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This paper explores optimal insurance solutions based on the Lambda-Value-at-Risk (AVaR). Using the expected
value premium principle, we first analyze a stop-loss indemnity and provide a closed-form expression for the
deductible parameter. A necessary and sufficient condition for the existence of a positive and finite deductible
is also established. We then generalize the stop-loss indemnity and show that, akin to the VaR model, a limited
stop-loss indemnity remains optimal within the AVaR framework. Further, we examine the use of A’VaR as a
premium principle and show that full or no insurance is optimal. We also identify that a limited loss indemnity
is optimal when A’VaR is solely used to determine the risk-loading in the premium principle. Additionally, we
investigate the impact of model uncertainty, particularly in scenarios where the loss distribution is unknown
but lies within a specified uncertainty set. Our findings suggest that a limited stop-loss indemnity is optimal
when the uncertainty set is defined using a likelihood ratio. Meanwhile, when only the first two moments of
the loss distribution are available, we provide a closed-form expression for the optimal deductible in a stop-loss
indemnity.

1. Introduction confidence level that varies with the underlying loss realizations. This

feature provides greater flexibility, allowing one to adjust A to ei-

Optimal insurance is the problem of finding the optimal insurance ther increase sensitivity to extreme losses or focus more on the most

contract. A decision maker (DM) seeks to transfer a portion of his loss
to an insurer and will pay a premium for this coverage. The premium
is traditionally calculated as the expected value of the insured risk,
plus a risk loading. The literature on optimal insurance originated
from the early works of Borch (1960) and Arrow (1963), which fo-
cused on mean-variance and expected utility preferences, respectively.
Many authors have extended these settings by considering alternative
objective functions such as behavioral economic preferences and risk

likely outcomes. Similar to VaR, and in contrast to CVaR, AVaR is
always finite (except for probability levels 0 and 1), even for heavy-
tailed losses with infinite expectations. While AVaR is a monotonic
risk measure, it differs from VaR in that it is not cash- or comono-
tonic additive. A characterization of AVaR is provided by Bellini and
Peri (2022), who formalize a crucial property called locality. This,
together with monotonicity, normalization, and weak semi-continuity,

measures for evaluating future losses after insurance. For instance, Cai
and Tan (2007), Cai et al. (2008), and Chi and Tan (2011) study the
optimal insurance problem by minimizing the Value-at-Risk (VaR) and
the Conditional Value-at-Risk (CVaR) of the DM’s total risk exposure.
Subsequently, Cui et al. (2013) and Assa (2015) generalize these set-
tings with distortion risk measures, which include VaR and CVaR as
special cases.

In this paper, we explore optimal insurance problems using the
Lambda-Value-at-Risk (AVaR) as the DM’s risk measure. The AVaR is
introduced by Frittelli et al. (2014), and has recently gained academic
interest as a generalization of the well-known VaR. Unlike VaR, which
uses a fixed confidence level, AVaR incorporates a function A as its
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uniquely characterizes AVaR with a non-increasing function A(x) on
R. AVaR has also been studied from various perspectives, including
robustness, elicitability and consistency (see Burzoni et al., 2017), esti-
mation and backtesting (see Corbetta & Peri, 2018; Hitaj et al., 2018),
quasi-convexity, cash subadditivity and quasi-star-shapedness (see Han
et al., 2025), robust formulations (see Han & Liu, 2024), and capital
allocation with the Euler rule (see Ince et al., 2022).

An optimal insurance problem based on AVaR with the expected
value premium is first considered by Balbas et al. (2023), as an ap-
plication to their main theory on A-fixed points. Their result assumes
finite support of the function A and solves the optimization problem
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using a linear programming method. As a significant improvement to
the existing discussion, we solve the AVaR-based optimal insurance
problem with general decreasing A functions and loss distributions
by more concise theoretical proofs. Moreover, various assumptions of
indemnities and premium principles are considered. To the best of our
knowledge, this work is the first to comprehensively study the optimal
(re)insurance design problem with AVaR in a general setup.

We first focus on the problem with the expected premium principle.
Assuming that the admissible set of indemnities is of stop-loss types, we
present a closed-form expression for the optimal deductible. Moreover,
we identify a necessary and sufficient condition for the existence of a
positive and finite optimal deductible. Compared with the correspond-
ing condition in the VaR-based optimal insurance problem of Cai and
Tan (2007), our condition is less stringent. Next, we consider the more
general class of incentive-compatible indemnity functions (Huberman
et al., 1983), denoted by 7. Within the class 7, Chi and Tan (2011)
show that a limited stop-loss indemnity function is optimal for a VaR-
based optimal insurance problem. We extend this finding to AVaR, with
which the DM can adjust the upper limit of the ceded loss function
based on various model parameters and insurance premiums.

Following this, we proceed to consider different premium principles
with indemnities in F. If a A’VaR premium principle is applied, we
demonstrate that full or zero insurance is the optimal indemnity, with
the optimal structure determined solely by the ordering of the AVaR
and A’VaR of the total loss. In the case of a more general A’VaR-based
premium principle, where A’VaR is used to determine a risk loading
on top of the expected value of losses, we show that a limited loss
indemnity is optimal.

The impact of model uncertainty in optimization based on risk mea-
sures has been increasingly recognized in academic research, leading
to extensive studies on the topic. For instance, distributionally robust
portfolio optimization has been explored by Blanchet et al. (2022),
Glasserman and Xu (2013), Huang et al. (2010), Natarajan et al. (2010),
Pesenti et al. (2024) and Shao and Zhang (2023). More recently,
model uncertainty has also been extensively studied in the context
of insurance and reinsurance. Asimit et al. (2017) study the robust
and Pareto optimality of insurance contracts; Liu and Mao (2022) pro-
pose a robust reinsurance strategy under moment constraints; Birghila
et al. (2023) and Boonen and Jiang (2024) examine robust insurance
problems by assuming that the uncertainty set is defined using Wasser-
stein distance; Cai et al. (2024) study the stop-loss and limited loss
strategies when the uncertainty set is characterized by mean, variance,
and Wasserstein distance; Landriault et al. (2024) propose a non-
cooperative optimal reinsurance problem incorporating likelihood ratio
uncertainty.

This paper presents an analysis of the impact of model uncertainty
on the AVaR optimal insurance problem. We assume that the under-
lying loss distribution is unknown, but it is an element of a so-called
uncertainty set, which can be thought of as a collection of plausible
loss distribution functions. If such a set is generated by a ball centered
around the probability measure used for pricing, measured using a like-
lihood ratio, then a limited stop-loss indemnity is shown to be optimal
within 7. When uncertainty is characterized by knowledge of the first
two moments of the loss variable, and we restrict our focus to stop-
loss indemnities, a closed-form expression for the optimal deductible is
provided. In general, we find that when the uncertainty set is defined
by any collection of loss distributions, the robust AVaR optimization
problem can be transformed into a robust VaR optimization problem
over the same uncertainty set. Subsequently, the optimal probability
level for AVaR can be determined based on the results from the VaR
problem. This observation is consistent with Han and Liu (2024), which
does not incorporate an insurance strategy.

The findings of this paper are valuable to both academics and
practitioners, as they provide insights into the optimal indemnities
associated with a new risk measure, extending beyond the well-studied
class of distortion risk measures. Similar to distortion risk measures,
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we show that optimal indemnities typically exhibit a piecewise-linear
structure, with proportional or co-insurance generally being subop-
timal. Specifically, our results complement the existing literature on
optimal (re)insurance with risk measures, including but not limited
to Asimit et al. (2017), Asimit and Boonen (2018), Assa et al. (2021),
Boonen and Jiang (2024), and Tan et al. (2020).

We note that the optimal insurance problems considered in this
paper are different from the AVaR-based risk sharing problems in
the literature (e.g., Liu, 2024; Liu et al., 2024; Xia & Hu, 2024). In
optimal risk sharing problems, the aim is to determine an optimal set
of random variables that aggregate to the total risk in the market, while
minimizing the sum of risk measures. This objective differs from that of
optimal insurance problems, where the goal is to minimize a risk mea-
sure for a single agent. Moreover, in optimal insurance problems, the
admissible set of indemnities is typically constrained to a specific class
of non-decreasing 1-Lipschitz functions, as discussed in Assa (2015).
This assumption implies that the retained and ceded losses in optimal
insurance problems are comonotonic. In sharp contrast, optimal risk
sharing allocations are not comonotonic as shown by Liu (2024) and Liu
et al. (2024). Additionally, in optimal insurance, the insurer’s objectives
are summarized through a premium principle, which may include a risk
loading.

The paper is organized as follows. Section 2 introduces AVaR and
the optimal insurance problem. Section 3 examines optimal insurance
indemnities under the expected value premium principle. Section 4 in-
vestigates optimal insurance when the premium principle incorporates
A’VaR. Section 5 discusses optimal insurance indemnities under model
uncertainty. Section 6 presents some numerical examples, and Section 7
concludes.

