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ABSTRACT

In this paper, we investigate the robust models for A-quantiles with partial information regarding the loss distribution, where
A-quantiles extend the classical quantiles by replacing the fixed probability level with a probability/loss function A. We find that,
under some assumptions, the robust A-quantiles equal the A-quantiles of the extremal distributions. This finding allows us to

obtain the robust A-quantiles by applying the results of robust quantiles in the literature. Our results are applied to uncertainty sets

characterized by the following three different constraints, respectively: moment constraints, probability distance constraints via

the Wasserstein metric, and marginal constraints in risk aggregation. We obtain some explicit expressions for robust A-quantiles

by deriving the extremal distributions for each uncertainty set. These results are applied to optimal portfolio selection under

model uncertainty.

1 | Introduction

To assess the impact of model misspecification and offer a
robust quantification of the optimization problem, distribution-
ally robust optimization (DRO) has been extensively studied in
recent years and has become a fast-growing field. In DRO, some
object of interest is assessed over a set of alternative distributions,
where the object can be some risk measures (functionals) or
expected utility and the set of alternative distributions is called the
uncertainty set or ambiguity set. Typically, we are concerned with
the “worst-case” (maximal) and “best-case” (minimal) values of
some risk measures over the uncertainty set, called the robust
risk measures, representing the robust quantification of the risk
measures, which is independent of the choice of the distributions
lying in the uncertainty set. The importance of the robustness of
risk measures has been emphasized in the academic response of
Basel Accord 3.5 in Embrechts et al. (2014), and the robustness

of the risk measures has been studied in, for example, Cont et al.
(2010) and He et al. (2024).

The uncertainty sets are always characterized by some con-
straints, representing the partially known information. The
moment constraints are popularly used to characterize the
uncertainty sets in the DRO literature. This means that some
information on the moments of the distributions is known. Under
this type of uncertainty sets, robust-quantiles were studied in
Ghaoui et al. (2003), robust expected shortfall (ES) was consid-
ered in Natarajan et al. (2010) and Zhu and Fukushima (2009),
robust convex risk measures were investigated in Li (2018), and
robust distortion risk measures and riskmetrics were considered
in Pesenti et al. (2024), Shao and Zhang (2023), Shao and Zhang
(2024), and Cai et al. (2023). One popular probability distance
constraint is defined by the Wasserstein metric, where the
Wasserstein distance represents the tolerance of the discrepancy

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the original work is properly

cited.
© 2025 The Author(s). Mathematical Finance published by Wiley Periodicals LLC.

Mathematical Finance, 2025; 00:1-17
https://doi.org/10.1111/mafi.12467


https://doi.org/10.1111/mafi.12467
https://orcid.org/0000-0002-3980-5557
mailto:peng.liu@essex.ac.uk
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1111/mafi.12467
http://crossmark.crossref.org/dialog/?doi=10.1111%2Fmafi.12467&domain=pdf&date_stamp=2025-06-13

of the alternative distributions with the baseline distribution;
see, for example, Esfahani and Kuhn (2018) and Blanchet and
Murthy (2019). The worst-case values of quantiles, spectral risk
measures and distortion risk metrics over this uncertainty set
were studied in Liu et al. (2022), Bernard et al. (2024), and Pesenti
et al. (2024). The marginal constraint is always imposed on the
risk aggregation, where the marginal distributions are known
but the dependence structure is completely unknown. For this
uncertainty set, the robust-quantiles are the main concern in
the literature, which is only solved for some special marginal
distributions. The robust-quantiles were derived for marginal
distributions with monotone densities in Wang and Wang (2016),
Jakobsons et al. (2016), and Blanchet et al. (2024). We refer to
Puccetti and Riischendorf (2012) and Eckstein et al. (2020) for
numerical studies. The uncertainty sets characterized by the
above three constraints will be explored later.

In this paper, we focus on A-quantiles, first introduced by Frittelli
et al. (2014), which extend the classical quantiles by replacing
the fixed probability level with a probability/loss function. For
A : R —>[0,1] and a distribution function F, one version of
A-quantiles is defined as

q,(F) =inf{x € R : F(x) > A(x)}

with the convention that inf # = co. Four different definitions of
A-quantiles introduced in Bellini and Peri (2022) will be given in
Section 2.

The A-quantiles offer greater flexibility by choosing the function
A instead of fixing a confidence level, which allows one to
handle multiple confidence levels simultaneously. Typically, the
A function is chosen to be either increasing or decreasing, and
the choice and estimation of the A function were studied in
Hitaj et al. (2018). Interestingly, A-quantiles still retain some
good properties of quantiles such as monotonicity, robustness,
elicitability, consistency, and locality; see Burzoni et al. (2017) and
Bellini and Peri (2022). As shown in Han et al. (2025), A-quantiles
with decreasing A functions satisfy quasi-star-shapedness, indi-
cating that convex combination with a deterministic risk does
not increase the risk, which is a property weaker than quasi-
convexity and penalizing the special type of concentration. In
addition, A-quantiles with decreasing A functions also satisfy
cash-subadditivity, which is desirable for measuring the risk of
the financial position in the presence of stochastic or ambiguous
interest rates; see El Karoui and Ravanelli (2009) and Han et al.
(2025). Recently, an axiomatization of A-quantiles was offered in
Bellini and Peri (2022), and a new expression of A-quantiles with
a decreasing A function was provided in Han et al. (2025).

The application of A-quantiles has also attracted some attention
recently. For instance, Ince et al. (2022) studied the risk contribu-
tion (sensitivity analysis) of A-quantiles; Balbas et al. (2023) and
Boonen et al. (2025) focused on the applications of A-quantiles to
optimal re-insurance design and premium calculation; Liu (2025)
and Xia and Hu (2024) investigated the risk-sharing problem
with A-quantiles representing the agents’ preferences, which
was extended to the case with heterogeneous beliefs by Liu
et al. (2024); and Pesenti and Vanduffel (2024) used the scoring
function of A-quantiles for elicitability as the cost function to
study the Monge-Kantorovich optimal transport.

In this paper, we aim to establish the robust models for A-
quantiles with limited information on the underlying distribution
of loss, where the function A can either decrease or increase.
Despite the prevailing notion in existing literature that most
researchers consider the risk in the worst-case scenario, wherein
the decision maker (DM) is extremely ambiguity-averse, empir-
ical studies (see, e.g., Heath and Tversky 1991 and Kocher et al.
2015) demonstrate that the DM’s attitude toward ambiguity is
not uniformly negative. In fact, they may exhibit ambiguity-
loving tendencies if they perceive themselves as knowledgeable or
competent in the context. Thus, both the worst and best possible
values for A-quantiles over a set of alternative distributions will
be considered.

In Section 2, we introduce four different definitions of A-quantiles
given by Bellini and Peri (2022) and summarize some new
properties of A-quantiles. In particular, we show the quasi-star-
shapedness for all four A-quantiles with decreasing A functions
and show that all those four A-quantiles are cash-subadditive
for decreasing A functions and cash-supadditive for increasing A
functions. Those properties motivate the study and application of
A-quantiles with monotone A functions. Moreover, we offer an
alternative expression for one A-quantile with decreasing A func-
tions as an analog of the expression in Han et al. (2025), which
enhances interpretability and offers convenience for computing
robust A-quantiles.

In Section 3, we show that, under some assumption, the robust
A-quantiles over a general uncertainty set is equal to the A-
quantile of the extremal distributions over the same uncertainty
set, which is the main finding of this paper. In this paper, the
extremal distribution is an increasing function representing the
pointwise supremum or infimum of the distribution functions
over an uncertainty set. This fact shows that the computation
of robust A-quantiles can be decomposed into two steps under
some conditions as follows: (i) compute the extremal distribu-
tions, and (ii) compute the A-quantiles of the obtained extremal
distributions. This means that, under some conditions, in order
to compute the robust A-quantiles, it suffices to compute the
extremal distributions, which can be derived via the results of
robust quantiles. The crucial assumption for our results is the
attainability of extremal distributions. Verifying this property for
popular uncertainty sets is not trivial, and will be discussed in
Section 4. Moreover, we construct several counterexamples for
the assumptions of our main results and discuss the existence
of the optimal distributions in the robust A-quantiles. Notably,
our findings are closely linked to Mao et al. (2025), where a
novel approach, called the model aggregation approach, was
introduced to evaluate the risk under model uncertainty for some
risk measures including quantiles and ES.

In Section 4, we consider the uncertainty sets characterized by
the following three different constraints, respectively: moment
constraints, probability constraints via the Wasserstein metric,
and marginal constraints in risk aggregation. We obtain the
extremal distributions for each uncertainty set replying on the
results on robust quantiles over the same uncertainty sets in the
literature and check the attainability of the extremal distributions
for each uncertainty set. By applying our main results in Section 3,
we directly obtain the robust A-quantiles, showing the usefulness
of our findings. Moreover, we apply our results to the portfolio
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selection problem with model uncertainty, where the risk of
the portfolio is assessed by A-quantiles. In particular, for the
uncertainty sets with marginal constraints in risk aggregation, we
show that diversification is penalized for the portfolio of assets
with the same marginal distribution, extending the results for
quantiles in Chen et al. (2022). Some numerical studies have
been performed to show the values of the robust A-quantiles and
optimal portfolio positions. The paper is concluded in Section 5.

