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Abstract

In the first part of this paper, it is proved that a C?>-regular rigid scatterer in R3
can be uniquely identified by the shear part (i.e. S-part) of the far-field pattern
corresponding to all incident shear waves at any fixed frequency. The proof is
short and it is based on a kind of decoupling of the S-part of scattered wave
from its pressure part (i.e. P-part) on the boundary of the scatterer. Moreover,
uniqueness using the S-part of the far-field pattern corresponding to only one
incident plane shear wave holds for a ball or a convex Lipschitz polyhedron.
In the second part, we adapt the factorization method to recover the shape of
a rigid body from the scattered S-waves (resp. P-waves) corresponding to all
incident plane shear (resp. pressure) waves. Numerical examples illustrate the
accuracy of our reconstruction in R?. In particular, the factorization method
also leads to some uniqueness results for all frequencies excluding possibly a
discrete set.

(Some figures may appear in colour only in the online journal)

1. Introduction

1.1. Direct elastic scattering problems

Consider a time-harmonic elastic plane wave u™ (with the time variation of the form e™¢",
with a fixed frequency w > 0) incident on a rigid scatterer D C R? embedded in an infinite
isotropic and homogeneous elastic medium in R, This can be modeled by the reduced Navier
equation (or Lamé system)

(A*+o>)u=0, in RN\D, A*:=pA+ (h+p) graddiv (1.1)

where u denotes the total displacement field, and A, u are the Lamé constants satisfying u > 0,
31 4+ 2u > 0. Throughout the paper we suppose that D C R is a bounded open set such that
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R3\D is connected, and that the unit normal vector v to 3D always points into R*\D. Denote
the linearized strain tensor by

e() = 1(Vu+vu") e R, (1.2)

where Vu € R3>*3 and Vu' stand for the derivative of u and its adjoint, respectively. By
Hooke’s law the strain tensor is related to the stress tensor via the identity

o) = AWdivu)l + 2ue(u) € R, (1.3)
where I denotes the 3 x 3 identity matrix. The surface traction (or the stress operator) on 0D
is given by

Tou:=ow)v = 2uv - grad + Avdiv + pv x curl )u. (1.4)

As usual, a - b denotes the scalar product and a x b denotes the vector product of a, b € R3.
In this paper the incident wave is allowed to be either a plane shear wave taking the form

u" = uisn = gexp(kyx-d), ¢.deS:={xeR:|x =1}, (1.5)

with the incident direction d and the polarization direction g satisfying g_L d, or a plane pressure
wave taking the form

U = uip“ :=dexp(ikpx-d), deS% (1.6)

Here, ks = o/ /@ and k, := @/+/A+2n denote the shear wave number and the
compressional wave number, respectively. For a rigid body D, the total field u satisfies the first
kind (Dirichlet) boundary condition

u=0 on dD. (1.7
Since the scattered field u* := u — u™ also satisfies the Navier equation (1.1), it can be
decomposed into the sum

1 1
sC .__ ,SC sc SCo.__ : sc sC . sC
we=u, fug,  u, = —kzgraddlvu , Uy = —kzcurl curl u™,
P s

where the vector functions u); and u;® are referred to as the pressure (longitudinal) and shear
(transversal) parts of u* respectively, satisfying

(A+kyuy =0, curluy =0, inR\D,
(A+E)u =0, divu =0, inR*\D.

Moreover, the scattered field #* is required to satisfy the Kupradze radiation condition (see,
e.g. [1])

ousc X oust
lim (a—” —ik,,u;f> =0, lim < aa ik‘vuic) =0, r=, (18

r—o0 r r—0o0 r

uniformly in all directions X = x/|x| € S?. The radiation conditions in (1.8) lead to the P-part
(longitudinal part) u}° and the S-part (transversal part) ug° of the far-field pattern of ™, given
by the asymptotic behavior

exp (ikp|x|) W) + exp (ikg|x|)

W (x) = — 2P
O = o+ o Al

ul X+ 0 <L> . x] = oo, (1.9)

|x]?

where u;" (®) is normal to S? and u$® (X) is tangential to S2. In this paper, we define the far-field
pattern u*> of the scattered field #*° as the sum of uf,o and u{°, that s,

u™(x) := uzo (®) + u ().
The direct scattering problem (DP) is stated as follows.
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(DP: Given a scatterer D C R? and an incident plane wave u™, find the total field
u = u™ 4+ u*° in R*\D such that the Dirichlet boundary condition (1.7) holds on dD and
that the scattered field u* satisfies Kupradze’s radiation condition (1.8).

We refer to the monograph [21] for a comprehensive treatment of the boundary
value problems of elasticity, including the boundary conditions of the third and fourth
kinds. It is well-known that (see [21]) the direct scattering problem admits one solution
u € C2(R*}\D)* N C'(R3\D)? if 3D is C?-smooth, while u € H' (R3*\D)? if dD is Lipschitz.

loc

1.2. Inverse elastic scattering problems
We are interested in the following inverse problems arising from elastic scattering.

(IP): Determine the shape of the scatterer D from the knowledge of the transversal far-field
pattern u° (X) for all £ € S? corresponding to one or more incident plane shear waves at
a fixed frequency.

(IP): Determine 3D from the longitudinal far-field pattern upy’ (%) for all X € S? associated
with all incident plane pressure waves at a fixed frequency.

There is already a vast literature on inverse elastic scattering problems using the full
far-field pattern u>. We refer to the first uniqueness result proved in [12], the sampling type
methods for impenetrable elastic bodies developed in [1, 2] and those for penetrable ones in
[4, 25]. Note that in the above works, not only the pressure part of the far-field pattern for all
plane shear and pressure waves are needed, but also the shear part of the far-field pattern. The
aim of this paper is to reduce these measurement data to only the S- or P-part of the far-field
pattern over all directions of measurement corresponding to the same type of plane elastic
waves. We will study uniqueness issues and inversion algorithms for both (IP) and (IP").

