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ABSTRACT

In this paper, we study the optimal time-consistent reinsurance-investment problem for a risk model
with the thinning-dependence structure. The insurer’s wealth process is described by a jump-diffusion
risk model with two dependent classes of insurance business. We assume that the insurer is allowed
to purchase per-loss reinsurance and invest its surplus in a financial market consisting of a risk-free as-
set and a risky asset. Also, the performance-related capital inflow or outflow feature is introduced, and
the wealth process is modeled by a stochastic delay differential equation. Under the time-inconsistent
mean-variance criterion, we derive the explicit optimal reinsurance-investment strategy and value func-
tion under the expected value premium principle as well as the variance premium principle by solv-
ing the extended Hamilton-Jacobi-Bellman (HJB) delay system. In particular, we prove the existence and
uniqueness of the optimal strategy under the expected value premium principle. Finally, some numerical

Time-consistent strategy

examples are provided to illustrate the influence of model parameters on the optimal strategy.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

In the past decade, due to its practical importance, the study of
optimal reinsurance has drawn great attention in the field of ac-
tuarial science. To achieve their management goals, insurers adjust
the retention level continuously to cope with the insurance risks
of their portfolios according to the market and internal conditions.

Since the work of Markowitz (1952), the mean-variance crite-
rion has become one of the milestones in mathematical finance.
For example, Li & Ng (2000) developed an embedding technique to
change the original mean-variance problem into a stochastic linear-
quadratic (LQ) control problem in a discrete-time setting. Zhou & Li
(2000) extended the technique of Li & Ng (2000) to a continuous-
time case and derived the optimal mean-variance portfolio. Biuerle
(2005) adopted the mean-variance approach to investigate an op-
timal proportional reinsurance problem. Bi & Guo (2013) obtained
the optimal investment or reinsurance strategy with constraints
for the mean-variance insurer in a jump-diffusion financial mar-
ket. Ming, Liang, & Zhang (2016) considered an insurance portfo-
lio with the common shock dependence under the mean-variance
framework. There are many other results with mean-variance anal-
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ysis in the actuarial literature; for example, see Fu, Lari-Lavassani,
& Li (2010); Gao, Xiong, & Li (2016); Shen & Zeng (2014); Yuan, Mi,
& Chen (2022c); Zeng, Li, & Gu (2016) and references therein.

It is well known that the dynamic reinsurance problems under
the mean-variance criterion face the issue of time-inconsistency,
that is, the Bellman optimality principle does not hold due to the
failure of the iterated-expectation property. Specifically, the opti-
mal control law for some fixed initial point is no longer optimal
at some later point. To find the time-consistent strategy, Bjork &
Murgoci (2010) formulated the problem in a game theoretic frame-
work, and derived the extended Hamilton-Jacobi-Bellman (HJB)
equation through a verification theorem. Based on their work, the
game theoretic approach for time-inconsistent problems have been
extended in many directions by researchers. Among others, Bjork,
Murgoci, & Zhou (2014) assumed that the insurer’s risk aversion
is inversely proportional to the current wealth, and obtained the
time-consistent strategy; Zeng et al. (2016) analyzed the equilib-
rium investment-reinsurance strategy for an ambiguity-averse in-
surer who worries about model uncertainty; and Yuan, Liang, &
Han (2022b) designed a robust reinsurance contract for the in-
surer and reinsurer with mean-variance preference in the Stackel-
berg differential game. For the other papers on reinsurance prob-
lems under the mean-variance criterion, we refer to Chen & Shen
(2019); Li & Young (2021) and the references therein.
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Although lots of research on the time-inconsistent mean-
variance problems have been carried out in the past few years,
many interesting issues remain to be investigated. Most of the lit-
erature considers the optimal reinsurance problems in which the
insurer is restricted to purchase either pure quota-share reinsur-
ance (Chen, Qian, Shen, & Wang, 2016; Guan & Liang, 2019; Zhang
& Liang, 2021) or excess of loss reinsurance (Bai, Guo, & Zhang,
2010; Li, Zeng, & Yang, 2018; Zhao, Rong, & Zhao, 2013). However,
it is more meaningful to determine optimal reinsurance strategy
without a pre-specified form of reinsurance. In the literature, many
optimal reinsurance strategies have been obtained for various opti-
mization problems without restricting the form of reinsurance. For
example, Zhang, Meng, & Zeng (2016) obtained the general form of
optimal reinsurance under the criteria of maximizing the expected
utility function of terminal wealth and minimizing the probability
of ruin; Liang & Young (2018) computed the optimal per-loss strat-
egy for the general mean-variance premium in a compound Pois-
son model with the objective of minimizing the probability of ruin;
and Han, Liang, & Young (2020) determined the optimal reinsur-
ance strategy to minimize the probability of drawdown, that is, the
probability that the insurer’s surplus process reaches some fixed
fraction of its maximum value to date.

In a financial market, sophisticated investors not only pay close
attention to the current stock price but also care about the trend
of the stock price in the past periods. Therefore, it is more practi-
cal to consider the historical information in a certain period, which
is commonly called delay factor or bounded memory. In fact, the
performance of the past wealth does have influence on the deci-
sion maker in rational terms. With the method of dynamic pro-
gramming principle, Chang, Pang, & Yang (2011) modeled the price
of stock by a stochastic system with delay, and transferred the
original problem into a finite dimensional space. Agram, Haadem,
@Oksendal, & Proske (2013) derived the optimal strategy for the
stochastic delay system in the portfolio problem by the method of
maximum principle. Shen & Zeng (2014) first introduced the de-
lay factors into the time-inconsistent mean-variance problem, and
obtained the optimal pre-committed investment/reinsurance strat-
egy. For more applications to insurance, we refer the readers to A
& Li (2015); Bai, Zhou, Xiao, Gao, & Zhong (2022) and references
therein.

Most of the literature mentioned above assumes that the in-
surance risk model has one kind of insurance claim only or that
claims of different types are independent of each other. However,
it is believed that various claims in a book of insurance business
tend to be dependent in some way. A typical example is that a
severe car accident may cause not only the loss of the damaged
car but also the medical expenses of injured driver and passen-
gers. To depict such a dependence structure among several classes
of insurance business, the so-called common shock and thinning-
dependence risk models are often used; see, for example, Chen,
Yuen, & Wang (2021); Liang, Bi, Yuen, & Zhang (2016); Yuen &
Wang (2002); Zhang & Liang (2016) and Han, Liang, Yuan, & Zhang
(2021).

Inspired by the aforementioned works, this paper extends the
study of optimal reinsurance and investment with delay factors
to a risk model with two classes of insurance business which are
correlated through the thinning process of a single stochastic risk
source. The stochastic source may cause a claim in each insurance
class with a certain probability. To control the risk, the insurer can
purchase per-loss reinsurance, and invest its surplus into a finan-
cial market consisting of one risky asset and one risky-free as-
set. The price process of the risky asset is described by a jump-
diffusion model. In addition, it is assumed that there exists capital
inflow into or outflow from the insurer’s current wealth, and that
the corresponding wealth process of the insurer is modeled by a
stochastic delay differential equation. In this setup, our objective is
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to seek the optimal time-consistent strategy for the mean-variance
problem within a game theoretic framework. Recently, Li, Yuan,
& Chen (2023) considered an optimal mean-variance investment
and reinsurance problem with delay and common-shock depen-
dence in a jump-diffusion process. An efficient strategy and the ef-
ficient frontier were derived by Lagrange dual method. Unlike their
work, we investigate the optimal reinsurance form which is not
limited to proportional reinsurance, formulate the problem within
a non-cooperative game theoretic framework proposed by Bjork &
Murgoci (2010), and derive the equilibrium strategy of the game.
The synergy of the three features of our model, namely per-loss
reinsurance, time consistency and thinning dependence, can help
us better understand the decision making process of an insurance
company.

Applying the technique of stochastic control theory and the cor-
responding extended HJB delay system, we first prove the exis-
tence and uniqueness of the optimal strategy for our optimization
problem under the expected value principle. By constructing some
useful auxiliary functions, the closed-form expressions for the op-
timal reinsurance-investment strategy and the corresponding value
function are also derived explicitly. Furthermore, we obtain the op-
timal results under the variance principle and find that the optimal
retention level naturally falls into the interval [0,1] when the same
safety loadings are applied to both classes of insurance business.
Finally, sensitivity analyses and several numerical simulations are
provided to further illustrate the influence of model parameters on
the optimal results.