2 | Notation and Preliminaries

Let & be a set of random variables on a given atomless probability
space (Q, F,P). Denote by M the set of cumulative distribution
functions (cdfs) of all random variables in X. In this paper, we
consider the risk functional p : M — R. For convenience, we
sometimes use p(X) for X € X to represent p(Fy), where Fy is
the distribution of X. For a distribution F € M, its left quantile
atlevel a € [0,1] is defined as

G(F)=FYa)=inf{xeR : F(x) > a},
and its right quantile at level o € [0, 1] is given by
qi(F)=F;'(a) =inf{x € R : F(x) > a}

with the convention that inf@ = co. Note that by the above
definition, we have g;(F) = —c and g; (F) = co. We refer to,
for example, McNeil et al. (2015) for more discussions on the
properties and applications of quantiles. Throughout this paper,
terms such as “increasing” and “decreasing” are in the nonstrict
sense, and the notation aVv b (resp. a Ab) is the maximum
(resp. minimum) between real numbers a and b, and a, = a v 0.

We next present four definitions of A-quantiles given in Bellini
and Peri (2022).

Definition 1. For A : R — [0,1], and an increasing function
f : R = [0,1], the A-quantiles of f are defined as follows':

g, (f)=inf{x e R : f(x) > A(x)},
g (f)=inf{x e R : f(x) > A(x)},
dr(f) =sup{x e R : f(x) < Ax)},

g (f) =sup{x €R : f(x) <A@} ¢y)
where inf § = co and sup = —co by convention.

In Definition 1, agents can choose A as either increasing or
decreasing functions. Without additional assumptions, the four
A-quantiles can all differ; see Examples 4 and 5 of Bellini and
Peri (2022). In general, an increasing A implies that the DM
accepts only a smaller probability for larger losses. Conversely, a
decreasing A suggests a tendency to tolerate a greater probability
as losses increase.

A simple example of A-quantile is the two-level A-quantile
presented in Example 7 of Bellini and Peri (2022), where the A
function is defined as A @ x = B1;,,; + aly,,. In particular, if
A is a constant, then A-quantiles boil down to quantiles.

A mapping p : X - R is said to satisfy monotonicity if p(X) <
p(Y) for all X,Y € X with X <Y, and satisfy cash-additivity if
pX +m)=pX)+mforall X € X and m € R. It is well known
that g; and g7 satisfy both properties. However, A-quantiles are
not cash-additive in general.

A mapping p : X — R is said to satisfy cash-subadditivity (resp.
cash-supadditivity) if po(X + m) < p(X) + m (resp. p(X + m) >
p(X)+m) for all X € X and m > 0. A mapping p is said to
be quasi-star-shaped if p(AX + (1 — )t) < max{p(X), p(t)} for all
X e X,t €R, and 1 € [0,1]. In the context of capital require-
ments, cash-subadditivity or supadditivity allows a nonlinear
increase in the capital requirement as cash is added to the future
financial position. Cash-subadditivity is desirable if the interest
rate is stochastic or ambiguous, and it allows the current reserve
and the future risk positions to preserve their own numéraire.
Here cash-subadditivity reflects the time value of money; see El
Karoui and Ravanelli (2009) and Han et al. (2025). Quasi-star-
shapedness means that p has quasi-convexity at each constant,
representing some consideration of diversification, which is
weaker than quasi-convexity. Its theoretic-decision interpretation
is available at Han et al. (2025).

In Theorem 3.1 of Han et al. (2025), a representation of g, is given
in terms of quantiles. In the following proposition, we obtain a
similar formula for g}. For completeness, we also include the

representation for g in the following proposition.

Proposition 1. IfA : R — [0,1] is a decreasing function, then
for F € M, we have the following:

q,(F) = inf {q;(x)(F)vx} = sup {q;(x)(F)/\x}, ©)]
and
qi(F) = inf {q} (F)vx} =sup{q (F)Ax}. (@)

Proof. Note that Equation (2) follows directly from Theorem 3.1
of Han et al. (2025). Next, we show Equation (3). Note that for
x € Randt € [0,1], F(x) < t implies that g;/ (F) > x. Hence, for
a decreasing A, we have the following:

qx(F) = gy (F) = sup{x € R : F(x) < A(x)}
<supfx eR : qz(x)(F) > x}

= sup{q, ,(F) Ax : g, (F) > x}

<su { r (F /\x}.
322 {3

Moreover, because F(x) > t implies that g, (F) < x, we have the
following:

gi(F) =inf{x € R : F(x) > A(x)}

> inf{x eR : q/t(x)(F) < x}

= inflg},(F) v x : g, (F) <x} > inf { gt () v x}.
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Since qz(x)(F) AXx < (F) vy for any x,y € R, we have the

following:

.
£

+ + : + +
qF) < sup { a5 (F) Ax | < inf {4} (F) v x| <P,
which implies Equation (3). O

In Bellini and Peri (2022), many properties of A-quantiles such
as monotonicity, locality, and quasi-convexity on distributions are
discussed. We next summarize some of the properties possessed
by A-quantiles that were not included in Bellini and Peri (2022)
in the following proposition.

Proposition 2. For F € M, the following statements hold.

i gi(F)<§y(F) and gq{(F)<§i(F), and the inequalities
become equalities if A is decreasing.

ii. All four A-quantiles q;,,q5,d,, and g, are cash-subadditive
if A is decreasing and cash-supadditive if A is increasing.
Furthermore, if A : R — (0, 1) is right-continuous and has at
most finite discontinuous points, then the converse conclusion
also holds.

iti. If A is decreasing, all four A-quantiles q,,qy,q,, and G5 are
quasi-star-shaped.

Proof. We first focus on (i). We first show g, (F) < ¢, (F). Clearly,
if §,(F) = —o0, then F(x) > A(x) for all x € R. This implies
that g (F) = —co. Hence, g, (F) < 4, (F) holds. If §,(F) =

the inequality holds trivially. Next, we consider the case x, =
d,(F) € R. By the definition, we have F(x) > A(x) for all x > x,,
which implies that g, (F) < x, = g, (F). We can similarly show
gx(F) < g5 (F). The equalities for decreasing A follow directly
from Proposition 6 of Bellini and Peri (2022).

Next, we show (ii). Note that for ¢ > 0, g, (X +¢) = ;. (X) +
¢, where A°(t) = A(t +c¢) for t € R. Moreover, A° < A if A is
decreasing and A° > A if A is increasing. By Proposition 3
of Bellini and Peri (2022), we have g,.(X) < g, (X) if A is
decreasing, and q,.(X) > q,(X) if A is increasing. Therefore,
if A is decreasing, g, (X +¢) < q,(X) + ¢, implying g is cash-
subadditive; if A is increasing, g, (X +c¢) > q,(X) + ¢, implying
that g, is cash-supadditive. The analogous arguments can be
employed to show the properties of other A-quantiles. Next,
we show the converse conclusion. We denote all the dis-
continuous points of A by D. Since g, is cash-subadditive,
we have, for ¢ > 0, q,(X +¢) = q,.(X) + ¢ < q;(X) + ¢, which
implies that g,.(X) < g,(X) for any c > 0. Suppose that Fy
is continuous. Let x, = q,(X) and x, = g,.(X). Then we have
X; € X,. By the definition of g, and the right-continuity of A,
we have Fy(x;) > A(x; +¢), Fx(x) < A(x+c¢) for all x < x,,
and Fy(x,) = A(xy), F(x) < A(x) for all x < x,. If x; < x,, then
we have A(x; + ¢) < Fy(x;) < A(x;), which implies A(x; +¢) <
A(xy). If x; = x;, then we have Fy(x;) = max(A(x; + ¢), A(x,))
and Fy(x) < min(A(x), A(x +¢)) for all x < x;. If x;,x; +c &
D, then it follows from the continuity of A and Fyx that
max(A(x; + ¢), A(x;)) < Fx(x;) < min(A(x;), A(x; + ¢)), which
implies A(x;) = A(x; + c). Hence, if Fy is continuous and x,, x; +
¢ & D, then we have A(x; + ¢) < A(x,) with x; = g;.(X). For any
z€Rande>0,letF, (x) = m A1, x € R. Then it follows

thatg,.(F,.) € (z — ¢,z +¢). Hence, fixingc > 0,5, :={g,.(X) :
Fy is continuous with bounded support} is a dense subset of R,
which implies that A(x +c) < A(x) forallx € S, if x,x + ¢ ¢ D.
1t follows from the right-continuity of A that A(x +¢) < A(x)
for all x € R, which further implies that A(x + ¢) < A(x) for all
x € R and ¢ > 0. Therefore, we conclude that cash-subadditivity
of g, implies that A is decreasing.

