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Imaging a Moving Point Source from Multifrequency Data Measured at One and
Sparse Observation Points (Part I1): Near-Field Case in 3D*
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Abstract. In this paper, we introduce a frequency-domain approach to extract information on the trajectory
of a moving point source. The method hinges on the analysis of multifrequency near-field data
recorded at one and sparse observation points in three dimensions. The radiating period of the
moving point source is supposed to be supported on the real axis and a priori known. In contrast to
inverse stationary source problems, one needs to classify observable and non-observable measurement
positions. The analogues of these concepts in the far-field regime were first proposed in the authors’
previous paper [SIAM J. Imaging Sci., 16 (2023), pp. 1535-1571]. In this paper we shall derive
the observable and non-observable measurement positions for straight and circular motions in R3.
In the near-field case, we verify that the smallest annular region centered at an observable position
that contains the trajectory can be imaged for an admissible class of orbit functions. Using the data
from sparse observable positions, it is possible to reconstruct the ©-convex domain of the trajectory.
Intensive 3D numerical tests with synthetic data are performed to show effectiveness and feasibility
of this new algorithm.
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uniqueness, near-field data
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1. Introduction.

1.1. Time-dependent model and its inverse Fourier transform. Assume the entire space
R3 is filled by a homogeneous and isotropic medium. We designate the sound speed of the
background medium as the constant ¢ > 0. We consider the acoustic radiating problem incited
by a moving point source. This source traces a trajectory defined by the C'-smooth function
a(t) : [tmin, tmax) — R3, with 0 < tin < tmax- The source function S(x,t) is supposed to radiate
a wave signal at the initial time point t,;, and stop radiating at the ending time point #y,x,
i.e., it is supported in the interval [tmin,tmax] With respect to the time variable ¢ > 0. More
precisely, the source function is supposed to take the form

(L1) S(a,t) = 3z — alt) K(E)x(2),
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where ¢ denotes the Dirac delta function, £(¢) € C'(R) is a real-valued function fulfilling the
positivity constraint

(1.2) |f(t)‘ >0y > 0, te [tminatmax]a

and x(t) is the characteristic function over the interval [tmin, tmax), defined by

17 te [tminy tma.x]7
x(t) ==
07 t ¢ [tmina tmax]-

Denote the trajectory by I':= {x: 2 = a(t), t € [tmin, tmax] } C R3. One can easily find Supp
S(-,t) C T for all ¢ € [tmin, tmax| in the distributional sense. The propagation of the radiated
wave fields U(x,t) is governed by the initial value problem

2
(1.3) C_Q%ZQJZAU—i—S(x,t), (z,t) eER3 x RT,RT :={teR:t >0},
U(z,0) = 0:U(x,0) =0, reR3.

The solution U can be expressed through the convolution of the fundamental solution G of
the wave equation with the source term, i.e.,

(1.4) U(z,t) =G(z;t) * S(x,t) := /R+ . Gz —y;t—1)S(y,7)dydr,

where

ot = cJal)

47|z

G(xz;t) =

In this paper the one-dimensional Fourier and inverse Fourier transforms are defined by

_i u efiwt 717) :L v eiwt w
Fu)w)i= = [ue an F o= o= [ ok,

respectively. The inverse Fourier transform of S is thus given by

(L5) fla.w) = (FS(. ) (w) = \/12? /R 5(@ — a(t)) ()X (1) dt

1 ! iwt
= \/%/tmm 0(x —al(t))l(t)e™" dt.

From the expression (1.4), one deduces the inverse Fourier transform of the wave field U,

w(z,w)=(F'U)(x,w)=V2r | (F7'G)(x—y;w)(F'8)(y,w) dy
(1.6) R
= [ @ ywlai ey
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Here, ®(x;k) is the fundamental solution to the Helmholtz equation (A 4 k%)w = 0, given by
ezk|m\ 3
@(w;k):m, x e R’ |z| #0.
Taking the inverse Fourier transform on the wave equation yields the inhomogeneous Helmholtz
equation

w?

(1.7) Au(r,w) + —Zu(z,w) = —f(z,w), reR3 w>0.
c
From (1.6) we observe that u satisfies the Sommerfeld radiation condition

(1.8) lim r (aru — igu) =0, r=|z|,
c

r—00
which holds uniformly in all directions z/|x|.
1.2. Formulation in the frequency domain and literature review. Denote by [wmin, Wmax]
an interval of frequencies on the positive real axis. From the time-domain settings we see

f(z,w)=0 forall z¢ T ,w € [Wmin,Wmax],

implying supp f(-,w) =T for all w € [Wmin, Wmax]. For every w > 0, the unique solution u to
(1.7)—(1.8) is given by (1.6), i.e.,

(19) u(l‘,UJ) = /R3 ‘I)(I — y;w/c)f(va)dy: \/312?/75

min

max iw(t+cz—a(t)])

|z —a(t)]

(t)dt, z¢T.

Noting that the time-dependent source S is real-valued, we have f(z,—w) = f(z,w) for all
w >0 and thus u(z, —w) = u(z,w).
In this paper we are interested in the following inverse problem (see Figure 1):
(IP): Recovery the trajectory I' using the multifrequency near-field data

{u(z9),w) : w € [Wmin, wmax), = 1,2, ..., M}, 29 € Sp:={a: |z| = R},

where R > sup,ep, . o 1la(t)].
A specific question of interest for (IP) is framed as follows:
What kind information on I' can be extracted from the multifrequency near-field data
{u(z,w) : w € [Wmin, Wmax|} at a single observation point x € Sp?
The above questions are of great significance in various industrial, medical, and military
applications. This is mainly due to the fact that, in practical scenarios, the number of available
measurement positions is inherently quite limited and the multifrequency data can always be
acquired by inverse Fourier transforming the time-dependent signals.

To the best of the authors’ knowledge, mathematical studies on direct and inverse scatter-
ing theory for moving targets are relatively scarce when compared to the extensive literature
dedicated to scattering by stationary objects (see the monograph [13]). Cooper and Strauss
[3, 4] and Stefanov [21] have made significant contributions to the rigorous mathematical
theory of direct and inverse scattering from moving obstacles. Recently, there has been a
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|20)| = R, u(zD,w)
1]

a(tmin)

Figure 1. Imaging the trajectory I' from knowledge of multifrequency near-field data measured at a finite
number of observation points |:v(J)| =R, j=1,2,....M.

growing research interest in detecting the motion of a moving point source governed by inho-
mogeneous wave equations. Several inversion algorithms have been proposed to recover the
trajectory, profile and magnitude of a moving point source—for example, the algebraic method
[19, 22, 20], the time-reversal method [6], the method of fundamental solutions [1], matched-
filter and correlation-based imaging schemes [5], the iterative thresholding scheme [18], and
the method of Bayesian inference [16, 23]. In addition, the references [17, 10, 11, 12, 14]
provide uniqueness and stability results on the identification of moving sources.

The focus of this paper is on establishing a factorization method for imaging the trajec-
tory I' using multifrequency near-field data measured at sparse positions. The Factorization
method, initially proposed by Kirsch in 1998 [15], has found successful applications in various
inverse scattering problems involving multistatic data at a fixed energy (or equivalently, the
Dirichlet-to-Neumann map). Its multifrequency version was investigated in [7] and [8] for
inverse stationary source problems. Using the multifrequency data at a single observation
direction, one can reconstruct the smallest strip encompassing the support of the source and
perpendicular to the observation direction. Moreover, the data from sparse near-field ob-
servations can be used to recover the ©-convex polygon (i.e., a convex polygonal region with
normals aligned to observation directions) of the support. In our previous paper [9] we studied
the same kind of inverse moving source problems by using the multifrequency far-field data.
The aim of this paper is to carry over the analysis and numerics of [9] to the near-field case.

