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1. Introduction and main results
1.1. Shape identification problems

Let Q C R",n =2,3 be a bounded domain with smooth boundary 9€2. Consider the elliptic
differential operator

n n
(Au)(x) = — Z 3i(a;(x)du) + Z bi(x)diu + c(x)u, x € 2, (1)
ij=1 i=1
where a;; = aji € C3(Q), bj,c € W®(2). We assume
c>0 in®, (2)
and there exists a positive constant o such that
n n
Y aiEgzo ) &, &L b eRxeQ (3)
ij=1 i=1

Let D C 2 be a star-shaped subdomain such that D C 2. Throughout the paper, we define the com-
plement of D in Q as D¢ := Q\D. It is supposed that the boundaries 3D and <2 are both of C*-class.
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Let u = u(D) be a solution to the Dirichlet boundary value problem
Au=0 inD u|sp =0.

Denote by v = (vy,. ..., V) the unit outward normal vector at 9S2. For simplicity, we write dau =
ZZJ’:I a;j(dju)v;, which will be referred to as the Neumann data of u at dD. The first part of this
paper concerns a stability estimate of the following inverse problem with a single Cauchy data: Inverse
Problem 1 (IP1): Determine the shape dD from knowledge of the Cauchy data (1, dsu)|r where I" C
02 is an arbitrarily chosen sub-boundary.

The above inverse problem arises from, for example, the detection of the inaccessible interior cor-
roded boundary dD by the measurement data taken on an accessible outer sub-boundary I". There
have been many papers on this inverse boundary problem. For reconstruction methods related to
non-destructive testing, we refer to [1-5]. It is widely acknowledged that the stability of the Cauchy
problem for elliptic equations is closely connected to the quantitative unique continuation theory.
In fact, both the stability estimate and the unique continuation property can be derived from either
Carleman estimates or three-spheres inequalities. We refer to [6-8] for the stable determination of
unknown boundaries in the case of the scalar elliptic equation and the Lamé system, which relies
essentially on three-sphere inequalities in combination with doubling inequalities on the boundary
and lower estimates of gradients of solutions. As for the Laplace operator, we refer to [9-11] where
double logarithmic conditional stability estimates were given in two and three dimensions.

The purpose of this paper is to propose an alternative method for proving conditional stability
estimates of logarithmic type. The arguments of using three-sphere and doubling inequalities are not
involved in the present paper. Our approach relies essentially on new interior and boundary stability
estimates (see Lemmas 2.1 and 2.3 in Section 2) in combination with the quantitative unique contin-
uation (see Lemma 3.1 in Section 3), all of which are verified using Carleman estimates for elliptic
equations (see Lemma 2.2). For completeness, we will provide in the appendix a proof of the ellip-
tic Carleman estimate based on the integration by parts only. This paper provides a new insight into
the stability of determining unknown boundaries with a single Cauchy data. Since Carleman esti-
mates apply to vectorial elliptic equations such as the Lamé system and the Navier-Stokes equations,
in an analogous manner, we could also establish the single logarithmic conditional stability for these
equations within the framework of this paper.

We state the stability result as follows. Let D1, Dy C €2 be two star-shaped domains centered at the
origin, with the boundaries parameterized in polar coordinates by

D ={(r%) :r=f®}, xeS":={xeR':|x] =1} (4)

Due to technical reasons, we suppose that 9 D; are of C*-class, i.e. fi€ C4(S?). Let uj = u(Dj) satisfy

Au; =0 in D]‘f',
uj=0 on 8Dj,
uj=gj, dauj=h; onT (5)

for j=1,2, where gj € H3(I') and hj € H*(T"). Since ¢ > 0 (see (2)), it is well-known that the above
boundary value problems admit unique solutions u; € H 4 (D]?).

We make the following assumptions for (IP1):

Condition A: There exist M, § > 0 such that

1M < |fill sy <M, dist(9D;,89) > 8 > 0 (6)

for j=1,2. Condition B:

inf |gi(x)| > Cy >0, j=12. (7)
xel’
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It is seen from Condition A and the elliptic regularity that the norm [|u]| ) is uniformly bounded
from above. Without loss of generality, we suppose that

gl < M, j=1,2, ®)

with the same constant M as in (6). The Condition B implies that #; does not vanish identically on I'.
Below we state the first result of this paper.

Theorem 1.1: Under the conditions (A) and (B) there exist constants 60 € (0,1) and C>0 only
depending on M, § and Cy such that

0
1
d(0Dy1,0D;) < C ( )
log 1/(llur — w2l gz ry + 1104 (w1 — u2) |l 2(1y)

provided ||uy — a3y + 104 (U1 — u2) | g2 (ry is sufficiently small. Here d(0Dy, dD;) is the Haus-
dorff distance defined by

d(0Dy,0D;) := max | sup d(x,dD;), sup d(x,dD;) |.
x€dDy x€0D,

If the condition (2) is not fulfilled, additional assumptions on the geometry of D are needed in
order to get the same stability estimate. In the special case of a;j(x) = §;;, b; = 0 and c(x) = —k? for
some k > 0, the equation —Au = 0 reduces to the Helmholtz equation (A + k?)u = 0 which models
the time-harmonic acoustic wave propagation in an isotropic homogeneous medium. Hence, our
inverse problem (IP1) in this case is closely related to the shape identification problem arising from
inverse obstacle scattering with a single incoming wave; see subsection 1.2 below.

