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ABSTRACT
In this paper, we investigate the robust models for Λ-quantiles with partial information regarding the loss distribution, where
Λ-quantiles extend the classical quantiles by replacing the fixed probability level with a probability/loss function Λ. We find that,
under some assumptions, the robust Λ-quantiles equal the Λ-quantiles of the extremal distributions. This finding allows us to
obtain the robustΛ-quantiles by applying the results of robust quantiles in the literature. Our results are applied to uncertainty sets
characterized by the following three different constraints, respectively: moment constraints, probability distance constraints via
the Wasserstein metric, and marginal constraints in risk aggregation. We obtain some explicit expressions for robust Λ-quantiles
by deriving the extremal distributions for each uncertainty set. These results are applied to optimal portfolio selection under
model uncertainty.

1 Introduction

To assess the impact of model misspecification and offer a
robust quantification of the optimization problem, distribution-
ally robust optimization (DRO) has been extensively studied in
recent years and has become a fast-growing field. In DRO, some
object of interest is assessed over a set of alternative distributions,
where the object can be some risk measures (functionals) or
expected utility and the set of alternative distributions is called the
uncertainty set or ambiguity set. Typically, we are concernedwith
the “worst-case” (maximal) and “best-case” (minimal) values of
some risk measures over the uncertainty set, called the robust
risk measures, representing the robust quantification of the risk
measures, which is independent of the choice of the distributions
lying in the uncertainty set. The importance of the robustness of
risk measures has been emphasized in the academic response of
Basel Accord 3.5 in Embrechts et al. (2014), and the robustness

of the risk measures has been studied in, for example, Cont et al.
(2010) and He et al. (2024).

The uncertainty sets are always characterized by some con-
straints, representing the partially known information. The
moment constraints are popularly used to characterize the
uncertainty sets in the DRO literature. This means that some
information on themoments of the distributions is known.Under
this type of uncertainty sets, robust-quantiles were studied in
Ghaoui et al. (2003), robust expected shortfall (ES) was consid-
ered in Natarajan et al. (2010) and Zhu and Fukushima (2009),
robust convex risk measures were investigated in Li (2018), and
robust distortion risk measures and riskmetrics were considered
in Pesenti et al. (2024), Shao and Zhang (2023), Shao and Zhang
(2024), and Cai et al. (2023). One popular probability distance
constraint is defined by the Wasserstein metric, where the
Wasserstein distance represents the tolerance of the discrepancy
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of the alternative distributions with the baseline distribution;
see, for example, Esfahani and Kuhn (2018) and Blanchet and
Murthy (2019). The worst-case values of quantiles, spectral risk
measures and distortion risk metrics over this uncertainty set
were studied in Liu et al. (2022), Bernard et al. (2024), and Pesenti
et al. (2024). The marginal constraint is always imposed on the
risk aggregation, where the marginal distributions are known
but the dependence structure is completely unknown. For this
uncertainty set, the robust-quantiles are the main concern in
the literature, which is only solved for some special marginal
distributions. The robust-quantiles were derived for marginal
distributions with monotone densities in Wang andWang (2016),
Jakobsons et al. (2016), and Blanchet et al. (2024). We refer to
Puccetti and Rüschendorf (2012) and Eckstein et al. (2020) for
numerical studies. The uncertainty sets characterized by the
above three constraints will be explored later.

In this paper, we focus onΛ-quantiles, first introduced by Frittelli
et al. (2014), which extend the classical quantiles by replacing
the fixed probability level with a probability/loss function. For
Λ ∶ ℝ → [0, 1] and a distribution function 𝐹, one version of
Λ-quantiles is defined as

𝑞−
Λ(𝐹) = inf {𝑥 ∈ ℝ ∶ 𝐹(𝑥) ⩾ Λ(𝑥)}

with the convention that inf ∅ = ∞. Four different definitions of
Λ-quantiles introduced in Bellini and Peri (2022) will be given in
Section 2.