Similar to the discussions in [9], we will show that imaging the smallest annular region of
the motion from a single receiver is impossible for general orbit functions. This can be achieved
only when the observation point is observable as defined in Definition 3.7 and when the or-
bit function possesses some monotonicity properties (see Theorem 4.4(ii)). In the absence of
these conditions, one can solely obtain a slimmer annulus Agx) (to be defined in (3.12)), with
a width less than the aforementioned smallest annulus. For non-observable points, the test
functions cannot lie in the range of the data-to-pattern operator as indicated in Lemma 3.12.
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Consequently, extracting any information on the motion of a moving source fails in principle,
although the numerical reconstructions still display partial information. Utilizing sparse ob-
servable points, we propose an indicator function for imaging the analogue of the ©-convex
domain related to the trajectory. Some uniqueness results are summarized in Theorem 4.4 as
a byproduct of the factorization scheme established in Theorems 4.1 and 4.3.

The remainder of the paper is structured as follows. Section 2 focuses on the factorization
of the multifrequency near-field operator N'®), where |z| = R is a fixed observation point.
The factorization is based upon the data-to-pattern operator £ and a middle operator
of multiplication form, following the approach presented in [9] and [7]. A range identity
is presented to establish a connection between the ranges of N@ and £®). Section 3 is
dedicated to the selection of appropriate test functions that effectively characterize the annulus
A(Fm) through analysis of the range of the data-to-pattern operator £®). In section 4, we
define indicator functions by using the near-field data measured at one or sparse observable
positions. Finally, section 5 presents numerical tests performed in three dimensions, validating
the concepts discussed in the preceding sections.

2. Factorization of near-field operator. The objective of this section is to develop a
multifrequency factorization method, employed to recover the trajectory I' = Suppf(-,w)
from the near-field data measured at the point x € Sg. For this purpose, we will adopt the
approach outlined in [8] to derive a factorization of the near-field operator N (@), Motivated
by [7], we introduce two key parameters: the central frequency x and half of the bandwidth
of the near-field data denoted as K.

_ Wmin T Wmax K= Wmax — Wmin
K= =

2

These notations enable us to define the linear near-field operator N'®) : L2(0, K) — L?(0, K)
by

K
(2.1) (N @) (7) ::/0 w(z,k+ 71— 5) P(s)ds, 7€ (0,K).

Recall from (1.9) that u is analytic in w € R. Hence the near-field operator N'®) : L2(0, K) —
L?(0, K) is bounded. Further, it follows from (1.9) that

max eZ(H—‘rT s)(t+etHz—a(t)])
(2.2) N@g)(r / / 08) dt 6(s) ds

82|z — a(t)|

Below we shall prove a factorization of the above near-field operator.

Theorem 2.1. We have N&) = LT L*, where £ = L£®) L2 (tmin, tmax) — L?(0, K) is defined
by

(23) (51/1)(7') — /ttmaLX ei‘r(t+c—1|x7a(t)|)w(t) dt, T¢€ (07 K),

min

for all ¢ € L*(tmin, tmax). Here the middle operator T : L*(tmin, tmax) — L?(tmin, tmax) 15 @
multiplication operator defined by
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eim(t+c*1|x—a(t)|)

= (t)p(t)
V3273 |z — a(t)] (E)e(

Proof. We first show that the adjoint operator £* : L?(0, K) — L?(tmin, tmax) of £ can be
expressed by

(2.4) (Te)(t)

K .
(2.5) (L*)(t) := / ettt le—aD gy ds, ¢ e L(0, K).

0

Indeed, for 1) € L?(tmin, tmax) and ¢ € L?(0, K), it holds that

K [ (o
(eb im0 = | ( et '““W(t)dt) )

min

tmax K
= P(t) </ e—z’T(H-c1|z—a(t)|)¢(7_)d7_) dt
t 0

min

= <¢a E*¢> L2 (tmin,tmax)?

which implies (2.5). By the definition of 7, we have

(TL9)(t) =

eir(te™ e—a(t)]) « )/ s(te Ha=al (s  ds, ¢ e L*(0,K)
t e is(ttc z—a s)ds, c , .
3273 |z — a(t)] 0

Hence, using (1.5) and (2.2),

N Jir(thee-a(0) ittt ao—a(t))) «) /K e—is(t"‘cfl‘x_a(tmgf)(s) ds | dt
V32m|z —a(t)|  Jo

/ /max et i(k+7—8)(t+c z— a(t)|)£( )d ¢< )d
t)dt ¢(s)ds
V3273 |z — a(t)]

This proves the factorization N'@) = LT L*. [ |

Remark 2.2. In the subsequent sections of this paper, we shall designate the operator £
as the data-to-pattern operator associated with the orbit function a(t). It is evident that the
. £t
near-field data given by (1.9) can be represented as u(x,w) = (L m)(w)

ereom= [

Denote by Range(L) the range of the data-to-pattern operator £ = £® (see (2.3)) acting
on L? (tmina tmax)
Lemma 2.3. The operator L : L*(tmin, tmax) — L?(0, K) is compact with dense range.

Proof. For any v € L?(tmin,tmax), it holds that £y € H'(0,K), which is compactly
embedded into L?(0, K). This proves the compactness of £. By (2.5), (L*¢)(t) coincides with
the Fourier transform of ¢ at t + ¢~ |z — a(t)]. If the set {t +c o — a(t)| : t € [tmin, tmax] }
forms an interval of R, the relation (£*$)(t) = 0 implies ¢ =0 in L?(0, K) with the properties
of Fourier transform. When ¢+c~!|z—a(t)| equals a constant C' as t € [tmin, tmax], (L*¢)(t) =
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also implies ¢ =0 in L?(0, K). Hence, £* is injective. The denseness of Range(£) in L%(0, K)
follows from the injectivity of £*. [ |
Within the framework of the factorization method, it is essential to connect the ranges of

N@) and £. We first recall that, for a bounded operator F': Y — Y in a Hilbert space Y, the
real and imaginary parts of F' are defined respectively by

Rep— I HE o p o
2 23

which are both self-adjoint operators. Furthermore, by spectral representation we define the
self-adjoint and positive operator |Re F'| as

|ReF|:/|A|czEA if ReF:/)\dEA.
R R

Here E) represents the projection measure. The self-adjoint and positive operator |Im F’| can
be defined analogously. Introduce a new operator

Fy :=|ReF|+ |ImF|.

Since Fl is self-adjoint and positive, its square root F;E/ % is defined as
F/o = AAE), if Fy= AdE).
R+ R+

In this paper we need the following result from functional analysis.

Theorem 2.4 (see [8]). Let X and Y be Hilbert spaces and let F:Y =Y, L: X =Y, T:
X — X be linear bounded operators such that F = LTL*. We make the following assumptions:
(i) L is compact with dense range and thus L* is compact and one-to-one.
(ii) ReT and ImT are both one-to-one, and the operator Ty = |ReT| + [ImT|: X — X is
coercive, i.e., there exists ¢ >0 with

(Typ,0) >cllp|* forall ¢eX.

Then the operator Fy is positive and the ranges of F;f Y =Y and L: X =Y coincide.

To apply Theorem 2.4 to our inverse problem, we set
F:N(:p)7 L=, T=T, X:L2(tminatmax)7 Y:L2(07K)7
where 7T is the multiplication operator of (2.4). It is easy to see that

_cos[k(t+ ¢z — a(t)])]
[(ReT) ] (8) = V3237 — ath)| ((t)e(t),

(1Tl ) = T C ey
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are both one-to-one operators from L?(tmin, tmax) onto L?(tmin, tmax). The coercivity assump-
tion of N ) yields the coercivity of Tx. As a consequence of Theorem 2.4, we obtain

(2.6) Range [(N(I));%/Q] =Range (L) for any x € Sg.

Let ¢ € L?(0,K) be a test function. We want to characterize the range of £(*) through
the choice of . Denote by ()\SE), wr(f)) an eigensystem of the positive and self-adjoint operator
(N®)) 4, which is uniquely determined by the multifrequency near-field data {u(r,w) : w €
(Wrnins Wmax) }- Applying Picard’s theorem and Theorem 2.4, we obtain

@y s [ )
(2.7) ¢ € Range(£Y) if and only if E | ( )| < 400.
- A
n=1 n

To establish the factorization method, we now need to choose a proper class of test functions
which usually rely on a sample variable in R3.