2. Problem formulation

Let (£,G,P) be a probability space. Each random variable repre-
sents a random risk that is realized at a well-defined future period.
Throughout the paper, “increasing” and “decreasing” are in the non-
strict (weak) sense. Let X be a convex cone of random variables. For
any Z € X, the cumulative distribution function (CDF) associated with
Z is denoted by F,. For a function f : R —» R and x € R, we write
lim,,, f(6) = f(x-).

A random vector (Z, ..., Z,) is comonotonic if there exists a random
variable Z and increasing functions f, ..., f, on R such that Z; = f,(Z)
a.s. for every i = 1,...,n. We define the following properties for a
mapping p : X - R:

[A1] (Monotonicity) p(Y)< p(Z) forall Y,Z € X with Y < Z;

[A2] (Cash additivity) p(Y +¢) = p(Y) + ¢ for all ¢ € R;

[A3] (Comonotonic additivity) p(Y + Z) = p(Y) + p(Z) whenever Y and
Z are comonotonic.

Using the standard terminology in Follmer and Schied (2016), a map-
ping p : X > R is called a monetary risk measure if it satisfies [A1] and
[A2].

In this paper, we consider an application of AVaR in optimal in-
surance design problems. Suppose that a decision maker (DM) faces a
non-negative random loss X € X,, where

X, ={XeX|X>0, P(X <o0)=1}.

For generality, we do not assume that X has a finite expectation as
infinite-mean models are particularly useful in modeling large insur-
ance claims and catastrophic losses; see, e.g., Chen and Wang (2025).
For A : R, — [0, 1], the risk measure Lambda-Value-at-Risk (AVaR, see
Frittelli et al., 2014) is defined as

€8]

If A =a € [0,1], then AVaR boils down to the Value-at-Risk (VaR) at
level « given by

AVaR(X) =inf{x e R, : P(X <x) > A(x)}, X e€X,.

VaR,(X)=inf {x eR, : P(X <x)2a}, XE€EX,.
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By convention, we use inf § = co and sup@ = 0. It is well known that
VaR satisfies all three properties [A1]-[A3]. However, AVaR satisfies
[A1] but generally does not satisfy [A2] or [A3], and thus does not
belong to the class of monetary risk measures. For more properties of
AVaR, we refer to Bellini and Peri (2022), Han and Liu (2024) and Xia
and Hu (2024).

We focus on a special class of functions D defined below

D={A:R, = [0,1]] Ais decreasing with 0 < A(0) < 1}.

In this setup, higher losses are tolerated with a higher probability by
the DM. Although (Frittelli et al., 2014) mainly study increasing A, the
recent works of Burzoni et al. (2017) and Bellini and Peri (2022) have
shown that using a decreasing A leads to many advantages, including
robustness, elicitability, and an axiomatic characterization. In addition,
AVaR with decreasing A functions also satisfy cash-subadditivity and
quasi-star-shapedness; see El Karoui and Ravanelli (2009) and Han
et al. (2025). For all these reasons, we assume that A is a decreasing
function in this paper.

Under an insurance contract, the insurer agrees to cover part of the
loss X and requires a premium in return. The function f : R, — R,
is commonly described as the indemnity or the ceded loss function,
while R(x) & x — f(x) is known as the retained loss function. To
prevent the potential ex post moral hazard, where the DM might be
incentivized to manipulate the losses, we follow the literature, such
as Huberman et al. (1983) and Carlier and Dana (2003), and impose
the incentive compatibility condition on the indemnity functions. That
is, we consider insurance contracts f € F, where

Fo={f:Ry >R, | f(0)=0and 0< f(x) - fO)) < x—,

forall 0 < y < x}.

@

Obviously, for any f € F, f(x) and x — f(x) are increasing in x, and
any f € F is 1-Lipschitz continuous.! The assumption that f € F is
common in the literature; see e.g., Assa (2015) and the review paper
by Cai and Chi (2020). This class is rich enough and includes many
commonly used indemnity functions, such as the stop-loss function
f(x) = (x —d), for some d > 0 and the quota-share function f(x) = gx
for some ¢ € [0, 1]. Since Lipschitz-continuous functions are absolutely
continuous, they are almost everywhere differentiable. It follows di-
rectly that f can be written as the integral of its derivatives essentially
bounded by 1, and F can be represented as

F:{f:R+—>R+|f(x):/ q(t)dt,Oqul,xGRJr}, 3)
0

where ¢ is called the marginal indemnity function (Assa, 2015; Zhuang
et al., 2016).

For a given f € F, the insurer prices ceded losses using an
exogenously given premium principle IT : X — R,. The premium is
thus given by IT(f(X)), which is non-negative. The risk exposure of
the DM after purchasing insurance is given by

Tp(X) =X = f(X)+ II(f(X)). G

We consider the following optimization problem:

inf AVaR(T;(X)). ()

where we aim to find an optimal ceded loss function such that the risk
of the DM is minimized when evaluated by AVaR. The following lemma
is useful to solve the optimization problem (5).

Lemma 1 (Theorem 3.1 of Han et al., 2025). For X € X, and A € D, the
risk measure AVaR in (1) has the representation

AVaR(X) = inf {VaR 4, (X) Vv x} = sup {VaR 4, (X) A x}. (6)
+ XERL

1 For K > 0, a function f : R — R is K-Lipschitz continuous if | f(x) — f()| <
K|x —y| for all x,y € R. We call K the Lipschitz constant.
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In fact, (6) holds for any X € X and any decreasing A : R — [0,1]
that is not constantly 0.

Remark 1. Note that Lemma 1 does not hold for a general A even when
A is increasing. For example, consider A(x) = (1+x)/4 for 0 < x < 1,
and A(x) = % for x > 1. Let X be a random variable with X ~ U(0, 1). We
can compute AVaR(X) = 1/3 > inf c {VaR 4, (X) v x} = 1/4, showing
that the infimum representation does not hold.

Using Lemma 1, we can transform the optimization problem in (5)
into an optimization problem based on VaR.

Proposition 1. For X € X, and A € D, we have

flrelg, AVaR(T(X)) = X16n1§+ { flrelfr {VaR 4, (X) = VaR 4, (f (X))

+H(f(X))}VX}- )

Proof. By Lemma 1, we have
inf AVaR(T;(X)) = inf, xienﬂé {VaR 4 (T, (X)) Vv x}

= inf inf {VaR, (T (X
o jnf. {VaR e Ty (X)) v x}
=xié‘n§+ { jnf, { VaR ) (X) = VaR 4, (f(X))

+ I(f(X)) } vx }

where the last equality is because VaR is cash additive and comonotonic
additive, and the term x is independent of f € F. The exchange of
the two infima is valid because the minimization over f and x are
independent. The proof is complete. []

Proposition 1 shows that, under certain assumptions on A, the
optimization problem in (5) can be decomposed into two steps:

(i) For a fixed x (i.e., a fixed confidence level A(x)), we solve for
the optimal ceded insurance contract f(X) = f(X,A(x)) that
minimizes VaR y, (Tf(X ).

(ii) We determine the optimal x* by solving inf g, {VaR 4,
(Tsx.40pX)) V x} . The optimal ceded function is then given by
fH(X) = f(X, AK™)).

3. Optimal results under expected value premium principle

In this section, we assume that the insurer prices the indemnity
functions using the expected value premium principle, a method that
is widely adopted in insurance literature due to its simplicity and
economic relevance:

(s (X)) = 1+ OELf(X)], ®

where 6 > 0 represents the safety loading parameter. Here, this
premium principle can be seen as the indifference premium of a risk-
neutral insurer, and 6 reflects any additional costs. That is, it is a

solution of the following equation:
E[-W + f(X) = II(f (X)) + C(f(X))] = E[-W], )

where W € R is the initial wealth, and C(f (X)) = 0E[f(X)] represents
the costs of the insurer, assumed to be linear in the expected indemnity.

3.1. Optimal retention with deductible contract

We first focus on a specific but rather important class of insurance
contracts in F, the stop-loss insurance contracts. Within this class, the
insurer covers losses on the DM above a deductible / € [0, o], that
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is, f(x) = (x =), for x € R,. We are particularly interested in stop-
loss contracts because they are widely applied in practice, especially
in the property and casualty insurance sectors. Moreover, they have
been extensively studied in the literature; see, e.g. Borch (1960), Cai
et al. (2024), Cheung et al. (2014), Klages-Mundt and Minca (2020),
and Liu and Mao (2022). The risk exposure of the DM after purchasing
insurance is given by

TI(X)=XAl+0+OE(X —-1),]. (10)

Next, we address the following optimization problem:

inf AVaR(T;(X)) 11
1eRy
by sequentially solving the two optimization problems in (7); note that
Proposition 1 also holds if 7 is changed to a different admissible set of
indemnities. In particular, the inner optimization problem is addressed
by Theorem 2.1 in Cai and Tan (2007). However, as we relax the
constraints on the loss distribution, specifically the assumption that the
distribution function is continuous and strictly increasing, a modified
proof is provided to accommodate this relaxation.