The Λ-quantiles offer greater flexibility by choosing the function
Λ instead of fixing a confidence level, which allows one to
handle multiple confidence levels simultaneously. Typically, the
Λ function is chosen to be either increasing or decreasing, and
the choice and estimation of the Λ function were studied in
Hitaj et al. (2018). Interestingly, Λ-quantiles still retain some
good properties of quantiles such as monotonicity, robustness,
elicitability, consistency, and locality; see Burzoni et al. (2017) and
Bellini and Peri (2022). As shown in Han et al. (2025),Λ-quantiles
with decreasing Λ functions satisfy quasi-star-shapedness, indi-
cating that convex combination with a deterministic risk does
not increase the risk, which is a property weaker than quasi-
convexity and penalizing the special type of concentration. In
addition, Λ-quantiles with decreasing Λ functions also satisfy
cash-subadditivity, which is desirable for measuring the risk of
the financial position in the presence of stochastic or ambiguous
interest rates; see El Karoui and Ravanelli (2009) and Han et al.
(2025). Recently, an axiomatization of Λ-quantiles was offered in
Bellini and Peri (2022), and a new expression of Λ-quantiles with
a decreasing Λ function was provided in Han et al. (2025).

The application of Λ-quantiles has also attracted some attention
recently. For instance, Ince et al. (2022) studied the risk contribu-
tion (sensitivity analysis) of Λ-quantiles; Balbás et al. (2023) and
Boonen et al. (2025) focused on the applications of Λ-quantiles to
optimal re-insurance design and premium calculation; Liu (2025)
and Xia and Hu (2024) investigated the risk-sharing problem
with Λ-quantiles representing the agents’ preferences, which
was extended to the case with heterogeneous beliefs by Liu
et al. (2024); and Pesenti and Vanduffel (2024) used the scoring
function of Λ-quantiles for elicitability as the cost function to
study the Monge–Kantorovich optimal transport.

In this paper, we aim to establish the robust models for Λ-
quantileswith limited information on the underlying distribution
of loss, where the function Λ can either decrease or increase.
Despite the prevailing notion in existing literature that most
researchers consider the risk in the worst-case scenario, wherein
the decision maker (DM) is extremely ambiguity-averse, empir-
ical studies (see, e.g., Heath and Tversky 1991 and Kocher et al.
2015) demonstrate that the DM’s attitude toward ambiguity is
not uniformly negative. In fact, they may exhibit ambiguity-
loving tendencies if they perceive themselves as knowledgeable or
competent in the context. Thus, both the worst and best possible
values for Λ-quantiles over a set of alternative distributions will
be considered.

In Section 2,we introduce four different definitions ofΛ-quantiles
given by Bellini and Peri (2022) and summarize some new
properties of Λ-quantiles. In particular, we show the quasi-star-
shapedness for all four Λ-quantiles with decreasing Λ functions
and show that all those four Λ-quantiles are cash-subadditive
for decreasing Λ functions and cash-supadditive for increasing Λ

functions. Those properties motivate the study and application of
Λ-quantiles with monotone Λ functions. Moreover, we offer an
alternative expression for oneΛ-quantile with decreasingΛ func-
tions as an analog of the expression in Han et al. (2025), which
enhances interpretability and offers convenience for computing
robust Λ-quantiles.

In Section 3, we show that, under some assumption, the robust
Λ-quantiles over a general uncertainty set is equal to the Λ-
quantile of the extremal distributions over the same uncertainty
set, which is the main finding of this paper. In this paper, the
extremal distribution is an increasing function representing the
pointwise supremum or infimum of the distribution functions
over an uncertainty set. This fact shows that the computation
of robust Λ-quantiles can be decomposed into two steps under
some conditions as follows: (i) compute the extremal distribu-
tions, and (ii) compute the Λ-quantiles of the obtained extremal
distributions. This means that, under some conditions, in order
to compute the robust Λ-quantiles, it suffices to compute the
extremal distributions, which can be derived via the results of
robust quantiles. The crucial assumption for our results is the
attainability of extremal distributions. Verifying this property for
popular uncertainty sets is not trivial, and will be discussed in
Section 4. Moreover, we construct several counterexamples for
the assumptions of our main results and discuss the existence
of the optimal distributions in the robust Λ-quantiles. Notably,
our findings are closely linked to Mao et al. (2025), where a
novel approach, called the model aggregation approach, was
introduced to evaluate the risk under model uncertainty for some
risk measures including quantiles and ES.