1.2. Inverse scattering problems

In this section, we present a local stability result for target identification of a sound-soft obstacle from
a single far-field pattern with a priori assumptions on the underlying scatterer. Let D, D, € R" be two
distinct sound-soft obstacles embedded in an isotropic homogeneous medium. Assume an incoming
plane wave of the form u(x) = exp(ika - x) with the direction @ € S"~! := {x e R" : |x| = 1} is
incident onto Dj, where k > 0 is the wavenumber. Denote by u; = u;(Dj) the total field corresponding
to Dj. Then the scattered field 4 := u; — u™ satisfies the boundary value problem

(A + kz)uj-c =0 inR"\Dj, uf= —u™ ondDj, 9)
and the Sommerfeld radiation condition
ous©
lim |x" 12 L —ikul =0, j=1,2. (10)
|x|— 00 8|x| J

In particular, the Sommerfeld radiation condition (10) leads to the asymptotic expansion
eiklxl

|x|(n—1)/2

1W®+O(J—) x| = o0, (11)

sc _
ut(x) = | x|”/2

uniformly in all directions % := x/|x| € S"~!. The function u* () is an analytic function defined
on S"~! and is referred to as the far-field pattern or the scattering amplitude. The vector x € S"~! is
called the observation direction of the far field. The inverse obstacle scattering problem with a single
far-field pattern can be stated as
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Inverse Problem 2 (IP2): Determine the boundary 9D from the far-field pattern u®° (%) for all X €
S"~! with fixed k> 0 and o € S"7 1.

It remains a long-standing open problem whether a single Cauchy data (or equivalently, a sin-
gle far-field pattern) can uniquely determine the boundary of a general sound-soft scatterer; see e.g.
Colton and Kress [12, Chapter 5.1]. Local uniqueness results were obtained in [13,14] under the small-
ness and closeness assumptions. Correspondingly, local stability estimates of the double logarithmic
type were verified in [15,16] under these a priori assumptions. Note that the arguments of [16] are
closest to those of [6] using three-spheres inequalities, and that in [16] a sharper upper bound of the
closeness of two sound-soft obstacles was derived from the Faber-Krahn inequality. As a by-product
of the proof of Theorem 1.1, we present a novel approach to the stable determination of the boundary
of a soft obstacle from a single far-field pattern.

Let Br(z) = {x € R" : |x — z| < R} and Br = Br(O). Clearly, B; is the unit ball in R”. Denote by
Vol(D) the volume of D in R”. We assume one of the following a priori conditions holds:

Condition C:

Dj C By withkR < n,, n=1,2, (12)

where 7, denotes the first root of the spherical Bessel function (n=3) or Bessel function (n=2) of
the first order. Condition D: There exist two bounded domains D* C R” such that

D~ cDjc DY, Vol (DT\D7) < (%)" Vol(By), (13)

where 1, is defined as in condition C.
The stability of the inverse problem (IP2) is stated as follows.

Theorem 1.2: Suppose that Dj(j = 1,2) are sound-soft obstacles with C*-smooth star-shaped bound-
aries centered at the origin (4) which satisfy the uniform smoothness assumption 1/M < ||fillcss2) < M
for some M > 0. Assume further that D; fulfill either the smallness condition C or the closeness type
condition D. Then the Hausdor{f distance of 9D and 9D, can be estimated by

—6

logo
»o0 = [u® — u |2y

d(@D,0D;) < C
(9D1,9D,) = 1 4 log(e +log1/0)

where e := limy,_, { oo (1 + 1/n)" and the constants 0 € (0,1), C > 0 depend on the wavenumber k, the
a priori data M and the regions D¥ in (13) or the radius R in (12).

Remark 1.1: (i) The upper bounds in (12) and (13) are derived from the Faber-Krahn inequality
which provides a lower bound for the first Dirichlet eigenvalue A;(€2) of the Laplace equation
over a bounded domain 2 C R”, i.e.

2/n
Vol (Bl)} | 14

A1(2) = A1 (B1) |:Vol )
The inequality (14) has been used in [17] to improve the local uniqueness results of [13,14].

(ii) The rate in Theorem 1.2 is stronger than the double logarithmic rate of [15], but weaker than a
single logarithmic estimate. The same stability result was derived in [15] for sound-soft obstacles
with analytic boundaries. In [8], a single log stability estimate was proved with different a priori
assumptions on unknown domains.

The proofs of Theorems 1.1 and 1.2 will be carried out in Section 4. Stability estimates for inverse
scattering with several incoming plane waves will be addressed at the end of Section 4.
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2. Interior and boundary estimates
2.1. Interior stability estimate and elliptic Carleman estimate

We introduce some notation before stating our interior estimate. Given y = (y1,...,y1) € 2, A > 0
and a unit vector v € S"~1, we denote by A(y, A, v) a paraboloidal domain with the vertex located at
y and the axis parallel to v which is congruent to y,, < —A Zf'z_ll yjz. For § > 0, set

A, L v)+év:={x:x—8ve Ay, AV} = U {x + v}, (15)
x€A(y,A,v)

that is, the translation of A (y, 1, v) along the direction v. Note that there are exactly two paraboloidal
domains A(y, A,v) determined by y, A and v. In this paper, A(y, A, v) is always chosen such that
AW, L, v) +8v C A(y, A, v) forany 8 > 0. Since A(y, A, v) N 2 may have several connected compo-
nents if Q is not convex, we make the convention that the paraboloidal domain A(y, 1, v) always
means the connected component of A(y, A,v) N Q whose boundary contains y. Analogously, the
notation A(y, A, v) N 92 always means the intersection of the boundary of this connected domain
with Q2. This convention also applies to the paraboloidal domain A(y,,v) + §v for § > 0. An
essential ingredient in our analysis is the following solution estimate in the level sets A(y, A, v) + dv.