Let d* = VaRy«(X), where 6* = 6/(1 + 0). It is clear that d* = 0 for
0 = 0. Write

M =d*+(1+0E[(X —d*),].

Theorem 1. Let A € D. The solution I*
AVaR-based insurance model (11) is given by

e {d*, if M < AVaR(X),

otherwise ,
and the corresponding minimum is given by

AVaR (T (X)) =

€ [0,00] that solves the

(12)

M A AVaR(X).

Proof. If E[X] = oo, then M 0. As P(X < o) = 1, we have
AVaR(X) < AVaR(T;(X)) = oo for all I € [0, o0). Therefore, I* 00
and AVaR (T}: (X)) = AVaR(X) < co = M. For the rest of the proof, we
assume that E[X] < co. By Proposition 1, we have

inf AVaR(T(X) = inf { nf {VaR (X A D)

+(1+OE[X —1),]} \/x}. 13)

For a fixed x € R, observe from (13) that

g(1) := VaR (X A D) + (1 + OE[(X —1),]

is decreasing for I € [VaR 4,,(X), o), with the limit VaR 4, (X) as | -
o0. Forl e [O, VaRA(x)(X)), g(l) decreases for I € [0, VaR 4(,,(X)Ad*) and
increases for I € [VaR 4(,)(X) A d*, VaR 4(,,(X)). Therefore, the function
g(1) attains its minimum value at either d* > 0 or as [ — 0.

When VaR ,,,(X) > M, we have

inf {VaR 4, X AD+ (1 + OE[(X = );]} = M,

with the corresponding optimal retention given by [/* d*; when
VaR 4 (X) < M, we have

,inf {VaR 4oy (X AD + (1 + OE[(X — 1), ]} = VaR 4 5(X),

"

with the corresponding optimal retention given by /* = . For x e R,
define
M) = Mﬂ {VaR 4 (X)>M ) + VaRA(x)(X)ﬂ {VaR 4 (X)<M } -

Hence, (13) becomes

inf AVaR(T}(X)) = inf {M(x)V x}.
>0 xeRy
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Let
up{x € R,

x= P VaR,(X) > M} and x* =inf{x € R, : M(x) < x}.

Here, x can take the value co, but we have x* < . Therefore, if x* > X,
as A is decreasing, we have

inf AVaR(T;(X)) = inf {M = inf {VaR X

inf AVaR(7;(X)) xlen&{ (x) v x} XIEHK{ aR 4 (X) V x}
= AVaR(X).

Moreover, we have

inf AVaR(T)(X)) = inf {M(x)Vx}< inf (Mvx}=M

IeR, x€Ry x€Ry

Thus, if x* > %, inf,cp, AVaR(T)(X)) = AVaR(X) < M. If x*
inf rer, AVaR(T}(X)) = M < AVaR(X). The inequality holds as

<X

AVaR(X) = xi€1’1D£+ {VaR ;,(X) v x} > Xienﬂé {M(x)V x}

inf AVaR(T;(X)).
leRy

Thus we have the desired result.

O

Remark 2. When a quota-share insurance contract is employed, the
optimal control takes a ‘bang-bang’ type, with the values determined
by the relationship between VaR,(X) and (1+6)E[X]. This characteristic
arises due to the positive homogeneity of VaR. Given that the problem
of minimizing AVaR can be transformed into a VaR minimization
problem, following the steps similar to those in the proof of Theorem
1, it is not difficult to verify that the optimal solution for AVaR under
the quota-share insurance contract also retains the ‘bang—bang’ form.

We can see from Theorem 1 that the deductible in (12) coin-
cides with that for minimizing VaR,(7;) with « € (0,1) when M <
min(VaR,(X), AVaR(X)). When /* = o0, it indicates that the DM buys no
insurance. The formulation of /* depends solely on the safety loading
factor and remains entirely unaffected by the functional form of A.
Moreover, we have f*(x) = x when § = 0, which implies that the DM
chooses to transfer all the risk to the insurer when E[X] < AVaR(X)
(see Eq. (12)) as the premium represents a “cheap” insurance.

In the next result, we provide a necessary and sufficient condition
for the existence of a positive and finite deductible, indicating that the
DM always chooses to transfer part of the claim to the insurer.

Theorem 2. Assume that E[X] < co and A € D. The solution 0 < [* < oo
for problem (11) exists if and only if 6* > Fx(0) and A(M —¢) > Fx(M —¢)
for all e € (0, M].

Proof. We first show the “if” part. If 6* > Fy(0), we have VaR:(X) > 0.
By the proof of Theorem 1, we can write

{Mv

XA
VaR 4 )(X)>M

inf

VaR ;. (X) V
VaR ) (X)< M{ AR ) (X) V x}

jnf AVaR(T,(X) =

For x € R, such that VaR ;,,(X) >
Ais decreasmg, we have x € [0, a] for some a >

M, we have A(x) > Fy(M). Because
0 and thus
{MvVx}=

VaRAm(X)>M

For x € R, such that VaR ,,,(X) < M, we have A(x) < Fy(M). Since
AM —¢) > Fy(M —¢) for all ¢ € (0, M] and Fy is continuous, we
have A(M-) > Fy(M) > A(x). When A(M-) > Fy(M), we have
A(M =) > A(x) and thus x > M > VaR ,,(X). It follows that

{VaR (X)) V x} = x>z M. a4

inf
VaR A(X)(X)<M VaR g (X)<M

When A(M-) = Fy(M), we have VaR 4, (X) = M. Thus x < M <
VaR 4»(X) for all x < M and x > VaR,,(X) for all x > M. It follows
that

{VaR 4 (X)V x} = x2 M. 1s)

inf
VaRA<x)(X><M VaR 4 () (X)<M, x>M
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Therefore, we have by (14) and (15) that infyg,  (x)<m {VaR 4,
X)Vx}> M.
According to the discussion above, we have

inf

inf AVaR(T;(X)) =
/lerﬁh aR(T;(X) VaR 4 ()2 M

{Mvx}=M,
and the corresponding optimal retention is given by /* = VaR: (X).

To prove the “only if” part for the existence of optimal retention,
we first suppose for contradiction that 6* < Fy(0). It follows that
I* = VaRy«(X) < 0. This leads to a contradiction with the fact that
I* > 0. Next, we suppose for contradiction that A(b) < Fy(b) for some
b < M. It follows that VaR 4, (X) < b, and thus

inf  {VaR,(X)Vx} =

VaR X)v ADb
VaR () (X)<M { aR 4 (X) x}

inf
VaR ) (X)<M, x<b

<b< M.

It yields that
inf AVaR(T,(X)) < M
1eRy

with corresponding optimal retention /* = co. This contradicts with the
fact that /* < co.

Therefore, if the solution 0 < I* < oo for (11) exists, then 6* > Fy(0)
and AM —¢€) > Fy(M — ¢) for all ¢ € (0, M]. This completes the
proof. [

Although the inner problem in (11) and the optimal deductible in
Theorem 1 are similar to the results for VaR-based optimal insurance
problems established in Cai and Tan (2007) and Chi and Tan (2011),
Theorem 2 provides a non-trivial characterization result for the exis-
tence of a positive optimal deductible, which is clearly more general
than that for the VaR problem. Specifically, if A(x) = a, the second
condition in Theorem 2 simplifies to F(M) < a, implying M < VaR,(X).
This directly aligns with the result in Theorem 2.1 of Cai and Tan
(2007), which is a corollary of Theorems 1 and 2.

Corollary 1. If A(x) = a for any x > 0, where a € (0, 1), the optimal
deductible I* > 0 for the problem (11) exists if and only if both conditions
0* > Fy(0) and M < VaR,(X) are satisfied. Furthermore, if I* exists, then
it holds that I* = d*.

3.2. Optimal retention with general contract

In this section, we explicitly derive the optimal solution for the
ceded loss functions in the general form defined by (3). Under the
expected value premium principle, we aim to solve the following
problem:

flng AVaR(X — f(X) + (1 + OE[f(X)D. 1e6)
For x € R,, denoted by
G(x) = d* A VaR 4 (X)

+ A+ 0E [min { (X = d"), ., (VaR 40 () =), }]. an

Theorem 3. Let A € D, and suppose that A is right-continuous. The optimal
f* that solves the AVaR-based insurance model (16) over the class of ceded
loss functions F is given by

£ = {min {(x=d*) ;. VaR 4\ (X) —d*}, if d* < VaR ) (X),
B otherwise ,
18)
in which
x* =inf{x e R, : G(x) < x} < 0. 19

Moreover, AVaR (T;(X)) = x*.
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Proof. (i) Given x € R, we first solve the inner minimization of (7),
that is, inf ;7 g(x), where

8(x) 1= VaR 4 (X) = VaR 4 (f (X)) + I (f(X)).
We can rewrite g(x) as

g(X)=/O h(Sx(y))dy+/0 (A +)Sx(y) = h(Sx(¥N)g(y)dy,

where A(f) = 1;51_4(),> and it is clear that the following function ¢
minimizes g:

0, if (1+6)Sx(» - A(Sx(») >0,
g =41, if (1+0)Sx(y) - h(Sx() <0, (20)
c(y), otherwise,

where ¢ could be any [0, 1]-valued Lebesgue-measurable function on
{y 1 (1+60)Sx() — h(Sx () = 0}. Define

Hy) =0 +0)Sx(») - A(Sx ().

