is an equidistant partition of [0, 2], and w; are random values between —1 and 1. The wave number
is set as k = 7, where the incident point source (respectively the scattered field) involves seven incoming (outgoing) plane waves. We
choose the regularization parameter y = 10720 for the unperturbed data (i.e, § = 0) and determine y by the Morozov discrepancy
principle. Figure 2 shows the contour plot of In(||g;||;2(r,)) as a function of z for different noise levels § = 0,6 = 0.03, and § = 0.05.
Noisy data with a noise level of § = 3% still produces acceptable results except for the downmost part, but the reconstruction with
8 = 5% turns out to be blurred; see Figure 2.

Example 6.3 (Reconstruction of piecewise linear gratings)

Consider a piecewise linear two-tower profile of fixed height 0.7 given by the top picture in Figure 3. We impose the Robin boundary
condition with the impedance coefficient A = 0.05 on the dashed line part and the Dirichlet boundary condition on the remaining
part of the grating surface. The scattering data are obtained by the numerical solution of the direct scattering problem using the
adaptive finite element method with perfectly matched layers proposed in [38,39]. In our computation, the perfectly matched layer is
chosen to lie between x, = 2 and x; = 3. Our computation on the inverse problem is carried out using both unperturbed and noisy
data, with the results shown in Figure 3. Reconstruction of the bottom part is still not satisfactory, but the topmost part can always be
perfectly identified.

Example 6.4 (Reconstruction of binary gratings)

We finally consider a perfectly conducting binary grating profile, which consists of only a finite number of horizontal and vertical line
segments. The periodic profile is shown by the top picture in Figure 4 with a fixed height 0.5. Note that the binary grating profile is
not the graph of any 2x-periodic continuous function. However, one can still carry over the linear sampling method for the inverse
problem and the well-posedness result for the direct problem to this case. The computational results with exact and noisy data are
presented in Figure 4. We find that the reconstruction in this case is rather sensitive to the noise level. Even 1% perturbation of the
exact data (i.e., noise data with a noise level of 6 = 1%) can lead to a large deviation of the original profile. We have also tried to select
the regularization parameter by trial, but this gives no improvement in the noise case.

k=m, $=0, y=10720

k=m, =0.01

0 1 2 3 4 5 6

Figure 4. Example 6.4: a step, perfectly reflecting grating profile to be reconstructed (top) and its reconstructions from exact data (§ = 0) and noise data
(§ =0.01).
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7. Conclusions

We study the direct and inverse problem of scattering of a time-harmonic incident point source wave by a Lipschitz diffraction grating
of mixed type. The linear sampling method proposed for bounded obstacle scattering problems is generalized to the periodic case.
We presented numerical examples for reconstructing three kinds of grating profiles: (i) smooth Fourier gratings; (ii) piecewise linear
gratings; and (iii) binary gratings. The computational results indicate that acceptable results can be achieved provided the height of
the probed diffraction grating profile is not very large and the noise level of the near field measurements is not very high. A numerical
example for diffraction gratings of mixed type is also presented. Further work is still required to investigate the performance of the
inversion algorithm depending on the wavenumber, the incident angle, the detecting position, and the amplitude of the gratings.
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