Lemma 2.1 (interior estimate): Let Q@ C R" be a bounded domain with the boundary 92 of C?-
class. Lety € Q,y = 0Q N AW, A, v)and € = min{t: y + tv € 9Q,t > 0}. For0 < § < £, set As :=
(A(y, A, v) + 8v) N Q (see Figure 1). Suppose that u € H*(S2) is a solution to the elliptic Equation (1).
Then there exist constants C> 0 and « € (0, 1), which depend on ¢, 8, A, a;j, b; and c, such that

el ag)
K 1—«k
< C (lullgryy + 18vuli2 ) + C (lull gy + 19vuliz2)) Il 1 q)-
Here C and « do not depend on y.

Lemma 2.1 yields a stability estimate for u provided that ||u||f1(q) is bounded which is called
a conditional stability estimate. Further, it implies that a solution to the elliptic Equation (1) with
vanishing Cauchy data on an arbitrary non-empty open sub-boundary of Q2 must vanish identically.
Lemma 2.1 was proved in [18] by applying the following elliptic Carleman estimate.

/____________
T N .

’y ;/ A(S A(ya)‘ay)mﬂ

Figure 1. Configurations of A(y, A, v) N Qand (A(y, A, v) +8v) N Q =: Aswithy € Qand y :=0Q N Ay, A, v).
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Lemma 2.2 (Carleman estimate): Let Q C R” be a bounded domain with the boundary Q2 of C_2—
class, and let D C Q be a domain such that D C Q and 3D is of C*-class. Suppose that d € C*(Q)
satisfies |Vd| # 0 on Q and set

Ad(x)

p(x):=e x € 2,

with a positive parameter A > 0. Then there exists positive constants Lo, so(1) and C(so, A) such that
/ (A2 |Vul? + 1% u?)e®? dx
D
< c/ |Au)?e®¢ dx + CeC@”/ (IVul* + |ul?) ds
D aD

for all s > s, . > Ao and for all u € H?(D). Here the constants so, C are dependent on A, but inde-
pendent of s and the geometry of D, and they are bounded provided that maxi<ij<n llaijllc3q)
maXj<ij<n ||bi||W2>°°(Q)’ ||C||W2,oo(Q), ”d”C2(§) are bounded.

In particular, fixing . > 0 sufficiently large, we can rewrite the above estimate as

/{5|Vu|2 + 2 u?}e®? dx
D
< c/ |Au|2e2“ﬂdx+CeC5f (IVul* + ul?) ds (16)
D oD

foralls > sy and allu € H*(D).

For clarity, we shall present the proof of Lemma 2.2 in the Appendix. We emphasize that the proofs
of our interior estimate (see Lemma 2.1) and the estimate at a boundary point (see Lemma 2.3) both
rely heavily on the Carleman estimate (16).

2.2. Stability at a boundary point

For a boundary point xy € d€2, let v = v(xp) be the unit normal vector pointing into the interior of
Q. Given A > 0 sufficiently large, we denote by A (xg, A, v) the paraboloidal domain with the vertex
located at xp and the axis parallel to v which is congruent to x, < —X Z?;ll x2. Further, one can
observe that d$2 intersects with A (xo, A, v) tangentially at xo. Moreover, we assume that the surface
I := {A(x0, A, v) NI} \ {x0} isanon-empty connected relatively open subset of 92 and there exists
X € T such that xoX is parallel to v (Figure 2). We set £ = |xoX|. Assume that 32 is of C*-class and
u € H*(Q) is a solution to (1). Next, we discuss a conditional stability estimate of u at the boundary
point xg.

Lemma 2.3: (i) There exist constants C; > 0 and k1 € (0,1), which depend on ¢, A, max;<;j<p
||aij||c3(§)>maxlgi§n ||bi||w2,00(52)> ||C||W2>OC(Q)s such that

LV
lu(xo)| = Co max{l, [[ullpg3 (@)} =<m) +o 1}, (17)

with 0 := |lu1 — uz|| g3y + 110441 — w2) |21y Here, the constants C; and k are independent
of the choice of xo, and can be chosen uniformly in £ € [Lo, £1], where £y, £1 > 0 are arbitrarily
fixed such that £y < £;.

(ii) Ifo < 1/e, then the estimate in the first assertion can be rewritten as

1 min{%,lq}
u(xg)| < Cy max{l, ||u —_ .
[u(xo)| < Co max{L, [[ullg3 ()} (log I/Q)
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Zo
/ /"/ yi \.'\. Q\
/ E %
/ : \
/ E \
i | Ao, A\ v) |
i : ‘.
i | !
\_r 3 L/

Figure 2. Configurations of A(xp, A, v) withxp € 0Q2and I' := 9Q N A(xo, 2, v).

Proof: (i) By the Sobolev embedding we have |u(x)| < C; ||u]| 3 (q), whence the first assertion
follows if o > 1. Hence, it remains to prove the lemma under the assumption that o < 1.
Without loss of generality, after translation and rotation, we can define the paraboloidal domain
A(xg, M, V) as
n—1
A(xp, A v) = {(x, %) 1 % < —)\Zx? +4), ME>0
i=1
with v = (0,...,0,—1),x0 = (0,...,0,£). Further, we may assume that the line segment x(O is
parallel to v where the origin O is located at I'. Set

n—1
dex) = —xp =1 ) x7+4, Dii={x€ Alxo, 1) NQ: d(x) > 1} for0=<t<l/2.
i=1

We note that Dy, C Dy, ift; < t; and Dy = (A(xp, A, v) + tv) N Q. In particular, Dy = A(xg, A, v) N
2. We can always choose a cut-off function x; € C*°(R") such that 0 < x; < 1 and

1, X € D[,

n < C3/t2, O<t <I/2. 18
0, xe Do\ Dy, I xellczrny = C3/ / (18)

xt(x) = :

In fact, we may choose ¥ € C*°(R") such that0 < ¥ < 1and

1, n>1,

x(m) = :0, n<0.