3. Range of £(*) and test functions. To characterize the range of £, we need to
investigate monotonicity of the function h(t) :=t + ¢~z — a(t)| € C'[tmin, tmax). To achieve
this goal, we introduce the concept of division points for a continuous function defined over a
closed interval.

Definition 3.1 (see [9]). Let f € Cltmin,tmax)- The point t € (tmin, tmax) 5 called a division
point if

(1) f(t)=0;

(2) there exists an € >0 such that either |f(t+€)| >0 or |f(t —¢€)| >0 for all 0 < e < €.

Obviously, the division points constitute a subset of the zero set of a continuous function.
However, a division point cannot be an interior point of the zero set. Given that a(t) €
Ct [tmin, tmax], there exist a finite number of division points for the function h’. Let’s denote
these points as t] < tg < -+ < t,—1. This process divides the interval [tmin,tmax| into n sub-
intervals, namely [t;_1,t;] for j = 1,2,...,n, where we set tmin = to and tmax = tn. Let a;
and h; be the restrictions of @ and h to [tj_1,t;], respectively. Let a; and h; represent the
restrictions of functions a and h to the subinterval [t;_1,t;], respectively. We then define

€0 = it {0}, €0 = sup ()}, j=12...,n

te[tjfl’t]'] tE[tj,l,t,-]
In each subinterval (¢;_1,%;), one of the following cases must hold:
o hi(t)>0for all t € (tj_1,t;). There holds

f(x) :tj_l +Cil‘1‘—aj(tj_1)’, f(x) :tj—i-c*l]x—aj(tj)].

J,min J,max

° h;(t) <0 forall te (tj_l,tj). We have
Erin =t ¢ e = ai (1)), G =tim1 + ¢ e — ()],

° h;.(t) =0 for all t € (tj_1,t;). Consequently,

€ =g e —a(t), telt; )

,min J,max
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Define

B gemmngl,= b {60}, (lommaxgh = s {A0),

te[tmin 7tmax] tE [tn)i1)7tl‘nax]

which denote the minimum and maximum of h over [fmin,tmax], respectively. If [1(¢)] > 0,
the monoton1c1ty of the function & = h;(t) for t € [t;,t;_1] implies the inverse function ¢t =

h (é) € Cl [‘S] min’ 57, Znax] Set

J={jeN:1<j<n,hj(t)=0,t € (tj1,t5)},

and assume h;(t) =c¢; € R for j € J. Note that it is possible that J = 0.
With these notations we can rephrase the operator £(*) defined by (2.3) as

noort
— Z / e Oy (t) dt
_Z/ eimhil dt—l—Ze”cﬂ/ lw

JgJ JjeJ ti-

(3.2)

For j € J, using €™ = /2rF ~16(t — ¢) we can rewrite each term in the second sum as

tj tj
(3.3) e /t ¢(t)dt:\/ﬂf—15(t—cj)/tv W(t)dt

For j ¢ J and h}(t) > 0, the integral in the first summation on the right-hand side of (3.2)
takes the form

= [ e )l €)Y e

[

Note that [hj_l(é)]/ > 0, due to the relation 1’ (t) [hj_l(f)]’ = 1. Analogously, if A(t) < 0 for
some j ¢ J, we have [h;l(ﬁ)]’ < 0 and thus

t; o
/tj_1 eZThj(t)qﬁD(t)dtZ_/5572““ ezTgw(hJ_l(f))(hj_l(f))ldf

€% e
- /g e (h(€))|(h7 (€)Y | de.

(@)

Now, extending h by zero from (& (mm, J max
to LQ(R) we can erte each term for j¢J as

) to R and extending 1) € L?(tmin, tmax) Dy zero

(3.4) /t T e O (1) dt = /R e (h M (€)I(h; ()| de.

j—1
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Combining (3.2), (3.3), and (3.4), we get

(3.5) (L) (r) = /R ¢7Eq(€) de,

with

N R RIS —cj/ o(t)

JgJ jed tj—

Note that g is a generalized distribution if J # () and that g coincides with the Fourier transform

of L&) up to some constant. Since the inverse function h; 1, [ﬁj( mm,fj Y = [tio1,t] s a

bijection, we have supp h; (§) = [5(-35)- fj’max]. Add1tlonally, we have g(c;) #0 as j € J, and

7,min’?

c;j belongs to the interval [fmm, fffgx] Hence, we show the support of the function g as follows:

supp(g(€)) < § | supp(h;h) ¢ | {esr d € T} = [l €L,
i¢J

Summing up the above arguments, we arrive at the following lemma.

Lemma 3.2. Let T' = {y : y = a(t),t € [tmin,tmax]} C R3 be a C-smooth curve with
tmax > tmin. LThen

(36)  (FLO)E) =var | 3ot @) 10 O]+ 36 — ¢ / ()
Jj¢J jeJ Z!

Moreover,

supp(FL® ) c [€2) @) ],

Below we provide a sufficient condition to ensure trivial intersections of the ranges of two
data-to-pattern operators corresponding to different trajectories.

Lemma 3.3. Let Ty = {y : y = a(t),t € [tmin,tmax]} C R and Ty, = {y : y = b(t),t €
[tmin, tmax] } C R3 be Ct-smooth curves such that

inf  (t4+c oz —a(t)]), sup (t+c tz—a(t)])
L€ [tmin,tmax) tE[tmin,tmax)

min 7tmax] te [tmin 7tmax]

(3.7) ﬂ[te[tinf (t4c Yz —bt)]), sup (t+c—1|g;—b(t)|)]:®.

Let E(m) and E(x) be the data to-pattern operators associated with 'y and T'y, respectively.
Then Range([,( )) N Range( ) {0}.
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Proof. Let fa, fo € L*(tmin,tmax) be such that (L’((f)fa)(T) = (ﬁl()x)fb)<7') = Q(r,z). We
need to prove Q(-,z) =0. By the definition of L (see (2.3)), the function

tmax B trmax )
roQUra) = [ e e = [ e e )
t t

belongs to L?(0, K). Since Q(r,z) is analytic in 7 € R, the previous relation is well defined
for any 7 € R. By Definition 3.1, we suppose that {t " 11 and {t; }m . are division points of
the functions hy(t) =t +c Yz —a(t)| and hy(t) =t + c Lz —b(t)), respectlvely. Analogously
we define hjq(t) :=t + ¢ o — aj(t)], hjp(t) ==t + c o — bj(t)|, and Ja = {j eN:1<
J<n by (8) =0t € (tj—1,t)} Jo={j eN: 1< j<m,h, (1) =0t € (tj—1,t;)}. Denote
hja(t) =cjq for j € J, and hj(t) =cjp for j € Jp.

Using the formula (3.5), the function Q(-,x) can be rewritten as the inverse Fourier trans-
forms

(3.8) Qhwﬁjéé“%@wﬁ%=A§”%M&md&

with

=" falh X O) L)Y+ 8¢ %/'n

j¢Ja JE€J, 12
—Zﬁ@ﬁ)]b\+zé—%/ 0
JEds Jjeds b

This implies g4 (&, 2) = gp(§, z) for all £ € R. On the other hand, the support sets of g, and g
satisfy

supp gq (-, ) C 1nf t—f—c*1|z—a(t)\), sup (t—l—cil\az—a(tﬂ) ,
L€ [Emin,tmax) L€ [Emin,tmax]

supp g (-, x) C [ 1nf t—l—c_l\:ﬁ—b(t)\), sup (t+c_1|:c—b(t)|)] .
nu tE[tmin;tmax]

Hence, by the condltlon (3.7) we obtain g4(&,z) = gp(§,2) =0 for all £ € R. In view of (3.8),

we get Q(-,z) = |
Remark 3.4. A sufficient condition to ensure (3.7) is
(3.9) inf  |z—0(t)|> sup |r—a(t)]+ c(tmax — tmin)-
te[tminatmax te[tnﬁn’tmax}

In Figure 2 we show an example of two orbit functions which satisfy the condition (3.9).