Next, we suppose that g is cash-supadditive. Then for ¢ > 0,
we have g, (X +¢) = q,.(X) + ¢ > g, (X) + ¢, which implies that
g5 (X) 2 g (X) for any c¢ > 0. Using the same arguments as
above, we can show that A(x + ¢) > A(x)forallx € Randc > 0
Using the similar arguments for g, for other three A-quantiles,
we can show that cash-subadditivity (cash-supadditivity) implies
that A is decreasing (increasing).

Finally, we consider (iii). By (i), we have 4, = q,. Hence, it
follows from Theorem 3.1 of Han et al. (2025) that ¢, and g
are quasi-star-shaped. Similarly, in hght of (i), we have G (F) =
gx(F). Thus it suffices to show that g} is quasi-star-shaped. We
first show that g} v x is quasi-star-shaped for a € [0,1] and x €
R. If a« =1, it is trivial. Then we suppose « € [0,1). For 1 €
[0,1],t € R,and X € X, we have the following:

GAX+A-D)Vvx=(Agi(X)+ QA -t) vx

< max(gi(X) Vv x,t V x).

Hence, ¢ V x is quasi-star-shaped. In light of Lemma 3.1 of Han
et al. (2025) and the expression (3), we have that g} is quasi-star-
shaped. O

Cash-supadditivity is the dual property of cash-subadditivity. As
we can see from (ii) of Proposition 2, whether a A-quantile
satisfies cash-subadditivity or cash-supadditivity depends on the
direction of monotonicity of the A function. The intermediate
property is cash-additivity. A A-quantile with monotone A func-
tions satisfies cash-additivity if and only if it is a quantile; see
Proposition 1 of Liu (2025).

Note that g, or g} with increasing A is in general not quasi-star-
shaped even when A is a continuous function. One can see the

following counterexample.

Example 1. For 0 < o < 1/2 < 3 < 1, consider the following
continuous and increasing function:

AxX) = alpqyo +((B—a)x = B/2+3a/2) 1 3y

+ﬁﬂ{x>3/2}, x € R.

For t =7/4,1 =1/8, and a random variable X satisfying P(X =
0) = P(X = 2) = 1/2, we have the following:

POX + (1 — )t = 57/32) = POX + (1 — A)t = 49/32) = 1/2.

Direct computation gives the following:

g;(X) =0, g;(AX + (1 — )) = 57/32, q;(t) = 7/4,
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which implies that g (AX + (1 - A)t) > max{q, (X),q, ()}
Hence, g, is not quasi-star-shaped. Note that all the above
arguments still hold if we replace g; with g;. Hence, g} is
not quasi-star-shaped.

3 | Robust A-Quantiles

In this section, we investigate the worst-case and best-case values
of A-quantiles over general uncertainty sets, which is our primary
objective in this paper. For a set of distributions M, we denote
F,(x) = infrc) F(X), x € R and FJ,(x) = sup,,, F(x), x € R.
Note that both F,, and F7, are increasing functions. Additionally,
Fy, is right-continuous, whereas FL may be not. Both of them
are called extremal distributions, which may not be distribution
functions.

Before stating our main theorem, we first define attainability,
which is crucial for our results.

Definition 2. We say that F, (resp. F},) is attainable if for any
z € R, there exists F € M such that F(z) F(2) (resp. F(z) =

F}, (@),
The following theorem is the main finding of this paper.

Theorem 1. Let M be a set of distributions and A : R — [0,1].
Then we have

L Supsey 4 (F) = 4 (F ) and inf e g1 (F) = q,(F}));

ii. suppc,,dr(F)=4qy(Fy,) if Fy, is attainable, and
inf e g (F) = g (F},) if F}, is attainable;

iii. If A is decreasing, then (i) remains true by replacing d, byq,
and g5 by 4 and (ii) remains true by replacing G; by q;} and
qx by gy

Proof. Case (i). We start with the first equality. Note that F(x) <
F(x), x € Rforany F € M. Hence in light of the monotonicity of
A-quantile, we have ¢, (F) < §,(F},) for all F € M. This implies
that sup,,, 4, (F) < 4, (F ).

We next show the inverse inequality. Let z = ¢, (F,). If z = —c0,
SUPpe g Gn(F) = G, (F) = —oo holds obviously. If z = oo, then
there exists a sequence of x, such that x, T oo and F} (x,) <
A(x,). For any fixed x,, we can find G € M such that F} (x,) <
G(x,) < A(x,). This implies sup,._,, 4, (F) = §,(G) >

n — oo. Hence, it follows that sup,..,, 4, (F) = §,(F

X, = ocoas

-

Next, we suppose thatz € R.IfF},(z) < A(z), there exists G € M
such that F,(z) < G(z) < A(z). Hence, we have sup,._ ,, §,(F) >
4x(G) = z. If F(2) > A(z), there exists a sequence y, 1z
such that F (y,) < A(y,). For any fixed y,, there exists a
distribution G € M such that F},(y,) < G(y,) < A(y,). This
means sup,.,, §,(F) = 4,(G) > y,. Letting n — oo, we have
SUPpe g G2 (F) 2 z. We have established the inverse inequality.

We now focus on the second equality. Observe that F} (x) >

F(x), x € R for any F € M. It follows from the monotonicity

of A-quantile that g5 (F},) < g (F) for all F € M. Consequently,
qr(F}) < infpe p gr (F).

Let z = q,(F},). If z = oo, then g;(F},) = infpcy, g5 (F) holds
trivially. If z = —o0, there exists a sequence of x, | —oo such
that F* 1 (xn) > A(x,). For any fixed x,, there exists G € M such
that F+ + (%) = G(x,,) > Alx,). This implies that infpc, g} (F) <
gx(G) < x, - —o0 as n — 0. Hence, we obtain infy,, g5 (F) =
QA(F ).

We suppose that z € R. If F} (z) > A(z), there exists G €
M such that F} (z) > G(z) > A(z) implying infrcy, g} (F) <
g (G) <z If FJr (@) < A(z), there exists a sequence of y, |
z such that F* W n) > A(y,). For fixed y,, there exists G €
M such that F+ wn) 2 G(y,) > A(y,), which implies that
infrc, gi(F) < qX(G) <y, = z as n — co. We have established
the inverse inequality.

Case (ii). For the first equality, note that sup,._,, §x “(F) < g (F ")
follows from the same reasoning as in the proof of case (1) We
only need to show the inverse inequality.

Denote g, (F )by z.If z = —co, then sup,.,, gi(F) = q(Fy) =
—oo holds obviously. If z = oo, then there exists a sequence of x,,
such that x, T oo and F} (x,) < A(x,). For any fixed x,, using
the attainability of F , there exists G € M such that G(x,) =

F7,(x,) < A(x,). This implies sup,_,, dx(F) > 4,(G) >
as n — oo. Hence, we have sup,._,, G5 (F) = G{(F

X, > o

-

Next, we suppose thatz € R.IfF,(z) < A(z), thereexists G € M
such that G(z) = F,(z) < A(2). Hence we have sup,.. ,, g1 (F) >

Gi(G) >z If F} (z) > A(z), there exists a sequence y, 1Tz
such that F;/l(yn) < A(y,). For any fixed y,, there exists a
distribution G € M such that G(y,) = F,(y,) < A(y,). This
means thatsup,.,, §1(F) = §;(G) > y,. Lettingn — oo, we have
sup,,, 4r(F) > z. We have established the inverse inequality.

The proof of the second equality of (ii) follows a similar argument
as that of the second equality of Case (i) by applying the
attainability of F'},. We omit the details.

Case (iii). If A is decreasing, by (i) of Proposition 2, we have
g (F) =g, (F) and g;(F) = §;(F). The conclusion in (iii) is
directly implied by the conclusions in (i) and (ii). O

Theorem 1 shows that eight robust A-quantiles can be calculated
using the extremal distributions. It is worth mentioning that
they may require different conditions to guarantee that the
calculation is correct: (i) of Theorem 1 holds for all A functions
and uncertainty sets M; (ii) of Theorem 1 holds if the extremal
distributions satisfy attainability; (iii) of Theorem 1 holds only
for decreasing A and two of them also require the attainability of
the extremal distributions. Roughly speaking, only four of robust
A-quantiles can be calculated using the extremal distributions
with general A functions; the rest holds true only for decreasing
A functions. If the required conditions are not satisfied, then
the A-quantiles of the extremal distributions can only be the
bounds of the robust A-quantiles. Some counterexamples will be
discussed later.

Finding the extremal distributions is a problem in probability
theory with a long history; see Makarov (1981) and Riischendorf
(1982) for early results, and see Li (2018), Blanchet et al. (2024),
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and Pesenti et al. (2024) for the recent results. Roughly speaking,
the main message of our results is that if we know the extremal
distributions and the assumptions are satisfied, applying Theo-
rem 1, we could obtain the robust A-quantiles immediately. This
enables us to obtain the robust A-quantiles with the aid of many
results on robust-quantiles in the literature.

Applying Theorem 1, we obtain the following conclusion for
robust quantiles, which indicates the relation between robust-
quantiles and extremal distributions.