In Section 4, we consider the uncertainty sets characterized by
the following three different constraints, respectively: moment
constraints, probability constraints via the Wasserstein metric,
and marginal constraints in risk aggregation. We obtain the
extremal distributions for each uncertainty set replying on the
results on robust quantiles over the same uncertainty sets in the
literature and check the attainability of the extremal distributions
for each uncertainty set. By applying ourmain results in Section 3,
we directly obtain the robustΛ-quantiles, showing the usefulness
of our findings. Moreover, we apply our results to the portfolio
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selection problem with model uncertainty, where the risk of
the portfolio is assessed by Λ-quantiles. In particular, for the
uncertainty sets withmarginal constraints in risk aggregation, we
show that diversification is penalized for the portfolio of assets
with the same marginal distribution, extending the results for
quantiles in Chen et al. (2022). Some numerical studies have
been performed to show the values of the robust Λ-quantiles and
optimal portfolio positions. The paper is concluded in Section 5.

2 Notation and Preliminaries

Let be a set of random variables on a given atomless probability
space (Ω, , ℙ). Denote by  the set of cumulative distribution
functions (cdfs) of all random variables in  . In this paper, we
consider the risk functional 𝜌 ∶  → ℝ. For convenience, we
sometimes use 𝜌(𝑋) for 𝑋 ∈  to represent 𝜌(𝐹𝑋), where 𝐹𝑋 is
the distribution of 𝑋. For a distribution 𝐹 ∈ , its left quantile
at level 𝛼 ∈ [0, 1] is defined as

𝑞−
𝛼 (𝐹) = 𝐹−1(𝛼) = inf {𝑥 ∈ ℝ ∶ 𝐹(𝑥) ⩾ 𝛼},

and its right quantile at level 𝛼 ∈ [0, 1] is given by

𝑞+
𝛼 (𝐹) = 𝐹−1

+ (𝛼) = inf {𝑥 ∈ ℝ ∶ 𝐹(𝑥) > 𝛼}

with the convention that inf ∅ = ∞. Note that by the above
definition, we have 𝑞−

0 (𝐹) = −∞ and 𝑞+
1 (𝐹) = ∞. We refer to,

for example, McNeil et al. (2015) for more discussions on the
properties and applications of quantiles. Throughout this paper,
terms such as “increasing” and “decreasing” are in the nonstrict
sense, and the notation 𝑎 ∨ 𝑏 (resp. 𝑎 ∧ 𝑏) is the maximum
(resp. minimum) between real numbers 𝑎 and 𝑏, and 𝑎+ = 𝑎 ∨ 0.

We next present four definitions of Λ-quantiles given in Bellini
and Peri (2022).

Definition 1. For Λ ∶ ℝ → [0, 1], and an increasing function
𝑓 ∶ ℝ → [0, 1], the Λ-quantiles of 𝑓 are defined as follows1:

𝑞−
Λ(𝑓) = inf {𝑥 ∈ ℝ ∶ 𝑓(𝑥) ⩾ Λ(𝑥)},

𝑞+
Λ(𝑓) = inf {𝑥 ∈ ℝ ∶ 𝑓(𝑥) > Λ(𝑥)},

𝑞−
Λ(𝑓) = sup{𝑥 ∈ ℝ ∶ 𝑓(𝑥) < Λ(𝑥)},

𝑞+
Λ(𝑓) = sup{𝑥 ∈ ℝ ∶ 𝑓(𝑥) ⩽ Λ(𝑥)}, (1)

where inf ∅ = ∞ and sup ∅ = −∞ by convention.

In Definition 1, agents can choose Λ as either increasing or
decreasing functions. Without additional assumptions, the four
Λ-quantiles can all differ; see Examples 4 and 5 of Bellini and
Peri (2022). In general, an increasing Λ implies that the DM
accepts only a smaller probability for larger losses. Conversely, a
decreasing Λ suggests a tendency to tolerate a greater probability
as losses increase.