For any y € R3, define the parameter-dependent test functions ¢3(,x) € L?(0,K) by
(3.10) O (w) = ’t’/ wittez=yD g we (0,K).
max ~— mm
Here we emphasize that the test function qby depends on both the observation point = € Sg

and the sampling point y € R®. The Fourier transform of the aforementioned test function is
given as follows.
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inf [z —b(t)| — sup |z —a(t)
L€ [tmin tmax) L€ [tmin tmax)
a(t) ————
ez = (0,0,0)

Figure 2. Illustration of two trajectories a(t) and b(t) in the Oxzixs-plane such that Range(ﬁf(f)) N
Range(ﬁgx)) ={0}. Here we set x=(0,0,0), c=1, a(t)=(t —2,0,1), and b(t) = (t — 2,0,4) with t € [1,3] (the
black segments). Since infie(r,; tma |7 — 0(t)| =4 and sup,¢y, e —a(®)] = V2, the condition (3.9) is
fulfilled, which implies the condition (3.7).

minstmax

Lemma 3.5. We have

(z) _ V27 [[tmax — tmin| if TE [tmin + C_1|$ — Y|, tmax + C_1|x - y” )
(3.11) [F,”1(7) { 0 otherwise.

Proof. Letting 7 =t 4 ¢!z — y|, we can rewrite the function gbgfv) as

¢§x)(w):AeiWTgy(T,x) dr,

where
; if . —1y,. _ -1y,
II7e [tmln“‘c ‘$ y’, tmax + C ’x y” ,
gy(Ta .fU) = ‘tmax - tmin‘
0 otherwise.
Therefore, [}-ff’g(/x)](T) = \/ﬂgy(ﬂ ). -

In the following we present a necessary condition imposed on the observation point x and
radiating period T := tyax — tmin t0 guarantee that the test function ¢7(f) lies in the range of
the data-to-pattern operator.

Lemma 3.6. If ¢7(f) € Range(L®)) for some y € R3, we have 51(112)( - fl(ﬁl >T. Here 51(;2)(
and §I(Ti)n are defined by (3.1).

Proof. 1f gf)(yx) € Range(ﬁ(w)), there exists a function ¥ € L?(tmin, tmax) such that ¢§m) =
L&) in L?(0,K). Since both QSSE) and £®)y are analytic functions over R, it holds that
¢?(f)(w) = (L®)(w) for all w € R. Then their support sets must be identical, i.e.,
Supp(}"d)g(f)) = supp(FL®¢) [fgi)n, r(,fgx], where we have used Lemma 3.2. Hence, the

length of supp(F @(f)), which can be seen from Lemma 3.5, must be less than or equal to that

of (€ {8, ie.,
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gr(Igfa),x - €I(nxl)n Z tmax - tmin =T. |
From the above lemma we conclude that qbg(f) ¢ Range(L®) for all y € R? if §1(ngx—£$)n <T.
Inspired by this fact, we introduce the concept of observable points.

Definition 3.7. Let fr(ri)n and fr(ffgx be the mazimum and minimum of the function h(t) =
t+c Yo —a(t)| € Ctmin, tmax] (see (3.1;), respectively. The measurement position x € R3\T
*) >T. The measurement position x € R3\T is called

is called an observable point if Emax — Emin

non-observable if 51(12)( — §($) <T.

min

In this paper observable and non-observable points always mean measurement positions
that are away from the trajectory. We remark that the set of observable points is uniquely
determined by the orbit function a(¢) in conjunction with the starting and terminal time
points tmin and tnax. In the case of non-observable points x, our approach does not yield any
information about the orbit function, a fact that will be elucidated in the second assertion of
Theorem 4.1. For an observable point z satisfying (x —a(t))-a’(t) <0 for all ¢ € [tmin, tmax], We
will show that it is possible to reconstruct the smallest annulus encompassing the trajectory
and centered at . However, in cases in which (z — a(t)) - a’(t) <0 for all t € [tmin, tmax] 1S nOt
fulfilled, one can only except to image a slimmer annulus centered at the observable point x.
In the subsequent sections, we proceed with the observable points/positions for orbit functions
defined by a straight line (see Figure 3) and a semicircle (see Figure 4) in three dimensions.
In both examples, we assume c=1.

Example 1: A straight line segment in R®. Consider an acoustic point source which is
moving along a straight line.

—6

-8

Figure 3. Illustration of observable (green arc) and non-observable (dotted arc) points for the trajectory
a(t) =(0,0,2¢) forte[1,2] in the Ox1z3-plane.
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2 52

a(tmin) a(tmax) 1

2 1\ 1 2

r

Figure 4. Illustration of the observable points (green area excluding the trajectory I') and non-observable
points (red area excluding the trajectory I') for the trajectory a(t) = (0.5cost,0.5sint, 0) with t € [w,27] in the
Oxzz2-plane.

Lemma 3.8. Define the orbit function a(t) := (0,0,2t) € R3 for t € [1,2]. Then the point
x = (z1,72,73) ER?, 2| =6, is observable if z3 € [—6, 2=Y33]J[3,6].

Proof. From the expression of the orbit function a(t), we have

ﬁv

h(t)=t+ |z —a(t)|=t+ /23 + 25+ (x5 —2t)2 =t + \/(zt—x3)2+36—x§,
2(2t — x3)
V (2t —23)2+36 — 23

Rt)=1+|z—a(t)| =1+

2
T3

We notice that h'(t) > 0 as t > to and h'(t) <0 as t < tg, where to:= % — /3 — 73. Hence,
there are three cases for the relationship between ¢y and [1,2].
3+v/33

Case (i): If tg <1, then x5 —2 < 4/12 — %g, which means z3 € [-6, >5=°]. In this case,

h(t) is monotonically increasing in [1,2]. So, if x is observable, we have
h(2) —h(1) > 1,
that is,
(4—23)° > (2—x3)*.

Thus, x € Sg is an observable point if z3 € [—6, 3].

Case (ii): If tg € [1,2], then 23 —4 <4/12 — %3 < x3 —2, which means z3 € [HT‘/E,ZH—\/E].
In this case, h(t) is monotonically decreasing in [1,%y] and monotonically increasing in [tg,2].
We notice that

max{h(1),h(2)} — h(t) < 1

for all z3 € [%ﬂﬁ—i- V6.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/25/24 to 221.238.245.22 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

IMAGING MOVING POINT SOURCE BY MULTIFREQUENCY DATA 1391

Case (iii): If tg > 2, then x3 —4 > 4/12 — %, which means x3 € [3 + 1/6,6]. In this case,

h(t) is monotonically decreasing in [1,2]. So, if x is observable, we have

h(1) — h(2) > 1,

that is,

\/(2-&73)2—’-36—33%—\/(4—$3)2+36—CE§22.

Thus, x € Sg is an observable point if x3 =6.
To sum up, we deduce that an observable point x € R?, |z| = 6 should fulfill the relation

x3 € [-6,3]|_J{6}. n

Example 2: A semicircle in R3. Suppose that an acoustic point source moves along a
semicircle centered at z = (21, 22, 23) € R3.

Lemma 3.9. Let the orbit function be a(t) = (0.5cost + z1,0.5sint + 29, 23) € R? fort €
[,27]. Then x = (x1,x2,23) ¢ I' is observable if x1 < z;.

Proof. From the expression of the orbit function a(t), we have

h(t)=t+ |z —a(t)|=t+/(z1 — 21 — 0.5co8t)2 + (23 — 29 — 0.5sint)2 + (x3 — 23)2.

It is obvious that |a’(¢)| < 1. Then we get h/(t) > 0 for all ¢ € [, 2], that is, the function h(t)
is monotonically increasing in [, 27]. Hence,

‘S(mi)n =7+ \/(fﬂl —21+0.5)2 + (2 — 22)2 + (23 — 23)2,

m.

5&3}( =21+ \/(xl — 21 —0.5)2 4 (w9 — 22)2 + (w3 — 23)2.