Corollary 1. Fora € (0, 1), we have

i sup.c,, 9=(F) = q;(F}) and inf ¢, g% (F) = g5 (F},).

ii. sup.c, qa(F)=qi(Fy) if Fy is
infre v gz (F) = gz (F3,) if F}, is attainable.

attainable, and

The conclusion in (iii) of Theorem 1 does not hold for other A
functions even for increasing A functions. We can see this from
the following example.

Example 2. Let

1/4, x <0,
AxX)=4Q+x)/4, 0<x<1,
1/2, x>1,

and M = {F,, F,} with

0, x <0,
Fi(x)=141/3, 0<x<1,andF,(x) 0. x<1/2
x) = , x <1, an x) =
! A g 1, x>1/2.
1, x=>1,
Direct computation gives
0, x<1/2,
Fr(x)=41/3, 1/2<x<1,
1, x=1,
q,(F,) =0, qy(F,)=1/2 and q (Fy) =1 Hence

SUPpeu A7 (F) =1/2 <1 = q,(F},). We can similarly construct
counterexamples for other three A-quantiles in (iii) of Theorem 1
for increasing A functions.

The conclusion in (ii) of Theorem 1 requires the attainabil-
ity of F, or FIA If we have finite candidates in M, that
is, M ={F,,...,F,}. Then Fj‘w(x)z/\:;1 Fi(x) and Fj(x)
\/:l:1 F;(x), and both F;, and F;, are attainable, where /\:l:1 X; =
min(xy, ..., x,) and \/:Z:1 x; = max(xy, ..., X,). Applying Theo-
rem 1, we arrive at the following results.

Corollary 2. Let M ={F,,..,F,} and A : R —[0,1]. The
following statements hold.

L suppy 0r(F) = G (A FD), infrep g (F) = g5V, F),
SUPLcy da(F) = Gi(A, Fi) and infpcy g (F) =
QX(Vi=1 F)).

ii. If Ais decreasing, then we have sup,_,, q,(F) = q,( /\l.n:1 F;),
infrep Gr(F) = q/t(\/in:l F}),  supscy, g (F) = q/t(/\,-n:l Fy),
and inf ¢ q/_\(F) = q/_\(vi=1 Fy).

The property of attainability may not hold if the candidates in M
are infinite. We have the following counterexample.

Example 3. Let

3/4, x <0,
Ax)=1<1/2, 0<x<1,
1/4, x321,
and M = {F,,n > 1} with
0, x <0,
F,(x)=41/2+1/(2n), 0<x<1,
1, x 21
Direct computation gives
0, x <0,
F,(x)=41/2, 0<x<1,
1, x>1,

gi(F,)=0, n>1 and §;(F;)=1. Hence, sup,.,, 4:(F) <
Gr(F,,). We can similarly construct examples to show that
inf e gy (F) > q(F},) if F}, is not attainable.

The above example shows that if the attainability fails to hold,
then (ii) of Theorem 1 may not be valid. However, we still have
the following conclusions:

sup g\ (F) < g (F}) and inf gi(F) > g;(Ff).
Fem em

Hence, both §;(F},) and g (F7,) are still useful because they
offer the upper and lower bounds of the corresponding robust
A-quantiles.

Compared with the attainability of F},, the attainability of F,
may not be easy to check as it is difficult to employ the limit argu-
ment; see the examples of the three uncertainty sets in Section 4.
Next, we provide an alternative assumption that is much easier to
check if A is decreasing. Let F w(x) =infpey F(x—)forall x € R.
We say 1314 is attainable if for any x € R, there exists F € M such
that F(x—) = ﬁj‘w(x). The attainability of ﬁjw for three specific
uncertainty sets will be discussed in Propositions 6, 8, and 11 in
Section 4.

With the attainability of F' ", and the monotonicity of A, we obtain
the first equality in (ii) of Theorem 1.

Proposition 3. Let M be a set of distributions and A : R —
[0,1]. If A is decreasing and 1514 is continuous and attainable, we
have sup,..,, 4x(F) = G (F,).

Proof. Let F(x) = F(x—) for all x € R. Replacing F by F and Fy,
by ﬁ;/l in the proof of (ii) of Theorem 1 and using the attainability
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of ﬁfw we obtain the conclusion that sup,_,, q}t(ﬁ )= (F -
Note that for any € > 0, ﬁk(x) <F,(0)< ﬁXA(x + s). Hence,
by the continuity of 13’ we have 13;4 = I},. Moreover, as A
is decreasing, we have qX(F) qA(ﬁ) Combining all the above
conclusions, we have sup,._,, 4 (F) = §;(F W O

Next, we discuss the existence of the worst or best distribution for
the robust A-quantiles.

Proposition 4. Let M be a set of distributions and A : R —
[0, 1]. Then we have the following conclusion.

i. If A is decreasing and left-continuous, and 13 ~ is continuous
and attainable, and §; (FM) € R, then there exists F* € M
such that Gy (F*) = sup,,, 1 (F).

ii. If Aisright-continuous, F7, is attainable and right-continuous
and q,‘\(FL) € R, then thereexists F* € M suchthat q, (F*) =
infre g, (F).

Proof. i. In light of Proposition 3, we have sup,_,, §x(F) =
dx(F,). For the sake of simplicity, we denote ¢ (F,) by z. By the
definition, we have either F(z) < A(z) or there exists a sequence
X, 1 z such that F} (x,) < A(x,). Note that Fy, = F . Hence,
F,, is continuous. For the second case, using the contlnulty of
F’,, and the left-continuity of A, letting n — oo, we have F} (z) <
Az). As F XA is attainable, there exists F* € M such that F*(z) =
F},(z) = F;,(2) with F*(z) = F*(z-). This implies that F*(z) <
A(2); hence, qX(F *) >z =sup,. " Gx(F). Note that the decrease
of A implies that gt (F*) = gt (F*). Hence, we have gt(F*)>
Sup, ., 4+ (F), which implies that §} (F*) = sup,._,, 4 (F).

ii. First, it follows from Theorem 1 that inf ¢, qA(F) =q A(F ).
Letz=gq A(F ). By definition, we have either F (z) A(z) or
there exists a sequence of x,, | z such that F (x,,) A(x,). For
the second case, it follows from the right-continuity of F L and
A that F} (2) > A(z). The attainability of F, implies F* € M
exists such that F*(z) = F},(z) > A(z). This 1mphes qyF)<z=
infrcy g, (F). Hence, we have g, (F*) = infrc , g, (F). O

Note that for other A-quantiles, the best-case or worst-case distri-
bution may not exist, even for the case when A = a. For instance,
for the uncertainty set characterized by moment constraints, the
optimal distributions for sup,._,, g-(F) and infrc , g5 (F) do not
exist; see, for example, Corollary 4.1 of Bernard et al. (2024).

Finally, we offer alternative expressions of robust A-quantiles
using Equations (2) and (3) when A is decreasing. The expressions
can sometimes facilitate the calculation of robust A-quantiles
more conveniently; see Sections 4.1 and 4.2 for details.

Proposition 5. If A is decreasing, then we have the following
representations.

L Suppc 45 (F) = sup, iy, (Fy) A x}, and infre qi(F) =
lanER{q/\(x)(F ) \ x}

ii. IfF,, isattainable, thensup, ,, qi(F) = SqueR{qX(x)(FL) A
x}, and if F}, is attainable, then infpc, q (F)=
infxER{qX(x)(FL) \ x}’

Proof. The results directly follow from Theorem 1, and Equa-
tions (2) and (3). However, we will present an alternative proof
to demonstrate the connection between robust A-quantiles and
quantiles. We take the first one as an example. If A is decreasing,
by Equation (2), we have

sup g, (F) = sup {s p{qA(X)(F)/\x}}
FeM Fem x€l
=su su ~ (F)Ax
s {sup {4,015}
=su supq. ..(F) » AX ¢.
s { {sup ) f 15}

It follows from Corollary 1 that sup.., q,.,(F)=
9y Ey) for any x € R. Hence, we have sup., q,(F)=

SUPyer {qX(x)(FXA) AX } O

4 | Specific Uncertainty Sets

In this section, our attention is directed towards the uncer-
tainty sets characterized by three distinct and widely used
constraints: (a) moment constraints, (b) probability constraints
via the Wasserstein distance; and (c) marginal constraints in risk
aggregation. Furthermore, our results are applied to the portfolio
selection problem. By using Theorem 1, we can clearly see that
the robust A-quantiles can be derived based on the expressions
of robust quantiles. Denote by M, the set of all cdfs on R with a
finite pth moment and M, (R") the set of all cdfs on R" with a
finite pth moment in each component.

4.1 | Moment Constraints

We first consider the case with only information on the moments
of Fe M.Forp>1,meR,andv > 0, let

M,(m,v) = {F EM, : / F~1(t)dt
0
1
= m,/ |[F~1(t) — m|Pdt < UP} . 4)
0

Note that M ,(m, v) imposes the constraints on the mean and the
pth central moment. The worst-case and best-case values of some
risk measures over M ,(m,v), especially for p =2, have been
extensively studied in the literature; see, for example, Ghaoui
et al. (2003), Zhu and Fukushima (2009), Chen et al. (2011), Li
(2018), Pesenti et al. (2024), Shao and Zhang (2023), Shao and
Zhang (2024), Cai et al. (2023) and the references therein.