To give an explicit form of ¢, it suffices to study the sign of H.
Noting that Sy (y) > 1 — A(x) if and only if y < VaR,,,(X), we have
1+0)Sy(y) -1, ify<VaRA(x)(X),
(1+6)Sx (), if y > VaR 4 (X).

Recall that d* = VaR,.(X) where 6* = 6/(1 + 0). When y < VaR ,,(X),
H(y) > 0if y € [0, VaR 4 n,(X) A d*) and H(y) < 0 if y € [VaR 4,y (X) A
d*,VaR 4, (X)). When y > VaR,. (X), H(y) > 0. Thus, we can
set g(») = 0 for y € [0.d* A VaR, (X)) U [VaR (X)), and
q(y) = 1 for y € [VaR,,(X) A d*, VaR 4,,(X)), which implies f*(y) =
min {(y — d*), ,(VaR 4,,(X) — d*), }. Therefore, we can obtain that
inffe;» g(x) = G(x).

(ii) We are now ready to solve the outer optimization problem, that
is,

H(y)

flrelfr AVaR(T (X)) = Xienﬂé {G(x)Vvx}.

It is evident that G(x) decreases in x as VaR 4, (X) decreases in x. Define
% =sup{x € R, : VaR,n(X) > d*}, and x* =inf{x € R, : G(x) < x}.

Note that X can be oo. Further, as A(0) < 1 and P(X < ) = 1, we have
x* < o0. Let

G,(x) =d* + (1 +O)E [min { (X = d*), . (VaR y (X) — d*), }] .

Since A(x) is right-continuous in x, we have G(x) = G(x) for x < X
and G(x) = VaR,, for x > X. Additionally, if x < X, we have
d* < VaR,(X), then

G0 = d* + (1 +O)F [min { (X = d*) |, (VaR 5 () = d*), }]
< d* + (1 + 0)(VaR 4y (X) — d*)(1 = F(d*)) < VaR 41, (X).

The second inequality is because F(d*) = 6* = 6/(1 + 6). Thus, if x* <X,
infxeR+ {G(x) Vv x} = x* < AVaR(X), and if x* > X, infxe]R+ {G(x)Vvx} =
x* = AVaR(X). The relationship between G(x) and x in the proof above
is illustrated clearly in Fig. 1. As A is right-continuous, the infimum is
attainable, thus min,cp {G(x)Vx} = x* and the minimum is attained at
x = x*. Therefore, according to (i), we have inf ;o AVaR(T;(X)) = x*.

Remark 3. Theorem 3.2 of Chi and Tan (2011) provides the optimal
ceded loss function for the case of VaR. Thus, for the first part of
Theorem 3, we can directly apply the result from Chi and Tan (2011)
to the inner minimization problem and solve the outer optimization
problem accordingly. However, in this paper, we use a different method
based on the marginal indemnity function, and therefore, we provide
a separate proof.

Additionally, by comparing x* in Theorem 3 with M in Theorem 1,
and noting that M > G(x) for any x € R, we obtain

AVaR (T;+(X)) 2 AVaR (T;(X)) .
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Fig. 1. An illustration of the relationship between G(x) and x.

This result is expected, as the admissible set of f includes the special
form of stop-loss insurance contracts. In contrast, for a general ceded
loss function, the optimal form is a limited stop-loss with an upper
limit of VaR 4+ (X) — d*. Finally, if # = 0, meaning that the premium
corresponds to a cheap insurance, the DM always transfers all the risk
to the insurer when x < VaR () (X).

In the following corollary, we present a special case where AVaR
simplifies to VaR.

Corollary 2. If A(x) = « for any x > 0, where a € (0, 1), the solution to
(5) is given by

A0 = {min{(x—d*)+,VaRa(X)_d*}’ if d* < VaR,(X),

0, otherwise ,
and thus

VaR, (T;+(X)) = d* A VaR,(X)
+ (L O [min { (X = %), , (VaR, (0 = "), }].

This is consistent with the optimal indemnity function obtained by Chi and
Tan (2011).

By comparing Theorem 3 and Corollary 2, we observe that the
optimal ceded loss function for AVaR is identical to the one for VaR
when d* < min(VaR,(X), VaR 4,+)(X)). However, AVaR can offer greater
flexibility compared to a VaR-based contract in determining the upper
limit of the ceded loss function, as x* depends on A and 6.

4. Optimal results under Avar premium principle

This section studies the case in which a Lambda-VaR risk measure
is incorporated into the premium calculation. Using a AVaR can be
attractive for the insurer for the following two reasons. First, the VaR is
often used as a quantile or percentile premium Kaas et al. (e.g., Section
5 in 2008), where the maximum probability of a loss in a contract
is bounded by a fixed value. AVaR can be seen as an extension of
the quantile premium, where the quantile parameter is not fixed but
depends on the loss distribution itself. This setting allows AVaR to
flexibly adjust the premium based on the size of the loss and the
risk preferences, making it more adaptable for different risk scenarios.
Second, suppose that the insurer measures the risk position after selling
the insurance indemnity f(X) for the deterministic premium I7 > 0 by:
A'VaR(f(X) — IT), where A’ € D.? By cash subadditivity of A’VaR (see
Han et al., 2025), a premium of the insurer that satisfies

A'VaR(f(X) — IT) < A'VaR(0) = 0
must satisfy IT > A’VaR(f(X)). Different from (9) for the expected

premium principle, using the A’VaR premium principle mitigates the
total risk position of the insurer compared with no insurance when

2 Here, we extend the domain of A’VaR to the set X, where A is a decreasing
function defined on R.
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he measures the risk by A’VaR. This may be preferable for risk-averse
insurers in some situations. Therefore, we define the premium principle
for a general f € F as

H(f(X)) = A'VaR(f (X)),
and aim to solve the following optimization problem

inf AVaR(Tf(X)) = inf AVaR(X — f(X) + A’ VaR(f(X))) 21
fEF feF

with A, A’ € D.
It is easy to verify that for a, f# € (0, 1), f*(x) = x1 {5, is a solution
to the following optimization problem

inf VaR,(X — f(X)) + VaR4(f(X)). (22)
feF

A natural question arises: Whether a similar observation can still be
made for the optimization problem (21). Note that AVaR is monotonic
with respect to A in the sense that if A; < A, then each of the A, VaR
is smaller than the corresponding A, VaR; see Proposition 3c of Bellini
and Peri (2022).

In the following proposition, we show that for the AVaR premium
principle, a bang-bang strategy can still be optimal.

Proposition 2. For A, A’ € D, the optimal f* that solves the AVaR-based
insurance model (21) over the class of ceded loss functions F is given by

Fo { if A'VaR(X) < AVaR(X),

if A’VaR(X) > AVaR(X).
The corresponding minimum is given by

X,

0,

(23)

AVaR (T;+(X)) = AVaR(X) A A’ VaR(X).

Proof. Note that, by Lemma 1 and Proposition 1,
{flfg? {VaR 4, (X) = VaR 4, (f (X))

+II(f(X))} Vv x}

inf
x€Ry

flréfF AVaR(T( (X))

inf
x€R

{

+VaR 41, (f(X) Vy} vx}.

{ inf {VaR g (X) = VaR (/X))

inf inf
yER, fEF

inf
x€R,

{VaRA(X)(X) = VaR 4 (f (X))

Fix x,y > 0. If A(x) < A’(»), we have f*(X) = 0. This is because for
any f(X)> 0 and y such that A(x) < A’(y), we have

VaR 4((X) = VaR 4 (f (X)) + VaR 41,y (f (X)) V y = VaR 4 (X),

which implies that

{yien]l{ {VaR 4y (X) = VaR 4y (f (X)) + VaR 4,y (S (X)) V y} V x}
+

> xienﬂé {VaR 4, (X) v x} = AVaR(X).

inf
x€Ry
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On the other hand, if A(x) > A’(y), we have f*(X) = X. Indeed, for any
f €, if VaR 4,y (f(X)) < y, then

VaR (3 (X) = VaR 4 (f (X)) + VaR 41, (f (X)) V ¥

> VaR 4, (X) = VaR 4, (f (X)) + ¥ > VaR yr(,(X),

while if VaR 4, (f(X)) > y, then
VaR 4, (X) = VaR 4 (f (X)) + VaR 41, (f (X)) V y
> VaR 41, (X) = VaR () (f (X)) + VaR y1,) (f (X)) = VaR yr (X).

Thus, we can see that the optimal contract is either full or no insurance,
and its form does not depend on x and y. Therefore, if f*(X) = X, we
have

. . . Y

inf, AVaR(T;(X)) = xlean+ {;e% { VaR 4, (X) v y} v x} = A’'VaR(X).
Otherwise, we have

o iRty = ot { {00} v | = 4RO

which completes the proof.