A simple example of Λ-quantile is the two-level Λ-quantile
presented in Example 7 of Bellini and Peri (2022), where the Λ

function is defined as Λ ∶ 𝑥 ↦ 𝛽𝟙{𝑥<𝑧} + 𝛼𝟙{𝑥⩾𝑧}. In particular, if
Λ is a constant, then Λ-quantiles boil down to quantiles.

A mapping 𝜌 ∶  → ℝ is said to satisfy monotonicity if 𝜌(𝑋) ⩽

𝜌(𝑌) for all 𝑋,𝑌 ∈  with 𝑋 ⩽ 𝑌, and satisfy cash-additivity if
𝜌(𝑋 + 𝑚) = 𝜌(𝑋) + 𝑚 for all 𝑋 ∈  and 𝑚 ∈ ℝ. It is well known
that 𝑞−

𝛼 and 𝑞+
𝛼 satisfy both properties. However, Λ-quantiles are

not cash-additive in general.

A mapping 𝜌 ∶  → ℝ is said to satisfy cash-subadditivity (resp.
cash-supadditivity) if 𝜌(𝑋 + 𝑚) ⩽ 𝜌(𝑋) + 𝑚 (resp. 𝜌(𝑋 + 𝑚) ⩾

𝜌(𝑋) + 𝑚) for all 𝑋 ∈  and 𝑚 ⩾ 0. A mapping 𝜌 is said to
be quasi-star-shaped if 𝜌(𝜆𝑋 + (1 − 𝜆)𝑡) ⩽ max{𝜌(𝑋), 𝜌(𝑡)} for all
𝑋 ∈  , 𝑡 ∈ ℝ, and 𝜆 ∈ [0, 1]. In the context of capital require-
ments, cash-subadditivity or supadditivity allows a nonlinear
increase in the capital requirement as cash is added to the future
financial position. Cash-subadditivity is desirable if the interest
rate is stochastic or ambiguous, and it allows the current reserve
and the future risk positions to preserve their own numéraire.
Here cash-subadditivity reflects the time value of money; see El
Karoui and Ravanelli (2009) and Han et al. (2025). Quasi-star-
shapedness means that 𝜌 has quasi-convexity at each constant,
representing some consideration of diversification, which is
weaker than quasi-convexity. Its theoretic-decision interpretation
is available at Han et al. (2025).

In Theorem 3.1 of Han et al. (2025), a representation of 𝑞−
Λ is given

in terms of quantiles. In the following proposition, we obtain a
similar formula for 𝑞+

Λ. For completeness, we also include the
representation for 𝑞−

Λ in the following proposition.

Proposition 1. If Λ ∶ ℝ → [0, 1] is a decreasing function, then
for 𝐹 ∈ , we have the following:

𝑞−
Λ(𝐹) = inf

𝑥∈ℝ

{
𝑞−

Λ(𝑥)
(𝐹) ∨ 𝑥

}
= sup

𝑥∈ℝ

{
𝑞−

Λ(𝑥)
(𝐹) ∧ 𝑥

}
, (2)

and

𝑞+
Λ(𝐹) = inf

𝑥∈ℝ

{
𝑞+

Λ(𝑥)
(𝐹) ∨ 𝑥

}
= sup

𝑥∈ℝ

{
𝑞+

Λ(𝑥)
(𝐹) ∧ 𝑥

}
. (3)

Proof. Note that Equation (2) follows directly from Theorem 3.1
of Han et al. (2025). Next, we show Equation (3). Note that for
𝑥 ∈ ℝ and 𝑡 ∈ [0, 1], 𝐹(𝑥) ⩽ 𝑡 implies that 𝑞+

𝑡 (𝐹) ⩾ 𝑥. Hence, for
a decreasing Λ, we have the following:

𝑞+
Λ(𝐹) = 𝑞+

Λ(𝐹) = sup{𝑥 ∈ ℝ ∶ 𝐹(𝑥) ⩽ Λ(𝑥)}

⩽ sup{𝑥 ∈ ℝ ∶ 𝑞+
Λ(𝑥)

(𝐹) ⩾ 𝑥}

= sup{𝑞+
Λ(𝑥)

(𝐹) ∧ 𝑥 ∶ 𝑞+
Λ(𝑥)

(𝐹) ⩾ 𝑥}

⩽ sup
𝑥∈ℝ

{
𝑞+

Λ(𝑥)
(𝐹) ∧ 𝑥

}
.