For an increasing function g : (0,1) — R, define g7'(x) = inf{t €
(0,1) : g(t) > x}with the convention that inf @ = 1. In the follow-
ing results, we derive the extremal distributions over the moment

uncertainty sets, that is, F and F*

Mp(m,v) Mp(m,v)*
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Proposition 6. For p>1,m R, and v >0, we have the
following:

M (m, U)(x) - l 1(x) M (m,u)(x) = u;l(x)’ X € R’ (5)
where for o € (0,1),

() =m+va(a’P(1—a)+ (1 — oc)Poc)_l/p,
u(@)=m—-v(1 —a)aPQ—-—a)+ (1 - oc)Poc)fl/p.

In particular, for p = 2, we have the following:

(x—m)?

v24+(x—m)?

Fmn ) =

{x=m}>

l)2
and FM - U)( X) = mﬂ{xgm} + Voo

are continuous and attain-

Moreover, both F;/lp(m » mo)

able.

"
and F M

Proof. By Corollary 1 of Pesenti et al. (2024), for « € (0,1), p >
1,m € R, and v > 0, we have the following:

sup q;(F)=m+vala’!(1—-a)+ (1 - oc)Poc)_l/p = 1(a).
FEMP(WL,U)

Moreover, in light (i) of Corollary 1, we have sup,, My(mp) g (F) =
q;(F;A S, U)). Hence, qo‘((F;4 S, l))) = l(a) for a € (0,1). Note that
F, My(m, )( -) is right-continuous. Therefore, F}, My(m U)(x) =I17M(x)

for x € R. One can easily check that [ is strlctly increasing and

continuous over (0,1). Thus, we have that F, (o) is continuous
p(m,

over R, which further implies that F “ is continuous over R.
p

(m,v)
Again, by Corollary 1 of Pesenti et al. (2024), we have the
following:

inf  gf(F)=m-v(1-a)(a’?(Q1-a)+(1— a)Pa)_l/P = u(a).

FeM,(m,v)

Moreover, it follows from (i) of Corollary 1, we have
inf e My(mv) Do T(F)=qi(Ft My(m, U)) By combining the above
My(m, U)) u(a) for o € (0,1). Note
that u(«) is strictly increasing and continuous over (0,1). Hence,
Fy, My, U)(x) =u;'(x)for x € R and F}, is continuous.

m,)

For a € (0,1) and p = 2, we have l(a) = m +vy/a/(1 — a) and
u(a) = m —v4/(1 — a)/a. We obtain the desired results by com-
puting I;' and u;!

two equations, we have qz (F

Next, we show the attainability of F~ My and F* For any
m,v) Mp(m, v)*
x € R, there exists F;, € M,(m,v) such that hmk_,m F(x-) =

F’ Mp(m, U)(x) By Chebyshev’s inequality, we have sup,.,, (1 -

Fi(z)) < — for z> u and sup,,, Fi(2) <
/,t

Hence, {F w k =1} is tight. It follows from Theorem 25.10 of

Billingsley (1995) that there exist a subsequence {F,, [ > 1} and a

distribution F such that F,, — F weakly as [ — co. This implies

that Fk‘ll(t) — FI(t) over (0,1) a.e.

—— for z < u.
—u|P

Next, we show F € M,(m,v). By Fatou’s lemma, we have the
following:

Ji IF7 (@) = miPdt = [ liminf,_ o, |F;(6) - m|Pdt

o 1
< liminf,_, /] |Fk[1(t) —m|Pdt < VP

Given that sup,,, fo1 |F}:ll(t)|1’dt < (v + |m|)P, we have for y > 0

-1 -1 pPyl-p
/{t:|F;[‘<z>|>y} IFy 0lde < f{r:\F;[‘(r)\zy} IF, O y™rdt

< (v+ [m]Py'=p,

which implies lim,_ sup,,, /{z:|F,;1(t)|>y} |Fk_,1(t)|dt =0. It
1

means that {F,;ll,l > 1} is uniformly integrable. Hence, we
have /01 FY(t)dt = lim,_, /01 Fk-ll(t)dt =
F € My(m,v).

Consequently,

Note that there exists a sequence ¢, | 0 as n — oo such
that F is continuous at all x —¢,. Using the weak conver-
gence of F, to F, we have F(x —¢,) =lim,_ F,(x—¢,) <
limHoo Fy,(x=) = F- U)(x) Letting n — oo, we have F(x-) <

(x), which 1mp11es F(x-)=F (x). Therefore, we

M (mv)

conclude that F;4 L m)

M (m v)
is attainable.

For any x € R, there exists a sequence Fy € M,(m,v) such
that lim,._, Fi(x) = F, (m)u)(x). Similarly as in the proof of the
attainability of F\;/lp(m o’ there exists a subsequence {Fy, [ >
1} and F € M,(m,v) such that F,, — F weakly as [ — co.
Moreover, we could find ¢, | 0 such that F is continuous

at all x+e¢,. Using the fact that F,, — F weakly as [ —
o0, we have F(x+e¢,)=1lim,_ F(x+¢,)> liml_wo Fr,(x) =

F} oy ()- Letting n — co, we obtain F(x) > F, . (x), which
+
1mpl1es F(x)=F% My, U)(x). Hence, F My(m) is attalnable. O

Combining Theorem 1 and Propositions 3 and 6, we immediately
arrive at the following result.

Theorem 2. Let F, (o) and F* My m.0) be given by Equation (5)

and A : R - [0,1]. Then we have the following:

L SUPre vy, oy DA (F) = QL 0
ar(Fy, Smay AN IEpe p,on ) G F) =

Inf e i, omo) GAF) =
ANFLy
ii. If A is decreasing, then (i) remains true by replacing g, by
qx. qx by 4y, and g by g,; moreover, SUDr e pt, (ma) qi(F) =
SUP e ptyomen I D = A 3 )

For the case where p = 2, we obtain the explicit formulas for

F.Z/lz(m,v) and F*t My(m)” For general case where p # 2, the values
of F ’( ) and FL( , can be computed numerically using
p,m,v p.m,v.

Equation (5). For the particular case in which A is decreasing, it
is more convenient to compute the robust A-quantiles using the
expressions in Proposition 5 since we do not need to compute the

. . R "
inverse functions [ and u to obtain F My(m, and F Mp(mo)”
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TABLE 1 | Robust A-quantiles for an increasing A with M =
Mz(m,l)).

A038.0952) q, q, q, d,

N(1,1) 1.84 1.84 2.64 2.64
exp(1) 1.61 1.61 2.98 2.98
U[1-4/3,1+ /3] 2.57 2.57 2.57 2.57
Best-case 0.51 0.51 0.51 0.51
Worst-case 5.36 5.36 5.36 5.36

TABLE 2 | Robust A-quantiles for a decreasing A with M =
My (m,v).

Ao.95082) q, qz q, q/t
N(1,1) 2.00 2.00 2.00 2.00
exp(1) 2.00 2.00 2.00 2.00
U1 -/3,1+ /3] 2.05 2.05 2.05 2.05
Best-case 0.90 0.90 0.90 0.90
Worst-case 3.00 3.00 3.00 3.00

In the following example, we compare the A-quantiles of normal,
exponential and uniform distributions with their worst-case and
best-case values over M, (m, v), respectively.

Example 4. Letp=2,m=v=1,and Agz, : X = aly, +
By Using Theorem 2 and Proposition 5, the numerical results
of robust A-quantiles are displayed in Tables 1 and 2 for two
different A functions.

For an increasing A, it can be observed from Table 1 that g, is
strictly smaller than g, and g is strictly smaller than §. This
finding verifies the conclusion in (i) of Proposition 2. Note that
the bold numbers in Table 1 may not be the true best-case or
worst-case values; instead, they represent the lower bounds of the
worst-case values or the upper bounds of the best-case values,
respectively. Moreover, we observe that g5, ¢, and the worst-
case A-quantiles in Table 1 are consistently larger than those in
Table 2. This shows that A-quantiles with an increasing A tend to
penalize more in scenarios with significant capital losses. Finally,
we observe from Table 2 that the numerical values of the four A-
quantiles are the same. In fact, their theoretical values are also the
same. This is because of the special choice of A and distribution
functions. In general, those four values are not the same; see, for
example, Examples 4 and 5 in Bellini and Peri (2022).

Our results in Theorem 2 can be applied to robust
portfolio selection. Let X=(X,..,X,)€ X" represent
the loss or negative return for n different assets. The
set of all possible portfolio positions is denoted by
A, ={w=(w,..,w,)€[0,1]" : ¥ w; =1}. Note that
here short-selling is not allowed. For w € A, the risk of the
portfolio w'X is evaluated by p (Fy,7x), where p is some risk
measure. Suppose that we know the mean and the upper bound
of the covariance matrix of X. Then the uncertainty set of the

portfolio is given by the following:
MW, p,2) = {Fyrx € M,  E[X] =, Cov(X) <=}, (6)

where X is a semidefinite symmetric matrix and for a semidefinite
symmetric matrix B, B < ¥ means X — B is positive semidefinite.
It follows from the result of Popescu (2007) that .K/l\(w,/.t, )=
M,(W T, \/WTEZw). The optimal portfolio selection with known
mean and upper bound of the covariance matrix is formulated as
follows:

min sup p(F).