O

Remark 4. Note that the problem (22) can also be interpreted as a
risk-sharing problem between two agents, with VaR serving as their
preference measure due to its cash additivity property. Therefore,
having one agent bear all the risk can be an optimal solution. By
Theorem 11 of Xia and Hu (2024), the solution to (21) also applies
to the problem of risk sharing between two AVaR agents, even though
AVaR is not cash additive. In fact, Theorem 11 of Xia and Hu (2024)
shows that for A; : R, — [0, 1] being decreasing for i € {1,...,n} with
n>2 and A = min, g, A;, we have

m
inf Y A;VaR(X,) = AVaR(X),
i=1

n
A ={(X1,....X,) t X, €X,, ) X, =X, and X,,.... X,
i=1

are comonotonic}.

For a comprehensive discussion on VaR-based and AVaR-based risk-
sharing problems, see Embrechts et al. (2018), Liu (2024) and Xia and
Hu (2024).

The optimal ceded loss function in Proposition 2 is generally not
unique, similar to the case of VaR. Although a bang-bang strategy can
be mathematically optimal, it is often less desirable and practically ap-
plicable in real-world settings. To address this, we modify the premium
in the subsequent context as follows:

I (f (X)) = E[f O] + 6(A’'VaR(f (X)) — E[f(X)])
where A’ € D and 0 € [0, 1] represents a safety loading. Similarly to

(9), such a premium principle satisfies the following condition for a
risk-neutral insurer:

E[-W + f(X) = H(f(X) + C'(f(X)] = E[-W],
with the cost of the insurer C'(f(X)) = 0(A'VaR(f(X)) — E[f(X)]).
This formulation accounts for both the expected value of the function

f(X) and an additional safety margin that scales with the deviation of
A'VaR(f (X)) from E[f(X)]. The optimization problem in (21) becomes

firen; AVaR(X — f(X) +E[f(X)] + 6(A'VaR(f (X)) = E[f ()] (20

Theorem 4. Let A, A’ € D, and suppose that A is right-continuous. The
optimal f* that solves the AVaR-based insurance model (24) over the class

of ceded loss functions F is given by
F¥(x) = x A VaR 44y (X), (25)

in which
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x* = inf{x €R, : (1 - OE[X A VaR 4 (X)]

+ 6(A’VaR(X) A VaR 4, (X)) € x}< o0. (26)

Moreover, AVaR (T;«(X)) = x*.

Proof. By Lemma 1 and Proposition 1, we have

}161; AVaR(Tf(X))
= inf { inf {VaR 1(X) = VaR 4 (/) + (S (XN} v x}
= inf { inf {VaR 9 (X) = VaR (/X)) + EL/ ()] + 0CA'VaR(/ (X))

~E[f0OD} vx }

inf
x€R,

{ . VAR 00 = Va0
+(1-OE[f(X)]+6 yienﬂg {VaR 41, (FX)V y} } VX}
inf

inf {
x€R, yER,

+(1 = OELf(X)] + OVaR 4, (f (X)) V By} V x } :

inf {VaR y(X) = VaR g (/ (X))

We first solve the inner optimization problem for a fixed x, y > 0. Note
that

inf {VaR 4 (X) = VaR 4 (f (X)) + (1 = O)ELS (X)]
+0VaR 4, (f (X)) V Oy}

= eyl o {VaR 4 (X) = VaR 4 (f (X)) + (1 = O)ELf(X)]

+OVaR () (f (X))} A

rer o oy VAR A0 = VaR i (F(0) + (1 = ORI (X1

+0y}.

For a fixed x, y > 0, we solve the above two problems with constraints
separately:
Step 1:

reryert o { VaR 4 (X) = VaR 4 (f (X)) + (1 = OELf (X)]

+OVaR 1) (/ (X))}

27)
" {VaR 4 (X) = VaR 4 (f (X)) + (1 = OE[£(X)]

= inf
fEF, e
+OVAR 41 (f (X)) + Ay = VaR ) (f (X))}

where 4 > 0 is the Lagrange multiplier.
For x,y > 0, define

g1(x,y) = / h(Sy(w))dw
0

+ / (A =Sy (w) — h(Sx(w))
0
+ (0 — Dhy(Sx (w)))g(w) dw + Ay,

where h (1) = 1(;1-pp; @nd Ay(t) = Lu_pry- It is clear that the
following ¢, will minimize g,:

0, if (1 = 0)Sx(w) — h(Sx(w)) + (6 — Hhy(Sx (w)) > 0,
q(w) =141, if (1-60)Syw)—h(Sxw))+ (O — Ahy(Sx(w)) <0,
c(w), otherwise,

where ¢ could be any [0, 1]-valued Lebesgue-measurable function on
{w: (1 =0)Sxw) - h(Sx(w)) + (0 — Hhy(Sx(w)) = 0}. Let

H(w) =1 -0)Sx(w)—h(Sxw))+ (8 — Hhy(Sx(w)).
Note that for a fixed x,y > 0, we have two scenarios: A(x) < A’(y) and

A(x) > A'(y).
Case 1: A(x) < A'(»)
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“ If Sy(w) > 1 — A(x), that is, w < VaR;(X) < VaR g, (X), we
have H,(w) = (1-0)S,w)—1+ (@ — 1) <O0.

 If Sy(w) < 1 - A'(y), that is, w > VaR 4/, (X), we have H;(w)
(1-6)Syw) 0.

cIf 1 - A() < Syw) < 1— A(v), that is, VaR(X) < w
VaR () (X), we have H,(w) = (1 - )Sy(w) + (6 — A). Let dy
VaR, (X) with 6, =0V 1=2 A 1. We have H,(w) <0 if w > d, and
H(w) > 0if w < d,.

<

By the above analysis, we can always construct a strategy in the form
of f(w) = w A VaR 4 (X) + (w — d)y A (VaR 41, (X) — d), where d =
dy V VaR j,(X) A VaR () (X), that is better than any other f € F.
Thus, we have reduced the infinite-dimensional problem of finding a
function f to minimize (27) to the one-dimensional problem of finding

the optimal value of d. That is,

fer,VaRifl(f)(f(X)»y {VaR () (X) = VaR 4 (/ (X)) + (1 = OE[f(X)]

+0VaR 4, (f (X))}

(1= O)E[X A VaR 4 (X)

inf {
VaR () (X)SASVaR 47 (1 (X)
d<VaR 47, (X)+VaR g () (X)-

+(X —d)y A(VaR yy(X) - d)]
+O(VaR y(,y(X) — d + VaR 4y (X)) } .

Denote by
Lyi(d) = (1 = OE[(X — d), A (VaR 4, (X) — d)] + O(VaR 4, (X) — d
+ VaR 4, (X)).

It is clear that L,(d) is continuous in d and its first-order derivative
is given by L’I(d) = (1 -0)F() -1 < 0. Thus, d* = VaR 4, (X) +
(VaR 4, (X) — y)_ minimizes L,(d). Therefore, we have

FH(w) = w A VaR 4, (X) + (w — d*) ;. A(y — VaR 4y (X)),

and thus
Gi(x,y)

= rerv ™ oy {VERAG) = VR (X)) + (1 = OELS (X))

+0VaR 4, (f (X))}
= (1 = OE[X A VaR 4 (X) + (X — d*); A (¥ — VaR 4 (X)), ]
+ 0(VaR 4y (X) + (¥ — VaR 4 (X)),).

Case 2: A(x) > A'(y)

« If Sy(w) > 1 = A'(y), that is, w < VaR ;) (X) < VaR4,y(X), we
have H,(w) = (1-0)Sy(w)—1+(0—2). It is obvious that H,(w) < 0.
o If Sxy(w) < 1 - A(x), that is, w > VaR 4, (X), we have H{(w) =
(1-0)Syw) 0.
cIf 1 — Ax) < Sy(w) < 1 — A'(y), that is, VaRA/(y)(X) < w <
VaRA(x)(X), we have H;(w)=(1-0)Sx(w)—1<0.
Thus, Hj(w) < 0 for w € [0,VaR (X)) and H;(w) > 0 for w €
[VaR 4, (X), 00). In this case, we always have f*(w) = w A VaR 4, (X)),
and

VaR () (f *(X)) = VaR 4y (X A VaR (X)) = VaR (,)(X).

It then follows that
Gy(x,y)

= fer,Vaijif) Gy L YVARAG () = VaR 4 (fO0) + (1 = O)ELF(X)]

+0VaR 1, (f (X))}
_ { (1 = O)E[X A VaR 4, (X)] + OVaR 4, (X),
0,

if VaR 4, (X) 2 y,
if VaR 4, (X) < .
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Step 2: Note that
o™ ey (VR0 = ViR (£ + (1= OELF 0 + 03]
= 08 {VaR 100 (X) = Va0 (/ (X0 + (1 = OELS(X)] + 6y
FA(VAR 1, () — 1)}

/0 " (S () duo + /0 " (= 08y )~y (Sy(w)
+ Ay (S ())q(w) duw + By — 3y)

=! g(x, ).