Moreover, because 𝐹(𝑥) > 𝑡 implies that 𝑞+
𝑡 (𝐹) ⩽ 𝑥, we have the

following:

𝑞+
Λ(𝐹) = inf {𝑥 ∈ ℝ ∶ 𝐹(𝑥) > Λ(𝑥)}

⩾ inf {𝑥 ∈ ℝ ∶ 𝑞+
Λ(𝑥)

(𝐹) ⩽ 𝑥}

= inf {𝑞+
Λ(𝑥)

(𝐹) ∨ 𝑥 ∶ 𝑞+
Λ(𝑥)

(𝐹) ⩽ 𝑥} ⩾ inf
𝑥∈ℝ

{
𝑞+

Λ(𝑥)
(𝐹) ∨ 𝑥

}
.
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Since 𝑞+
Λ(𝑥)

(𝐹) ∧ 𝑥 ⩽ 𝑞+
Λ(𝑦)

(𝐹) ∨ 𝑦 for any 𝑥, 𝑦 ∈ ℝ, we have the
following:

𝑞+
Λ(𝐹) ⩽ sup

𝑥∈ℝ

{
𝑞+

Λ(𝑥)
(𝐹) ∧ 𝑥

}
⩽ inf

𝑥∈ℝ

{
𝑞+

Λ(𝑥)
(𝐹) ∨ 𝑥

}
⩽ 𝑞+

Λ(𝐹),

which implies Equation (3). □

In Bellini and Peri (2022), many properties of Λ-quantiles such
asmonotonicity, locality, and quasi-convexity on distributions are
discussed. We next summarize some of the properties possessed
by Λ-quantiles that were not included in Bellini and Peri (2022)
in the following proposition.

Proposition 2. For 𝐹 ∈ , the following statements hold.

i. 𝑞−
Λ(𝐹) ⩽ 𝑞−

Λ(𝐹) and 𝑞+
Λ(𝐹) ⩽ 𝑞+

Λ(𝐹), and the inequalities
become equalities if Λ is decreasing.

ii. All four Λ-quantiles 𝑞−
Λ, 𝑞+

Λ, 𝑞−
Λ, and 𝑞+

Λ are cash-subadditive
if Λ is decreasing and cash-supadditive if Λ is increasing.
Furthermore, ifΛ ∶ ℝ → (0, 1) is right-continuous and has at
most finite discontinuous points, then the converse conclusion
also holds.

iii. If Λ is decreasing, all four Λ-quantiles 𝑞−
Λ, 𝑞+

Λ, 𝑞−
Λ, and 𝑞+

Λ are
quasi-star-shaped.

Proof. We first focus on (i).We first show 𝑞−
Λ(𝐹) ⩽ 𝑞−

Λ(𝐹). Clearly,
if 𝑞−

Λ(𝐹) = −∞, then 𝐹(𝑥) ⩾ Λ(𝑥) for all 𝑥 ∈ ℝ. This implies
that 𝑞−

Λ(𝐹) = −∞. Hence, 𝑞−
Λ(𝐹) ⩽ 𝑞−

Λ(𝐹) holds. If 𝑞−
Λ(𝐹) = +∞,

the inequality holds trivially. Next, we consider the case 𝑥0 =
𝑞−

Λ(𝐹) ∈ ℝ. By the definition, we have 𝐹(𝑥) ⩾ Λ(𝑥) for all 𝑥 > 𝑥0,
which implies that 𝑞−

Λ(𝐹) ⩽ 𝑥0 = 𝑞−
Λ(𝐹). We can similarly show

𝑞+
Λ(𝐹) ⩽ 𝑞+

Λ(𝐹). The equalities for decreasing Λ follow directly
from Proposition 6 of Bellini and Peri (2022).