The first uniqueness results using only one type of elastic waves was proved in [11]
by D Gintides and M Sini. The authors proved that a C*-smooth obstacle can be uniquely
determined from the S-part of the far-field pattern corresponding to all incident plane pressure
(or shear) waves. Moreover, the same uniqueness result remains valid using the shear part
of the far-field pattern. This shows that any of the two different types of waves is enough to
detect obstacles at a fixed frequency. The arguments in [11], which are applicable for both
the two and three dimensions and also for different boundary or transmission conditions,
mainly rely on the asymptotic analysis, near the boundary of the obstacle, of the pressure and
shear parts of reflected solutions when the P-part or S-part of the fundamental solution to the
Navier equation (1.1) is taken as an incident field. This analysis requires the C*-smoothness
assumption mentioned above. We also refer to [10] for a MUSIC type algorithm applied to
the detection of point-like scatterers using only one type of scattered elastic waves. However,
apart from the inversion scheme proposed in [11], no inversion algorithms have been proposed
and tested for identifying an extended obstacle using one type of elastic waves.

In the first half of this paper, we present a new uniqueness proof to (IP) for C2-smooth
obstacles, following Isakov’s idea of using singular solutions (see [15]). Since only the S-
part of scattered fields can be reconstructed from the transversal far-field pattern, a boundary
condition (see (2.16) or (2.31)) will be derived in order to couple the incident shear wave
and the S-part of scattered waves on dD. This shows some kind of decoupling of the S-part
of the scattered waves from the P-parts. Based on this observation, our proof seems more
straightforward than the arguments used in [11] and can be extended to Lipschitz scatterers
as well as the fourth kind boundary conditions. Moreover, we prove that a ball or a convex
polyhedron can be uniquely identified from the S-part of the far-field pattern corresponding
to only one incident shear wave. However, our approach (essentially the boundary condition
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(2.31)) is only valid for problem (IP) in 3D and cannot be generalized to problem (IP’); see
remarks 2.4 and 2.5 for a brief discussion of what goes wrong in these cases.

In the second half, we adapt the factorization method to recover dD from the scattered
S-waves (resp. P-waves) for all incident plane shear (resp. pressure) waves. In particular, the
factorization method also implies some uniqueness results provided w? is not the Dirichlet
eigenvalue of —A* in D. It is well known that such eigenvalues form a discrete set with
the only accumulating point at infinity. Our numerical experiments demonstrate satisfactory
results from the S-part or P-part of the far-field pattern compared to the reconstruction from
the full far-field pattern.

2. Uniqueness using the S-part of the far-field pattern

Concerning the regularity of the boundary 9D, it is supposed that either 3D is of class C? or
D is a convex polyhedron defined as below.

Definition 2.1. A scatterer D C R? is called a convex polyhedron if D is the intersection of a
finite number of half spaces with connected, non-void and bounded interior.

Note that the boundary of a convex polyhedron consists of a finite number of cells
without any cracks. Here a cell is defined as the closure of an open connected subset of a
two-dimensional plane. As a notation convention we shall employ the symbol

U()=U(;d,q,D), U=u*uu’, u uy,uf,

to indicate the dependence of U(-) on the obstacle D, the incident direction d and the
polarization q. In some cases we write U(-; d, g, D) = U(-; d, q) for brevity. Here is our
main result on the uniqueness of (IP).

Theorem 2.2. If there are two scatterers D and D such that

U (% d, q) =i & d,q), forall % d,qeS* qld, 2.1
then D = D. Moreover, if D and D are both balls or convex polyhedral scatterers, then the
relation

u® (% do, qo) = " (% do, qo),  forall % €S, 22)
with one incident djrection dy € S? and one polarization qo € S? such that qo-Ldy is enough
to imply that D = D.

Theorem 2.2 will be proved in section 2.1 for general C2-smooth scatterers, in section 2.2
for balls and in section 2.3 for convex polyhedral scatterers. To prove theorem 2.2, we need
the fundamental solution (Green’s tensor) to the Navier equation given by

k2 ekl 1 - eikslx—yl elkple=yl
Mx,y) = —2 I+ rad, grad, -— 1. 23
*x.) drw? |x —y) A B BHAG [Ix—yl |X—)’|i| @3

Let the vector a € S? be fixed. Denote by G™ (x; y) = G™(x; y, a) the shear part of IT(x, y)a,
i.e. forx #y,

. 1
G"(x;y,a) := 2 curl, curl, [TT(x, y)a]

2
k2 eikxl)cfyl 1 T eikxleyl
= s I + — grad,_ grad . 2.4
4m2[|x—y| 2 BB |x—y|}“ @4

In the sequel, we view G™(x; ¥, a) as an incident point source wave, and correspondingly,
denote by G*(x; y, a), G(x; y, a), G (X; y, a) the scattered, total waves and the transversal
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far-field pattern associated with G, respectively. Since the function G (x; y, a) satisfies (see
e.g. [23])

2
curl ,curl , G™(x; y, @) — K2G™(x; y, a) = ——=8(x — y)a,
§ 47 ?
for x # y, it is easy to check that
(A" + 0?)G" = —8(x — y)a, (2.5)

i.e. G"(x; y, a) is one of Green’s functions to the Navier equation (1.1). The relation (2.5) will
be used in section 2.1 below.

2.1. Uniqueness for a general scatterer

The aim of this section is to prove the first assertion of theorem 2.2, i.e. the unique determination
of a C?-smooth scatterer using only the S-part of the far-field pattern for all incident shear
waves. Our proof is based on the mixed reciprocity relation between the transversal far-field
pattern G2°(X; y, a) corresponding to G™ and the S-part uy’ (x; d, gq) of the scattered field
corresponding to ui“. The following lemma 2.3 extends the mixed reciprocity relations of R.
Potthast in acoustic and electromagnetic scattering (see [24]) to the elastic case.

Lemma 2.3. For y € R3\D, we have
q-G®(=d;y,a) = q-G®(—d;y,a) =a-u(y;d,q) forall gld. (2.6)

Proof. Since G*° and u*° both fulfil the Kupradze radiation condition, there holds

f G*(2) - Tyu™*(2) — Ty G (2) - u*(2) ds(z) = 0, 27
oD

where 7, is the stress operator defined in (1.4). Note that in (2.7) we wrote G*(z; y, a) = G**(z)
and u*°(z; d, q) = u*(z) for simplicity. This notational rule also applies to the total fields
G(z), u(z) and the transversal far-field patterns GS°(X), u° (X). From Betti’s integral theorem,
for radiating solutions G* € C*>(R3*\D)?> N C' (R3\D)? to the Navier equation, one can derive
the integral representation

G*(x) = / [T, I (x, 21TG*(z) — M(x, DTG (@) ds(z), xe€ R*\D, (2.8)
aD

where T,T1 = (T,I1y, T,T1,, T, I13) with IT; being the jth column of II. Letting |x| — oo in
(2.8) and using the definitions of u;’f’ and u{° in (1.9), it follows that (see also [1])