(28)

It is clear that the following ¢, will minimize g,:

0, if (1= 0)Sy(w) — A (Sy (W) + Ahy(Sy(w)) > 0,
W) =131, if (1 = 0)Sy(w) — A (Sy (W) + Ahy(Sy(w)) < 0,
c(w), otherwise,

where ¢ could be any [0, 1]-valued Lebesgue-measurable function on
{w 1 (1= 0)Sxw) — hy(Sx(w)) + Ahy(Sx(w)) = 0}. Define

Hy(w) = (1 = 0)Sy(w) — hi(Sx(w)) + Ah,(Sy(w)).
Case 1: A(x) < A'(y)

 If Sy(w) > 1 — A(), that is, w < VaR 4, (X) < VaR4,,(X), we
have Hy(w) = (1 — 0)Sx(w) — 1 + 4. Let dy = VaRgo(X) with
0y = (A —6)/(1 — 6). Then if w > dy, we have H,(w) < 0 and
if w < dy, we have H,(w) > 0.
“ If Sy(w) < 1= A'(y), that is, y > VaR y(,,(X), we have H,(w) =
(1=0)Sy(w) = 0.
<If 1 - A'(p) < Sy(w) < 1 - Ax), that is, VaR,(X) < w <
VaR () (X), we have Hy(w) = (1 — 0)Sy(w) + A > 0.
By the above analysis, we can always construct a strategy in the form
of f(w) = (w—d), A(VaR ) (X) - d) with d < VaR 4, (X) that is better
than any other f € F.
Case 2: A(x) > A'(y)

“ If Sy(w) > 1 — A'(y), that is, w < VaR 4,)(X) < VaR 4 (X), we
have Hy(w) = (I = )Sy(w) — 1 + 4. Let dy = VaRy (X) with
0y = (A—0)/(1 = 6). Then if w > d,, we have H,(w) < 0 and
if w < d,, we have H,(w) > 0.

* If Sy(w) < 1 - A(x), that is, w > VaR 4, (X), we have H,(w) =
(1-6)Syw) 0.

<If 1 - A(x) < Sy(w) < 1 - A'(y), that is, VaRy,(X) < w <
VaR 4, (X), we have H,(w) = (1 - 6)Sy(w)—1<0.

Thus, f(w) = (w—d), A (VaR 4(X) — d) with d < VaR 4/ (5, (X).

Combining the above two cases, we have

inf VaR X) — VaR X
fET.VaRA/(y>(f(X))<y{ 260 (X) A0 (X))

+(1 = OELf (X)] + 0y}
{d+(1-0E[X - d),

= inf
A<VaR 1) COAVAR (3 ()
VAR 47, XOAVAR 4 () (X)=y
A(VaR 4(X) — d)] + 0y} .
Denote by
Ly(d) = (1 - OE[(X —d); A (VaR 4y (X) — d)] +d.
By the first order condition, we have L’z(d) = F(d) > 0, which implies
that d* = max(VaR 4, (X) A VaR 4, (X) — »,0), and thus
f*(w) =(w- (VaRA(x)(X) A VaRA/(y)(X) - y)+)+ A (VaRA(x)(X)
= (VaR (X)) A VaR 4y (X) — y),).
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Note that if y > VaR,(X) A VaR 41,y (X), we have f*(w) = w A
VaR 4 ,,(X), then

Gs(x,y) = {VaR 4 (X) = VaR 4, (f (X))

inf
SEFVaR 41, (f(X)<y
+(1 = OELS(X)] + 0y}
= (1 - OE[(X A VaR 4, )(X)] + y;

otherwise, for y < VaR ;(,,(X) A VaR A (X), we have

Gi(x,y) = inf VaR X) — VaR X
3(x, ) fer,VaRA/(y)(f(X)Ky{ A X) Ao (f (X))

+(1 = OELS(X)] + 0y}
= (1 = B)(VaR 4 (X) A VaR 4,y (X) = »)

+ O(VaR 4 (X) A VaR 4, (X))

+(1 = OE[(X — (VaR 4 (X) A VaR r(,)(X) = »)), A

(VaR 4 (X) = (VaR 4 (X) A VaR (,(X) = y)].

Now that the inner optimization problem has been solved, we can

proceed to solve the outer optimization problem concerning y, based
on the results from Steps 1 and 2. Specifically, we have the following

expression:
inf AVaR(T (X
Inf AVa (T'r (X))

{ {yeR+,i?£<A,(y) {G(x.»}
{Gae 0} A inf (G, y)}} v x} _

It is evident that G|(x, y) increases in y, while G,(x, y) decreases in y.
Thus, if there exists y such that A(x) < A’(y), we have

G1(x,y) = Gy(x,0) = (1=O)E(X AVaR 4 (X))+0VaR 4 (X),

inf
YSVaR 41, (X),AG)> A (7)

inf
YER L, AX)KA ()

otherwise, inf ,ep s<a/(y G1(X,¥) = co. Similarly, if there exists y such
that A(x) > A'(y), then

inf G,(x, ) = G,(x, A'VaR(X))
YVAR g1y AGI>AG) 2 2

= (1 - O)E(X A VaR (X)) + 04" VaR(X),

otherwise, inf v,k ,, 40> () G2(x ) = co. Next, consider the mini-
mization problem for Gj. If y > VaR 4,(X) A VaR 45X, then

inf G5(x,y) = G5(x, VaR X) A A'VaR(X
> VAR 4 (XIAVAR 41, (X) 3(x.9) = Gy A0 (X) X

= (1 - 0E[(X A VaR 4,(X))]
+ VaR 4 (X) A A/ VaR(X).
Otherwise, with a slight abuse of notation, let / = VaR,,(X) A
VaR 4/, (X) — y and
Gi(h=(1-6) {l + E[(X — Dy A (VaR 4, (X)] = l)}-
It is clear that G_;(l) = F(I) > 0, which implies that G;(x, y) decreases
in y. In particular, when y = VaR,,(X) A VaR y,,(X), that is y

VaR 4, (X) A A'VaR(X), we have
{G3(x.9)} = G3(x, VaR 4 (X) A A'VaR(X))

inf
YEVaR 4 () (X)AVaR 41, (X)
= (1= 0)E[X A VaR 4, (X)]
+ 0(VaR 4y (X) A A'VaR(X)).
To summarize, we have the following result
inf AVaR(T,(X)) = inf 1 - 6)E[X A VaR X
jnf, AVaR(T;(X)) = inf {{0 = OELX A VaR 4, (X)]

(29
+0(A"VaR(X) A VaR 45 (X))} V x} .

Let
x* =inf{x e R, : (1 - OE[X A VaR 4, (X)] + (A’ VaR(X) A VaR 4, (X))

< x}.
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Similarly to the proof of Theorem 3, the function
x> (1 -0FE[X A VaR 4o (X)] + (A’ VaR(X) A VaR (X))

is decreasing in x. As A(0) < 1 and P(X < o) = 1, we have x* < oo.
Because A is right-continuous, the infimum in (29) is attainable and
thus

x* = xrg]}{i {{(1 = OELX A VaR 4, (X)]
+6(A'VaR(X) A VaR 4y (X))} V x},

which is obtained at x = x*. Therefore, we have inf ;e AVaR(T,(X)) =
x*. This completes the proof. []

Eq. (25) shows that the ceded loss function takes the form of a
limited loss transform. Under this strategy, the DM retains any loss
exceeding the threshold VaR ;,+)(X). While this threshold is determined
by the function A, the value of x* in (26) is determined based on A’VaR.
Notably, as A’VaR(X) increases, x* also increases, which reduces the
threshold. Consequently, a higher premium results in the DM retaining
a larger portion of the claim. Further numerical analysis can be found
in Section 6.

The following corollary directly follows from Theorem 4.

Corollary 3. If A(x) = a and A’(y) = p for any x,y > 0, where a, f € (0, 1),
the solution to (24) is given by

F*(w) = w A VaR (X)),
and thus
/ng: VaRa(Tf(X)) =(1-0)E[X A VaR_ (X)] + G(VaRﬁ(X) A VaR  (X)).

5. Optimal insurance under model uncertainty

In the above sections, we assumed that the distribution of the un-
derlying loss random variable is either given or known. However, this
assumption is sometimes unrealistic because the actual loss distribution
is generally unavailable in most practical scenarios. This recognition
prompts us to explore model uncertainty in the determination of op-
timal insurance policies. In the following context, we investigate an
optimal insurance problem incorporating a likelihood ratio uncertainty
or assuming that the loss is partially known in the sense that only the
first two moments of the loss are available. The closed-form solutions
are obtained for both uncertainty scenarios. The premium is calculated
using (8), which is based on the expected value premium principle.

5.1. Likelihood ratio uncertainty

Suppose the DM’s reference probability measure P is fixed, and
AVaR is evaluated under P. However, the true probability measure and
the corresponding distribution of X might not be known. To account
for this uncertainty, we use the likelihood ratio to describe the DM’s
attitude towards uncertainty in probability measures, as introduced
in Liu et al. (2022) and Landriault et al. (2024).