The purpose of the present paper is threefold. Firstly, we in-
corporate both the thinning-dependence structure and the effect
of bounded memory into the optimization problem, and prove the
existence as well as the uniqueness of the optimal strategy. Sec-
ondly, the reinsurance form under consideration is not limited to
quota-share or excess-of-loss reinsurance but a general reinsurance
policy, which makes the optimization problem more challenging
and practical. Nevertheless, we find that the optimal per-loss strat-
egy is exactly in either of the two most popular forms, that is, the
excess-of-loss reinsurance under the expected value principle, and
the proportional reinsurance under the variance premium princi-
ple. Thirdly, some interesting properties of the optimal reinsurance
and investment strategies under the two premium principles are
investigated in detail, and the corresponding proofs are presented
rigorously. In particular, the incorporation of the delay factors into
the wealth process makes the insurer more aggressive, and results
in a higher retention level and a larger risky investment amount.

The rest of the paper is organized as follows. In Section 2, the
model and optimization problem are presented. In Section 3, we
provide the verification theorem, which is used to find our value
function. Under the expected value principle, explicit expressions
for the optimal strategies and the corresponding value function
are derived in Section 4. Optimal results under the variance pre-
mium principle are given in Section 5. In Section 6, several nu-
merical examples are given to illustrate the impact of some model
parameters on the optimal results. Finally, we conclude the paper
in Section 7.

2. The risk model

Let (2, F.F = {Ft}tejo.r)- P) be a filtered probability space satis-
fying the usual assumptions of completeness and right continuity,
and T > O be a finite time horizon.
2.1. Thinning-dependence structure

We first introduce the thinning risk model proposed in Yuen &

Wang (2002). Assume that the insurer has two dependent classes
of business such as motor insurance and health insurance. In the
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One stochastic source

First class of insurance business

Second class of insurance business

Fig. 1. The thinning-dependence structure.

structure of the thinning risk model, each event (such as flood or
fire) may cause a claim in the ith class with probability p; € [0, 1]
for i =1,2 (see Fig. 1). Let {Z;. j=1.2,...} be the claim size ran-
dom variables for class i € {1,2}, and Z; be a generic random vari-
able which has the same distribution as Z;;. We denote by F,(z;)
the common cumulative distribution of Z; with F7,(z;) = 0 for z; < 0
and 0 < F;(z)) < 1 for z; > 0. Furthermore, it is assumed that the
first and second raw moments of Z; are finite, i.e., a; = E[Z;] < 0o
and b; = E[Ziz] < oo. Let N = {N(t)};c[o,r] be a homogeneous Pois-
son process with intensity A > 0. Without purchasing any reinsur-
ance, the total reserve of the insurer up to time t is given by

NP1(t) NP2 (t)

Ut)=u+ct - Z Z1i — Z Zyi,
i=1 i=1

where u > 0 is the initial surplus, c is the insurance premium rate,
and NPi(t) is a homogenous Poisson process with intensity Ap;
representing the cumulative claim number of the ith class of in-
surance business. Mathematically, NPi(t) is the p;-thinning process
of N(t) with intensity A. In other words, the occurrence of stochas-
tic event may cause a claim in the ith class with probability p;.

Remark 1. The thinning-dependence structure widely exists in in-
surance business. A typical example is that a traffic accident may
cause a property claim and a medical claim with certain prob-
abilities p; and p, at the same time. The dependence structure
was also studied in Han, Liang, & Yuen (2018) and Chen et al.
(2021). In particular, by setting A = A1 + Ay +Ag and Ap; = A; + Ag
for i € {1, 2}, the thinning-dependence structure is reduced to the
classical model with the common-shock dependence; see, for ex-
ample, Han, Liang, & Zhang (2019); Liang & Wang (2012) and Yuan,
Liang, & Han (2022a). Thus, the thinning-dependence structure is a
more general risk model which includes the common-shock struc-
ture as a special case.

In this paper, we allow the insurance company to continuously
reinsure its claim with per-loss reinsurance. Let H; = {H;(t,z)}t>0
denote the retained claim at time t which is a function of the (pos-
sible) claim size Z; = z; at that time for i € {1, 2}. Thus, z; — H;(t, z;)
is the amount of each claim transferred to the reinsurer.! Appar-
ently, this reinsurance protection is not for free and has a cost.
Suppose that the insurer pays reinsurance premium to the rein-
surer continuously, which is denoted by &§(#;(t,Z1), Ha(t,Z5)) at
time t. Thus, in the presence of per-loss reinsurance, the wealth
process of the insurer X = {X¢};>¢ is given by

dX(t) = [c = 3(H1(t,Z1), Ha(t, Zp))]dt
NP1(t) NP2 (t)
—d > Mt Zy) —d Y Ha(t Zy).
i=1 i=1
Note that (0, 0) denotes the reinsurance premium rate when the

insurer transfers all the claims to the reinsurer. To avoid the trivial
case, we usually assume that

Ap1a; + Apray < ¢ < 8(0,0),

1 In some insurance optimization problems, researchers impose the condition
that retained and transferred claims are non-decreasing functions of the underly-
ing claim. However, in this paper, we can obtain the same monotonicity of #;(t, Z;)
and Z; — H;(t, Z;) without requiring that condition a priori.
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which implies that the insurer’s premium income is greater than
the expected value of the claims but less than the premium for
full reinsurance. Otherwise, the insurer can transfer all the risk to
the reinsurer and make profit.

According to Grandell (1991); Promislow & Young (2005) and
Bai, Cai, & Zhou (2013), we can approximate the claim process ac-
cording to a Brownian motion with drift as

NPL(D)
d Y Hi(t. Zy) ~ ApsE[Ha (t, Z0) |dt—/ ApiE[H1 (¢, Z1)?1dW; (1),
i=1
and
NP2 (t)

d Y Ha(t, Zoi) ~ Ap2E[Ha(t, Zo) Jdt—/ AP2E[ My (t, Z5)?JdWs (t),
i=1

in which Wy = {Wj (t)};>0 and W, = {W;(t)};>0 are two correlated
standard Brownian motions with correlation coefficient

o(t) = Ap1D2E[H1(t, Z1) |E[Ha(t, Z3)]
VADE[H1 (6, 20?1/ AD2E[Ha (¢, Z)?]

In addition to the reinsurance business, we assume that the in-
surer is able to invest its surplus into a risky asset (stock or mutual
fund) and a risk-free asset (bond or bank account) with interest

rate r > 0. Specifically, the price process of the risky asset follows
a jump-diffusion process given by

Ns ()
ds(t) =S(t—)[ pndt + odWs(t) +d Z L},

i=1

1)

where > 1, 0 > 0, W3 = {W3(t)};»0 is a standard Brownian mo-
tion, N3 = {N3(t)};>0 is a homogeneous Poisson process with in-
tensity A3 > 0, and L; is the ith jump amplitude of the risky asset
price. It is assumed that L;,i =1, 2, ..., are independent and identi-
cally distributed random variables with distribution function F (1),
finite first moment E[L;] = 1, and finite second moment E[L?] =
ULZ. It follows from Chapter V of Protter (2004) that the stochastic
differential Eq. (2.1) admits a unique solution. Similar to Li et al.
(2018); Zeng et al. (2016) and Zhang & Chen (2020), we further
assume that W5 (t) and Z?’jl@ L; are mutually independent and in-
dependent of W;(i=1,2), and that P{L; > -1 foralli>1}=1 so
that the risky asset price remains positive. Generally, the expected
return of the risky asset is larger than the risk-free interest rate, so
we assume that @ + Asuy > T.

Let 7 = {7 (t)};5o be the amount invested in the risky asset
at time t. The rest of the surplus is invested in the risk-free as-
set. Then, for a chosen combination of controls v = {v(t)};5o =
(H1,H2, ), we have the wealth process XV (t) given by

dxv(t) = <rX”(t) +c—8(H1(t, Z1), Ha(t, Z2))
—Ap1E[H(t. Z1)] = Ap2E[Ha (L. Z5)]

+ (- T)”(U) dt + /Ap1E[Hq (t, Z1)?]dW; (1)
++/ AD2E[H, (£, Z3)?]dW, (1)

N;(t)
+om(OAWs() +(0)d Y L,

i=1

(2.2)
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where X" (0) = Xy > 0 is the initial wealth.

In the literature, the problem of optimal investment and rein-
surance under various dependence structures has also been in-
vestigated. Cai & Wei (2012) minimized risk measures of the re-
tained loss of an insurer in a single-period model, and showed that
the excess-of-loss treaty is the optimal reinsurance form when the
risks are correlated through stochastic ordering. See also Chi, Lin,
& Tan (2017) for a related work. Brachetta & Schmidli (2020) pro-
posed a risk model in which the insurance framework is affected
by some environmental factors, and the aggregate claims and stock
prices are dependent. Ceci, Colaneri, & Cretarola (2022) extended
the study of Brachetta & Schmidli (2020) by further assuming that
the claim arrival intensities of both business lines are modeled as
functions of additional exogenous stochastic factors. In contrast,
we focus on studying the reinsurance and investment optimization
problem under a continuous-time risk model, in which the two
kinds insurance business possess the thinning dependence struc-
ture.