GY &) = /d D{[Tv@ (ZETe Wt T G (2) — 25 Te W T, G (2)) ds(2), (2.9)
and

GX®) = /d D{[Tu(z){(l — it e TG (7) — (1 — 227) e 5T, G¥ (2)) ds(z).  (2.10)
Since ¢q - d = 0, we deduce from (2.9), (2.10) with x = —d that

q-Gy(=d) =0, (2.11)
q-G(=d) = /3 N {G*@) - T [ge™7] — ge™% - T, G* (1)} ds(2). (2.12)

5
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Combining (2.11), (2.12) and (2.7) gives
q-G*(=d;y,a)
=q-G(=d:y a)
= /ap{GSC(Z) Ty u(z; d, q) —u(z; d, q) - T, G* (2)} ds(2). (2.13)

This proves the first identity in lemma 2.3. Again using Betti’s integral theorem, we have (cf

(2.8))

U (x) = / T, 17w (2) — T(x, )Ty u™ (2)} ds(z), x € R}\D,
implying that v
a-us(x;d,q)

1
=a- k—zcurlxcuﬂx {MSC (x; d, q)}

s

1
—a- ﬁcurlxcurl)C {/ [Ty T1(x, 2)1T 6% (z) — T(x, 2) Ty ™ (2) dS(Z)}
oD

s

= /31){MSC(Z) . TV(Z)Gi“ (x;2) = Tyyu™* (2) - G™ (x; 7))} ds(2).
Moreover, applying Betti’s second integral theorem to ™™ and G™ in D yields

0= /B @) TG 9) ~ Tuu" (@) - 6" (1 9} ds(2), x € RI\D.
Adding up the previous two equalities with x = y, we arrive at

a-u;(y;d,q) = /d @) - T, G™(y; 2) — Tuu(z) - G"(y; 2)} ds(2)
oD

= / @) - T,,G" (% y) — Tuu) - G™(z; y)} ds(2), (2.14)
aD
where the last equality sign follows from the symmetry of G"(z; y) in z and y. Combining
(2.14) and (2.13), we find
q-GF(=d;y,a) —a-uf(x;d,q)
= / ([T uz d, 1" - G(2) — u(z; d, q) - Ty G(2)} ds(2)
aD
=0.
This proves the second identity in (2.6). ]

Our proof of the first assertion of theorem 2.2 relies on a refinement of the arguments in
[15, 18, 12] using singular solutions and the simplified version (see e.g. [23, theorem 14.6])
using the mixed reciprocity relations. Note that in our proof only the S-part of scattered fields
can be uniquely determined from the transversal far-field pattern.

Proof of theorem 2.2 for a general obstacle. Let D and D be the two rigid obstacles in
theorem 2.2 satisfying (2.1). Let €2 denote the unbounded connected component of R3\D U D,
and define the incident point source waves G (x; y, a) as in (2.4) for y € , with some
polarization vector @ € S? to be determined later. From the identity (2.1) and the Rellich
lemma it follows that

a-uf(yid,q)=a if(yd.q). forall dgeS, dlg. ye
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which, combined with the reciprocity relation in lemma 2.3, gives
q-GX(—=d;y.a)=q- Gf"(—d; y,a), forall d,qge$S* dlg, yeQ.
Together with the relation d - G°(—d; y,a) = d - Gfo(—d; y,a) = 0, the previous identity
implies
G (% y,a) = GX(&; y,a), forall $eS%yeQ
Again applying the Rellich lemma, we have the coincidence of the shear parts of G* and G*,
G (z;y,a) = G¥(z;y,a), forall z,yeQ. (2.15)
Since the compressional part G7 of G* is irrotational and the total field G(z;y) =
G™(z:y) + Gy (z:y) + G¥(z: y) = 0on 9D for all y € R*\D, we get
v(@) - eurl (G" (@ y) + G (@2 ¥)) = v(2) - curl .Gz y)
= —Div.(v(z) x G(z;y))
=0 (2.16)
for z € 3D, where Div(-) stands for the surface divergence operator which is well-defined on
the C2-sm~00th boundary dD. Analogously, there holds v(z) - curl ,(G™(z; y) + G¥(zy) =0
forz € D. _

Assuming that D # D, we next derive a contradiction from (2.15) and the boundary
condition (2.16). Without loss of generality, we may choose a point y* € 92 and a vector
a* = a*(y*) € S? such that y* € D, y* ¢ 3D and a* x v(y*) # 0. In particular, for sufficiently
large N € NT, we may assume y, = y* + a*(y*)/n € Q,n > N. Choose the polarization
vector a € S? such that a - (v(y*) x a*) # 0. Taking z = y*,y = y, in (2.15) and setting
v =v(*), we find
v(y") - curl (G (25 yu) ey = V) - culrlz((;zC (2 Yn) =y, forall n>N. (2.17)
On the one hand, the right hand side of (2.17) is uniformly bounded, due to the well-posedness

of the forward scattering problem and the fact that y* € R*\D. On the other hand, it follows
from (2.16) and the definition of G (z, y) that

v(y*) - eurl (G5 (Z yu))e=yr = — v (™) - curl (G (25 ya)) =y
K2 . oikslz=yl
47Tw2v(y ) (IJX Vz|z_yn|) .
k2 eikrlz_yn‘
=1 = (W0 xa) - [VZ—H
Tw 12 = Yl 11—y

2

k
= Gk — 1) explik /m) (0 (57) X ) - "

which tends to infinity as n — oo, since (v(y*) x a) - a* # 0. This contradiction implies that
D =D. O

Remark 2.4. Our arguments do not work using the longitudinal far-field pattern of plane shear
waves. To see this, we need the compressional part of IT(x, y)a given by

1 ) 1 T elkplx=Yl
— — grad, div,[I1(x, y)a] = ——— grad, grad,
ks, 4w |x — ]|

Similarly, denote by H° (x; y, a), H 1‘30 (%; y, a) the transversal and longitudinal far-field pattern

associated with the incident wave H™. Analogously to lemma 2.3, one can prove the reciprocity
relation

q-H*(—d;y,a)=q-H>*(—d;y,a) =a- u;f(y; d,q), yeR\D, (2.18)

H™(x;y,a) = a, XxX#y.
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for all d_Lg. However, since curl (H™ (x; z) = 0 for x # z we cannot generalize the arguments
from section 2.1 to the present case by employing the boundary condition (2.16) with G5°
replaced by H:°. Further, we point out that our proof cannot be applied to the second (Neumann)
or third kind boundary conditions, even in the case of two-dimensional elastic scattering.