If z is observable, we have

€@ — &%) — x4 /(w1 — 21 — 0.5)2 + (w3 — 22)2 + (w3 — 23)
—V(x1 =21 +0.5)2 + (32 — 22)% + (23 — 23)2

>T=m,
that is,
(1 — 21 —0.5)2> (z1 — 21 +0.5)%
One can find x1 < z; through simple calculations. [ ]

Given the trajectory I' = {y : y = a(t), t € [tmin, tmax]}, the set

Ap = {yeR3;inf\x—z|§|x—y\§suplx—21}
zel zel
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\: -
sup |z — 2
r 1 zel“ ‘
1
-3 -2 1 1 2 3
1 or =(2,0,—1)
inf |z — 2|
(@) zel’
Ry -2
-3

Figure 5. Illustration of the annulus A(z) (blue area) with x = (2,0,1) in the Ox1x3-plane. The wave
propagates with a speed of unity. Here the curve a(t) = (—1,0,4—t), t € [1,6], denotes the orbit (the red segment)
of a point source moving from below to above. There holds \x a(tmax)| = V10, |z —a(tmin)| =5, inf.er |z —2| =
3, sup,er [t —2z| =5. In this case the annulus A;m) is a subset of {y € R® :inf.cr |[z—2| < |z—y| <sup,cr|z—2]}.

represents the smallest annulus encompassing I' and centered at the point x. Intuitively, it is
reasonable to anticipate recovering this annulus utilizing multifrequency data collected at a
single observation point. If z is an observable point, we define the annulus (see Figure 5)

(3.12) AP = {y cR3: (gfjf)n . tmm) <lz—y|<e (gggx - tmax> } CRS.

Remark 3.10. If the point source remains stationary at z € R3, that is, I' = {z}, then every
point = € R3\{z} is observable. In such a scenario, the annulus A%x) is reduced to the sphere
{yeR3: |z —y|=|z — 2|}, since §mm = tmin + ¢ Yz — 2| and §I(ffgx = tmax + ¢!z — z|. This
signifies that the set of non-observable points is caused by the motion of the point source.

If B/(t) >0 for t € (tmin, tmax), we have
AP = {y e R?: |z — a(tmin)| < |2 — y| < |2 — a(tmax)|},

which is a subset of Ap. Moreover, Al(ﬂx) coincides with Ar when (z — a(t)) - a/(t) <0 for all
te [tmina tmax], because

x —alt)
—a(t) =————%-d(t)>0 forall t€ [tmn,t ,
|1: CL( )‘ |IL‘—CL(t)‘ CL( )— r [mm max]
implying that
5mln miﬂ+c_1|xia(tmin)’7 gmax 75max+c | tmax|7
|z — a(tmin)| = Inf |z — 2|, |z — a(tmax)] —SUP|CU_Z|
zel
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If h'(t) <O for t € (tmin,tmax), there holds
AR = {y €R®: 3 = a(tmax)| + T < |2 — y| < [ = a(tmin)| — T},

which is also a subset of Ar; see Lemma 3.11 below.

Lemma 3.11. Let x € Sg be an observable point. We have

inf |z —z|<|z—y|<suplx —z| forall ye Aiﬂx).
ZEF ZEF

Proof. Suppose that

€9 =t re Yz —a(t)), €8 =to+c Yz —a(ts)] for some 1,2 € [tmins tmax].

min
Therefore,
c (fgl)n - tmin) =ct; + |x — a(t1)| — ctmin > |z — a(t1)]| > ;2£ |z — z|,

c (fr(fgx — tmax> =cty+ |x — a(t2)] — ctmax < |x — a(tz)| < su%) |z — z|.
ze

This implies that for y € Al(ﬂm),

lz —y|<c ( r(fa)m — tmax) <suplr—z|, |z—y|>c (fl(ffl)n — tmin) > inf |z — 2. m

zel zel
If = € SR is observable, we shall prove that the test function gbz(/m) defined by (3.10) lies in
the range of £*) if and only if y € A%m). This together with (2.6) establishes a computational

criterion for imaging A%x) from the multifrequency near-field data u(z,w) with w € [Wiin, Wmax]-
We also need to discuss non-observable points.

Lemma 3.12.

(i) If z is non-observable, we have ¢Z(f) ¢ Range(L®) for all y € R3.

(ii) If x is an observable point, we have qﬁz(f) € Range(L®) if and only if y € A%m).

Proof.

(i) The first assertion follows directly from Lemma 3.6 and the Definition 3.7 for non-
observable points.

(ii) If z is an observable point, we have {I(fgx —51(1?11 >T. If <;57(f) € Range(£®), one can find
a function ¢ satisfying qﬁg(f) = L£@)¢. Then their support sets must fulfill the relation
supp(]-"gbéx)) = supp(FL® ¢) C [5&11,51@,(] by Lemma 3.3. Using Lemma 3.5 yields

[tamin + ¢ =l fma + 7z = y] € €50, 650,
Hence, tmin +c¢ o —y| > fl(fl)n and tpax + ¢ o —y| < gﬁﬁx, leading to
C(fgfl)n - tmin) S “T - y| S C( r(r?a)x - tmax)-

This proves y € A%x).
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To prove the reverse direction, we set Nmin = tmin + ¢ |z —y| and Nmax = tmax +¢ Lz —1|.
(z)
If y € A;7, we have

[nmin,nmax] = [tmin + C_1|CU - y|,tmax + C_1|$ - y” C [gl(y‘f)rlagl(lfgx]

Setting

R (t

¢y(t) = ’ 1(—‘)|Xy(t) € LQ(tminatmaX)g
where
1, tey,
t) =

Xy( ) {0’ tgé Y,

and

Y:= {t € [tminytmax] : h(t) € [nmjn, nmax]; h(t) =+ h(f) for all t € [tminyt)} ,

one can find that A(t) : Y — [min, Tmax| iS & bijection. Then,

(L) (w) = /

tma

" piw(te a—a(t))) W, (t)dt

tmin
_ [ iwnn IM (D)
/Ye T dt
e e 1 @
:/n e = 0l ().
Therefore, ¢1(/$) (w) € Range(L®). [ ]

Remark 3.13. The proof of Lemma 3.12(ii) corrects a mistake made in Lemma 3.11 of [9].

4. Indicator functions and uniqueness. If = is an observable point, by Lemma 3.12 and
(2.6), the test functions ¢?(f) can be effectively employed to define the characteristics function
of Al(fv). Introduce the indicator function

o 116 @2
(4.1) WO = 3 9y ’T"( )>‘L2<07K>
Afnl:

-1

, yeR3,

n=1

Combining Theorem 2.4, Lemma 3.12, and the Picard theorem, we obtain the following the-
orem.

Theorem 4.1 (single observable point). If x is an observable point, it holds that

. 0 i A
finite positive number if yeAp’.

If x is non-observable, we have W) (y) =0 for all y € R®.

Therefore, for observable points, the values of W*) within the annulus A%x) are expected
to be larger compared to those in other regions. However, if x is non-observable, the values
of W) will identically vanish in R3.
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Remark 4.2. The trajectory I' cannot be uniquely determined by one observable point x.
For example, let 'y ={z1} and I'y = {22} be given by two stationary points such that

21 # 29, |x — 21| = |x — 29|

Then, by Remark 3.10, we have A(x) = A(w) = {y eERY: |z —y|=|z—2l,j=1,2}.

In the case of sparse observable points {1: €Sp:j=1,2,...,M}, we shall make use of
the following indicator function:

-1 @) (W) -1
M M oo
) {5 Y B s
42 W)=Y | =D J . yeR3,
S WEN ) ot M)

Define the domain Dr associated with the observable points {m(j )ij=1,2,....M } as

2@
(4.3) Dr= () AY.
j=12,.-- M

We can reconstruct Dr from the multifrequency near-field data measured at sparse observable
points.

Theorem 4.3 (finite observable points). It holds that 0 < W(y) < 400 if y € Dr and
W(y)=0ify ¢ Dr.

Proof. If y € Dr, it means that y € A%x(j)) for y=1,2,..., M. By Theorem 4.1,
‘<¢y @) 7 7(;5(]'))> 2

L2(0,K)

(4.4) Z <4oo forall j=1,2,..., M.

n=1 ’)‘

gj(]) ‘

Then the finite sum over the index j must fulfill the relation 0 < W (y) < +o0.
§9
If y ¢ Dr, we may suppose without loss of generality that y ¢ A(Fx ), By Theorem 4.1,

‘<¢y$(1> 7w7(f<1))> 2

L2(0.K) _
|>\

[ (1) Z

™)
n=1 ‘

Together with the definition of W, this gives

(™) (zW)
‘<¢y ad]n > L2(0,K) —0
(z™M) : ]
n=1 |>‘ |

9 -1

Wi(y) <

Consequently, we arrive at the following uniqueness results, which seem unknown in the
literature.
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Theorem 4.4 (uniqueness). Denote by T'={a(t) : t € [tmin, tmax] } the trajectory of a moving
point source where a € C! [tmin,tmax].