We define P as the collection of probability measures that are
absolutely continuous with respect to P. The uncertainty set is defined

Q1

as
dIP\ﬁ}’

Py = {Q epP:
for a given # € (0, 1] representing the degree of uncertainty faced by the
DM. A larger value of f corresponds to a lower degree of uncertainty,
with g =1 indicating that the DM encounters no uncertainty.

The DM aims to solve the following robust optimization problem

min sup AVaR%(T}), (30)

€7 Qery

where AVaRQ is AVaR evaluated under the probability measure Q
instead of P.
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Lemma 2 (Proposition 4 of Xia & Hu, 2024). Let A :
decreasing. For § € (0, 1], define Ay = fA+ 1 — p. Then

R — [0,1] be

sup AVaR%(X) = A,VaRA(X), X € x.
QePy

The following theorem is readily derived by combining Lemma 2
and Theorem 3. Specifically, it can be obtained by substituting A with
Ag throughout Theorem 3. Recall that d* = VaRy.(X), where 6* =
0/(1 +0).

Theorem 5. Let A € D and suppose that A is right-continuous. For
p € (0,1], define Ay = fA+1—p. The optimal f* that solves the AVaR-based
insurance model (30) over the class of ceded loss functions F is given by
min {(x —d"), VaR o (X) = d } . ifd* < VaR, (o (X),

0, otherwise ,

) =

in which x* = inf{x € R, : G(x) < x} with
G(x) = d* A VaR (1 (X)
+ 1+ 0 [min { (X =), (ViR X0 = a*) }].
+
Moreover, AVaRY' (T (X)) = x*.

Note that Ay = A+ (1 — A)(1 = ) > A. In particular, if § =
1, then the robust optimization problem (30) reduces to (5). As f
decreases, A, clearly increases, indicating that the DM applies a higher
overall confidence level function when determining the optimal insurer
strategy. Furthermore, from the equation for solving x*, it shows that
x* increases as f decreases, due to the increases in A;. Since A, is a
decreasing function of x, this results in a trade-off between risk and
uncertainty for the DM when using AVaR as the measure. We provide
a numerical example of A(x*) related to # in Section 6.

Remark 5. If we assume that the contract follows a stop-loss form as
in Section 3.1, a solution similar to that in Theorem 1 can also be
obtained. We only need to replace all instances of A with A, in Theorem
1, so we do not repeat the details here.

We immediately have the following corollary, which is also shown
in Example 3.1 of Landriault et al. (2024).

Corollary 4. If A(x) = a for any x € R, where a € (0, 1), the optimization
problem (30) can be solved by

o [ min{(x—d*) VaRp,_p(X) —d*}, if d* < VaRg,_p(X)
frx= {0, otherwise,

and
min sup VaRY(T
fer Qe}?ﬂ « Ty

= d* AVaR g1y + (1 + OF [min { (X = "), ,
(VaR o1y (X) = %), }]

Note that fa+1—-p = a+(1—a)(1-p) > a. Corollary 4 shows that the
deductible in the worst-case scenario is greater than that in Corollary
2 where model uncertainty is not involved, which is a reasonable
outcome given the increased risk exposure. This behavior reflects a risk-
averse strategy: when faced with uncertainty about future outcomes,
the DM opts for more insurance coverage to safeguard against potential
adverse events. Additionally, as  decreases, fa+1—f increases, leading
to a larger VaR,,_;(X). This finding suggests that as ambiguity in the
probability measure increases (indicated by a higher 1/f), the DM is
more likely to choose higher insurance coverage.

241

European Journal of Operational Research 327 (2025) 232-246
5.2. Mean-variance uncertainty

In this subsection, we assume that the loss is partially known in
the sense that only the first two moments of X are known and finite.
Let M, be the set of CDFs of random variables in X,. Given a pair of
non-negative mean and standard deviation (u,c) of X, we define the
uncertainty set

S(u,a):{F€M+:/ xdF(x):y,/ xzdF(x)=/42+62}‘
0 0

(31)

The S(u,0) specifies a set of CDFs with the same mean u and variance
2. The distributionally robust insurance problem is defined by

inf  sup (32)

AVaR(T; (X)),
J€F FeS(u,0) 4

where T, is given by (4).

For a set of distributions M, we denote G (x) = inf gy G(x), for
x € R,. In the following context, we abuse the notation by treating
AVaR also as a mapping from a set M of distributions to R; that is, we

write AVaR(G) = AVaR(Y) when Y follows the distribution G.
The following lemma plays a key role in solving the problem (32).

Lemma 3 (Theorem 2 of Han & Liu, 2024). Let M be a set of distributions
and A € D. We have supge 4 AVaR(G) = AVaR(G7 ).

Proposition 3. For a set of distributions M that includes the candidate
distribution of X and A € D, we have

inf sup AVaR(T;(X)) = inf inf sup VaR T,(X)Vx,.
pas FGEA (f( ) ek, {fer FEJI\)/l A(x)( f( ) }

Proof. By Lemma 3, for d > 0, we have

sup AVaR(T;(X)) = sup AVaR(G) = AVaR(G;/1 ),
FeM GeMy /
where
M;={G :[0,00) > [0,1] : G is the distribution
function of T;,F € M}.
Because suppeyq VaR 4 (Tr(X)) = SUPGer, VaR,(G) = VaRa(G;A/) (see
Corollary 1 of Han & Liu, 2024), by Lemma 1, we have
fnéfr ;,;1534 AVaR(T (X)) = f1r€11; AVaR(G Mf)

= inf inf

VaR (G~ }
ferxeR+{ AR A ( M/')vx

inf inf

sup VaR 4 (T (X
XE]RJrfeF{FélE/[ aR 4 () (T ( ))\/x}

.

In fact, Proposition 3 shows that we can switch the order of the
supremum and infimum in the problem (32) as follows:

{VaR 4o (T (X)) v x}

inf
x€R,

inf sup VaR T,(X)Vx

which completes the proof. []

inf sup inf
fEF Fepm xERy

inf sup VaR T,(X)Vx,p.
(1 o)

It is important to note that the conclusion in Proposition 3 is indepen-
dent of specific forms of M; it does not need to be the uncertainty
set defined by S,, in (31). It can also be applied to other types
of uncertainty sets, such as the Wasserstein uncertainty set or risk
aggregation sets; see Section 4 of Han and Liu (2024). Also, for a« €
(0, 1), the optimization problem

inf
x€R,

inf sup VaR (T (X 33
inf, sup VaR,(T;(X) (33)
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represents the robust insurance problem with VaR. This problem has
been studied in the literature; see e.g., Liu and Mao (2022) and Cai
et al. (2024).

As in Section 3.1, we restrict the set of admissible insurance indem-
nities to be the set of stop-loss contracts, that is, we assume f(x) =
(x — 1), for some / > 0. Thus, the insurer’s optimization problem (32)
becomes

min sup AVaR(T, (X)), (€2)]

120 pegs

where T; is defined in (10).

For the special case where A(x) = « for any x € R, the optimization
problem (34) reduces to the robust insurance problem with VaR, which
has been addressed by Theorem 2 of Liu and Mao (2022).

Lemma 4 (Theorem 2 of Liu & Mao, 2022). Let A(x) = a € (0,1). If

6 < 6% /u?, then an optimal deductible of the optimization problem (34) is
, and the optimal value is

{(1 +0)u,

if a > 6*
M
If 0 > 6%/ u?, then the optimal deductible of the optimization problem (34)
1-6

£, if a < 6*.
is
-
( e

l1-a
and the optimal value is

"= 00l (g%}

inf sup VaR (T;(X)) =
120 FeS(u,0)

I = ) {az0+) T 0L (gepey,

u+oVo,  ifaz0

u+0,/ﬁ, if a < 6%

Combining Proposition 3 and Lemma 4, we have the following

inf sup VaR, (T;(X)) =

sup VaR, (X) =
120 Fes(u0) «

FeS(u,0)

theorem.

Theorem 6. Let A € D and suppose that A is right-continuous. If 6 <
62/ u?, the solution I* € [0, co] that solves the robust AVaR-based insurance
model (34) is given by

. {o, if x* = (1+0)p.

oo, ifx} <1+,
and the corresponding minimum is given by AVaR (T;.(X)) = x} with x*
defined as

X = inf {x ER, : (1+ 00Ul pyspe) +

(35)

u
T= Ag) HAwser) S X} :

If 0 > 62/ u?, the solution I* € [0, co] that solves the robust AVaR-based

insurance model (34) is given by

s = s oV,
lfx;<;4+6\/5,

—0
—0—F=
H 2\/{3

m?