Remark 2.5. Our approach for proving the first assertion of theorem 2.2 cannot apply to
incident plane pressure waves. Given the incident pressure wave ug‘ defined in (1.6), we can
establish the following mixed reciprocity relations

d-G®(—d;y,a)=d- G;o(—d; ya)=a-ul(y;d), (2.19)
d-H®(—d;y,a) =d - H;o(—d; y,a)=a- uzc(y; d), (2.20)

for all dLg, where u® and u}; denote the S-part and P-part of the scattered field u™(y; d)
corresponding to u;‘. Again the boundary condition (2.16) cannot be employed with the
transversal part G replaced by the irrotational longitudinal part G} or H .

Note that the mixed reciprocity relations (2.6), (2.18), (2.19) and (2.20) remain true for
other boundary conditions and penetrable scatterers. It is worth mentioning the more general
identity established in [3, theorem 7] between full far-field patterns, the proof of which is
based on the reciprocity relation for two point source incidences. Our lemma 2.3 provides
a more straightforward proof of these mixed reciprocity relations. See also [3, 7, 8] for the
reciprocity principles due to two incident plane elastic waves.

2.2. Uniqueness for balls

Continuation of the proof of theorem 2.2. To prove the second assertion of theorem 2.2
for balls, we will follow Kress’ arguments from [19] for proving uniqueness in inverse
electromagnetic scattering by perfectly conducting balls. Let Q be a rotation matrix in R3. We
have the following relation between u* (X; d, ¢, D) and u® (%; d, q, QD) (see [22, section 5])

Qu (x;d, q. D) = u’ (Qx; Qd, Qq, QD), forall x,d,q € S%, gld, o = pors. (2.21)
If D is a ball centered at the origin, then the relation (2.21) with & = s reduces to
Qu®(%;d, q, D) = u®(Q%; Qd, Qq, D), forall %,d,qeS? dlg. (2.22)

Letting D and D be the two balls given in theorem 2.2, one can conclude from the explicit
expression of the S-part of the scattered field that u}°(x; d, q) resp. #)°(x;d, q) can be
analytically extended into the interior of D resp. D with the exception of its center; see
appendix for the proof in elasticity. Since u}° (x; d, q) and &° (x; d, q) are radiating solutions to
the Helmholtz equation, by the Rellich lemma the centers of D and D must coincide. Without
loss of generality we may assume the center is located at the origin. Thus QD = D and
QD = D for any rotation matrix Q. We claim that the identity (2.2) with one incident direction
dy and one polarization direction g, implies the relation (2.1) for all incident and polarization
directions. Therefore, the uniqueness for balls with one incident wave follows directly from
the first assertion in theorem 2.2. In fact, given dy, q; € S? such that d; Lg;, there exists a
rotation Q satisfying either Qg = ¢q1, Qdy = d; or Qqy = —q1, Qdy = d;. Applying the
rotation QQ to both sides of (2.2) and making use of (2.22) for D and D, we obtain

% (Q%; Qdo, Qqo, D) = i°(Q%; Qdy, Qqo, D), forall % e S,
which implies
uf"(Qi; di,q1,D) = ﬁ;x’((@ﬁ; d, ql,D), forall xe S (2.23)



Inverse Problems 29 (2013) 015009 G Hu et al

Note that #> and i depend linearly on the polarization. By the arbitrariness of £, d;, q; € S?,
we arrive at the identity (2.1). Therefore, we obtain D = Dasa consequence of the uniqueness
result in theorem 2.2 for all incident and polarization directions. This completes the proof of
theorem 2.2 for balls. ]

The well-known Karp’s theorem in two-dimensional acoustics states that, a scatterer is a
disc if the far-field pattern only depends on the angle between the incident and observation
directions; see e.g. [6, chapter 5.1] in acoustics and [6, chapter 7.1] in electromagnetics. The
elastodynamic analogue of Karp’s theorem was proved in [22] by applying the uniqueness
results in inverse elastic scattering with an infinite number of incident waves. Following [22],
we next prove another elastodynamic analogue of Karp’s theorem using only the transversal
far-field pattern.

Corollary 2.6. Suppose that u° (x; dy, po, D) is the S-part of the far-field pattern associated
with the incident shear wave (1.5) with d = dy, q = qo. Then, D is a ball if there holds for any
rotational matrix Q that

Qu (%; do, qo, D) = u>°(QX; Qdy, Qqo, D), forall % €S (2.24)

Proof. It follows from (2.22) and (2.24) that

1> (Q%; Qdy, Qqo, QD) = u®(QF; Qdo, Qqo, D), forall e S* (2.25)
With the similar arguments used to derive (2.23), we deduce from (2.25) that

u® (% d, q,QD) = u™®(%; d, g, D), forall % ,q,deS? gld. (2.26)

Applying theorem 2.2, we conclude that QD = D for all rotational matrices Q. Hence D is a
ball. ]

Remark 2.7. The results in section 2.2 are also true for other boundary conditions using
P- or S-part of the scattered waves corresponding to P- or S-incident waves, since the arguments
are based on the corresponding results using many incident waves.

2.3. Uniqueness for convex polyhedrons

Continuation of the proof of theorem 2.2. Suppose that (2.2) holds for two different convex
Lipschitz polyhedral obstacles D and D. Without loss of generality, we may always assume
that there exists a corner point A € R3 of 8D such that A ¢ oD. Degote by, j=1,2,3

three cells of dD meeting at A, and bl I"; the extension of r jto R3\l3. Obviously, each cell

r ; can be extended to infinity in R? \D due to the convexity of both D and D. Since the total
field u = u™ + us° + u; = 0 on 9D, there holds the boundary condition

vj-curlu=-Div(v;xu)=0 on T[;, j=1,2,3, (2.27)

with v; being the normal direction of I';. Note that the differential operators in (2.27) make
sense, because I'; is flat so that u is smooth up to the boundary except for a finite number of
corner points and edges. Analogously to (2.16), we have

vi-curl (1 + 1) =0 on T; j=1,2,3, (2.28)