2.2. The wealth process with delay

In this subsection, we present the influence of historical per-
formance on the insurer’s wealth process. In practice, due to the
memory feature, the insurer’s retention level is always dependent
on the exogenous capital inflow into or outflow from the current
wealth. Similar to Federico (2011), we denote the integrated, aver-
age and pointwise performance of the wealth in the past horizon

[t —h,t] as
0 v

YV (¢) :/ eXV(t+s)ds, Y (t) = Xi
~h Jopevsds

MY (t) = X"(t — h), Vt e [0, T],

in which ¢ >0 is an average parameter, and h > 0 is the delay
time. Then the differential form of YV (t) can be expressed as

gY”(t): 4 /O e XV (t +s)ds _4 /t e?U=X" (u)du
dt al ., a| )i

t
= XU(6) — e "Xt —h) — @ / P W-DXY (1) du
t—h

=XV(t) —e "X (t—h)—¢ /0 e’ XV (t +6)do
—h
= X"(t) — YV (t) — e "M (1).

Note that Y (t) is defined as the weighted average of the wealth
process XV (-) over the period [t — h, t] with the exponential decay-
ing factor e¥s, s e [—h, 0], as the weight. It is clear that the expo-
nential weight e¥S is a strictly increasing function with respect to
(w.r.t.) time s, which implies that more weight is put on recent
wealth. For the special case of ¢ =0, v’ (t) is just the moving av-
erage. The parameter h is the duration of the past that the insurer
usually cares about. We then formulate the function f(t, XV (t) —
YU(t),X"(t) — MV (t)) to represent the cafPital inflow or outflow
amount of the insurer. The term XV (t) —Y (t) implies the average
performance in the horizon [t — h, t], while XV (t) — MY (t) accounts
for the absolute performance between the two time points t —h
and t. For the solvability of the optimization problem, similar to
Chang et al. (2011); Shen & Zeng (2014); Zhang & Chen (2020) and
Bai et al. (2022), we assume that the amount of the capital inflow
or outflow is proportional to the past performance of the wealth,
ie.,

f(t,X”(t) ~Y' (). XV (6) - MY (t))

:E(XV(t) _?”(t)> +CXU () — M (1)), (23)
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where B and C are two non-negative constants. Eq. (2.3) shows
that the instantaneous capital inflow or outflow function is a
weighted sum of X" (t) -y’ (t) and XV(t) — MV (t). Such a capital
inflow/outflow is related to the performance of the wealth in the
past, and may arise in various situations. For instance, if the cur-
rent wealth is higher than the average performance in the given
history time horizon, the insurer may use a proportion of the ex-
cess wealth to pay dividend to shareholders or bonus to its man-
agement. This is an example of capital outflow. On the contrary,
when the current wealth is lower than the average performance in
the given history time horizon, the insurer may go for financing
from the capital market to make up the loss so that the final per-
formance objective is still achievable. This corresponds to capital
inflow. ~

let A=r—B—C and B= 5 —
JZpe#sds
BYV(t) = BY" (t). Taking account of the capital inflow/outflow func-
tion f, the wealth process of the insurer is governed by the follow-
ing stochastic delay differential system (SDDS):

. Then it is easy to see that

X" (£) = [Axva) b 8(HA(E.Z:). Ha (. 22))
—AD1E(H1(t,Z1)) — Ap2E(Ho(t, Z3))
FBYY(t) + CMY (t) + (u — r)n(t)]dt

++/Ap1E[H1 (¢, Z1)2]dW; (1)

+/ AD2E[H2 (L, Z)? |dWs (1)

+om (O)dWs(6) + T (Od YO L,
dyV(t) = (XV(t) — @Y (t) — e "MV (t))dt,
dM" (t) = dX¥ (¢t — h).

(2.4)

It is obvious that f > 0 implies capital outflow while f < 0 means
capital inflow. Furthermore, we assume that the insurer is en-
dowed with initial wealth xy at time —h, and does not start any
business (investment/insurance/reinsurance) until time 0. Corre-
spondingly, the initial conditions for the SDDS are

X'(0) =X >0, Y"(0)= %(1 —e¥h), MY(0) = xo.

To end the subsection, we give the definition of admissible
strategies formally.

Definition 1 (Admissible strategy). A strategy v = (Hq, Hp, ) is
said to be admissible if the following conditions are satisfied:

(i) it is adapted to the filtration F;
(ii) H;(t,z;) (i=1,2) is a function of the possible claim size Z; =
z; at time t, and satisfies 0 < #;(t,z;) < z;, for all t > 0 and
z; > 0;
(iii) 7 (t) satisfies fén(s)zds < oo with probability one for 0 <
t<T,;
(iv) the state equation of XV (t) has a unique strong solution.

Let A be the set of all admissible strategies.

3. Problem formulation and extended HJB delay system

In this section, we consider the optimization problem under the
time-inconsistent mean-variance framework. In our study, the in-
surer is concerned with both the terminal wealth XV(T) and the
historical average performance Y’ (T). As a result, we formulate the
reward function with delay under the mean-variance criterion as

J(E X,y m; V) = Et_x,y_m[XV(T) Y (T)]

(3.1)

~ D Vare [ X0 (1) + 77 (D)
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where y is the risk-averse parameter of the insurer, and the con-
stant ¥ > 0 is the weight of 4 (T) indicating the degree of impact
of the historical average performance on the final performance. The
notations E¢xym and Vargxym stand for the conditional expecta-
tion and variance given XV(t) =x, YV(t) =y and MV (t) =m, re-
spectively.

Remark 2. By using the weight k¥ in the performance functional
(3.1), we incorporate both the terminal wealth XV(T) and the av-
erage delayed wealth v’ (t) over the period [T — h, T] into the final
mean-variance performance measure. It is noted that if we only
take into account the terminal wealth XV (T), the management will
likely be tempted to adopt short-term risk taking behavior in or-
der to manipulate the final performance measure so as to achieve
shinning performance at an instant. Incorporating the average de-
layed wealth 4 (t) into the final performance measure makes the
insurer pay more attention to the wealth over a period of time
instead of a single time point. This certainly mitigates the risk of
having an imprudent short-term risk taking behavior. Moreover, in
our model framework, the term XV (t) +xY’ (T) is consistent with
those in Shen, Meng, & Shi (2014); Shen & Zeng (2014) and Zhang
& Chen (2020).

Since the differential form of YV (T) is available in (2.4), we con-
sider replacing the average delayed wealth Y’ (T) in (3.1) with the

integrated delayed wealth YV (T). Recall that ' (t) = foy ve(«fs)ds' By
—h

, the value function can be rewritten as

letting k = X —
& f?h e¥sds

V(t,x,y,m) = sup {Et,x.y,m[X“(T) + kY (T)]
veA

- %Vart,x,y,m[xvm + KYV(T)]}, (32)

with the boundary condition V (T, x,y, m) = x + k.

Remark 3. If we take a convex combination of XV(T) and YV (T) in
the reward function, the value function V(t, x,y, m) can be written
as

V(t,x,y,m)

—sup {Et,x,y,m[m _ )XV (T) +RY"(T)]

- %Varm,y,m[(l —ROXY(T) + EY”(T)]},

~ v /2 v
=(1-k)- ?}EIE {Et.x,y,m |:X M+ 1 IZY (T):|

_y(a -k
2

where £ € (0, 1) represents the weight in the convex combination.
Thus, one can simply replace the parameters « and y in (3.2) with

i f;z and y (1 — k), respectively, to obtain the optimal results.

Vare xym |:X“ (T) + 1 f z Yv (T)] }

We transform this optimization problem to the one with finite-
dimensional space by imposing the following assumption of the
model parameters.

Assumption 1. Throughout the paper, we assume that
C=ke " Be %"= (p+A+kK)C (3.3)

Recall that A=r—B—C and B= OL, together with the
Jope¥sds

condition (3.3), it is straightforward to show that

_ oy (ptrk—keMk(1—e¥h)  _oh
A=r i (1—e9h) e,
B = (p+r+K—Ke Mg

T ptk(l—e¥h)y
C=rKe "
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The condition (3.3) plays a crucial role in deriving the explicit so-
lution for the reinsurance-investment problem with delay. Under
(3.3), we can derive the value function V, which does not depend
on m. Note that if the value function V depends on m, the differ-
ential form

Ay MY (e AL - MY (D)

dt At—0 At
v _ _ v _
:limX(t h+At) —XV(t - h)
At—0 At

does not exist due to the non-differentiable path of Brownian mo-
tion. In this case, it is unable to write the extended HJB delay sys-
tem w.r.t. (t,x,y, m); see Egs. (3.4) and (3.5). Furthermore, it is one
of the sufficient conditions to guarantee the closed-form solution
to the extended HJB delay system. In fact, we will show later that
a candidate solution independent of m is indeed our value func-
tion. In short, under Assumption 1, we actually assume that the
value function depends on (t, x,y) only, that is,

V., x,y,m) =V(t,xYy).