(i) The domain Dr associated with all observable points x € Sk (see (4.3)) can be uniquely
determined by the multifrequency data {u(z,w): x € Sg,w € (Wmin, Wmax) } -

(ii) Let x € Sk be an arbitrarily fized observable point. Then the annulus Al(ﬂx) (see (3.12))
can be uniquely determined by the multifrequency data {u(z,w) : w € (Wmin,Wmax)}-
In particular, the annulus Ap can be uniquely recovered if (x — a(t)) - a'(t) <0 for all
te [tmina tmax] .

Remark 4.5. Physically, the condition (x — a(t)) - a/(t) < 0 in the second assertion of
Theorem 4.4 means that the function h(t) =t + ¢~z — a(t)| is monotonically increasing and
the function |z — a(t)| is monotonically non-decreasing in [tmin, tmax]-

The second assertion of Theorem 4.4 provides insight into the nature of information that
can be extracted from multifrequency data obtained at a single observable point. However,
in the absence of any prior information on the orbit function, it remains unknown to classify
observable and non-observable points.

5. Numerical implementation. In this section, we will perform a series of numerical ex-
periments to validate our algorithm in 3D. In practical scenarios, time-domain data is often
inverse Fourier transformed to yield multifrequency data. However, to streamline the numeri-
cal procedures for simulation purposes, we will exclusively conduct computational tests within
the frequency domain only. Our primary objective is to extract information on the trajectory
of a moving point source. This aim is accomplished through the utilization of multifrequency
near-field data recorded at either a single observation point or sparsely distributed observation
points.

Assuming a wave-number-dependent source term f(z, k), as defined in (1.5), we can syn-
thesize the near-field pattern using (1.9) by

tmax giw(t+c™z—a(t)])

St V32032 — a(t)]

where Sp = {r € R® : |z| = R}. The strength function ¢(¢) of the signal is defined as
(t) = (t + 1), which obviously fulfills the positivity constraint (1.2). Below we will describe
the process of inversion algorithm. The frequency interval (0, K) can be discretized by defining

(5.1) u(z,w) Lt)dt, z€Sgr,wE (Wnin,Wmax)s

K
wp=Mm—-05)Aw, Aw:= N n=12,...,N.

To approximate the integral in (2.1), we adopt 2N — 1 samples u(z,k + wy,),n =1,2,..., N,
and u(z,k —wy),n=1,2,..., N — 1, of the near field and apply the midpoint rule. Therefore,
we have

N
(5.2) (N(x)@(Tn) ~ Z w(Z, K+ Tn — $m) P (sm) Aw,

m=1
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where 7, :=nAw and s, :== (m — 0.5)Aw, n,m=1,2,..., N. The Toeplitz matrix provides a

discrete approximation of the near-field operator A/ (*):

(5.3)
u(x, Kk +wr) u(x,k—w1) - u(z,k—wn_2) ulr,k—wn_1)
u(z, K+ wo) w(z,k+w)) o u(r,k—wy_3) u(r,k—wy_2)

N@ . — Ak : : : : ,
u(z,k+wny-1) ulz,k+wy_2) - ulx,k+wi) u(z, Kk —wi)

u(z,k+wy) ulx,k+wn_1) -  u(x,k+ws) u(z, K+ wr)

where N@) is an N x N complex matrix. For any point y € R? we define the test function
vector <Z>§,$) e CV from (3.10) by

(5.4)

t"m,a,:c tmaa‘,
o = (1 / gntre ey L / em<t+c1|:c—y>dt> ‘
tmaz — tmin t tmaz — tmin tomin

min

Denoting by {(5\%@, Ef)) :n=1,2,...,N} an eigensystem of the matrix N'®) (5.3), then one
deduces that an eigensystem of the matrix (N (®)) 4 := [Re N @)| 4+ |Im (V)] is {8y
n=12,...,N}, where AW = |Re(5\£fc))| + [Im (5\53"))\ We truncate the indicator function
W@ (4.1) by

271
(5.5) WO (y):= > ey , YER?,
n=1 n

where - denotes the inner product in R? and N is consistent with the dimension of the Toeplitz
matrix (5.3).

The visualization of the annulus A%I) is attainable through the plot of W) (y). This
visualization carries crucial information about the source trajectory, particularly when using
the data from an observable. Such visualizations can be used to describe the trajectories of
moving point sources, no matter whether they are characterized by straight lines or arcs. In
the following figures, the original trajectory will be highlighted by the red solid line. Unless
otherwise specified, we assume kpi, = 0 for the sake of simplicity. The bandwidth can be
extended from (0,wmaz) t0 (—Wmax,Wmax) by u(z, —w) = u(z,w). Then, one deduces from
these new measurement data with wyi, = —wWmae that K =0 and K = wyee. The frequency
band is represented by the interval (0,6) with wyax =6, N =10, and Aw =3/5.

5.1. One observation point. In this subsection, the search domain is selected as a cube
of the form [—2,2] x [—2,2] x [-2,2] and the observation points are chosen from the set
{z € R?: |z| = 2}. The observation points are then set on a sphere with a radius of 2, such
that = (2sinpcosf, 2sin psinf, 2cos ) for 6 € [0,27] and ¢ € [0, 7]. Figures below illustrate
the slices at y1 =0 or yo =0.
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Example 1: A straight line segment in R3. We examine a straight line segment from
Example 1, outlined in section 3. Suppose that the trajectory of the moving point source
is given by a(t) = (0,0, — 2), where ¢t € [1,3] and © € Sy = {x € R® : |z| = 2} represent
the observation points. As the first step, we must classify the observable and non-observable
points. According to the orbit function, we have

h(t)=t+|z—a(t)|=t+ \/x%+x§+(x3—(t—2))2,

t—2—=x
cd(t) =14 — s 2 .
Vi + a3+ (v3— (t—2))?

As the second term on the right-hand side of the above equation always falls in the range
[—1,1], it is evident that A'(¢t) > 0 for all ¢ € [1,3], indicating that the function h(t) is
monotonically increasing over [1,3]. Consequently, 57(;62)” =h(1) and e = h(3) as described
n (3.1). We know that the points satisfying h(3) — k(1) > 3 — 1 are all observable points as
illustrated in Definition 3.7. By simple calculations similar to the proof of Lemma 3.8, 23 <0
can be obtained. Consequently, the observation points = = (x1,x9,23) ¢ I' satisfying x3 < 0
are all observable. Furthermore, if (z—a(t))-a'(t) = 23— (t —2) <0, then x5 € [-2,—1]. Thus,
the smallest annulus A%x centered at r and containing the trajectory can be fully recovered
if and only if the observable points x satisfy —2 < x3 < —1. If not, one can only get a slimmer
annulus Agx) C Agv). Moreover, all observation points x where x3 > 0 are non-observable. The
corresponding numerical results are presented in Figures 6, 7, and 8.

In Figure 6, we examine various observable points x, where 6 € [0,27] and ¢ € [27/3,7].
Specifically, we restrict ¢ to the range [27/3, 7], which corresponds to —2 < z3 < —1. We
observe that (z — a(t)) - a’(t) <0 for all ¢ € [1,3]. Consequently, our theoretical predictions
ensure that the trajectory of the moving point source can be fully enclosed within the smallest
annulus A centered at z. Tt is worth noting that our numerical examples demonstrate that
AR = A(;"g.

In Figure 7, we collect data at the observable points z = (2sin @ cosf, 2sin psinf, 2cos p),
where 6 € [0,27] and ¢ € [7/2,27/3), such that —1 < z3 < 0. However, we note that
(x —a(t)) - a'(t) <0 no longer holds for all ¢ € [1,3]. Even though these observation points
x belong to the observable set, the corresponding annulus A%x) turns out to be slimmer than
the smallest annulus that encloses the trajectory of the moving source and is centered at x.
This discrepancy arises due to the relationship A%x) C A%x), as established by Lemma 3.11.