9
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since curl u‘;f =0inR? \5. By the Rellich lemma, the relation (1.9) yields u; (x) = i (x) for

all x €  := R3\(D U D). In particular, we have curl u® = curl & on r j\ﬁ using standard
elliptic regularity of u;° (x) and & (x). Thus, the identity (2.28) implies the relation

v; - curl (ui“ + ﬁi“) =0 on l:j\B, j=1,2,3, (2.29)
which combined with the analyticity of the function U := u™™ + & in R? \13 gives
vi-curl (" + @) =0 on Ty, j=123,
that is,
iksv; - (do % qo) exp(ikex - do) +vj-curlity (x) =0 on Iy, j=1,2,3. (2.30)
Letting |x| — +o00 in (2.30) for x € I';, we obtain v; - (dy X qo) = 0, j = 1,2, 3, since
curl i° (x) decays uniformly in all directions (see the radiation condition in (1.8)). Noting that

v; are three linearly independent vectors, we get dy x go = 0. However, this is impossible
because dy-_Lqp. This contradiction gives D = D. O

Remark 2.8. We have no uniqueness for non-convex polyhedrons. If D and D are not
necessarily convex polyhedrons, one can only conclude that the convex hulls of D and D
coincide. For global uniqueness results within non-convex polyhedral obstacles, we refer to
[9] by J Elschner and M Yamamoto using the full far-field pattern of one or several incident
plane elastic waves. Their proofs were based on the reflection principle for the Navier equation
under the third or fourth kind boundary conditions. However, there seems no reflection principle
for the Navier equation under the Dirichlet boundary condition.

To sum up, our uniqueness proofs for (IP) are essentially based on the identity
v - curl (ui“ +u’) =-Div(v xu) =0 on dD. (2.31)
One may observe further that the relation (2.31) is still true under the fourth kind boundary
conditions (see e.g. [21])
vXxu=0,v-Tu=0 on 09D, (2.32)

where T is the stress operator given in (1.4). Hence, we have

Corollary 2.9. The uniqueness results in theorem 2.2 remain valid if the Dirichlet boundary
condition (1.7) is replaced by the fourth kind boundary conditions (2.32).

Relying on the boundary condition (2.31), some existing numerical methods, e.g., linear
sampling method [6], probe method [14] or singular sources method [24] can be utilized to
recover the shape of a rigid scatterer from only the transversal far-field pattern associated with
all incident shear waves. We next adapt the factorization method established in [16] (see also
the monograph [17]) to this case. Moreover, the factorization method also allows us to handle
the problem (IP’) using only pressure waves.

3. Factorization method

We first review the F*F-method in inverse elastic scattering problems (see [1]) involving the
full far-field pattern, and then use a modified version to reconstruct D using only one part of
the far-field pattern. In this section, the boundary 3D of D C R? is allowed to be Lipschitz,

and D may consist of several components.
For g(d) € L*(S?)3, d € S, there holds the decomposition

g(d) = gs(d) + gp(d), gs(d):=dxg(d)xd, gyd):=(gd)-d)d, 3.D

10
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where g;(d) belongs to the space

LIS = {8187 > Crgi(d) - d =0, |gs| € L*(S*)} 3.2)
of transversal vector fields on S?, while gp(d) belongs to the space

L(S*) :={g,: " > C:gy(d) xd =0, |g,] € L*(§")}

of longitudinal vector fields on S?. For g € L*(S?)?, introduce the incident field
Vit (x) = /S Lgs(@) ek g (d) e* ] ds(d).

The far-field pattern v;° corresponding to the incident wave vé;, defines the far-field operator
F from L*(S?)? into 1tself by Fg = vy°. Denote by vg; € L2(S*) and v%, € L7 (S*) the S-part
and P-part of v;°, which are defined i 1n the same way as in (3 1). The followmg properties of
F have been derlved in [1].

Lemma 3.1.

(i) The far-field operator F is compact, normal with dense range in L* (S*)3, and the scattering
matrix [ + %F is unitary. Here I denotes the identity operator.

(ii) If * is not the Dirichlet eigenvalue of the operator —A* in D, then F is injective and its
normalized eigenfunctions form a complete orthonormal system in L*(S*)3.

Let the Herglotz operator H : L*>(S*)> — H'/>(3D)? be defined by Hg := v;,"(x)|30.
Then, the adjoint operator H* : H~'/2(3D)* — L*(S?)? of H is given by

H*p(®) = / [os () e 4 4 g () e * i ds(y)], e S
oD

which is, by our normalization, just the far-field pattern of the function

w(x) = /BD M(x, () ds(y), x¢ D,

where I1(x, y) is Green’s tensor to the Navier equation (see (2.3)). Note that, for some non-
trivial vector a € S?, the far-field pattern of the function x — I1(x, y)a is given by

MR &) =e ™ Ex (@ax )] +e (@& a)f, forall yeR. (3.3)
Define the data-to-pattern operator G : H'/2(dD)? — L*(S?)3 by f — v™, where v™ is the

far-field pattern of the radiating solution v which satisfies the Navier equation (1.1) in R3\D
with the boundary data f € H'/2(3D)3. With these definitions, we have the decomposition

Fg=—GHg, H"(¢)=G(wlyp)=GS(p), (3.4)
where S : H™'/2(3D)? — H'/>(dD)? denotes the classical single-layer operator

(Sp) (x) =/ I(x, o) ds(y), xedD.
aD
From (3.4), it follows the factorization
F = —-GS*G". 3.5

The sampling method developed in [1] is based on the factorization (3.5) combined with some
properties of the single-layer operator S (see [1, lemmas 6.1, 6.2]), which extends Kirsch’s
results [16] from acoustic scattering to the elastic case in 3D. It is seen from [1, section 6] that
all the assumptions of [17, theorem 1.23] are fulfilled, so that we have (see [1, theorem 6.3])

Lemma 3.2. If ? is not the Dirichlet eigenvalue of —A* in D, then the ranges of G and
(F*F)'* coincide.
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Further, it is proved in [1, theorem 6.4] that the function H;’o (%) given in (3.3) belongs
to the range of G if and only if y € D. Thus, by lemma 3.2 we can characterize the scatterer
D in terms of the range of (F*F)!/4. Using the orthogonal system of eigenfunctions of F, it
follows from Picard’s theorem that

Theorem 3.3. If w? is not the Dirichlet eigenvalue of —A* in D, then

00 271
[(gn, TI3%) 1252y
yeD <+ W(y):=|:2—n |';7|L() > 0,

n=1
where n,, € C denote the eigenvalues of F with the corresponding orthonormal eigenfunctions
gn € L*(§?)3, and (-, )2 (s?y denotes the usual inner product in the space L*(S%)3.