Similar assumptions can also be found in A & Li (2015); Bai et al.
(2022); Deng, Bian, & Wu (2020); Shen & Zeng (2014) and Li et al.
(2023).

Remark 4. Although Assumption 1 seems kind of restrictive, it not
only makes the control problem solvable, but also has some sort
of economic interpretation. In a certain situation, we can investi-
gate the effect of the delay factors on the strategy with rational
parameter settings. As mentioned in Deng et al. (2020), the insurer
can first select the weighting coefficient ¢ and the delay time h to
calculate the integrated delayed wealth YV(t) and the pointwise
wealth MY (t). Then the insurer chooses the weighting parameter
k in the mean-variance performance measure. Finally, using the
condition (3.3), the insurer determines the parameters B and C to
adjust the exogenous rates of inflow and outflow accordingly. In
particular, when « = h =0, the optimal control problem reduces
to the one without delay.

As we know, one of the useful methods to solve the stochas-
tic control problems is the dynamic programming principle (DPP).
However, the optimization problem (3.2) is time-inconsistent.
Specifically, we have

J(E.x.3:0) = By [ X0 () 1 (@) = 200 (1) + 07 ()]

+ 2 By XV () + Y (D))

= Et.x,y |:Es,x5.yS I:X') (T)+kY" (T)_%(XU(T)‘HCYU (T))2:|

+ L B, [xvm])Z]

~ ey | § B (X (1) 4 €Y7 (D)]? ]
+ 2 By X (T) + kY (D))

= Erxyl(s. %5, ys: v)]
~Ery | § B X (D) 4 07" (D]
+ 5 ey X (T) + 1Y (DY

# Eexyl(s. x5, ys; V)],

for all t <s <T with XV(s) =xs; and YV (s) = ys. Hence, the Bell-
man optimality principle fails in our model because of the nonlin-
ear term of conditional expectation (Bjork & Murgoci, 2010; Bjork
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et al,, 2014; Pun, 2018). In other words, we encounter a time-
inconsistent problem, which implies that the optimal control law
for some fixed initial point is no longer optimal at some later
point. To tackle this problem, one can simply disregard the “time
inconsistency”, and find the pre-commitment control by the DPP
and HJB equation. There is a large body of work on mean-variance
portfolio selection studying pre-committed strategies; for instance,
see Bi & Guo (2013); Bielecki, Jin, Pliska, & Zhou (2005); Ming et al.
(2016); Zhou & Li (2000) and Yuan et al. (2022c).

To seek the time-consistent equilibrium strategy for the opti-
mization problem (3.2), we formulate the time-inconsistent dy-
namic optimization problem into a noncooperative game theoretic
framework proposed by Bjork & Murgoci (2010), and then find the
subgame perfect Nash equilibrium point. The game can be inter-
preted in the way that we have a fictitious player for each point
at time t, and that each player can only control the state process
at time t. A time-consistent strategy is subgame perfect Nash equi-
librium if for any t € [0, T], the strategy chosen by Player s € [t, T]
is also optimal for Player t. As such, our objective is to solve for
equilibrium risk-bearing strategies which are defined as follows.

Definition 2 (Equilibrium strategy and value function). For any
chosen initial state (t,x,y) € [0,T] xR xR, a fixed strategy v =
(#1, M2, ) and an admissible strategy v* = (17, H;, %), we de-
fine a perturbed strategy v¢ = (H{, #5, 7€) as
Ve = (Hi(s,21), H5(5.22), T°(5))

(H1(s,21), Ha(5,22), 7w (5)), selt,t+e],

(H5(s,21), H3(5,22), w*(5)), se[t+¢&,T],
for any t € [0, T) and a fixed real number ¢ > 0. If

CpE) e

liminfl XYY )SJ(t,x,y, vé) >0

holds for any admissible control v = (Hq, H,, ) € A, then v*
(M3, M5, ) is called an equilibrium control. The resulting equi-
librium value function V (t, x,y) is then given by

V(t,x,y) =]t xy; V).

Let D =[0,T] x R? and
¢(t,-,-)is once continuously
differentiable on [0, T],
,-,y)is once continuously
differentiable onR,
and ¢ (-, x, -)is twice continuously
differentiable onR.

£—0+

c21(p) = 1 git.xy) |PC

For any ¢(t,x,y) € C'-21(D), the variational operator £V is defined
as

LYO(t,x,y) = ¢+ (Ax +By+Cz+c—86(H1(t,Z1), Ha(t, Z2))
—Ap1E[H1(t, Z1)]
= MPaE[H (6. 22)] + (1 = DT () )

+(x— gy —e"m)gy + %(APIE[Hl (t.Z1)*]
+ )\sz[Hz (t, 22)2] + 2)\.[)1 sz
[#H1 (6, Z) [E[Ha (t, Z5)] +azn<t>2)¢m

+3E[@pt, x+ 7l y) —d(t, x,y)], (34)

where the notations ¢, @x, ¢y and ¢« represent the first and
second-order partial derivatives w.r.t. the corresponding variables.

We next present the extended HJB delay system for the charac-
terization of the value function V and the corresponding equilib-
rium strategy in Theorem 1. The proof of this theorem is standard,
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and thus we simply omit it. The readers are referred to the Theo-
rem 5.2 of Bjork, Khapko, & Murgoci (2017) for more details.

Theorem 1 (Verification Theorem). For the optimization problem
(3.2), suppose that there are two functions V(t,x,y) € C*-21(D) and
g(t, x,y) € C1-21(D) satisfying the following extended HJB delay sys-
tem:

SUPycu {ﬁ”V(t, xy)-5Lrgt. x. y) | +yet.x.y) - L"g(t,x,y)} =0,

£V g(t,x,y) =0,
V(T,x,y) =x+ Ky,
&(T.X,y) =x+kY,
(3.5)

where

V* = argsup {EVV(t, xy) — Lrve % 9)?]
veA 2

+yg(t.x.y) - L'g(t, x,y)}.

Then v* is the equilibrium strategy, and V (t, x,y) is the corresponding
value function.

Based on the terminal conditions of V and g, we conjecture that
the solution to (3.5) has the following form:
V(t.x.y) =edtITD(x 4 ky)+Q(t).
glt.x,y) =eW T D (x4 ky) +q(t),

where Q(T) = q(T) = 0. Let Q; and ¢; denote the first-order deriva-
tives of Q(t) and q(t), respectively. A direct calculation yields

Vi = —(A+k)e®T-0(x + ky) + Q,
Vi = gy = e+ T-0

& =Ve+q—Q,
V=g = e Ao (T—0)

(3.6)

Note that the choice of the reinsurance premium rate § determines
the explicit expressions for the uncertain functions Q(t) and q(t).
In the next two sections, we derive the value function under the
expected value principle as well as the variance principle.

4. Optimal results under expected value principle

In this section, we derive the explicit solution to the equi-
librium strategy and value function for the optimization problem
(3.2) under the expected value principle, i.e., the reinsurance pre-
mium rate at time t is given by

S(H1(t,Z1), Ha(t, Z3)) = (1 + n1)Ap1E[Zy — H(t, Z1)]
+ (1 4+ 1m2)Ap2E[Z; — Ha(t, Z5)],

where 17 and 7, are reinsurer’s safety loadings for the two classes
of the insurance business. Without loss of generality, we assume
that ny > 1, since the results for the case of n; < n, can be ob-
tained along the same lines.

Plugging the derivatives in (3.6) into the first equation of (3.5),
we have

Q — (A+xK)e T (x 4 y) + eAOT-D(Ax 4 By + Cm
+c— A +n)Apiar — (1 + 772))432(12)
+ (x— gy — e ¥m)ice A0
+ e 0 sup {mkplE[H] (t,Z1)]
+ MmADE[H2 (8, Z2)] + (u — )7 ()
— L0 (3p E[Hy (€.20)2] + ApaElHa (1. 22)°]

4 2Ap1 poEl M (t.Z0) JE[Ha (£, zz)1+azn(t>2+xaafn(r>2)}



Y. Yuan, X. Han, Z. Liang et al.
=0.
Using the condition (3.3), we have
Q + AT (c— (14 n)Apray — (1+ n2)Ap2az)
+ %000 sup Ly i E[ (6. 20)]
veA

+ MmAp2E[Ha (8. Z2)] + (e — )7 (1)
— L0 (3p B[ (€.20)2] + ApaEHa (1. 22)°]

+ 2Ap1D2E[ M1 (8, Z1) [E[Ho (t, Z2)] + Ulzﬂ(f)z)] =0,

with o1 = /02 + A30L2. It is clear that the above equation has a
solution which does not depend on m under Assumption 1. Define
a related function G as?