Then the function x;(x) = X ((2d(x) — t)/t) satisfies (18). Set v := x;u. Using the fact that D5, C Dy
and applying the Carleman estimate (16) to v in Dy, we obtain

/ (s|Vv|? + s2v?)e?? dx
Dyt

< [ |Vv? + s°v?)e*? dx
Do
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2
n n
<C / D ai(@ixe)dju + 0xe)du + Qidjxw) + Y bidix)u| ¥ dx
Do |jj=1 i=1
+ Ce® / (Vv +v?) ds
r
2

n n
<C / 1D a(@ix)dju + Qyx0du + @dixow) + Y bidixou| e dx
Dy2\Dy ij=1 i=1

+ Ce® f (Vu)® + u?) ds
r

where ¢(x) = exp(Ld(x)), A > 0 is sufficiently large and s > so for some so > 0. Since @(x) >
exp(2At) in Dy and ¢(x) < exp(At) in Dy/\Dy, it can be derived from the previous relation that

Cy _
Nl oy = el gy + Coe Uil oy + 104wl ) (19)

for all s > sg, with r(t) := e*** — ¢*'. Analogously, applying the Carleman estimate to v; = x;d;u and
vjj = X:0;0ju, 1 < i,j < n we can obtain

Cy _
Vel iy + IVl i,y < e ™ OM + CseD" 0% s 2 5, (20)
where ||u|| g3 () < M. Combining (19) and (20) gives

Cy

lulls p,y < ” e 2 OM? 4 C5e“%0%, s = 50, (21)

Choose tp = min(1,£0/4). By the Sobolev embedding theorem, there exists a constant Cs =
Cs(t) > 0 such that

lullcrpy) < Co@) llullgzpyyy, 0 <t < to.
(Dar)

Recall that D; is defined by a translation of Dy and that Dy, # @, Dys, C Dy C Dy. Since A > 0 is
sufficiently large, we may suppose that Dy; are Lipschitz domains with uniformly bounded Lipschitz
constants in all ¢ € [0, tp]. This allows us to choose a constant C; > 0 such that

lullerdyy) < G lullg3py)>  forall 0 <t <t.
It then follows from (21) that

Cs

2 e OM + Cget%p (22)

||”||C1(D2t) =<

forall s > 0 and all 0 < t < #y. We find a value s minimizing the right-hand side of (22), that is, we
choose s > sy such that
e—sr(t)M — eCos 0.

Consequently, we have

%MCO/(CO'H"(Q)

Co
”u”CI(E) < 5 Qr(t)/(Co-‘rr(t)) < t_zMIQr(t)/(Co+r(t)) (23)

forall 0 < t < ty, where we set My := max{M, 1}.
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For simplicity we write 3, = 9/dy,. Since (0, ..., 0, £ — 2t) € Dy, we observe from (23) that
C
18,40, . .., 0,0 — 28)| < t—29M1 o™ W/(Cotr®) g~ p < g, (24)
Using the inequalities
20" 41>0, M—At—1>0 forall t>0,

it is easy to check that

r(t) M1 A

Co+r(t) = Co + ero — erto/2 = Co + et — eMO/zt = Cot (25)

for some Cjo > 0. Since o < 1, we have by (24) and (25) that

C
19,40, ...,0,0 — 28)] < =Mo", 0 <t <t
t2
Hence,

10,u(0, ...,0,€ — 20| = [3,u(0,...,0,¢ — 26)|*/* |3,u(0, . ..,0,¢ — 2t)|'/4
3/4 -2 Ciot 1/4
< Nl (Co 172 Mig®")

< M3/4Mi/4 C;/4t—1/2QC10t/4
< CiMy t71/2 ot

where we have used again the Sobolev embedding ||ul| @ = Cllullg - Therefore, by (23) we
obtain

0

9
u(O,...,O,£—2t0)+/ —(u(0,...,0,€ — 2t)) dt

= [u(0,...,0,¢)| =
lu(xo)| = lu( )] . ot

to
< ||u||c(ﬁt0) +/0 2C11 M, t*1/2 QC12t dr

to 1
C13”u”H2(D2r0) + f Ci3M; t_l/z exp <— (Clz log 5) l’> dt
0
C 1) 00 1
%MIQCOHUO) + Ci3M; / t_l/z exp <— (Clz log —) f> dt
0 Y

tO
r()
1

(Clz log é)f

1 1/2
< CigM k1
< CieMy <log1/g) +o

from which the stability estimate (17) follows.
(ii) The second assertion follows straightforwardly from (17) in combination with the inequality

1/e

— <
B logé logé

IA

= CisM10"" + Ci5M,

1
forall 0<p < -.
e



10 J.ELSCHNER ET AL.

3. Quantitative unique continuation

The aim of this section is to verify the quantitative unique continuation for solutions of the ellip-
tic equation Au=0 (see (1)). Set m = [n/2] 4 2, where the notation [a] denotes the largest natural
number not exceeding a > 0. Lemma 3.1 will be used in the subsequent section for the proofs of
Theorems 1.1 and 1.2.

Lemma 3.1: (Quantitative unique continuation) Let Au=0in Q and ||u| gm ) < M, where M >0 is
an a priori bound. We assume there exists z € Q such that |u(z)| > Co. Suppose further that

lu(x)| <& forall xe B,(y) C L, (26)
for some y € Q and §,r > 0. Then an upper bound of the radius r can be estimated by
r<cC/css’,

where k,0 and C are positive constants depending only on the space dimension, the region Q and the
distance between z and 9.

The unique continuation follows directly from Lemma 3.1.
Corollary 3.1: Let Au=0in Q and u = 0in B,(y) C Q for somer>0, y € Q. Then u = 0.