(3.6)

Remark 3.4. Analogously to the factorization method in acoustics, the eigensystem (1, g,)
in theorem 3.3 can be replaced by the eigensystem of Fy defined by

Fy:=|ReF|+|ImF|, ReF:=j[F+F*], ImF:=[F—F".
This is mainly due to the inequality

\/LE[|R677H| + [Im 7, (] < (1] < [Re 7] + [Im 75,

We note that the eigensystem of F used in theorem 3.3 are determined by both the P-part
and S-part of the far-field pattern for all incident pressure and shear plane waves. Relying on
the previous analysis, we now turn to the study of the factorization method for (IP) and (IP")
where the incident fields consist of plane shear or pressure waves only.

Introduce the orthogonal projection operator Py : L*(S?)* — L2(S?)3, where L*(S?)?
is given in (3.2), i.e. Py g(d) = g,(d). The adjoint P} : L2(S?)* — L?(S?)* of P is just
the inclusion from L2(S*)3 to L?(S*)*. Therefore, the operator F, := P, F P}, which maps
L2(S?)? to L2(S?)%, is the projection of the restriction of F to L2(S*)*. By (3.5), it has the
factorization

F,:= P,FP; = —(P,G)S*(P,G)". G.7

In contrast to F the operator F; fails to be normal. Therefore, theorem 1.23 of [17] is not
applicable. We further note that the characterization (3.6) is essentially based on the normality
of the far-field operator F' and the unitarity of the scattering operator I + %F . Instead of [17,
theorem 1.23], we now apply the range identity [17, theorem 2.15] to the operator Fj.

Lemma 3.5. If * is not the Dirichlet eigenvalue of —A* in D, then the ranges of PG and
F#z coincide, where Fy = |Re F;| + |Im F}|.

Proof. We need to justify all the conditions in [17, theorem 2.15]. Obviously, the operator
PG : H'/2(dD)? — L2(S?)* is compact with dense range, since the data-to-pattern operator
G : H'2(dD)* — L*(S*)? is compact with dense range. We collect the following properties
of the single-layer operator S from [1, section 6].

(a) ImS = %(S — §%) is non-negative, that is,
Im(Sp, )29py = 0 forall p € C*(dD)°.
More generally, it holds that
Im(p, Sp) < 0 forallp € H'/?(3D)?,
where (-, ) denotes the duality pairing in (H~'/2(dD)3, H'/(0D)?).

12
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(b) The strict inequality in the assertion (a) holds for all ¢ # 0 provided »? is not an interior
Dirichlet eigenvalue.

(c) Let S; be the single-layer operator corresponding to @ = i. Then S; is self-adjoint and
coercive; that is, there exists ¢ > 0 such that

(@ Si0) > cll@lzinpp, forallg e H/*(@D)’.

Furthermore, S — S; is compact from H~'/2(dD)? into H'/?(aD)>.
12

Now, the range identity of theorem 2.15 of [17] yields that the ranges of P;G and F
coincide. (|

To characterize the scatterer D in terms of the operator Fy, we need the following lemma.

Lemma 3.6. Let the function T13° (X) be given as in (3.3). The function Py (T15°) belongs to the
range of Py G if and only if y € D.

Proof. If y € D, then the trace of the function x — TIT(x, y)a on dD belongs to H'/?(3D)>.
Thus PS(H§°) = P,G(f) with f = I1(x, y)al,esp. Assume that 735(1'1;’,") = PXG(f) for some
f € H'2(3D)?, that is, the S-part I of T13° coincides with the S-part v of v>°, where v™
is the far field pattern of the radiating solution v in H! (R*\D)? with v = f on dD. Denote
by [T1(x, y)als and v, the shear parts of I1(x, y)a and v, respectively. If y ¢ D, it follows
from the Rellich identity and the unique continuity of solutions of the Helmholtz equation that

vs(x) = [T1(x, y)al; for all x € R3\{D U {y}}. Therefore,
curl ,[TI(x, y)al, = curl v, = curlv € L, (R*\D)>. (3.8)
However, it follows from (2.4) that
curl ([TI(x, y)al; = curlei“(x; y,a) ~ O(|lx — y|*2), as x—y in R3\{5U {1},
which contradicts (3.8). Thus y € D. O
Combining the previous two lemmas, we get

Theorem 3.7. If ” is not the Dirichlet eigenvalue of —A* in D, then

e8] 2 -1
1(8ns TIT) 122
yeD Ws(y):=[2% > 0,

n=1

(3.9)

where TI75 == Ps(I17°) = exp(—iksX - y) [X x (a x X)] for some a € S?, and {n,, g,} is an
eigensystem of the positive operator Fyu defined in lemma 3.5.

The same technique is also applicable to the inverse problem (IP’). Let P, denote the
orthogonal projection operator from L*(S?)* to L%(Sz)3, ie. Pyg(d) = g,(d). Define the
operator F), := P, F 'P;. We then have the factorization

F, = —(P,G)S*(P,G)". (3.10)

The arguments in lemmas 3.5 and 3.6 can be immediately applied to the operator P,. As a
consequence, we obtain

Theorem 3.8. If w? is not the Dirichlet eigenvalue of —A* in D, then

(o]

-1
[(gn, TI) 2 (s2))?
yED & W,():= [Zyn—"“s) >0, G.11)
n

n=1
where T17, := P, (IT°) = exp(—ik,X-y) (£-a)X for some a € S?, and {n,, g,} is an eigensystem
of the (positive) operator Fp := |Re F,| + |Im F|.
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Obviously, theorems 3.7 and 3.8 provide new uniqueness results by using only one type
of elastic waves.

Corollary 3.9. Assume that the rigid body D € R3 has a Lipschitz boundary, and that w* is not
the Dirichlet eigenvalue of —A* in D. Then D can be uniquely identified from the S-part of the
far-field pattern for all incident plane shear waves. The uniqueness is also true by employing
the P-part of the far-field pattern for all incident plane pressure waves.

4. Numerical examples

We suppose that D = Q x R C R? is an infinitely long cylinder, and turn to the presentation of
some numerical simulations in R? for constructing the boundary dQ C R?. We refer to [2] for
the linear sampling method and F*F-method in the two-dimensional inverse elastic scattering
where the full far-field pattern is involved.