G(t, H1, Ha, ) = MmAp2E[Ha] — %Apﬂ““”“‘”E[H%]
+(u=-n)7 - %C(A+K)(T_t)0'12ﬂ2
+ /000 (APﬂ’h’Hl (z1) - %e(A+K)(T7t)()\p1Hl (21)°
+ 2Ap1p2Ha (21 )1'3[71(2]))sz1 (z1)

= mAp1E[H ] - %APW(AM)(T*”E[H%]

+ (u-n7 72/e(A+K)(Lr)0127T2

+/O (szﬁzﬂz(lz)—§€<A+K)(T_”()~Pz7'lz(lz)2

+ 2P 2 (2)ElR ) ) A, (). (a1)
From the integral representation of G, we can deduce that maxi-
mizing the function G is equivalent to maximizing the integrand
point-by-point, subject to 0 < H;(t,z;) <z (i=1,2). As a function
of Hi, H, and m, the integrand is a parabola, so it is maximized
by

Hi(t,z1) =di(t) Az1,  H3(t,22) = d5(t) Az, (4.2)
and
) = L;zre*MWT*f), (4.3)
i
where
{di‘(f) = Tlem @O0 — p,E[H; (. 22)], (4.4)
d3(t) = Le~OT0 — piE[H; (€, 21)].

Here, d;(t) and d3(t) represent the risk retention levels, and are
admissible if both dj(t) and d;(t) are non-negative.

We see from the expressions for #;(t,z;) and #;(t, z;) that the
strategy (0,0) can never be optimal. This can be proved by reduc-
tion to absurdity. If #3(t,z;) =0, then it follows from (4.4) that
di(t) = 'Z,—Ze*('”")”*f) > 0 such that #3(t, z;) = d}(t) Az, > 0, and
vice versa.

For notational convenience, we define the following auxiliary
functions

d
hy, (d) = E[d A Zy] = /0 Sy, (z1)dzi,

d
hy,(d) = E[d A Z,] = /0 52, (22)dz.

2 To simplify our notation, we suppress the argument t of the strategies.
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where Sz, (z1) =1—-1F,(z1) and Sz, (z3) =1 - F, (23). Then it fol-
lows from (4.2) that the extreme point (dj, d}) should satisfy the
following equations

m — y[e@HIT=0ds 4 pretHIT-Ohy, (d3)] = 0,
1 — y[e(A+K)(T7t)d; + p]e(AJrk)(T—t)th (dT)] —0.
Note that the Hessian matrix of G at point (¥}, H3, 7*) is given by

(4.5)

ADP1Sz, (d}) AD1D2Sz, (d3)Sz,(d5) O
—ye AT X p1 pySz, (d5)Sz, (d3) Ap2Sz, (d3) 0.
0 0 o}

which is clearly negative definite. Hence, if we can find the point
(d, d3) such that the Eq. (4.5) holds, then the point (dj, d;, 7*) is
the extreme maximum point of G. The following lemma shows the
existence and uniqueness of the solution to the system of equa-
tions (4.5).

Lemma 1. There exists a point (dj, d}) solving the system of equa-
tions (4.5), and this point is unique.

Proof. See Appendix A. O

Although the existence and uniqueness have been given in
Lemma 1, the specific form of the solution to the optimization
problem remains to be investigated. In order to determine the ex-
treme maximum point (df, d}) from the system of Eq. (4.5), we
transform (4.5) into

di + pahz,(d}) _m
d; + pihz, (d7)  m2’

A simple algebraic manipulation yields
n2d7 — n1p1hz, (d7) = md; — n2p2hz, (d3).

To continue our analysis, we need the following auxiliary functions

Yz, (X) = mpx —mpihz, ), Yz, (x) = mx — n2p2hz, (%), (4.6)

and
KGO = ¥y, (W2, () + prhz, () — %e*“”)(”).

One can verify that ¥z, (d}) = ¥z, (d5) and ¥z, (0) = ¥z, (0). Since
N1 = My, ¥z, (x) is a strictly increasing function of x, and thus the
inverse function 1[/22 1(x) exists and strictly increases with x. Then
it follows from ¥z, (d}) = ¥z, (d3) that

d3 = ¥, (Yz, (d})). (4.8)
Substituting (4.8) into the second equation of (4.5) yields K(d}) =
0. In fact, we only need to show that the equation K(x) =0 has a
solution on (0, o), and that the solution is indeed dj (t). The next
lemma gives the monotonicity of the function ¥z, (x).

(4.7)

Lemma 2. Under the assumption of n1 > 1, the following two state-
ments hold:

(i) when 0 < pg < Z—f Yz, (x) is a strictly increasing function on
(0, ),
(ii) when 12 < p; < 1, there exists a point X such that Yz, (x) is

N
strictly increasing on (X, 0o).

Proof. See Appendix B. O

Noting that vz, (0) = 0 and vz, (c0) = oo, we define
X = sup{x > 0, Yz, (x) = O}, (4.9)
with 0 < Xg < oo. In fact, whether x, equals to O or not depends

on the relation between p; and Z—f Then it follows from (4.6),

(4.7) that hz, (xo) = 72-xo and

mpi

K(xo) = 1> %o _ le*’**W*” ) (4.10)
m vy
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To summarize, we give the equilibrium strategy and the corre-
sponding value function of the problem (3.2) in Theorem 2.

Theorem 2. Suppose that 17 > n,. Recall the functions G of (4.1),
Yz, and Yz, of (4.6) and the point xo of (4.9). The optimal
reinsurance-investment strategy for the problem (3.2) is given by

|

Hi(t.z1) =di () nzi,  H3(t22) = Yy (Y7, (d (D)) A 22,

* — U=t o—(A+K)(T-t)
T*(t) = yore K
(411)
for xg < 'g/—le*(*‘“)”*f), and
Hi(t,z1) = %e—(ﬂw)(T—t) nz1,  H3(t,22) =0,
() = LLe~ At (T-0) (412)
=41

for xo > %e*“‘*’(w*f). Here dj(t) € (x.00) uniquely solves the
equation

V' (W2, (A1) + pihz, (dr) - %e*“*““*” -o.

Furthermore, the value function is

V(t,x,y) =eAOT-D(x 4+ ky) + Q(t), (4.13)
where

1
Q(t) = Atk [c— (A +n)Apia; — (14 n2)Apra;]

T
+ / e py B[RS 5. 24)]
t
AL (5.2)] = 5 e T (ApyE[H; (5.21))
+ AP2E[H3 (5, Z2)?]
+ 241 pE[H; 5, Z0) [E[H3 G, zm)}ds

1 (u—r)2

ey

Y 207

Proof. In view of the fact that the optimal investment strategy

(4.3) is independent of the reinsurance strategy, we focus on the
optimal reinsurance strategies in two different cases.

(i) From (4.10), we know that if xg < ';,—16*(“")(7*”, the in-
equality K(xp) <O holds. Note that Xlim K(x) = oo and that
—> 00
when x > xg, we have

IK(x) 0V, Yz, (%) 8y, (x) | Bhy, (x)
x U, (x) X Tax

which means that K(x) is an increasing function on [xg, co).
Combining these with K(xg) <0 shows that the equa-
tion K(x) =0 admits a unique solution d;(t) € [xg, o0). Fur-
thermore, d is given by (4.8).

If xp > ';—le—(AJf’()(T—f), then the inequality K(xp) > 0 holds.
Since K(x) is strictly increasing on [xg, c0) and K(x) > 0 on
[xg, 00), the equation K(x) =0 has no solution on [xg, o),
i.e, there does not exist dj € [xp, 00) and d3 € [0, co) satisfy-
ing the system of Eq. (4.5). If the solution to K(x) = 0 exists,
it can occur on [0,Xy) only. It follows from Lemma 2 and
the definition of X that ¥ (x) is a convex function of x
and vz, (xo) = 0. As a result, we have 7 (x) <0 on [0, xg).
Then one can show that d5 =0v 1//2*21 (Yz,(d7)) = 0. Putting
#H% =0 and r* of (4.3) into the extended HJB delay system
(3.5) and using the first-order condition, we conclude that

Hi(t,z1) = %e’("”")”’t) AZy.

0,

(ii)
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Combining the results of (i) and (ii), one can obtain the optimal
reinsurance and investment strategies given by (4.11) and (4.12).

It is straightforward to verify that the strategies given by
(4.11) and (4.12) satisfy the conditions (i)-(iii) in Definition 1. The
remaining item to show is that, under the reinsurance and invest-
ment strategies in (4.11) and (4.12), the stochastic differential Eq.
(2.2) has a unique strong solution. It follows from Theorem 5.2.9
in Karatzas & Shreve (1991) that this holds if the drift and volatil-
ity of (2.2) under these strategies have bounded derivatives w.r.t.
x. Note that the drift and volatility are bounded for any strategies
defined in (4.11) and (4.12) with 0 < T < oo. As all these strategies
are independent of the wealth process, one can easily show that
the drift and volatility of (2.2) have bounded derivatives equal to
A and 0, respectively. Thus, the drift and volatility of the optimally
controlled diffusion of the wealth process are bounded and Lips-
chitz. This gives the desired results.