Proof: Assume on the contrary that |u(z)| > Cy > 0 for some z € Q. Since u = 0 in B,(y), we have
|u(x)| < & forany § > 0 and for all x € B,(y). Applying Lemma 3.1 we see r < C/Cf 87 forall § > 0.
Now, letting § — 0 yields the relation r=0, which contradicts the fact that » > 0. Hence u = 0 in
Q. [

Below we carry out the proof of Lemma 3.1, relying on the interior estimate in Lemma 2.1.

Proof of Lemma 3.1.: For notational convenience, we write X' = (x3, .. .,x,) sothatx = (x1,x'),z =
(z1,7') € R". Without loss of generality, we suppose that y coincides with the origin O, |z/| = 0,2 >
0 and 0 < r < 1. Using the interior estimate (see [19]), it follows from (26) that

Vulleo, ) < (Cr/n)llulles,) < Cid/r, (27)
where the constant C; > 0 is independent of . Hence,
lullwices,,) = CL1d(1 +1/7). (28)

We may always choose a paraboloidal domain A (xg, A, v) withxg € Q NR%, v = (—1,0,...,0) such
that for some ry, 8o > 0

By (2) C {A(x0, 1 v) 4 80} N {QNRL) =: Ag,.

Note that the point xp and the parameters A, ry and § involved are dependent only on the geometry
of Q and the distance between z and d€2. Applying Lemma 2.1 to As, yields

||U||Hl(3”0(z)) = ”u”Hl(Q50) < G (lullgiy) + ||av”||L2(y))K (29)

for some k € (0,1] and C, > 0 independent of y = {A(y,A,v) + Sov} N {€ N {(0,x)}}. Further,
without loss of generality we may suppose that y C {(0,x') : |x/| < r/2}. Otherwise, this can be
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achieved by constructing a finite number of paraboloidal domains A (y;, A, vj) with y; € € and uni-
formly bounded parameters A; and v}, and then our arguments should be applied successively to each
paraboloidal domain.

Combining the estimates in (28) and (29), we obtain

”u”Hl(Ber(Z)) < CZ(CUS(I + l/r) r(”*l)/Z)K < C3 81( (1 + rn73)K/2’ (30)

where C3 > 0 does not depend on §. Moreover, recalling the inequality (M=) < Cr* forall r €
(0, 1], it holds that

el g1 By 2y < Cad* 7, Cy > 0.

Now, applying Lemma 3.2 below we obtain for m = [n/2] + 1and 0 = 1/m < (0,1) that

—m— 0
1l (Bry 20 = C (o)™ " utllfp s
< Cro_m_%r*”"%r*’(eﬁ’(e
— Cr—ﬂlgﬂz

where u; = m+ 5 +«60 > 0and puy = «6 € (0, 1). Since |u(z)| > Cp > 0, we have
(r10)" CuCo =< llunllLoo (B, 2)) < Cr 11612,

leading to the relation
i < Ccytet,
Finally, an upper bound of r can be estimated by

r < C §ha/(ntn) Co_l/(fl-‘rll«l)_
The proof of the lemma is complete. [
In proving the quantitative unique continuation we have used the following result.

Lemma 3.2: Let B, = B,(O) C R” for some r € (0, 1). Suppose that
lullgmirp,y <M, m:=[n/2]+ 1.

Then there exists a constant C = C(M, n) > 0 such that

1/m

”u”LOO(Br) = C r—m—n/Z ”u”Hl(Br)'

(31)

Proof: By change of variables y = x/r and #(y) := u(ry), we have

/B > |agu|2dx=/B > |0 >~ dy.

"ol <m llal<m
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Hence there exist Cy, C; > 0 independent of r € (0, 1) such that

Cor2 |ullgm,) < llullgma,) < Cyr2~"|[4llgms,)- (32)
Let m = [5] + 1and m’ = [5] + 2. In B; we have the interpolation inequality

mm ml

1/m ~1=1/m

= Cllly1 1y, I

il ) < CURI g I

Using (32), we get
lullzrny < Cor ™™ lull gt Il (33)
Moreover, applying the Sobolev embedding theorem yields

IllroeBy) < Csllillmm ).
Together with the definition of % and the first inequality in (32), this implies that
lullies,) < C3 Co'r™ 2 lullimce,.
We use (33) to estimate the right-hand side of the previous inequality to obtain

1/m 1- l/m —m—1 1/m
[l < Csr " 2lull

”u”LOO(Br) = C4 r "2 ”u”Hl(B ) qm (B, — H\(B,)’

which proves (31). [ |

4. Proof of Theorems 1.1 and 1.2
Proof of Theorem 1.1: Set
u=u —uy inD{ND;
and
0 = llur — w23y + 11041 — u2) | g2(r)-

Let Q¢ = {x: dist (x,9) < §/2} where § is the a priori data given in (6); see Figure 3. Since the
parameter A > 0 of the parabolic domain A(y, A, v) in Lemma 2.1 can be chosen arbitrarily large, we
can always construct a family of paraboloidal domains to prove that

lull g (qq) < Cr0™

where the constants «; € (0, 1] and C; > 0 depend on 92 and the data M, § involved in Condition
A. Weset I'g = 920 \ 92. By the interpolation inequality and Condition A, we find

5/6 1/6
lll 2y < Cllullig, Il g, < M lull ) < Cro

K2 .
Applying the trace theorem gives
lull g3 gy + 10aull p2(ry) < C3 0"

where C; > 0 depends on 3<2, § and M. Let E be any connected component of DS\ DS; see the shadow
area in Figure 3. Since D; and D, are star-shaped centered at the origin, the boundary dE N 9D, can
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o0 K/ = Q \\

2

S

Figure 3. lllustration of two sub-boundaries dD1, 9D, and the domain £ := Dﬁ\ﬁ;.

be connected to I'g in 2 \ (D; U D;). We apply Lemma 2.3 (ii) to the region Q2 \ (D; U D) to obtain
an estimate of u on 0E N dD;:

1 K3 1 K3
luell e (9EnaD,) < Ca ( ) <GCs ( ) ,
e log 1/ (lullip ) + N0aullrg)) log 10

for some k3 € (0,1/2], where o > 0 is supposed to be sufficiently small. Since u; = 0 on dD,, we
have

1 3
e sEnaDy) < C .
lu1llzoe(9ENBD,) < Cs (log 1/Q>

Using the fact that #; = 0 on dD;, the previous inequality can be written as

1 i
00 <C . 34
llutllzeear) < Cs (log 1/Q> (34)

We set B, (z) := {x € R"; |x — z| < r}. Let
ro = sup{r : B,(z) C Ewith somez € E}.