WEA pe Ml(wpu.x)

We refer to Pflug and Pohl (2018) for an overview of the portfolio
selection with model uncertainty. Note that return of the portfolio
can also be considered as a constraint in the above optimization
problem. For instance, we can impose the constraint Z?:l w;u; <
¢ for some ¢ < 0 on the above optimization problem, requiring
that the expected return of the portfolio is larger than —c. Then
the optimization problem becomes minye,; SUpPy. Fitw ) P F)
withA, = {w €A, : ¥ wy < ¢}, which does not change the
nature of the problem. To simplify the problem, we here consider
the portfolio selection problem with ¢ > max(_ u;.

Proposition 7. Let M(w, u, ) be given in Equation (6) and A -
R — [0,1]. For p = g with decreasing A or p = §,, we have the
following:

9

min su F)=min ol F~ ,
weA, FEM\(\F#’E)‘O( ) wEAy,p< Mz(wTﬂ’\/m)>

where

T2
- (x) = x-w'w
Mwp.x) (WTEZW + (x — wTu)?

) ﬂ{x>WTM}'

Moreover, the optimal portfolio positions are given by the minimizer
of the right-hand side of Equation (7).

Proof. According to the general projection property in Popescu
(2007), the two sets M,(W,u,Z) and M,(W'u, VWTEIwW) are
identical. By Theorem 2, we obtain the following:
su F)=pl| F~ s
2O )

which further implies the following:

min su F)=min p| F~ .
WEA"FeAAft(\Eﬂ,E)p( ) WEA"p< M2(WT“’VWTZ‘”)>

We complete the proof. O
Example 5. We consider the case of n=2. Let p =2 and

Napz @ X P aly o+ By, Assume that gy = (0.5, 1), u, =
(5,6)", and the covariance matrices are given by the following:

. 1 05 i 1 -05 ®
= , an = .
""\os 1 >"\-05 1
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FIGURE 1 | The worst-case values of G, with A = A(gg0.9s;3) (blue solid line) and g, with a = 0.9 (black dashed line) as functions of w;. [Color

figure can be viewed at wileyonlinelibrary.com]
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FIGURE 2 | The worst-case values of q, with A = A 95036 (blue solid line) and g, with = 0.9 (black dashed line) as functions of w,. [Color

figure can be viewed at wileyonlinelibrary.com|

Here, we consider the worst-case values of g, as
SUP e pt, (m.0) q;(F)zq/‘\(F;Ap(m,v)) holds for both increasing
and decreasing A. As a comparison, we also consider the
worst-case values of g; for some o € (0, 1)

Figures 1 and 2 demonstrate the worst-case values of the portfolio
as functions of w;, showing that the optimal portfolio positions
under the A-quantile criterion can differ from those under the
VaR criterion. Additionally, for an increasing A in Figure 1, when
the mean of the portfolio is relatively small, the DM uses a small
probability level of 0.8 to determine the portfolio positions; when
the mean of the portfolio is relatively large, a larger probability
level of 0.95 is used. However, if A is a decreasing function in
Figure 2, this situation is reversed. This phenomenon is due to
the fact that an increasing A may penalize large losses, while a
decreasing A suggests that the DM accepts a higher probability for
larger potential losses. Moreover, when two assets are positively
correlated, the worst-case values are higher compared to the case
with negatively correlated assets, as a negative correlation results
in a hedging effect.

4.2 | Probability Constraints via Wasserstein
Distance

The Wasserstein metric is a popular notion used in mass trans-
portation and DRO; see, for example, Esfahani and Kuhn (2018)
and Blanchet and Murthy (2019). In the one-dimensional setting,
the Wasserstein metric has an explicit formula. For p > 1 and
F,G € M,,, the p-Wasserstein distance between F and G is
defined as follows:

1 1/p
W,(F,G) = < / |F'w) - G'w)|” du> ) 9)

For ¢ > 0, the uncertainty set of an e-Wasserstein ball around a
baseline distribution G € M,, is given by the following:

M,(G,e)={F € M, : W,(F,G) < ¢}, (10)

10
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where the parameter ¢ represents the magnitude of uncertainty.

In the following result, we will give the expressions of ', G0 and

FMP(G,s)‘

Proposition 8. For ¢>0,p>1 and G € M, we have the

following:

=50, w0, x e R, ()

Fy (Gt Mp(G,s o(X) =

where foreach o € (0, 1), I(«x) is the unique solution of the following
equation:

/ () - g;(G))" dt =P,

and u(a) is the unique solution of the following equation:

/a (47 (6) - u(@))’ dt =eP.

Moreover, both F~ andF*

Mp(Gd) are continuous and attainable.

Mp(Gie)

Proof. By (iii) of Proposition 4 of Liu et al. (2022), we have for
a €(0,1), SUP e, (6.c) q(F) = l(«) is the unique solution of the
following equation:

/ (I(a) —q; (G)) dt = eP.

By (i) of Corollary 1, we have sup._ Mp(@0) q.(F) =

q:(F, © E)) =Il(a). For 0<o <a,<1, it follows that
AN p

fa2 (l(ay) - q[(G))Jr dt < eP. This implies that I(a,) > ().

Hence, [ is strictly increasing over (0,1), which implies that

N a .
F My (G E)(x) F'(x)forx e Rand F LG is continuous.

statement. Note that
where

Next, we show the second
ianeMp(G,E) qu:(F) =- supFeMp(E,s) q;_a(F) = u(cz),

—1
G (t)=-G'(1-1t), t € (0,1). Using the above conclusion, we
have —u(a), which is the unique solution of the following:

/ (~u(@) +q;,(G))" dt = e,

1-a

Hence, u(a) is the unique solution of the following:

/a (a7 (G) — u(w))” dt =eP.

It follows from (i) of Corollary 1 that g (F My (G E)) =
inf My(Go) q+(F) = u(a). Moreover, for a; <a,, it follows
that foaz (g, (@) - u(al))i dt > e?, which implies u(a,) > u(a,).
Hence, u is strictly increasing on (0 1). Consequently, we have

+ -1 .
Fy Mp(G, £>(x) =u;'(x), xeRandF M (@ )1s continuous.

i
F LG and F, LG For

any x € R, there exists a sequence Fy € M,(G,¢) such that

Next, we show the attainability of F

lim,_ Fi(x—) = ﬁ;/[p(c’s)(x). It follows that

/ ECO1PdE < (W80, G) + W,o(Fi B < (W80, G) +)"
0

where &, is the distribution with probability mass 1 on x. By
(Wp(60.6)+¢)"
xP

Chebyshev’s inequality, we have sup, ., (1 — Fy(x)) <

p
for x>0 and sup,, F(x) < W

{F), k > 1} is tight. By Theorem 25.10 of Billingsley (1995), there
exist a subsequence {Fy,, | > 1} and a distribution F such that
Fy, — F weakly as [ — oo, which implies F;ll(t) — F~(¢) over
(0,1) a.s. It follows from Fatou’s lemma that

for x < 0. Hence,

J) 1P = G 0IPde = [ liminf, ., [F/(6) - G~ (0)]Pdt

<liminf,_, /| IF'(t) = G\ (p)|Pdt < e

Hence, F € M,(G,¢). Using the same argument as in the proof

of Proposition 6, we obtain F(x—) = F'~ My (G E)(x) Hence, F~ MG 1S

attainable. Using the similar argument, we can show that F* Mp(G)

is attainable. The details are omitted. O

Following Theorem 1, Proposition 3, and Proposition 8, we
immediately obtain the following conclusions.

Theorem 3. Fore>0,p>1,G e M, and A : R - [0,1], let

F, GO and F* be given by Equation (11). Then we have the

followmg

Mp(Ge)

infre 0 A (F) =
a,(F}, (G, o)

L SWPpey, 6.0 D) = G (F g0
ar(Fy, (G, o infrep, 6.0 AL (F) =

ii. If A is decreasing, then (i) remains true by replacing g, by
dx. qx by Gy, and q; by g,; moreover, SUPfe ., (c.o) qy(F) =
SUPLe, 6.0 IAED) = AAE 6.0

In the following example, we consider the uncertainty set
M, (G,¢) with G being normal, exponential, and uniform dis-
trlbutlons Note that F, L) and F* R be computed
numerically via Equation (11) For decreasmg A, it is more con-
venient to calculate the best-case and worst-case of A-quantiles
using the expressions in Proposition 5 as we do not need to

compute the inverse functions of [ and u.