Substituting (#3, H3, 7*) into the first equation of the extended
HJB delay system (3.5) yields

Q + e@OTD[c— (1 +n)Apra; — (1 + 72)Ap2as
+ G(t, 1y, Hy, m*)] = 0.

By simple integration, one can derive the value function of
(4.13) directly. This completes the proof. O

Remark 5. Note that when 1, = n,, i.e, the reinsurance safety
loadings are the same for the two classes of insurance business,
it follows from Lemma 2 that p; < Z—? which implies that vz, (x)
is a strictly increasing function on (0, co) with xg = 0. Thus, the in-
equality xp < ZLe- (A« )T-) always holds, and the optimal results
for ny = n, are given in (4.11).

Remark 6. It is clear that the optimal reinsurance strategies in
(411) and (4.12) are in the form of excess-of-loss reinsurance.
This observation coincides with the one in Han et al. (2021) even
though a different criterion is considered in their paper. More-
over, we can see that the retained and transferred claims are non-
decreasing functions of the underlying claim, which ensures that
the insurer and reinsurer would not confront with the situation of
moral hazard. Similar to Basak & Chabakauri (2010); Bjork et al.
(2014); Zhang & Liang (2016) and Chen & Shen (2019), we would
like to point out that the optimal strategy is independent of the
wealth level x and the claim intensity A. In relation to these works,
we generalize the corresponding results to the case with the inclu-
sion of the thinning-dependence structure and historical informa-
tion. In particular, by setting pp=B=C=k =0 and p; =1, the
risk model is reduced to the one without dependent risks and de-
lay factors. In this case, the optimal results can be found in Propo-
sition 4.2 of Chen & Shen (2019).

In the following propositions, we present some important prop-
erties of the optimal reinsurance-investment strategy. Here the ex-
pressions for (3, #3,w*) are given in (4.11) and (4.12). When
writing “increases” or “decreases”, we mean in the weak, or non-
strict sense.

Proposition 1. Let (3}, 3, w*) be given by (4.11) and (4.12). The
following statements hold:

(i) * increases with w but decreases with oy and y;
(i) My (i=1,2) increases with n;, while the monotonic direction
of nj (j=1,2,j#1) is opposite;
(iii) H; (i=1,2) increases with y.
Proof. See Appendix C. O

We see from (4.11), (4.12) that the optimal investment strategy
is independent of the parameters of the insurance market. An ob-
vious explanation is that the insurance market and risky asset are
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not correlated. However, the return and volatility do have influ-
ence on m*(t). The larger the u, the more aggressive the insurer
invests into the risky asset. Meanwhile, a higher value of o, gives
a smaller amount of the wealth invested into the risky asset. Note
that o4 = /02 + A307 implies that 7 decreases w.rt. o, A3 and
o1. This can be explained by the fact that larger values of o, o} and
A3 imply greater uncertainty. Besides, when »; increases, the rein-
surer charges a relative expensive reinsurance premium for class i,
and hence the insurer tends to decrease the purchase of reinsur-
ance for class i. Meanwhile, when the insurer keeps buying less
reinsurance for one class, it eventually needs to reduce the risk of
the whole insurance portfolio by buying a bit more reinsurance for
the other class. Moreover, a larger value of y implies that the in-
surer is more risk averse, and becomes more cautious about the
underlying risks. As a result, the insurer is inclined to take a con-
servative reinsurance strategy by buying more reinsurance, and to
invest less into the risky asset to reduce the investment risk.

In the following proposition, we investigate the monotonicity
of the optimal strategy w.r.t. the delay parameters « and h. As was
noted before, when k¥ = h = 0, the optimization problem becomes
the one without delay.

Proposition 2. Under the assumption of ny > 1, the three optimal
strategies in (M3, H3,m*) are all increasing w.r.t. the parameters «
and h.

Proof. See Appendix D. O

Proposition 2 reveals that both the reinsurance strategy and the
investment strategy increase as the delay parameters h, and k in-
crease. The parameter h is the duration of the past that the insurer
usually cares about, and the parameter « indicates the degree of
impact of the historical average performance on the final perfor-
mance. Intuitively, a larger value of h accounts for a longer time
horizon under consideration. This in turn yields a relatively stable
average delayed wealth, and hence the insurer’s ability to handle
the underlying risks will be enhanced. As a result, the insurer is
able to increase the amount invested in risky assets as well as the
retention levels #; and #3. On the other hand, when « increases, a
larger weight attached to the average delayed wealth YV (t) would
reduce the overall risk of the insurer. Then the insurer can choose
a relatively risky strategy, i.e., purchasing less reinsurance business
and/or investing a larger amount into the risky asset to achieve the
same level of final performance.

5. Optimal results under variance principle

In this section, we investigate the same optimization problem
under the variance principle based on which the reinsurance pre-
mium rate can be expressed as

S(H1(t,Z1), Ha(t, Z3)) = Ap1E[Z1 — H1 (£, Z1)]
+AD2E[Zy — Ho(t, Z3)]

+5 (WpiEL@: 016,200+ APREL(Z ~ Ha .27

+2Ap1 p2ElZy — Hy (8, Z)[E[Zs — Ha . zz>1),

where A is the common safety loading of the two classes of insur-
ance business. Note that when using different safety loadings, say
A4 and A,, the reinsurance premium rate is given by

S(H1(t,Z1), Ha(t. Z2)) = Ap1E[Zy — H1 (L, Z1)]
+AD2E[Zy — Ha(t, Z2)]
+ SUADEIZ) — (6. 2021 S Aol 2o~ Ha(t,22))7).

As was pointed out by Han et al. (2018) and Han et al. (2021), the
uniqueness and existence of the extreme maximum point and the
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corresponding value function are very difficult to solve analytically
in this case. Therefore, in the following context, we assume that
the two classes of insurance business are repackaged and that a
portion of the repackaged business is transferred to a reinsurance
company. So, there is only one safety loading A for the repackaged
business. Plugging &(H1(t,Z;), Hy(t, Zy)) into the first equation of
(3.5) yields

Q + [c— Ap1ay — Apaa; — %e“””‘”(kmbl
+ Apaba + 2Ap1paasaz) et T0
A
+ €400 sup f(u—rym (0 + 5 ((— 2pEl (E.20)%)
Ve

+ 2Ap1E[Z1 11 (t, Z1)]
— AD2E[Ha (t, Z2)*] + 2Ap2E[ZoHa (8, Z5)]
+ 2Ap1pa (@ E[Ha (t, Z2)] + @E[H (¢, Z1)]

~ B[ (6.2 E[H (. 22)]) )

= L@ (Apy B[ (¢.20)] + ApaElHa (. 22)7)

+ 20p1 P2E[H (6, Z0) [E[Ha (8, Z2)] + afn(r)2)} 0.
As before, we define a related function as
Gt 0. . ) = — 5 s (B3] — 2E(Z07] — 2p1cs L ]
+ (u—nm - ge“”)”‘”afnz

_ %)»pze('“")(T‘t)E[H%]

“TA
+ /0 [7)»171 (= H3 @)+221H1 (21)+a2H1 (21)
— H1(z1)E[H,]) - %E(AH)(T*[) (A0 (z1)

+ 20p1 Pt (20)EDa ) A, (21)

A
—5 AP (E[H3] — 2E[Z1H1] — 2p2a2E[H1])
+ (u—n)m - %e("“‘)”’”afrrz

_ %Ame(’”’()(T’t)E[H%]

CTA
+ /0 [5)\171 (= H3(22)+22,H2 (22) +01 M2 (22)
- Ha(@2)EH]) - 50T (py3 (22)

+ 2Ap1p2H2 (22)E[H4 ])]szz (22).