Next, we show (ii). Note that for 𝑐 ⩾ 0, 𝑞−
Λ(𝑋 + 𝑐) = 𝑞−

Λ𝑐 (𝑋) +
𝑐, where Λ𝑐(𝑡) = Λ(𝑡 + 𝑐) for 𝑡 ∈ ℝ. Moreover, Λ𝑐 ⩽ Λ if Λ is
decreasing and Λ𝑐 ⩾ Λ if Λ is increasing. By Proposition 3
of Bellini and Peri (2022), we have 𝑞−

Λ𝑐 (𝑋) ⩽ 𝑞−
Λ(𝑋) if Λ is

decreasing, and 𝑞−
Λ𝑐 (𝑋) ⩾ 𝑞−

Λ(𝑋) if Λ is increasing. Therefore,
if Λ is decreasing, 𝑞−

Λ(𝑋 + 𝑐) ⩽ 𝑞−
Λ(𝑋) + 𝑐, implying 𝑞−

Λ is cash-
subadditive; if Λ is increasing, 𝑞−

Λ(𝑋 + 𝑐) ⩾ 𝑞−
Λ(𝑋) + 𝑐, implying

that 𝑞−
Λ is cash-supadditive. The analogous arguments can be

employed to show the properties of other Λ-quantiles. Next,
we show the converse conclusion. We denote all the dis-
continuous points of Λ by 𝐷. Since 𝑞−

Λ is cash-subadditive,
we have, for 𝑐 ⩾ 0, 𝑞−

Λ(𝑋 + 𝑐) = 𝑞−
Λ𝑐 (𝑋) + 𝑐 ⩽ 𝑞−

Λ(𝑋) + 𝑐, which
implies that 𝑞−

Λ𝑐 (𝑋) ⩽ 𝑞−
Λ(𝑋) for any 𝑐 ⩾ 0. Suppose that 𝐹𝑋

is continuous. Let 𝑥0 = 𝑞−
Λ(𝑋) and 𝑥1 = 𝑞−

Λ𝑐 (𝑋). Then we have
𝑥1 ⩽ 𝑥0. By the definition of 𝑞−

Λ and the right-continuity of Λ,
we have 𝐹𝑋(𝑥1) ⩾ Λ(𝑥1 + 𝑐), 𝐹𝑋(𝑥) < Λ(𝑥 + 𝑐) for all 𝑥 < 𝑥1,
and 𝐹𝑋(𝑥0) ⩾ Λ(𝑥0), 𝐹(𝑥) < Λ(𝑥) for all 𝑥 < 𝑥0. If 𝑥1 < 𝑥0, then
we have Λ(𝑥1 + 𝑐) ⩽ 𝐹𝑋(𝑥1) < Λ(𝑥1), which implies Λ(𝑥1 + 𝑐) ⩽

Λ(𝑥1). If 𝑥1 = 𝑥0, then we have 𝐹𝑋(𝑥1) ⩾ max(Λ(𝑥1 + 𝑐), Λ(𝑥1))

and 𝐹𝑋(𝑥) < min(Λ(𝑥), Λ(𝑥 + 𝑐)) for all 𝑥 < 𝑥1. If 𝑥1, 𝑥1 + 𝑐 ∉

𝐷, then it follows from the continuity of Λ and 𝐹𝑋 that
max(Λ(𝑥1 + 𝑐), Λ(𝑥1)) ⩽ 𝐹𝑋(𝑥1) ⩽ min(Λ(𝑥1), Λ(𝑥1 + 𝑐)), which
impliesΛ(𝑥1) = Λ(𝑥1 + 𝑐). Hence, if𝐹𝑋 is continuous and𝑥1, 𝑥1 +
𝑐 ∉ 𝐷, then we have Λ(𝑥1 + 𝑐) ⩽ Λ(𝑥1)with 𝑥1 = 𝑞−