Example 6. Let p=1, e=0.1, and Ay, @ X = aly, +
B>, Applying the results in Theorem 3 and Proposition 5, we
obtain the robust A-quantiles numerically, which are displayed in
Tables 3 and 4. Again, the bold numbers in Table 3 represent the
upper bounds for the worst-case values and the lower bounds for
the best-case values.

We observe that the values and bounds of the four A-quantiles
displayed in Tables 3 and 4 are all the same. Moreover, the worst-
case values of g, with an increasing A are larger than those with
a decreasing A. This finding indicates that ¢, with increasing A
functions are more conservative under this uncertainty set.

11
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TABLE 3 | Robust A-quantiles for an increasing A with M =
Mp(G,e).

A030052 /Best-case q, q,t a, QX

N(1,1) 1.90 190 190  1.90
exp(1) 200 200 200  2.00
U1 -v/3,1+ /3] 1.89 1.89 1.89 1.89
Aos.0.52)/ Worst-case a, qx q, aa

N(1,1) 506 506 506  5.06
exp(1) 6.00 600 600  6.00
U1 —1/3,1+ /3] 4.65  4.65 4.65 4.65

TABLE 4 | Robust A-quantiles for a decreasing A with M =
M, (G, ¢).

A0.05,03:2)/Best-case q, qz q, qz

N(1,1) 1.06 1.06 1.06 1.06
exp(1) 211 211 211 211
UL -/3,1+ /3] 0.65 0.65 0.65 0.65
N.95082)/ Worst-case )N ax d, dx

N(1,1) 2.90 2.90 2.90 2.90
exp(1) 311 311 311 311
UL - /3,1+ /3] 2.88 2.88 2.88 2.88

We next focus on the portfolio selection problem. For p > 1 and
a > 1, the p-Wasserstein metric on R" between F,G € M, (R")
is defined as follows:

. /
Wiy(FG) = ot (E[IX=YIE])™,

where Fy is the cdf of X, and || - ||, is the L* norm on R". If n = 1,
then Wip is W, in Equation (9) where the infimum is attained
by comonotonicity via the Fréchet-Hoeffing inequality. Define
the Wasserstein uncertainty set for a benchmark distribution G €
M, (R") as

M, (G,e) = {F € M,R") : Wi ,(F,G) <}, £>0.

The univariate uncertainty set for the cdf of w'X is denoted by
the following:

My p(G,€) = {Fyrx 1 Fx € M2 ,(G,6)}, G €& M,[R.
‘We next solve the following robust portfolio selection problem:

min sup  p(F). (12)

WEAL Fe My, q,(G.6)
Lemma 1 Theorem 5 of Mao et al. (2025). Fore > 0,a > 1,
and p > 1, random vector X with Fx € M, (R") and w € R", we
have the following:

Mw,a,p(FX’E) = Mp(FwTX’E”W”b)s

where b satisfies1/a +1/b = 1.

Based on Lemma 1, the optimization problem (12) can be solved
using Theorem 3.

Proposition 9. Suppose that € >0, p > 1, a > 1, a random
vector X satisfying Fy € M, (R")and A : R — [0,1]. For p = g
with decreasing A or p = g, we have the following:

min sup
WEAN Fe My q.(G.c)

p(F) = el P (FLP(FWTX,EHWWH))’ (13

where F~
Mp(Fyrx€llWllasa-1))

unique solution of the following equation:

(x) = uz'(x), x € Rwithu(a) being the

1 p »
[ (4@ -F3, ) ds=Ewle)s @€,

Moreover, the optimal portfolio positions are given by the minimizer
of the right-hand side of Equation (13).

Proof. Using Theorem 3 and Lemma 1, we obtain the results
immediately. [l

Example 7. Let the benchmark distribution F, = t(z, &;, Z;)
(i=1,2), and denote by F, =t(7,0,1). Then for x € R, we

_ S . . .
have FMp(Fwa’EIIWIIa/(afn)(x) = u; (x) with u(a) being the unique
solution of the following equation:

1
p
[ (5@ =i~ VTR ) ds = Cliwla o)
o +

We consider thecaseofn =2.Letp=1,a =2, =0.1,7 = 3,and
Aapz @ X aly o+ B,y We assume that u, = (0.5,1)7,
M, = (3,4)T, and the covariance matrices are given by Equation

(8).

Figures 3 and 4 show the worst-case values of the portfolio as
functions of w,;. The optimal portfolio positions under the A-
quantile criterion can differ from those under the VaR criterion.
In Figure 3, with an increasing A, when the mean of the
benchmark distribution is relatively small, the DM uses the small
probability level of 0.8 to determine the portfolio positions; when
the mean of the portfolio is relatively large, a larger probability
level of 0.95 is used. But in Figure 4, where A is a decreasing
function, this situation is reversed. Additionally, the optimal
portfolio positions are higher when the covariance matrix of the
benchmark distribution is positively correlated compared to the
case with negatively correlated assets. All these phenomena can
be explained similarly to Example 5.

4.3 | Marginal Constraints in Risk Aggregation

For a loss vector (X, ..., X,), suppose that the marginal distribu-
tion X; ~ F; is known but the dependence structure is completely
unknown. This assumption is motivated from the context where
data from different correlated products are separately collected
and thus no dependence information is available; see Embrechts
et al. (2013) and Embrechts et al. (2015). All the possible distri-
butions of the total loss X, + --- + X,, are characterized by the

12
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FIGURE 3 | The worst-case values of d, with A = A(gg0.s,6) (blue solid line) and g, with a = 0.9 (black dashed line) as functions of w;. [Color

figure can be viewed at wileyonlinelibrary.com]|
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FIGURE 4 | The worst-case values of d, with A = A(gos.6) (blue solid line) and g, with a = 0.9 (black dashed line) as functions of w;. [Color

figure can be viewed at wileyonlinelibrary.com]|

aggregation set as below
D,(F)={cdfofX, +---+X, : X; ~F;,i=1,..,n},

where F = (Fy, ..., F,) € M". The worst-case and best-case val-
ues of p over this uncertainty set are given by

A(F) = sup{p(G) : G € D,(B)}, and p(F)

=inf {p(G) : G € D,(F)}.

The worst-case value of quantiles over the aggregation set has
been studied extensively in the literature. It is well known that
the worst-case value of quantiles in risk aggregation generally
does not admit any analytical formula. Typically, the results in
the literature either offer explicit expressions for some special
type of marginal distributions or provide some upper bounds

for the general marginal distributions. We refer to Embrechts
et al. (2006) for bounds, and Wang and Wang (2016), Jakob-
sons et al. (2016), and Blanchet et al. (2024) for the analytical
expressions.

We first offer a variant version of Theorem 1 and Proposition 3,
which would be useful to our results in this subsection. For
AR —[0,1], let a = inf, g A(X) and a = sup,_, A(x). The
following observation follows directly from the definition of
A-quantiles.

Lemma 2. For an increasing function f : R — [0,1] and p €
{95, 9%, G 4x) if By <ay and B, > af, then we have p(f) =
pB1V ) =pBs A f).

Fort € R,wesaythatt v F (resp.t A FY,)is attainable if for any
z € R, there exists F € M such that t V F(z) = t V F,(z) (resp.

13
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tAF(z)= t/\FL(z)). Based on the above lemma, we have the
following version of Theorem 1 and Proposition 3.

Proposition 10. For 8, < a; and B, > a}, Theorem 1 and
Proposition 3 are still valid if F, is replaced by 8, V F,, F}, by
B, AF} and F by By Vv F,.

Proof. By Lemma 2, we immediately obtain that (i) of Theorem 1
still holds when F7, is replaced by 8, v F;, and F}, by B, A F7,.
Furthermore, using Lemma 2 and the attainability of 8, v F}, or
B, AF,, we can show that (ii) of Theorem 1 still holds after the
replacement. The proof is almost the same as before and hence
it is omitted. With the replacement in place, (iii) of Theorem 1
follows directly from (i) and (ii) of Theorem 1, along with the fact
that A is decreasing. Finally, the proof of Proposition 3 is almost
the same as before and hence, it is omitted. O

We say that a distribution F has a monotone density beyond its
t-quantile for t € [0,1) if (F(T) 2t has a monotone density on its
support. Similarly, we say that a distribution F has a monotone
density below its ¢-quantile for ¢ € (0,1] if F(T)N has a monotone
density on its support. Let MZD (resp. Mu) denote the set of all
distributions with decreasing (resp. increasing) densities beyond
their corresponding t-quantiles, and M, (resp. M) denote
the set of all distributions with decreasing (resp. increasing)
densities below their corresponding t-quantiles. The expressions
of the extremal distributions over the uncertainty set D, (F) are
displayed in the following proposition.

Proposition 11. Suppose that F7, ..., F,;' are continuous over

(0,1). For F e (MID)H u (M:,)n with t € [0,1), we have the
following:

tVF_

b =1V (11— Hp), 14)

where

) n 1 X—r+r;
He(v) = inf { Y/ a- Fi(y))dy}
nt¥ i=1 ri

n
) T=X T

with r = (ry,...