That is, ¢ is the radius of the inscribed ball in E. Suppose that By, (z9) C E for some 2y € E. The
maximum principle in E yields

1 3
Uy ||z < |Jur|lzer) < C = Jp. 35
lurllzeo(B,, (200 < Nl < Cs (log 1/9) 0 (35)

On the other hand, it is seen form Condition B that there exist Cy > 0 and z € 2, such that |u;(z)| >
Co/2. Now applying the quantitative unique continuation, we see that

0
1
r0§C8§§C<log 1/g) (36)

for some «,6 € (0,1). Note that the constant C depends on the a priori bounds involved in Condi-
tions A and B, the region 2 and the upper bounds of the coeflicients in equation (1). Note that the
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estimate (36) applies to the radius of the inscribed ball in any connected component of D \D_g and
D{\DS. Without loss of generality we suppose that

d(aDI) aDZ) = |Z1 - ZZ| =0 Z] € aDl)ZZ € aDZ» (37)
and that
p = sup d(x,dDy). (38)
XeaDz

Then the line segment connecting z; and z; is contained in E and is orthogonal to the tangent plane
of 0D at z;. Hence, we can always find a finite cone contained in E with the vertex at z; and the
axis parallel to z;z;. Moreover, the opening angle and the height of this cone both depend on p and
the a priori bound M > 0. This implies that the ratio of p and ry can be bounded by some constant
depending on M only. Hence, the Hausdorft distance can also be bounded by the right-hand side
of (36). This finishes the proof of Theorem 1.1. [ |

Proof of Theorem 1.2: Let D C R" be the unbounded connected component of (R™\D;)N
(R™\D,). Analogously to the proof of Theorem 1.1, we set

u:=u—uy in D, @:=[uf® —ull2gn1).

We first estimate the near field data in D from the far-field pattern. By [15], there exist a radius R; > R
and a constant C > 0 such that

1l 2B, 1 1\By) < C %@

where the function « : Rt — R is defined as

a(o) = (1 +log(—logo + e) L.

Setting 2 := B, y1/2 and I' = 9Q = {|x| = Ry + 1/2}, it follows from the interior elliptic esti-
mate that

lull sy + 18vull g2y < Co*@.

Now, we may restrict our discussions to the bounded domain €2, following the lines in the proof of
Theorem 1.1. For this purpose, it is necessary to check the conditions A and B for the inverse problem
(IP1). By well-posedness of the forward scattering and the uniform C*-smoothness assumption of
dDj, there exist M,§ > 0 such that the relations in (6) hold. On the other hand, since lu"(x)| =1
and u{° decays at infinity, the boundary I" can be chosen depending on the a priori data only such
that (see e.g. [20, Corollary 3.3])

luj(x)| > 1/2 forall xeT, j=1,2,
which implies Condition B in (7). Arguing as in the proof of Theorem 1.1, we get (cf. (34))
lullz=r) < Cla(o)log ol =8, 6 € (0,1), (39)

where the region E C  is defined as in the proof of Theorem 1.1. Under Conditions C and D, k?
is not a Dirichlet eigenvalue of —A in E. Hence the estimate (35) still holds with 8 given by (39).
Consequently,

d(dDy,8D;) < Cla(o)log o7, (40)
for some 6 € (0,1). |
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We conclude this section by a remark on the stability estimate of the inverse scattering problem
with several incoming waves. Condition C or D ensures uniqueness to the inverse scattering problem
with a single incoming wave. Without these two conditions, one can get the same estimate from the
far-field data of a finite number of incident directions j € S"~! ata fixed frequency or a finite number
of frequencies k; € R with fixed incident direction. More precisely, the smallness and closeness type
assumptions in Theorem 1.2 can be removed in the following cases:

Case (a): @ = max{|u{° (X aj, k) — u5° (X0, k)| [2gn-1y 1 j = 1,2,... Ny + 1}

where Ny := Ztml<k*R(2m + 1). Here, for the dimension n =3 and m = 0, 1, . . ., we denote the posi-
tive zeros of the spherical Bessel functions j, by ;5,1 = 0, 1,. .. ; for n = 2, t,,; are the positive zeros
of the Bessel functions J,,,. The number R > 0 is the radius of a ball centered at the origin which
contains D; inside.

Case (b): o = max{||u® (X, k) — u5” (X0, k) [l 2gn-1) 1 j = 1,2,... Ny + 1}

where kj := ki + (j — 1) (K* — k) /Ny with ky, < k* and N, := Ztml<k*R(2m +1).
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Appendix. Proof of Carleman estimate

In this section, we give a direct derivation of the Carleman estimate for the elliptic operator A, i.e. Lemma 2.2. There is
an approach based on the general theory (e.g. [21-23]), but we present a direct proof which is based on integration by
parts. One can refer to [24,25] for similar direct derivation of a parabolic Carleman estimate and to [26] for a hyperbolic
Carleman estimate.