I* = (36)

and the corresponding minimum is given by AVaR (T;.(X)) = x} with x;
defined as

xZ:inf{xe]R{+ : (/4+0\/_> (A0}

[ A(x)
+lu+o 1_—/1(96) ILM<X)>9*;<x

Proof. Recall that 6* = 6/(1 + 0). For x € R, (1
equivalent to A(x) <

—Ax)(1+0) < 1is

6*. By Proposition 3 and Lemma 4, if § < ¢2/u?,
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ft )

A {(a+ 9)1411{/1():);9*;

U
+—1 —A(x)ﬂ(A(XKH*)) Vx}.

we have

inf
120

sup  AVaR(T;(X)) = 1nf

sup VaR Ao TV x
FeS(u,0)

FeS(u

Recall that

* _ s . H
x] = inf {x ER, 1 (1 +Dull g0+ + 1_—/1()6)]1(,‘()()4,*) < x} .
It is clear that the function

x> (1+ 6)/4]1{,1()()29*} + L py<o%)

_H
1—A®)

is decreasing. Therefore, we have x} < (1 + 6)u and

inf sup AVaR(T;(X)) = x
120 FeS(u,0)

Because A is right-continuous, we have

' : U
XT = min {x ER, 1 (1+ Ul 40504y + 1——A(x)ILM(X)<G*} < x}.

If xp = 1+0u then A(x]) > 0*. By Lemma 4, we have I* = 0. If
x’l‘ < (14 0)u, then A(x’lk) < 6*. Lemma 4 yields that /* = . Therefore,
the optimal deductible /* for problem (34) is given by (35). On the
other hand, if 8 > ¢%/u?, we have

inf sup AVaR(T;(X))
120 FeS(u.0)
. A(x)
= it | (Vo) s |1y T P |

Recall that

. X A(x)
x;=infqx € R, : (/‘+°'\/5>1(A(x)<9*}+ ”+0ﬂ1——/1(x) T ay>6%)

< x}.

;4+a\/5 and

Similarly to the first case, we have x}

inf sup AVaR(T}(X)) = x

20 FeS(g ) ! 2

By the right-continuity of A and Lemma 4, the optimal deductible /* is
given by (36). [

By comparing the strategies in Lemma 4 and Theorem 6, we observe
that the forms of the optimal solutions are similar. However, for a
VaR agent, the optimal strategy depends on the values of « and 6*. In
contrast, for a AVaR agent, determining the optimal strategy involves
finding the optimal confidence level by solving for x} (i = 1,2). Some
observations that hold for a VaR agent can also be applied to a AVaR
agent. Specifically, when 6* is higher than a certain confidence level
(o for the VaR agent and A(x]) for the AVaR agent), the DM always
chooses to buy no insurance. Conversely, if 0* is smaller than the
confidence level, the DM either chooses to transfer all risk to the insurer
or to purchase some insurance. Notably, in (36), when x3=pu+ a\/@,
the optimal deductible /* increases with 6. This suggests that the insurer
opts to retain more risk as the insurance premium rises. Additionally,
if 6 > 1, the deductible is larger than the mean of the claim due to the
high cost of the premium.

6. Numerical examples

In this section, we numerically investigate how the solutions to the
optimal insurance problem with AVaR interact with changes in the
underlying model parameters.
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Fig. 2. A(x*) for a range of values of « in problem (5) with the expected premium principle.

Assume that the random loss X follows a Pareto distribution, which
is commonly used in modeling large losses caused by catastrophic
events. The Pareto distribution function with parameter « > 0 and m > 0
is given by

m o

P(xsx)=1—(—) , xzm
X

Here a > 0 is the tail parameter and m is the scale parameter. The
Pareto distribution with a smaller « has a heavier tail. For a > 1,
E[X] = am/(a — 1), and for « < 1, E[X] = co. Let

A(x)=¢e* +09, xeR,,

where k > 0 and # € [0,0.1). Thus, a larger loss is tolerated with a
probability level ranging from 0.9 to 0.9 + #, decreasing as the loss
increases. An agent with a larger £ is more concerned with the tail part
of the risk and an agent with a larger k is more tolerant of large losses.

We first consider problem (5) with the expected premium principle
and general contracts. By Theorem 3, the optimal ceded loss function
is f*(x) = min{(x — d*),, VaR 4(,+(X) — d*}, where d* depends on 6 via
d* = VaRy,49(X) and x*, as in (19), can be calculated numerically.
Fixing 0 = 0.25, we compute A(x*) for different Pareto risks in cases
where k € {0.001,0.01,0.1} and ¢ € {0.099,0.0999}. Assume that the
expectations of these Pareto risks are equal to 1; that is, for a fixed
a> 1, mis taken to be 1 — 1/a.

We plot A(x*) against « € (1.25,2.6) in Fig. 2. When k and # are
fixed, as « increases, A(x*) decreases first and it may become increasing
when « reaches a certain level. In other words, when « is small, for
more heavy-tailed risks, more risk needs to be transferred under the
optimal strategy. This may seem counterintuitive as the DM is more
tolerant of large losses. To understand this intriguing phenomenon, it
is important to note that as the Pareto risks have the same expectation,
one risk cannot stochastically dominate another, even if it has a heavier
tail. Although heavy-tailed risks are more likely to take extremely large
values, it is less probable for them to take moderately large values.
Therefore, for DMs who care less about extremely large values of risks,
less heavy-tailed Pareto risks can be more risky, leading to less risk
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being transferred. The observation may flip when « is large, i.e., less
risk is transferred for more heavy-tailed risks. This is because in these
cases the DM is more concerned about the extremely large values of the
risks with larger « and thus more heavy-tailed risks are indeed more
dangerous. When « is fixed, DMs with larger # and smaller k are more
careful about extremely large values of risks, leading to more risk being
transferred.

In Fig. 3, fixing « = 1.5, m = 1/3, £ = 0.09, and k = 0.1, we plot
A(x*) and A(x*) — 6* for a range of values of 6, where 0* = 6/(1 + 6).
From the left plot of Fig. 3, we find that less loss from the tail part will
be transferred as 6 gets larger. Moreover, less loss will be transferred
at an overall level as well, confirmed by the right plot of Fig. 3.

Next, we continue to study problem (30) with the expected premium
principle, under likelihood ratio uncertainty. For f € (0, 1], let Ay =
PA + 1 — p. Here, p indicates the level of uncertainty; the smaller p
is, the more model uncertainty we have. By Theorem 5, the optimal
ceded loss function is f*(x) = min{(x —d*),, VaR ,,(x*)(X )—d*}. Letting
a=15m=1/3, and § = 0.25, we display A,(x*) for a range of values
of # in Fig. 4. It is found that as the model uncertainty increases, more
loss will be transferred. This observation is consistent with the case
when VaR is used as the risk measure; see Corollary 4. As k decreases
(or ¢ increases), Az(x*) becomes larger and more risk is transferred.
This is consistent with the case without model uncertainty. Moreover,
when model uncertainty is large (i.e., § is small), the DM risk attitude
becomes less important to their optimal decision.

Finally, we consider the case when A’VaR is incorporated in the
premium principle (problem (24)). By Theorem 4, the optimal ceded
loss function is f*(x) = x A VaR ;) (X). We assume A" = A, and plot
A(x*) as a function of « € (1.05,2.6) by fixing 8 = 0.25. We choose to
plot A(x*) on a different range of a from the range used in problem (5)
mainly for better illustration. The observations are similar to the case
of expected value premium as shown in Fig. 5.

7. Conclusion

This paper studies the objective of minimizing the AVaR of ter-
minal losses for a DM who is considering to purchase insurance. The
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Fig. 3. A(x*) and A(x*)—6* for a range of values of ¢ in problem (5) with the expected premium principle.
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insurance premium is given by an expected value premium principle,
or based on another A’VaR risk measure. Generally, a limited stop-
loss indemnity or full/no insurance is shown to be optimal. If the
DM only considers stop-loss indemnities, then the optimal deductible
is shown in closed form when the premium is given by an expected
value premium principle. Finally, this paper also considers the impact
of model uncertainty.

One of the core techniques we use to derive the results is that we
represent AVaR by VaR (see Lemma 1 and Proposition 1). We convey
the message that optimization problems based on AVaR (either maxi-
mization or minimization problems) can usually be safely transferred
to equivalent VaR problems. As a result, the optimal solutions with
AVaR and VaR seem to share similar forms. However, depending on
specific practical needs, the former solution sometimes has several
advantages over the latter, including that (i) the solution with AVaR
is mathematically more general, than that with VaR as its special case;
(ii) the solution with AVaR allows the DM to adjust her risk/confidence
level along with the model parameters and insurance prices. In light of
these, optimal solutions (including their existence) for AVaR are also
non-trivial to get (see in particular Theorems 2 and 4).

While we believe that this study includes a wide class of cases, we
conclude this paper with two suggestions for further research. First,
this study assumes homogeneous beliefs, meaning that the premium
principle and the objective function are based on the same probability
measure. It would be interesting to relax this assumption, and let the
premium principle be based on an alternative probability measure, just
like in the risk-sharing problem of Liu et al. (2024). Second, we assume
in this paper that there is only one insurer. For further research, we
propose to study the impact of having multiple insurers in the market,
each with a different premium principle.
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