The observation points z = (2sinpcosf, 2sinpsinf, 2cosp) are non-observable when
6 € [0,27] and ¢ € [0,7/2). Numerical results in Figure 8 indicate that the corresponding
indicator values are consistently much smaller than 10~°. This is consistent with the outcome
of Theorem 4.1, which implies that it is not possible to reconstruct the annulus centered at
x which contains partial or whole information on the trajectory of the moving source. The
further the non-observable points are from the observable region, the lower the corresponding
indicator values. Figure 8 shows that partial information on the trajectory can still be retrieved
by our indicator function even at non-observable points, which is an intriguing observation
that requires further investigation.
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(c) @ =27/4, ¢ =87/9 (d) 6 =37/4, p =67/9
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(i) 6 =8n/4, ¢ =97/9

Figure 6. Reconstruction from a single observable point x = (2sin p cosf, 2sin@sin 6, 2 cos ) with 6 € [0, 27]
and p € 27/3,m] for a straight line segment a(t) = (0,0,t — 2), where t € [1,3]. Here it holds that A%I) = A%I).
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(i) 8 =8n/5, ¢ = 8m/15

Figure 7. Reconstruction from a single observable point x = (2sin p cosf, 2sin@sin 6, 2 cos ) with 6 € [0, 27]
and ¢ € [7/2,27/3) for a straight line segment a(t) = (0,0,¢t—2), where t € [1,3]. Here it holds that A?) C A{f).
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Figure 8. Reconstruction from a single non-observable point x = (2sinpcosf, 2sinesind, 2cosp) with
0 €[0,27] and ¢ € [0,7/2) for a straight line segment a(t) = (0,0,t —2) with t € [1,3].
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Example 2: An arc in R®. As demonstrated in Example 2 of section 3, we consider the
trajectory of the moving point given by a(t) = (0, cost,sint), where ¢ € [0,7]. From the orbit
function, we obtain

h(t)=t+ |z —a(t)|=t+ /22 + (w2 — cost)? + (z3 — sint)2,

_xmalt) iy
—a(p) !

—xgsint + x3cost
|z —a(t)|

B (t) =

It is evident that |a’(t)| = 1; thus A/(t) > 0 for all ¢ € [0, 7], which indicates that the function
h(t) monotonically increases over [0,7]. Subsequently, we have fgfl)n = h(0) and gﬁ,fgx = h(m).
According to Definition 3.7, observable points are those that satisfy h(mw) — h(0) > 7 —0. By
simple calculations similar to the proof of Lemma 3.9 one can infer that xo > 0. Therefore,
the observation points x = (z1,x2,x3) ¢ I that satisfy x9 > 0 are all observable. Furthermore,

the statement (x — a(t)) - a/(t) = —xasint + xzgcost <0 is equivalent to

xosint 4+ xgcost = /a3 + 2 3 cost 2 sint
_ =/ 2 2 ———— _
Vs + a3 Vs + a3
= /2% + 23 sin(a —t) <0,

“— and cosa = —=2=. If it holds that —w2sint 4 z3cost < 0 for all
Tr+x3 Tr+x3

€ [0, 7], then it is evident that o = 2nm,n = 0,4+1,+2,..., meaning x3 = 0. The smallest

T3

where sina =

annulus A%x), centered at x and containing the trajectory of the moving source, is recoverable
only when the observable points x satisfy x3 = 0. Otherwise, a slimmer annulus A(Fx) C A(Fx)
can be obtained. Additionally, all observation points x with x5 < 0 are non-observable. The
numerical results are presented in Figures 9, 11, and 12.

Figure 9 demonstrates the reconstruction of an arc from observable points x = (2sin ¢ cos 6,
2sinpsind,2cos) with 6 € [7,27] and ¢ = 7/2. We conclude that the trajectory of the
moving point source perfectly lies in the smallest annulus centered at x and containing its
trajectory. This is due to the selection of observable points x with z3 =0 and x4 > 0, such that
(x —a(t))-d'(t) <0. Here, we have Al(f) = Ar. This effectively demonstrates the effectiveness
of our algorithm for imaging an arc in R?. It is worth noting that although the arc trajectory
of the moving source lies in the annulus depicted in subfigures (a), (b), (c), (g), (h), and (i),
they cannot be seen clearly since the slice is set at y; = 0. Therefore, corresponding isosurfaces
of the reconstruction are plotted in Figure 10, showing the trajectory of the moving source
perfectly located between the isosurfaces as predicted by our theory.

Figure 11 displays the reconstructed annulus A(Fx), which is slimmer than A%x). This is
due to our selection of observable points x = (2sinpcosf, 2sinsiné, 2cos ) with 6 € [0, 7]
and ¢ = [0,7/2) U (7/2,7] implying z2 > 0 and z3 # 0, making it unsuitable to apply
(x—a(t))-d'(t) <0 for all t € [0, 7]. This results in Agx) C Al(ﬂm), limiting the retrieval of partial
trajectory information. Since h/(t) > 0 for ¢ € [0, 7], it is possible to capture the starting and
ending points of the trajectory by Al(ﬂx) ={y eR3: |7 — a(tmax)| < |2 — y| < |7 — a(tmim)|}. Tt
should be noted that the size of the annulus depends on the location of the observation points.
The numerical results presented in Figure 11 are in agreement with our theory predictions.
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Figure 9. Reconstruction from a single observable point x = (2sinpcosf, 2sinpsinf, 2cos @) with 6 € [0, 7]
and ¢ =7/2 for an arc a(t) = (0,cost,sint), where t € [0,7]. Here it holds that Afﬂz) = A%z).
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(c) 0 =27/8, p=7/2 (d) 6 =67/8, p=m/2

(e) 6 =Tn/8, p=7/2 (f) 6 =8n/8, ¢ = m/2

Figure 10. Isosurfaces of reconstruction from a single observable point x = (2sin p cos 6, 2sinpsin b, 2 cos )
with 0 € [0, 7] and p =m/2 for an arc a(t) = (0, cost,sint), where t € [0,7]. Here it holds that A%z) = A%z).

Figure 12 presents indicator functions for various non-observable points z = (2sin ¢ cos6,
2sinsinf,2cos ) with 6 € (7,27) and ¢ € [0,7], i.e., 22 < 0. It can be observed that the
values of the indicator functions are significantly smaller than 1075.

5.2. Sparse observation points. In this subsection, we extend Examples 1 and 2 to in-
clude multifrequency near-field data measured at sparse points. To truncate the indicator
function (4.2), we introduce the following expression:

217 —1

2 )
\¢§, )
(5:6) W =133 ey - yERS
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Figure 11. Reconstruction from a single observable point x = (2sin ¢ cosf, 2sin psinb, 2 cosy) with 6 € [0, 7]
and ¢ =10,7/2) U (w/2,7] for an arc a(t) = (0, cost,sint), where t € [0,7]. Here it holds that Aff) C Aff).
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Figure 12. Reconstruction from a single non-observable point x = (2sinpcosf, 2sinpsinf, 2cosp) with
0 € (m,27m) and ¢ € [0, w] for an arc a(t) = (0,cost,sint), where t € [0, ].
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In this definition, M >0 denotes the number of sparse observation points distributed on S5.
Also, the test function qby ) has the same definition as in (5.4), and {( xm) (z(]))) in =
1,.. .,N} denotes an eigensystem of the operator (./\/'(z(j)))#. Notably, 2t/ ) (j=12,...,M)
may contain both observable and non-observable points. To eliminate the terms smular to

x<3>)

3;(1)
TS
q;(])
A

=12, W,

Uj =
n=1
from the sum in (5.6), we set a threshold M’ > 0. Precisely, if min(@;(y)) > M, the point 2(7)
can be categorized as a non-observable point through the second assertion of Theorem 4.1.