Recall that in R?, Green’s tensor of the Navier equation is given by

1 i
T(x,y) = @Hg“aw = ¥DI+ ;— grad, grad [H{" (kslx — y) — HV (kplx — yD)]

for x,y € R?, x # y, where Hél) (t) denotes the Hankel function of the first kind and of order
zero. To be consistent with the presentation in R we define the far-field pattern

= 2t (8) + U R), (o, ;)T = (—x, ).
Here, note that u° (X) = u™(X) - X, u>® (X) = u™® (%) - £* are two scalar functions given by the
asymptotic behavior
exp(ik,x + i /4) exp(iksx + i /4)
8mk,|x| 8k x|

With this normalization, for a fixed vector a € C? the far-field pattern l";?" (x) of the function
x — I'(x, y)a is given by

u(x) = WY (&)X + U @B+ O0(x7?), x| —» .

(%) = exp(—ikpt - y) (£ - a)F + exp(—ikyd - y) (& - a)&" =1 T75 (0F + TS (i
‘We make the ansatz for the scattered field #*° in the form

u*(x) = /a ] C(x, V)$(y) ds(y), xeRIN\Q,

with some function ¢(y) € L?(32)%. Assume that dQ can be parameterized by
(ri(t), r2(t)), t € [0, 2m]. Then the P-part and S-part of the far-field pattern of #* are given

by
2 o T
(%) = f et ORI R G (ry (1), 2 (D) 7 (02 + 1y (1) db,
0
2 . T
M?O(xf\) — f e ikE (1 (0),r2(1) [x’\J- ~p(ri (1), ra ()] /r/l (l)2 + l’/z(t)z dr,
0

respectively, in terms of the density function ¢.

Now, let N plane pressure waves d; exp(ik,x-d;) or N plane shear waves djl exp(iksx-d;) be
given at equidistantly distributed directions, that is, d; = (cos 0}, sin6;) with 6; = (2m j)/N,
j = 1,2,...,N. Denote by uf,o (%, d}), u* (%, d;) the P-part, S-part of the far-field pattern
corresponding to the incident pressure wave d; exp(ikpx - d;), and by u}? (x, djL), u(x, dji)
the counterparts associated with the incident shear wave djl exp(iksx - d;). We perform our
numerical experiments in three cases.

14
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Figure 1. The obstacles to be reconstructed.

SS case: Reconstruct 9D from u° (dy, df-) for N incident plane shear waves df- exp (iksx -
d)). ' '

PP case: Reconstruct 9D from u;°(dy,d;) for N incident plane pressure waves
djexp(ikpx - dj).

FF case: Reconstruct 3D from the full far-field pattern u (d, d;)dy + u™ (dx, a’jl)dkL for
N incident plane elastic waves of the form d; exp(ik,x - d;) + a’jL exp(iksx - d;).

The operators Fy := P FPF (in the SS case) and F), := P,F 73; (in the PP case) can be
approximated by the N x N matrices given by M = (u$° (dk, djl))k, jand M = (u;o (di, dj)k.j»
respectively. Let (t,,V,) be the eigensystem of the matrix M, where 7, € C,V, =
(Un1s -+ » Unn) € CPN Define n, := |Ret,| + |[Imt,| € Rand b = (by, by, ..., by) € CPV
with by given by

SScase: by = b 1= exp(—ikydy - y)(d - a) € C,

=1,2,...,N. 4.1
PP case: by = b,((”) := exp(—ikpdy - y)(dy - a) € C, @D

By theorems 3.7 and 3.8, for each sampling point y € R? and some fixed polarization vector
a € S, we need to compute the indicator function

1o ST %
W) = Z |, p»i=b.V, = Zbkvn,k
n=1 " k=1
and plot the contour (or the level) lines of the function y — W (y). The values of W (y) should
be much smaller for y ¢ D than fory € D.
In the FF case, discretizing the far-field operator F' gives rise to the 2N x 2N matrix (see
also [2])

W (dis di)ej (1 (dy, df))k,j
In this case we only need to redefine b := (b, b)) € C'*?N, where
b(P) — (bip)’ bgp) s b;\f)) c (ClxN’ b(s) — (b(lS)’ b(;) o bg\f)) c (C1><N

are defined in terms of b;.p), st), j=1,2,...,Ngivenin (4.1).
Figure 1 shows the two obstacles to be recovered through the factorization method. In
both examples, we compare the reconstruction results in the SS case, PP case and FF case; see

:<(”lo’o(d"’d-"))"--f (“Zo(dk’df))k,f) k,j=1,2,...,N.

15
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Figure 2. Reconstruction of a kite-shaped obstacle for N = 64, u = 1,A = 1,0 = 24/2 with
different polarization vectors ¢ = (cos«, sine). @ = 0 in (a), (b) and (¢), « = /2 in (d), (e) and
(f), 0 = 57 /4in(g), (h) and (i), and @ = 77 /4 in (j), (k) and (1). We used unpolluted far-field data.

figures 2 and 3. Using the S-part or P-part of the far-field pattern still produces satisfactory
reconstruction, but it is less reliable compared to the FF case. A possible explanation for
the worse reconstruction lies in the stronger singularities of the S-part and P-part of the
scattered field G*(z; z) than itself as z approaches Q2 from R?\Q2, where G*(x; z) denotes
the scattered field due to the point source wave generated by Green’s tensor. Let r denote
the distance between z and 9€2. Following the arguments in [11], developed for the 3D case,
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Figure 3. Reconstruction of a peanut-shaped obstacle for N =64, u = 1, A = 1, 0 = 34/2 from
noised far-field pattern with the noise level 8. In (a), (b) and (c), § = 0. In (d), (¢) and (f), § = 1%.In
(g), (h) and (i), § = 5%. In (j), (k) and (1), 6 = 8%. We used a fixed polarization vector a = (1, 0).

we can show that |G*(z; z)] ~ O(r2) as r — 0%, while the P-part and S-part of G*(z; 7)
behave as O (r~*). This suggests that the level curves, corresponding to the same level, will be
closer to d€2 in the FF case than in the SS or PP cases. From figures 2 and 3, it seems hard to
conclude which one is better in the SS case and PP case. We use the kite-shaped obstacle to test
the sensitivity of the method to the polarization vector a € S, and employ the peanut-shaped
obstacle to examine noisy effects. It is seen from figures 2 and 3 that the reconstructions in the

17
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SS case and PP case are more sensitive than the FF case to the polarization vector a and to the
white noise of level §.