According to the first-order conditions, we can obtain the maxi-
mizer of G given by

Wit.zy) =d,(t.z1) Az, Hy(tzo) = dy(t.2) A2,
with

5 Apray
d(t.z1) = —p2E[H2(t. Z3)] + W

A

+—A+]/€(A+K)(T’t)21’ (51)
= _ Apiay
dy(t,z2) = —p1E[H1(t, Z1)] + At yeGrolD
A (5.2)

+ A +ye(A+K)(T—t)Zz’
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and
() = L e,
of
Note that E: (t) and E§ (t) represent the risk retention levels, and
are admissible if both HT (t) and E; (t) are non-negative. We see
from the expressions for #3(t,z;) and #;(t,z,) that the strategy
(0,0) can never be optimal, and the proof is similar to that under
the expected value premium E&ingiple.
Assume that (#7,#3) = (d;.dy). Taking expectation on both

sides of the Eqgs. (5.1) and (5.2) gives

Apyay + Aay
A+ ye@r T’

Apia; + Aay
A+ ye@r) T’

E(Hi(t.Z1)) = —p2E[H3(t. Z2)] +

E(H;(t.Zy)) = —p1E[H} (8. Z1)] +

from which we get

* _ Aa] " _ Aa2
E[Hl(t,Zl)]_W, E[H5(t.Zy)] = AtyedoTD”
(5.3)
Substituting (5.3) into (5.1) and (5.2) yields
A A

dy(t.z) = dy(t,z5) =

At yedoa ol A 1 e o2

It is clear that O <af(t,zi) <z for i=1,2, and thus we indeed
have #(t, z,-):af(t, z;). Meanwhile, the Hessen matrix of the
function G at point (M3 (t,21), H5(t, 22), T*(t)) is given by

Ap1by Apipomay O

—yeWOT=0 A p1paaiaz Ap2by 0]
0 0 o?
which is negative definite.  Therefore, the point

(M3 (t,z1), H5(t, z5), w*(t)) is the extreme maximum point of
G. The next theorem presents the explicit solution to the optimiza-
tion problem (3.2) under the variance principle with the common
safety loading.

Theorem 3. The optimal reinsurance-investment strategy for the
problem (3.2) under the variance principle is given by

A
H;(t, Z1) = Wll’
=T »—(A T-t
74 (£) =t T,

A
H3(t, 22) = jemmmo22,

(5.4)
Furthermore, the value function is
V(t,x,y) = eMOTD(x 4 ky) +Q(t), (5.5)
where
A+ (T-0) _ 1
QD = —4 % <C—Xp1a1 — Ap20;

AA
- 7(P1b1 + paby + Plpz(haz))

AA2
3410

(A +ye(A+/<)(Tr)>
xIn| ————
A+y

(p1b1 + p2bz + 2(p1 + p2)miaz) -

)\AZV 1 1
_mpmzalaz Aty - A +ye(A+K)(T7t)

—lM(T—t).
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Proof. Following the steps in the proof of Theorem 2, one can
show that (5.4) satisfies all the conditions in Definition 1. Sub-
stituting (#H; (¢, z1), H5(t, z2), w*(t)) into the first equation of the
extended HJB delay system (3.5), we have

Q + e+ [c — AD1G1 — AP2a;

A _
— j()‘-plbl + )\.pzbz —+ Ap1pza1a2) + G(t, H, /Hﬁ, T[*)] =0,

where

G(t, Hi(t, z1), H3(t, 22), T* (b))
AA2
= (A 5 y ey (p1b1 + p2ba +2(p1 + p2)a1az)
- )LAzye(AJrK)(T—t) G l(l/«—r)2
(A+ye(A+K)(T-f))2p1p2 102 )/72012 .

By integration, the value function (5.5) can be derived. This com-
pletes the proof. O

From (5.4), we see that the form of the optimal reinsurance
strategy under the variance premium principle is a pure quota-
share reinsurance, and that both retention proportions fall into the
interval [0,1] and are equal to each other. This phenomenon co-
incides with the results in Hipp & Taksar (2010) and Han et al.
(2020), in which they derived the optimal reinsurance strategy
to minimize the probability of ruin and the probability of draw-
down, respectively. Besides, we argue that the retention propor-
tions are independent of any information about the claim sizes
but depend on the time ¢ and the related delay parameters. This
indicates that the optimal proportional reinsurance strategy under
the variance reinsurance premium principle is a model-free solu-
tion to the mean-variance problem. Another characteristic is that
if we set B=C =« =0, then the optimal reinsurance-investment
strategy reduces to the one without delay, and has the form

A

'H?(t,Z,‘) = —7

= ATyeo fori=1,2,

() = L_zre—r(T—t).
Yoy

By setting r = A + k, these results are consistent with those in the

presence of the delay factors, i.e., those in (5.4).

To end this section, we give the following proposition to state
the effects of some important model parameters on the optimal
reinsurance-investment strategy. The proof is straightforward, so
we omit the details.

Proposition 3. When the reinsurance safety loadings for the two
classes of insurance business are the same, the following statements
hold:

(i) m* increases with u, k and h, but decreases with oy and y;;
(i) H; (i=1,2) increases with A, t, k and h, but decreases with
y and r.

Remark 7. Comparing with the results under the expected value
principle, the influence of model parameters on the optimal rein-
surance under the variance principle is more intuitional as a re-
sult of applying the same safety loadings for the two kinds of
insurance business. In addition to some similarities as shown in
Propositions 1 and 2, we observe that the insurer tends to retain
more insurance business as t increases. This observation can be ex-
plained by the fact that the uncertainty of the insurance risk is de-
creasing as the decision time t approaches the ending time T. Also,
a higher risk-free rate r indicates a larger earning from a risk-free
asset which allows the company to buy more reinsurance so as to
reduce the risk of the potential insurance loss.
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Table 1
Values of basic parameters.
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claim probability insurer’s safety loadings

reinsurer’s safety loadings

claim intensity

p1=03, pp=04 6;=0.15 6,=0.1 71 =03, =02 r=5
interest rate risk-averse parameter initial time terminal time
r=0.05 y =01 t=0 T =20
delay parameter weight parameter average parameter risky asset parameters
h=2 Kk =0.05 ¢ =05 n=02 0,=05
claim amounts
z1=15,2=1.2
6
551
5 L
/A OEaanaEaaRaERaRS ,
/7 4.5
Ve
/7 4
35¢
— 'H; (tx Zl) 3
— — H3(t, 2)
——H;(t, 1) 25 ™ (t)
——H(t, ) T (t)
I L 2 1 n
0 5 10 15 0 5 10 15 20
t t
Fig. 2. The effect of t on reinsurance strategy and investment strategy.
1 25
09
08| 2
0.7 |
1.5¢
0.6 1\ — Hi(t, z1)
\ — — H(t,2)
051 \
\ i
0.4 ¢ N
N
0.3} T ~ 0.5+
~ ~
0.2 e
0.1 Ml 0 ]
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
¥ g

Fig. 3. The effect of y on reinsurance strategy and investment strategy.

6. Sensitivity analysis and numerical examples

In this section, we assume that one class of insurance business
has heavy-tailed risk with small arrival intensity, and the other is
light-tailed risk with large arrival intensity. Let

1
—_——— Z
@+ 7

with the first and second moments given by a; = 1, a; = , by = 1
and b, = }, respectively.

Here we carry out several numerical examples to show the in-
fluence of the model parameters on the optimal results under the
expected value principle. The sensitivity analysis under the vari-
ance principle can be found in Proposition 3 and Remark 7. As-
sume that the insurer’s insurance premium under the expected
value principle is given by

B (z1)=1 > 0; F(z)=1-e%2, 2,>0,

c=1+061)Api1ay + (1 +6;)Apaa;,
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where 6; and 6, are the insurer’s safety loadings for the two
classes of the insurance business. Unless stated otherwise, the val-
ues of the basic parameters are given in Table 1. In particular, we
take k €[0,0.1] (also see Fig. 4). This implies that the insurer pays
more attention to the wealth value at the terminal time T than to
that before T.

Recall the optimal reinsurance-investment strategies of
(411) and (4.12). Under the parameter setting, we first exam-
ine the monotonicity of the reinsurance-investment strategies
(M3, H3, %) over time t. By setting h =« =0, we also compare
the optimal strategies with those ignoring the delay factors. Then,
with a fixed decision time t = 0, we further investigate the effect
of the risk-averse parameter y on the optimal strategies. At last,
we examine the impact of the delay parameters k¥ and h as well
as the reinsurance parameters 71, 12, p1 and p,.

In Fig. 2, we use the notations (#(t,z;), H5(t,2z;)) and 7T*(t)
to denote the strategies without delay. Fig. 2 shows that both the
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il 2.45
24+
09f
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07 r =T 225
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Fig. 4. The effect of « on reinsurance strategy and investment strategy.
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06sf _———"7 " 222
0.6 ' - - 2.2 . - . :
0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 2.5 3
h h
Fig. 5. The effect of h on reinsurance strategy and investment strategy.
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/
/
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Fig. 6. The effects of n; and 7, on reinsurance strategy.

reinsurance strategy and the investment strategy are increasing
functions w.r.t. the time t, which coincides with the observation
under the variance premium principle. As mentioned in Remark 7,
this is due to the fact that the uncertainty of the insurance and
investment risks decreases as the decision time t approaches the
ending time T. This allows the insurer to choose a relatively risky
strategy that bears more claims and invests a larger amount into
the risky asset. On the other hand, in the case without delay fac-
tors, we can see that the insurer becomes more cautious about the
underlying risks.
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Fig. 3 reflects that both the reinsurance and investment strate-
gies are decreasing functions w.r.t. the risk-averse parameter y.
This observation is in line with Propositions 1 and 2. For the mean-
variance problem, the parameter y represents the insurer’s risk
preference. As y increases, the insurer pays more attention to the
insurance risk, and is willing to transfer more business to the rein-
surer. Meanwhile, the insurer would like to reduce the amount in-
vested into the risky asset to alleviate the investment risk.