Thanks to the large parameter s, it is sufficient to prove the Carleman estimate in the case of b; = ¢ = 0,1 < i < n,
i.e. to verify Lemma 2.2 for the principal part of the elliptic operator A, given by

Aw)(x) = = Y ag)ddu=f, xeQ.
ij=1

In fact, regarding the lower-order part Y | b;d;u + cu as the right-hand side, we can absorb the weighted L?-norms
of the lower-order part into the left-hand side by applying the Carleman estimate for A and taking the parameter s > 0
sufficiently large.

Let D C Q and ¢(x) = ¢*¥® be given as in Lemma 2.2. For notational simplicity we set

o(x) =Y aj(x)@d ) @d)(x), xeD.

ij=1
Define

w(x) == D u(x)

and

Pw(x, t) := e Ag(e*Yw) = e Agu = & f.

Below we give some technical remarks on the proof of the Carleman estimate. The derivation argument consists of
three steps:

Step 1: Decomposition of the differential operator P into the sum of P; and P, where P; is composed of the second-
order and zeroth-order terms in x, whereas P, is composed of first-order terms in x. Here the terms in Pw are classified
by the highest order of s, A and ¢.

Step 2: Estimation of [;; 2(P;w)(P,w) dx from below.

Step 3: Derivation of an estimate for the term

/ skzgoo Z a;j(9;w) (9;w) dx,
D

ij=1

which appears in the lower bound of f p 2(P1w)(Pyw) dx in Step 2.

Moreover the estimate in the second step produces the estimate of u with desirable order of s, 1, ¢ but not the term
of Vu. This is caused by the different orders of the derivatives of terms under consideration. Therefore, another estimate
in the third step is necessary. Such kind of double estimates have been used in proving the observability inequality of the
time-dependent wave equation by the multiplier method. As for the multiplier method, the two estimates are obtained
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from (see e.g. Komornik [27, p. 36-39]):

T
/ /(afv — Av)(h(x) - Vv) dxdt
0 Q

T
/ /(Btzv—Av)vdxdt
0 Jo

respectively, with a suitable vector-valued function h(x), and then the estimates are summed up to obtain an L?-estimate
of v. The second estimate for the wave equation via the multiplier method is similar to the third step in our case.

and

Proof of Lemma 2.2: Step 1. Let v = v(x) be the outward unit normal vector to dD. Simple calculations show that

n n
Pw=— Z ajj 3;9jw + 25k Z ajj 9;d w
ij=1 ij=1

n
— 22 %o w + s 2pow + show Z a;;0;9;d
ij=1

in D. Note that in the previous identity we have specified all the dependency of coefficients on s, A and ¢. The last two
terms in Pw can be rewritten as A} w, where A; = Aj(x;s, A, ¢, 0) is defined as

n
A8, 0,0) == skz(pa + shp Z aija,-ajd = sA2<p ap(x;s,A),
ij=1

n
a(ss,1) =0+ (1/2) Y azdidjd.
ij=1
Hence,
n n
Pw=— Z aij(x)9;0jw + 2sAg Z aij(x) (9;d) djw — szlz(pzaw + Ayw.

ij=1 ij=1
We note that a; depends on s and A, and

la1(x;5,1)] < C forx € Dand all sufficiently large A > Oands > 0.

Here and henceforth by C, Ci, etc., we denote generic constants which are dependent on A, but independent of s and
the geometry of D, and are bounded provided that max;<;j<n |||l s (@)> MaX1<i<n 1Bl w2 (@) lellwzoe @) 1]l @)
are bounded.

Taking into account the orders of (s, A, ¢), we split P into the sum of Py and P, where P; is composed of second-
order and zeroth-order terms in x, whereas P, is composed of first-order terms in x. That is,

n
Pywi=— Y a;(x)ddjw — s> 220 wo (x) + Ayw,
ij=1

n
Pyw:=25hp Y a;i(x)(didd)djw.
ij=1

By ||fe*? HiZ(D) = ||Pyw+ P2W||iz(D)> we have
2 / (Pyw)(Pyw) dx < / F2e%9 dx. (A1)
D D
Step 2: We need to derive a lower bound of the left-hand side of (A1). Clearly, we have

3
| @m@mar=3"r
b k=1

where

Rim =3 [ a@amwse 3 aidam b
D

ij=1 k=1
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n
I = —/ 253A3<p36w Z a;j(9;d) (3jw) dx,
D

ij=1
J5 = / (Arw)2shg Y a;(3id) (djw) dx. (A2)
D ij=1

Now, applying integration by parts, a; = aji and u € H?(D) and assuming that A > 1 and s > 1 are sufficiently large,
we reduce all the derivatives of w to w, 9;w. We continue the estimation of J, k = 1,2, 3 as follows. First,

=Y /D 251 ajare (04 (0 w) (3jw) dx

i,j=1k,l=1

= 2s5h /D D0 M@id)paiar (dxd) (@ew) (Bw) dx

ij=1ke=1

+ 25k f >0 poiaijardid) (Dew) (9w) dx

Dij=1ke=1
n n
+25k/ Z Z paijare (9d) (3;9¢w) (djw) dx
Djj=1ke=1
=1+ + .