ZZ T < xh

and O, ={(r,..,r,) ER":

ForF € (M;D)” u (M;,)n with t € (0, 1], we have the following:

tAF) (F)(x) =t AHg, (15)
where F = (Fy,...,F,) with F(x) = lim,, 1 - F;(-), x € R.
Moreover, both of tVv FD ® and t/\FD ) are continuous

and attainable.

Proof. First, we suppose that t € (0,1). In light of Theorems 2
and 4 of Blanchet et al. (2024), we have the following:

sup gi(F)=Hy'(1-a), a €t,1), (16)

FeD,,(F)

where Hy'(ar) = inf{x € R : Hp(x) < a}, a €(0,1). Using the
fact F',...,F,"' are continuous over (0,1), by Lemma 4.5 of
Bernard et al. (2014), we have

sup gi(F), « € (0,1). an

FeD,(F)

sup q.(F)=

FeD,(F)

Moreover, in light of (i) of Corollary 1, we have sup reD, ) 9o (F) =
qz (FZ;n(F)) for a € (0,1). Consequently, g, (FB,, (F)) =H;'(1-
a), a € [t,1). Asitis stated in the proof of Theorem 4 of Blanchet
et al. (2024), Hg(x) is continuous over R and strictly decreasing
over (—oo, Zi”:l g;'(F})) and is equal to 0 on [Z?=1 q; ' (F}), o).
Hence, we have F;)ﬂ(F)(x) =1-Hg(x), x> H;'(1—1t), which
implies that t v F;n p=tV (1 — Hg). We can similarly show that
the conclusion holds for t = 0.

Suppose t €(0,1). By (i) of Corollary 1, we have
infpep, ) gz (F) = (FD (F)) for a € (0,1). Direct computation
gives ianeD F) 9u Z(F)=— SUPrep,F) ql__a(F),
F=(F,,..,F,). Note that Fe (M. w)" u(M,,)"
using Equations (16) and (17), we have the following:

where

Hence,

4z (Fp, ) =— sup q,_ (F)=
FeD, (F)

- sup g, (F)

FeD,(F)

= —H;(oc), ae (Oa t]

Note that Hgp(x) is strictly decreasing and continuous over
(=00, 27:1 q;'(F))) and is equal to 0 on [Z:‘Zl q;'(F;), ). Hence,
we have an(F)(x) = Hg(—x), x < —H;(t). This implies ¢ A
D (F)(x) t A Hg. We can similarly show that the conclusion
holds for ¢ = 1.
Clearly, t v FD () and t A FD ®
the attainability of FD () and FD (F)
attainability of tvFD (F and t/\F+ . For any x € R, there
ex1stsasequence of F, € D,(F),k > 1such thatlim,_, , F.(x—) =
Dn(F)(x). For each F,, there exists a copula C, such that the
joint distribution of (X,,...,X,) is Cy(F,,...,F,) and X; +
X, ~ Fy. It follows from Theorem 25.10 of Billingsley (1995)
that we can find a subsequence {C; ,m > 1} and a copula C
such that C,, — C weakly as m — oo, which implies F, — F
weakly as m — o0, where (X3, ...,X,,) ~ C(Fy,...,F,) and X; +
-+ X, ~ F. Hence, we have F € D,(F). Note that there exists
asequence of y; T x such that F is continuous at all y,. Hence, we
have F(y) = lim,,_, F, () < lim inf,w, F, (x-) = A,; 0 ()-
Letting [ — oo, it follows that F(x—) < I (F)(x) implying the
attainability of F; Do ()" ‘We can similarly show the attainability of

~r
F O

are continuous. Next, we show

which directly implies the

It is worthwhile to mention that the expressions of the extremal
distributions in Proposition 11 are essentially the dual bounds in
Theorem 4.17 of Riischendorf (2013). In light of Propositions 10
and 11, we obtain the following result.

Theorem 4. Suppose F{',...,F;' are continuous over (0,1). For

n n . _ .
Fe (M) (M) with0<t<ay,lettVF, . begiven by
Equation (14). Then we have

i supFeDn<F) qX(F) q/\(t VFD (F))

14
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ii. If A is decreasing, then (i) remains true by replacing g, by
q,; moreover, sup.p,  Ga(F)=sup..;, & q\(F) =g (tV

Foe):

1, lett NF}

ForF e (M;,)" U (M;,) withal <t < b

by Equation (15). Then we have the following:

be given

i infkepn(p) q,t(F) = qX(t A Fli_r),,(F))’.

F; ®F

infrep, ) gL (F) = g, (E A

ii. If A is decreasing, then (i) remains true by replacing q; by 47,
and g, by g,.

Note that in (i) of Theorem 4, the marginals have monotone
densities beyond their corresponding ¢-quantiles for 0 <t < a;.
If o is chosen to be sufficiently large such as a; = 0.9 or 0.95,
then we can choose ¢ to be very close to 1 such as t = 0.89 or 0.94.
In this case, (i) of Theorem 4 is valid for many commonly used
marginal distributions in finance and insurance such as normal,
lognormal, ¢, exponential, gamma, and Pareto distributions.

In what follows, we consider the portfolio selection problem, that
is, to choose an optimal portfolio position w € A, such that

R (w) = P<Z wiXi>

is minimized, where p is a risk measure and (X, ..., X,) repre-
sents the negative returns of n different assets. Here we suppose
that X, ..., X, have the identical distribution F as we aim to check
whether diversification can reduce the risk.

Recall that a doubly stochastic matrix is a square matrix with
non-negative entries and the sum of each column/row is equal
to 1. Let Q,, denote the set of all n X n doubly stochastic matrices.
For two portfolio positions w, y € A,, we can say that y is more
diversified than w, denoted by y < w,ify = Awforsome A € Q,,.
Note that this binary relationship is also called the majorization
order; see, for example, Marshall (2011). Here, we suppose that
the marginal distribution X; ~ F is known but the dependence
structure is completely unknown. Hence, we consider the worst-
case scenario. Thatis to find the optimal portfolio positionw € A,
such that

I_Qp(w) = sup {p(Z ini> Y, Y, ~ F}
i=1

is minimized. Note that in the above setup, we only minimize
the risk but do not consider the return of the portfolio. That is
because the expected return of the portfolio is a constant and any
constraint on the expected return makes no real sense.

Proposition 12. Suppose that p =gy with decreasing A
or p = g,. Moreover, suppose that (Xi,...,X,) has an identical
marginal distribution F € M;, U M/ with0 <t < oy and F~*
continuous over (0,1). If y < w, then Rp(y) > Rp(w).

Proof. Write ¥y = (yy,...,7,) and w = (wy,...,w,). Take X ~
F, and let F and G be the tuples of marginal distributions of

71X, ...,¥,X) and (w X, ..., w,X), respectively. It follows that

l_ep(y )=p(F) and Ep(w) =p(G).

Using y < w, there exists A € @, such that (F',..,F;') =
A(G;1,...,G;"), denoted by F = A ® G. By a slight extension of
Theorem 3 of Chen et al. (2022), for a € [t, 1), we have

qz(G) = sup q,(G).

GeDy,(F)

sup g;(G)<  sup
GeD,(G) GeD,(AQG)

Hence, it follows from (i) of Corollary 1 that qa(FD (G))
q:(F, (F)) for a € [t,1). By Proposition 11, we have tvFD (®)
and t Vv F- which are continuous over R. Hence, we have

Dy (G)’
tv FD F)(x) tVF, Da(©) (x) for all x € R. By the monotonicity of

p,we have p(t Vv F, (F)) p(t vV F; (G)) Moreover, by Theorem 4,
we have Ep(y) =p(tv FD (F)) and Rp(w) p(tv FD (G)) Hence,
we have R, (w) < Rp(y). O

Note that Proposition 12 shows that for the assets with same
marginal distributions F € M;, U M;; with 0 <t < a;, more
diversified portfoho has hlgher risk under dependence uncer-
tainty if o = ¢ with decreasing A or p = g, is applied. This is not
surprising as some similar conclusions are shown in Proposition 8
of Chen et al. (2022) for quantiles under the assumption that the
marginal distribution F has a monotone density. Note that if A is
a constant, g, boils down to quantiles, and if t = 0, then F has
a monotone density. Therefore, the conclusion in Proposition 12
can be viewed as an extension of Proposition 8 of Chen et al.
(2022). Moreover, Proposition 12 also implies that under those
assumptions, the optimal portfolio positions are the ones with
only a single asset.

5 | Conclusion

This paper summarizes some properties of A-quantiles and
explores distributionally robust models of A-quantiles. We obtain
robust A-quantiles on general uncertainty sets under some
conditions, showing that obtaining the robust A-quantiles relies
on finding the extremal distributions over the same uncertainty
sets. This finding significantly simplifies the problem, enabling
us to utilize many existing results on the robust quantiles
from the literature. We provide closed-form solutions for the
uncertainty sets characterized by three different constraints
as follows: (i) moment constraints; (ii) probability constraints
via the Wasserstein distance; and (iii) marginal constraints in
risk aggregation. These results are applied to optimal portfolio
selection under model uncertainty, and can also be extended
to other problems such as optimal reinsurance, which will be
discussed in the future.
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