Λ𝑐 (𝑋). For any
𝑧 ∈ ℝ and 𝜀 > 0, let 𝐹𝑧,𝜀(𝑥) = (𝑥−𝑧+𝜀)+

2𝜀
∧ 1, 𝑥 ∈ ℝ. Then it follows

that 𝑞−
Λ𝑐 (𝐹𝑧,𝜀) ∈ (𝑧 − 𝜀, 𝑧 + 𝜀). Hence, fixing 𝑐 ⩾ 0, 𝑆𝑐 ∶= {𝑞−

Λ𝑐 (𝑋) ∶

𝐹𝑋 is continuous with bounded support} is a dense subset of ℝ,
which implies that Λ(𝑥 + 𝑐) ⩽ Λ(𝑥) for all 𝑥 ∈ 𝑆𝑐 if 𝑥, 𝑥 + 𝑐 ∉ 𝐷.
It follows from the right-continuity of Λ that Λ(𝑥 + 𝑐) ⩽ Λ(𝑥)

for all 𝑥 ∈ ℝ, which further implies that Λ(𝑥 + 𝑐) ⩽ Λ(𝑥) for all
𝑥 ∈ ℝ and 𝑐 ⩾ 0. Therefore, we conclude that cash-subadditivity
of 𝑞−

Λ implies that Λ is decreasing.

Next, we suppose that 𝑞−
Λ is cash-supadditive. Then for 𝑐 ⩾ 0,

we have 𝑞−
Λ(𝑋 + 𝑐) = 𝑞−

Λ𝑐 (𝑋) + 𝑐 ⩾ 𝑞−
Λ(𝑋) + 𝑐, which implies that

𝑞−
Λ𝑐 (𝑋) ⩾ 𝑞−

Λ(𝑋) for any 𝑐 ⩾ 0. Using the same arguments as
above, we can show that Λ(𝑥 + 𝑐) ⩾ Λ(𝑥) for all 𝑥 ∈ ℝ and 𝑐 ⩾ 0.
Using the similar arguments for 𝑞−

Λ, for other three Λ-quantiles,
we can show that cash-subadditivity (cash-supadditivity) implies
that Λ is decreasing (increasing).

Finally, we consider (iii). By (i), we have 𝑞−
Λ = 𝑞−

Λ. Hence, it
follows from Theorem 3.1 of Han et al. (2025) that 𝑞−

Λ and 𝑞−
Λ

are quasi-star-shaped. Similarly, in light of (i), we have 𝑞+
Λ(𝐹) =

𝑞+
Λ(𝐹). Thus it suffices to show that 𝑞+

Λ is quasi-star-shaped. We
first show that 𝑞+

𝛼 ∨ 𝑥 is quasi-star-shaped for 𝛼 ∈ [0, 1] and 𝑥 ∈

ℝ. If 𝛼 = 1, it is trivial. Then we suppose 𝛼 ∈ [0, 1). For 𝜆 ∈

[0, 1], 𝑡 ∈ ℝ, and 𝑋 ∈  , we have the following:

𝑞+
𝛼 (𝜆𝑋 + (1 − 𝜆)𝑡) ∨ 𝑥 =

(
𝜆𝑞+

𝛼 (𝑋) + (1 − 𝜆)𝑡
)

∨ 𝑥

⩽ max(𝑞+
𝛼 (𝑋) ∨ 𝑥, 𝑡 ∨ 𝑥).

Hence, 𝑞+
𝛼 ∨ 𝑥 is quasi-star-shaped. In light of Lemma 3.1 of Han

et al. (2025) and the expression (3), we have that 𝑞+
Λ is quasi-star-

shaped. □

Cash-supadditivity is the dual property of cash-subadditivity. As
we can see from (ii) of Proposition 2, whether a Λ-quantile
satisfies cash-subadditivity or cash-supadditivity depends on the
direction of monotonicity of the Λ function. The intermediate
property is cash-additivity. A Λ-quantile with monotone Λ func-
tions satisfies cash-additivity if and only if it is a quantile; see
Proposition 1 of Liu (2025).

Note that 𝑞−
Λ or 𝑞+

Λ with increasing Λ is in general not quasi-star-
shaped even when Λ is a continuous function. One can see the
following counterexample.

Example 1. For 0 < 𝛼 < 1∕2 < 𝛽 < 1, consider the following
continuous and increasing function:

Λ(𝑥) = 𝛼𝟙{𝑥⩽1∕2} + ((𝛽 − 𝛼)𝑥 − 𝛽∕2 + 3𝛼∕2)𝟙{1∕2<𝑥<3∕2}

+𝛽𝟙{𝑥⩾3∕2}, 𝑥 ∈ ℝ.