The first and third terms in J; can be estimated by

2

n
JV = 2502 / 9 |> " aj@id)@w)| dx >0,
D

ij=1

and

1Y = fD 290 ) | D paijare (k) {(3idew) (3w) + (30, w)(Dw)} dx

k,e=1 i>j

+ Y paiiag (dcd) @i0,w) (@w) | dx
k=1 i=1

=iy > [D ajjar (Bcd)de (9;w) (3w)) dx

ij=1kt=1

= sk /3 N D7 pagar (9kd) (diw) (@w)ve ds

ij=1kt=1

— sA? /D po Z a;j(9;w) (9;w) dx

ij=1
n n
— sk / ¢y ) dulajar did) (dw) (3w) dx.
D=1 ke=1

Hence, we can estimate J; from below by

n
Bz = [ 9200 3 amEm dx
b ij=1
2

n
—c/ sA<p|Vw|2dx+2st/ 9| add)(@w)| dx
D I Pyt
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n n
+ A /8 N 37 pajac () (0iw) (dw)vedS

ij=1 k(=1
n
> —/ 120 Y~ ay(dw) (dw) dx — c/ sho|Vw|? dx
D by D
— CsA/ @|Vw|*ds.
oD

On the other hand, the other two terms J; and J3 in the integral f p 2(P1w)(Pyw) dx can be estimated by

L= —/ 253k3(p30w Z a;j(9;d) (djw) dx
D

ij=1

n
= - / $2307 Y oa;(3id)d;(w?) dx
D

ij=1

n
- / $32 ) 30 (MOd)g)o ay (did)w* dx
D ij=1

n n
+ / $330> Y d(oaddyw® dx — / > a3 oa(did)wPvids
b ij=1 9D =1

2/353A4¢302w2 dx—C/ s3k3<p3w2dx—Cf SA3p3nw? ds
D D aD

and

3] = /D (sApar) 2show) Y aii(3id) (djw) dx

ij=1

n
= / 2a152A3(p2 Z a;j(9;d)yw(9;w) dx
b ij=1

= / a1 2397 Y aji(0;d)0;(w?) dx
D

ij=1

n n
= —f Z Bj(alszk3<p2a,j(3id))w2dx+/ Z alsz)\3¢2aij(8id)w2vjds
Dij=1 D iz

< C/ Satp?w? dx + C/ a3 p*whds.
D 9D
Hence, combining (A2)-(A5) we obtain

n
f(le)(Pzw) dx > 3/ 53A4<p302w2 dx — / skztpa Z a;j (3;w) (dw)dx
D D D

ij=1
— C/ s)uprwl2 dx — C/ (53)\.3(03 + 52A4(p2)w2 dx
D D
— Cf sho|Vw|2dS — C/ (*23¢0% + 2232w ds.
D aD
Rearranging the terms in the previous inequality yields

n
3/ s3k4(p302w2 dx — / slztpa Z a;j(3;w) (9jw) dx
b b ij=1
o]

(A3)

(A4)

(A5)
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1
< 7/](262“{) dx—i—C/ sh@|Vw|? dx
2Jp D
+C/(s3k3<p3 + a4t w? dx
D

+ Cf (sA(p\VW|2 + (s3x3(p3 + 52A3(p2)w2) ds. (A6)
oD

Step 3. The first and the second terms on the left-hand side of (A6) have different signs, so we need another estimate.
In this step will obtain another estimation of

n
/ sA2<pa Z a;j(9;w) (9jw) dx
b ij=1
by means of
/ (Pyw + Pzw)(skzwaw) dx.
D

Here the factor sA?@pow is necessary for obtaining the term of | Vw|? with the desirable (s, A, ¢)-factor sA?¢. That is,
multiplying s).2¢ow to both sides of the equation

n n
25A@ Z a;;(9;d) (dw) — Z a;0; 0w — SA2p%ow 4 Ayw = fe'?,
ij=1 ij=1

we obtain

4
ffe5¢sA2¢awdx = Z I, (A7)
D
k=1

where

n
I = / 2509 ) a(3id) (dw)sr’pow dx,
D

ij=1

n
L = —/ Zaijaiajw skzgaawdx,

ij=1

I = —/ 53A4(p302w2 dx,
D

I = / (Alw)(skzgoaw) dx.
D

Now, using integration by parts and the relation d;¢ = A(9;d)¢, we estimate the terms I (j=1,2,3,4) as follows.

L | / 33020 Y a;(0id) 3 (w?) dx
D

ij=1

n
- / > SR RAGd) e o ay(dd)w? dx
D=1

n n
— E 52)»3(p23j(oa1-j(3,-d))w2 dx + f E 52)»3<p20aij(8id)w2vjds |
“ oD =
ij=1 ij=1

< C/ S2ato?w? dx + C/ a3 w? ds; (A8)
D aD
n
L= —f a2 Z poa;w(d;djw) dx
L

n n
= / a2 Z @oa;i(9w)(9w) dx + / a2 Z di(poa;)w(djw) dx
D D

ij=1 hj=1
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n
—f A2 Z(paaijw(ajw)vi ds
oD

ij=1

n
> / s12go Y~ aj(dw) (Bw) dx — c/ s\ 20| V| |w] dx
D by D
- cf sh2o|w||Vw| ds; (A9)
oD

I; = —/ 53A4<p302w2 dx; (A10)
D

4] = C ‘/ (sA%@) (sA2pow?) dx
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Hence, by (A7)-(A11) we obtain
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it follows from (A12) and (A13) that
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End of the proof. Multiplying (A14) by two, adding the resulting expression to (A6), and making use of (3) and the
relation o = inf(,1)eq o (x, 1) > 0, we obtain

/53)»4(/33002w2dx+/s)»2(p|Vw|2dx
D D
< C[fzezs‘”dx—l—C/(5A¢+A2)|Vw|zdx
D D
+ Cf (*13¢% + 2ateP)w? dx
D

+ C/ (s)»(prwl2 + (53)»3(,03 + 52A3g02 + s)\S(p)wz) ds. (A15)
oD



22 J.ELSCHNER ET AL.

Therefore, taking A > 0 and s > 0 sufficiently large, we can absorb the second and the third terms on the right-hand
side of (A15) into the left-hand side. Consequently, it follows that
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which finishes the proof of the Carleman estimate. |
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