Figs. 4 and 5 show that both the reinsurance and invest-
ment strategies are increasing functions w.r.t. ¥ and h. The intu-
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Fig. 7. The effects of p; and p, on reinsurance strategy.

itive reasons behind these increasing trends have already given in
Section 4.

Since the optimal investment strategy is independent of the pa-
rameters of the insurance risk model, we only show the effects of
11,12, p1 and p, on the reinsurance strategy.

Fig. 6 shows that for i, j=1,2 and i # j, H; increases but #;
decreases as 7; increases. On one hand, when the reinsurance pre-
mium for class i becomes much more expensive as 7; increases,
the insurer would rather retain a greater share of each claim by
purchasing less reinsurance for class i. On the other hand, when
the company keeps buying less and less reinsurance for one class,
it eventually needs to reduce the whole risk of its insurance port-
folios by buying a bit more reinsurance for the other class.

From Fig. 7, we can see that a greater value of p; yields a
greater value of #; but a smaller value of Hj‘ for i,j=1,2 and
i# j. For class i, if p; increases, then reinsurance becomes more
expensive, and the insurer optimally purchases less reinsurance.
Intuitively, a larger value of p; implies a larger insurance risk in
class i on average, so one might expect that the insurer would re-
tain less of each claim. However, the increase in the reinsurance
premium dominates the insurer’s optimal decision.

7. Conclusion

In this paper, we investigate an optimal reinsurance-investment
problem for an insurer, who has two classes of insurance business
with thinning dependence. The wealth process of the insurer is de-
scribed by a jump-diffusion model with delay. Under the mean-
variance criterion, we solve the extended HJB delay system, and
derive the time-consistent equilibrium strategies not only for the
expected value principle but also for the variance principle. In par-
ticular, the existence and uniqueness of the optimal reinsurance
strategy is first proved by using several auxiliary functions. Based
on the optimal results, we have the following conclusions: (i) the
optimal per-loss reinsurance strategy is in the form of pure excess-
of-loss reinsurance strategy under the expected value principle,
and in the form of pure quota-share reinsurance under the vari-
ance premium principle; (ii) the delay factors makes the perfor-
mance function tend to be more stable, and the insurer becomes
more aggressive to achieve its target; (iii) the thinning dependence
structure leads to an interaction effect on the optimal reinsurance
strategy under the expected value principle; and (iv) the reinsur-
ance strategy is sensitive to its own safety loading but robust to its
own claim probability.

We remark that, to make the optimization problem tractable, it
is assumed that the process of the risky asset and the claims are
independent in this paper. There is no doubt that the optimiza-
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tion problem would become more practical if we assume that the
claim sizes are correlated, the stock price process and the aggre-
gate claims process depend on each other, and/or the arrival inten-
sities are not constants. These certainly introduce further technical
complexity to the problem, and needs a separate study.

For the other further research on this topic, one may con-
sider different choices of risk preference specifications (for exam-
ple, Value at Risk, Conditional Value at Risk and expected utility).
It is also an appealing future work to investigate the model uncer-
tainty for the optimization problem and examine the influence of
the ambiguous components such as diffusion and jump risks. All in
all, these modeling features may result in more challenging prob-
lems and greatly enrich our current work.
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Appendix A. The proof of Lemma 1

Proof. We first show the existence of the solution to (4.5). From
the second line of (4.5), we obtain

d; — %e*(AJrK)(T—f) _ Plhzl (dT)-

Substituting d; into the first equation of (4.5), we have

=y I:e(A-H()(T—t)dT + pape T,

x (%e—mm(m) _ Plhzl (dT))] - 0.
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Define

c(d) = — yl:e(A-H()(T—t)d»f + pre@OT-op,

N (%ef(AJrK)(T*t) —pihz (d7)>i|

It is clear that ¢ (c0) = —oo and

£(0) = m1 — y pre®HOT-Op, (ﬂe—(AJrK)(T—t))
14

=y pe I [le*“*”)(”) — hy, (ﬂefmm(m))]
Y

VD2
> ypze(A+K)(T—t)|: M @A) (T—t) _ ﬂef(mm(rir)] 5 0.
VP2 14

The last inequality holds due to the assumption of 1 > n,. There-
fore, the Eq. (A.1) has a positive root. This shows the existence of
(ds, d3).

We now prove the uniqueness of the point. Assume that there
exists another point (dj, d,) satisfying the Eq. (4.5), i.e.,

m— y[emma—r)gl + pze(f‘ﬂ)(T*f)hzz(d})] =0,

. - (A2)
N2 — )/[e(A*'K)(T‘t)dz + p]e(m—:c)(T—t)hZ1 (dl)] —-0.

Without loss of generality, we suppose that d; > d*, and thus d, <
d; holds. Combining (4.5) and (A.2), it is not difficult to show that
- "

(dy —d}) — p2 fd-zz Sz,(z2)dz, =0,

(dy - d;) + p fdﬂ? Sz,(z1)dz; = 0;
or equivalently, there exists some &; e (d*, d;) and & ¢ (d},d;)
such that

(di — d}) + p2Sz, (&2)(dy —d3) = 0,

(da —d3) + P15z, (§1)(di — d}) = 0.
Note that the matrix

1 P25z, (&2)
p1Sz, (1) 1

is invertible, and thus the solution to the system of Eq. (A.3) equals
(dy —dj,dy —d3) = (0,0), which completes the proof. O

(A3)

Appendix B. The proof of Lemma 2

Proof. The proof is straightforward. Differentiating ¥z, (x) W..t. X,
we obtain

0z, (x) 029z, (x)
ox

0x2

fOo<p < Z—f we can see that 1, — 171 p1Sz, (x) > 0. Hence, ¥z, (x)

=12 — N1 P15z (%), =mp1fz, ®) > 0.

is a strictly increasing function on (0, c0). If % < p1 < 1, it follows
that 7y —11p1Sz,(0) <0, and that limyxe (172 —N1P15z, (%)) =
ny > 0. Let X = 5211 (71%1)' Then the function 1//Z1 (x) is strictly de-
creasing on (0,x) and increasing on (X, 00). O

Appendix C. The proof of Proposition 1

Proof. The monotonicity in (i) can be easily verified. Now, we
prove (ii). It follows from the closed form of the optimal reinsur-
ance strategy (4.12) that the monotonicity properties in (ii) hold.
We only need to think about the one in (4.11). From Theorem 2, we
know that dj(t) € (xp, o0) uniquely solves the equation K(d}) =0
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where K(x) is defined in (4.7). Recall ¥z, (x) and vz, (x) of (4.6).
By abusing the notations a bit, we write

Yz, (d1, 1) = m2dy — ny1pihz, (dy),
Yz, (d1,n1) = mdy — nap2hz, (dy),
and

K(dr.m) = ¥z bz, (d}. ). ) + pihz, (df) - %e*“*““*“.

Without loss of generality, we give the proof for n; > n,, and the
results for n; < 1, can be derived symmetrically. On one hand, it
is clear that

9z, (di, m1) Ay, (di,m)

—a 7 <0 TP 0
am any

and thus K(d;,n;) eventually decreases with 7. On the other

hand, K(d;, nq) increases as d; increases. To ensure K(d}, ;) =0,

it can be seen that dj increases as n; increases. Then it follows
from the system equations in (4.5) that

ads 0y (Yz,(d})
ad; ~ od: =

which implies that dj is a decreasing function w.r.t. ;. Along the
same lines above, we can prove the corresponding properties for
ds.

2 We next prove (iii). Analogous to the proofs of (ii), one can
show that K(dj, ) is an increasing function w.r.t. y. Also, to en-
sure K(dj, y) =0, df (d3, respectively) must decrease (increase, re-
spectively) as y increases. O

, and

)

0,

Appendix D. The proof of Proposition 2

Proof. It is clear from (4.11), (4.12) that the monotonicity of the
strategy w.r.t. k and h depends on the term g(x, h) = —(A+«). Af-
ter some algebraic manipulation, we get

(p+T1+K —Kke (1 —evh)

—r—k+Kke 4+
@+ k(1 —e9h)

gk, h)

L
@+ k(1 —e-¢hy’

which is an increasing function w.r.t. ¥ and h. Thus, the optimal
reinsurance strategy (#3,#3%) and the investment strategy 7* are
both increasing functions w.r.t. « and h. O
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