It remains an interesting question to investigate the mixed PS case (resp. SP case), i.e.
to reconstruct 92 from the S-part (resp. P-part) of the far-field pattern corresponding to all
incident plane pressure (resp. shear) waves. In our experiments, the Fy-method fails if we
apply the same inversion procedure to the SP or PS case. This is understandable, because the
factorization of the corresponding far-field operators in the mixed case (see (3.7) in the SS case
and (3.10) in the PP case) is no longer symmetric and thus the range identity of [17, Theorem
2.15] is not applicable. A further investigation of these cases will be written in a future work.
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Appendix

In this section, we give an explicit solution of the S-part of the scattered field for a ball

D = B := {|x| < R} in terms of radiating spherical vector wave functions and prove its

analytical extension to R*\{0}. Let j, and y, be the spherical Bessel and Neumann functions

of order n, and recall that the linear combination A" := j, + iy, are known as spherical

Hankel functions of the first kind of order n. In our calculations it is more convenient to

employ spherical coordinates. For x = (x1,x2,x3) € R3, let r = |x|, x; = rsiné cos ¢,

X, = rsinf cos ¢, x3 = rcosd, and set

e, =X:=x/r, e = (cosOcos ¢, cosfsing, —sinf), g; := (—sing, cos ¢, 0).

Suppose that ™" is a plane wave to the Navier equation (1.1) in R3. Then there holds the

expansion

o0 n 1

Wr=y"%" {A;"k—vx[jn (kpr)Y;" ()] + B! curl ([xj, (ksr) Y, (B)]

P

n=1 m=—n

1
Jnn+1)

1
Cr' ————curl ccurl ([xj, (k)Y (X A.l
e [ ] (kyr) ()]} (A.1)
for some constants A", B, Ci' € C, where Y, denote the spherical harmonics. The first term
on the right hand side of (A.1) stands for the longitudinal mode, while the second and third
terms represent the two transverse modes. Elementary calculations show that on |x| = R there
holds
1 .. . ., moana e A me
k_vx[]n (kpr)Yn (x)]|r:R = Jn (t[,)Y” (X)X + ]n(tp)t_Grad Yn (x),
P P
curly [xju (ker)Y," (@) ]l,—& = Jju(t;)Grad ¥ () x £,

18
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1 . mon nn+1)_ . 1 o
k—curlxcurlx [x]n(ksr)yn (x)]|r:R = I—Y (x ) + - [Jn(ts) +tan(ts)]GradYn x),

A
where 1, = k,R, t; = kR and GradY)" := 7] QY)" + (sm9) 'es eg 0,Y," denotes the surface
gradient of Y over the unit sphere. Note that the tangential fields Grad Y*(x), Grad Y (X) x X
are called vector spherical harmonics of order n. Inserting the previous three identities into
(A.1) gives

o0 n
Wlr =D D UL AL + 1 VG DEN )3
n=1 m=-—n

1
+ ———=Bj,(t;) Grad Y, (¥) x X
Jnn+1) J

1 A
+ [t,,ljn(tp)An'” + W(h(%) + tsj;(ts))C,'l"} Grad Y,Z"(x)} - (A2

Since the scattered field u* = u;° + u3® satisfies the radiation condition (1.8), the P-part uif
and the S-part #;° can be expanded into

Z Z A’" Vi [1" (o) Y ()],

n=1 m=—n

curl  [xh{" (k) Y™ (£)]

ZZ{ T

n=1 m=—n

~ 1
C"—————— curl ccurl  [xh" (k;r)Y" (;e)]}
Vi Dk '
for |x] > R with some complex valued constants Af, B’” C’" On the surface |x| = R the

scattered field 4* admits an expansion analogous to (A.2) only with j,, A, B}/, G} replaced
by AV, A”’ BZ’, C’" respectively. Taking into account the Dirichlet boundary condition, we
obtam

Bmh(])(ts) = _Bm]n(ts) M (tP? ts)(cm> = _Mn(tp’ tS)(é‘?n)’ (A3)

where Mn (tp, t5) is the 2 x 2 complex valued matrix given by

—_ hV (1) T/nn+ 1)
Mty 1) = (z;‘h;”fzp) [h“(a) + ah(”@s)])

and M, (t,,t,) is defined analogously to /\/l,, (tp, t;) only with h{, b’ replaced by j,, j,.
By the uniqueness of the forward elastic scattering problem, the above system (A.3) for
A, B, C is uniquely solvable.

Suppose that u" = uiS" is an incident plane shear wave taking the form (1.5). The vector
analogue of the Jacobi—Anger expansion yields the expression (A 1) for ui,“ with (see [20])

n(n+1

—4mi" —4r
Al'=0,B) = —(d x GradY"(d) - q), C" = —GradY'"(d)
NZES) R AN TESY ’
Consequently, we derive from (A.3) that
~ i"4m j, (k,R N ~ ~ i"tl4 -
o &R Grd V@) ). = D Grad (@) - 4.

" nt DAY (k,R) " i+ 1)

with the coefficient
B _DkoR) = U R + KRRl DI G R)
FulkpR) — (1" (kR) + kR (kR)) ko R (k,R)

n
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Therefore we arrive at an explicit representation of the S-part u{® of u* with the coefficients
Ef and C' given above. By the addition theorem (see e.g. [6, theorem 2.8]) it can be further
concluded that u is a function of cos 8, where 8 denotes the angle between x and the incident
direction d.

Since 13 satisfies the Maxwell equation, to prove its analytical extension into {x : x| <
R, x # 0} we only need to justify the convergence of the tangential component of u;° in the
mean square sense on the sphere |x| = Ry for any 0 < Ry < R; see [6, theorem 6.26]. Using
Parseval’s equality,

o0 n
/ v x uPds() = Ry > Y B PIAY (ksRo)
[xI=Ro

n=1 m=—n

oo n
+R2D" ST HICH? [ (keRo) + (ksRo) ™ BV (keRo) 7).

n=1 m=—n

By the asymptotic behavior of the spherical Bessel and Hankel functions as n — oo and their
differential formulas (see e.g. [6, chapter 2.4] or [23]), we have

A ) 1
i) = s (1 +0 <;>> ,
v n(2t)"n! l
U= G (1 +O(n>>’
n—1)! 1
(1) — _
b0 = i2n=1(n — 1)l (1 +O<n>>’

n2n —1)! 1
th\V(t) = B ErTE <1 +0 <;>> .

Then we can check that indeed ||v x u§°||i2 ; <ooforany 0 < Ry < R.

(Bry)
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