First, assume that all the selected observation points are observable, and that the angle
between the vector connecting these observable points and the trajectory points, and the
velocity vector of the moving point source, lies within the range of [7/2,37/2], implying
(x —a(t))-d'(t) <0. For every observation point, it is possible to extract the smallest annulus
centered at the observation point and containing the trajectory of the moving point source.
In Figures 13 and 14, we use 13 observation points to reconstruct a straight line segment
a(t) = (0,0,t — 2) with ¢t € [1,3] in Example 1 and 9 observation points to reconstruct an
arc a(t) = (0,cost,sint) with ¢ € [0,7] in Example 2, respectively. The reconstructed slices
and isosurface are shown in Figures 13 and 14, where it is evident that the trajectories are
enclosed by the intersections of the smallest annulus A%wj ) centered at x; and containing their
own trajectories. However, since we have only chosen a partial set of observation points, we
are not able to reconstruct the trajectories perfectly.

Next, assume that all the selected observation points may contain both observable and
non-observable points. In the presented numerical examples below, we set the threshold
value as M’ =10°. Figures 15 and 16 present the reconstructed trajectory for orbit functions
a(t) =(0,0,t—2) with ¢ € [1, 3] using different sparse observation points and different frequency
bandwidths. Although sparse observation points data M = 4,6,12 are used, the trajectory

%107

(a) A slice at y2 =0 (b) Tso-surface level =1 x 1073

Figure 13. Reconstruction from sparse observation points x = (2sinpcosf, 2sinpsiné, 2cosp) with § €
[0,27) and ¢ € [2w/3, 7] for a straight line segment a(t) = (0,0,t — 2), where t € [1,3]. Here M = 13 denotes
the number of the observation points, and we take 6 =(j —1)w/2, j=1,...,4, and p=(j +5)7/9, j=1,...,4,
such that A?") = Aff").
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%1073
3

25

2

(a) A sliceat y1 =0 (b) Iso-surface level =1 x 1072

Figure 14. Reconstruction from sparse observation points x = (2sinpcos6, 2sinesing, 2cosy) with 6 €
[0,7] and ¢ = /2 for an arc a(t) = (0,cost,sint), where t € [0,7]. Here M =9 denotes the number of the

observation points, and we take 0 = (j — 1)w/8, j=1,...,M, and p =7/2 such that Ag:j) = A;xj).

%1078 %107
10
8

6

N

(¢) M =12

Figure 15. Reconstruction from sparse observation points x = (2singpcosf, 2sinesinf, 2cosp) with 6 €
[0,27) and ¢ € [0, 7] for a straight line segment a(t) = (0,0,t — 2), where t € [1,3]. Here M denotes the number
of the observation points. (a) 0 = (j — 1) *2n/4, j=1,...,4, and p = 7/2; (b) ¢ =0; 0 = (§j — 1) * 2w /4,
j=1,...4, ando=7/2; p=m; (c) 0=(2j—1)*x7/4, j=1,...,4, p=7/3; 0 =(j — 1) x2n/4, j=1,...,4,
o=m/2;0=(4j—3) /8, j=1,...,5, ¢=2r/3.

cannot be fully determined from Figures 15 and 16. The reason is that there consistently
exist observation points x; that satisfy A(ij ) ¢ A%xj ), just as what is depicted in Figure 7.
i)

Furthermore, for these specific observation points, the reconstructed annular A%x might be
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Figure 16. Reconstruction from sparse observation points x = (2sinpcos6, 2sinesing, 2cosy) with 6 €
[0,27) and ¢ € [0, 7] for a straight line segment a(t) = (0,0,t — 2), where t € [1,3]. Here M denotes the number
of the observation points. (a) 0 = (j — 1) *2x/4, j=1,...,4, and p = 7w/2; (b) ¢ =0; 0 = (§j — 1) * 2w /4,
j=1l.. .4, and o=7/2; op=m; (c) 0=(2j — 1) *7/4,j=1,...,4, p=7/3; 0=(j — 1) x2n/4, j=1,....,4,
p=m/2;0=(45—3)*x7/8, j=1,...,4, o =27/3. We take kmin =1 and kmaz = 6.

%1078 %1078
6

5

4

Figure 17. Reconstruction from sparse observation points x = (2sinpcos6, 2sinesing, 2cosy) with 6 €
[0,27) and ¢ € [0,7] for a straight line segment a(t) = (0,cost,sint), where ¢t € [0,7]. Here M denotes the
number of the observation points. (a) 0 = (j —1)*x 2w /4, j =1,...,4, and ¢ =7/2; (b) 0 = (j — 1) * 2w /4,
ji=1l,..,4, ando=7n/2; p=0; o =.

excessively slim. Consequently, the intersections of the annular A%ij ) can only reconstruct
the starting and ending points of the moving point source’s trajectory. Figures 17 and 18
further illustrate visualizations of the reconstructed trajectory pertaining to orbit functions
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%1078 %1078

5

4

(a) M =4

Figure 18. Reconstruction from sparse observation points x = (2sinpcosf, 2sinpsind, 2cosp) with 6 €
[0,27) and ¢ € [0,7] for a straight line segment a(t) = (0,cost,sint), where t € [0,7]. Here M denotes the
number of the observation points. (a) 0 = (j —1)*2n/4, j=1,...,4, and p =7/2; (b) 6 = (j — 1) * 27 /4,
j=1,....4, and o =7/2; o =0; p =m. We take kmin =1 and kmqez = 6.

Figure 19. 40 uniformly distributed points on a sphere with a radius of 2.

a(t) = (0,cost,sint) with t € [0, 7], employing sparse observation points. These visualizations
enable the determination of the starting and ending points of the arc-shaped trajectory. Due
to the lack of low-frequency data {u(x,w),k € (0,1)}, the inversion results in Figures 16 and 18
with w € (1,6) are not as accurate as those in Figures 15 and 17 with w € (0, 6).

Finally, our goal is to reconstruct the trajectories of a straight line segment and an arc
using uniformly distributed observation points situated on a sphere with a radius of 2. We
explore sets of 20, 30, and 40 points for this purpose. The positioning of the 40 uniformly
distributed points is presented in Figure 19. With the increasing number of observation
points, Figures 20 and 21 illustrate that the starting and ending points of the trajectories can
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(¢) M =40

Figure 20. Reconstruction from sparse uniformly distributed observation points on a sphere with a radius
of 2 for a straight line segment a(t) = (0,0,t —2), where t € [1,3]. Here we take different numbers of observation
points M.

(¢) M =40

Figure 21. Reconstruction from sparse uniformly distributed observation points on a sphere with a radius
of 2 for an arc a(t) = (0,cost,sint), where t € [0,7]. Here we take different numbers of observation points M.
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be obtained. This limitation stems from the characteristics of the observation points within
the observable set, where A%’E) C A%x).

5.3. Noisy test. We evaluate sensitivity with respect to the noisy data by selecting Exam-
ple 1, which involves a line segment recovery. The near-field data are corrupted with Gaussian
noise, as shown below:

us(z,w) :=Re[u(z,w)] (1 +dv1) + ilm[u(z,w)] (1 + §y2),

where 6 > 0 represents the noise level and ~; € [—1,1] (j = 1,2) denote Gaussian random
variables.

To accomplish this test, we assigned 0 = 0%, 10%,20%, 30% and plot the indicator func-
tions in Figures 22 and 23 using one and sparse observation points, respectively. The images
are clearly getting distorted at higher noise levels, but the starting and the ending points
of the trajectory of the moving source using the data measured at sparse points can still be
captured for § =0,10%,20%. Figures 22(d) and 23(d) show that the method doesn’t seem to
work well with 30% multiplicative noise.

(c) & = 20% (d) 6 =30%

Figure 22. Reconstruction of a straight line segment a(t) = (0,0,t — 2), t € [1,3], from noisy data with
different levels § measured at a single observable point x = (2sinpcosf, 2sinpsiné, 2cosp) with 6 = 7 and
p=5m/6.
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%107 %107

(c) 6 = 20% (d) &6 = 30%

Figure 23. Reconstruction of a straight line segment a(t) = (0,0,t—2), t € [1, 3], from noisy data with differ-
ent levels § measured at sparse observable points x = (2sinpcosf, 2sinpsinf, 2cosp) with 0 =0,7/2, 7,37 /2,
and o =7/2.
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