For 𝑡 = 7∕4, 𝜆 = 1∕8, and a random variable 𝑋 satisfying ℙ(𝑋 =
0) = ℙ(𝑋 = 2) = 1∕2, we have the following:

ℙ(𝜆𝑋 + (1 − 𝜆)𝑡 = 57∕32) = ℙ(𝜆𝑋 + (1 − 𝜆)𝑡 = 49∕32) = 1∕2.

Direct computation gives the following:

𝑞−
Λ(𝑋) = 0, 𝑞−

Λ(𝜆𝑋 + (1 − 𝜆)𝑡) = 57∕32, 𝑞−
Λ(𝑡) = 7∕4,

4 Mathematical Finance, 2025
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which implies that 𝑞−
Λ(𝜆𝑋 + (1 − 𝜆)𝑡) > max{𝑞−

Λ(𝑋), 𝑞−
Λ(𝑡)}.

Hence, 𝑞−
Λ is not quasi-star-shaped. Note that all the above

arguments still hold if we replace 𝑞−
Λ with 𝑞+

Λ. Hence, 𝑞+
Λ is

not quasi-star-shaped.

3 Robust 𝚲-Quantiles

In this section, we investigate the worst-case and best-case values
ofΛ-quantiles over general uncertainty sets, which is our primary
objective in this paper. For a set of distributions , we denote
𝐹−(𝑥) = inf 𝐹∈ 𝐹(𝑥), 𝑥 ∈ ℝ and 𝐹+(𝑥) = sup𝐹∈ 𝐹(𝑥), 𝑥 ∈ ℝ.
Note that both 𝐹− and 𝐹+ are increasing functions. Additionally,
𝐹− is right-continuous, whereas 𝐹+ may be not. Both of them
are called extremal distributions, which may not be distribution
functions.

Before stating our main theorem, we first define attainability,
which is crucial for our results.

Definition 2. We say that 𝐹− (resp. 𝐹+) is attainable if for any
𝑧 ∈ ℝ, there exists 𝐹 ∈  such that 𝐹(𝑧) = 𝐹−(𝑧) (resp. 𝐹(𝑧) =
𝐹+(𝑧)).

The following theorem is the main finding of this paper.

Theorem 1. Let be a set of distributions and Λ ∶ ℝ → [0, 1].
Then we have

i. sup𝐹∈ 𝑞−
Λ(𝐹) = 𝑞−

Λ(𝐹−) and inf𝐹∈ 𝑞+
Λ(𝐹) = 𝑞+

Λ(𝐹+);

ii. sup𝐹∈ 𝑞+
Λ(𝐹) = 𝑞+

Λ(𝐹−) if 𝐹− is attainable, and
inf𝐹∈ 𝑞−

Λ(𝐹) = 𝑞−
Λ(𝐹+) if 𝐹+ is attainable;

iii. If Λ is decreasing, then (i) remains true by replacing 𝑞−
Λ by 𝑞−

Λ

and 𝑞+
Λ by 𝑞+

Λ and (ii) remains true by replacing 𝑞+
Λ by 𝑞+

Λ and
𝑞−

Λ by 𝑞−
Λ .

Proof. Case (i).We start with the first equality. Note that𝐹−(𝑥) ⩽

𝐹(𝑥), 𝑥 ∈ ℝ for any𝐹 ∈ . Hence in light of themonotonicity of
Λ-quantile, we have 𝑞−

Λ(𝐹) ⩽ 𝑞−
Λ(𝐹−) for all 𝐹 ∈ . This implies

that sup𝐹∈ 𝑞−
Λ(𝐹) ⩽ 𝑞−

Λ(𝐹−).

We next show the inverse inequality. Let 𝑧 = 𝑞−
Λ(𝐹−). If 𝑧 = −∞,

sup𝐹∈ 𝑞−
Λ(𝐹) = 𝑞−

Λ(𝐹−) = −∞ holds obviously. If 𝑧 = ∞, then
there exists a sequence of 𝑥𝑛 such that 𝑥𝑛 ↑ ∞ and 𝐹−(𝑥𝑛) <

Λ(𝑥𝑛). For any fixed 𝑥𝑛, we can find 𝐺 ∈  such that 𝐹−(𝑥𝑛) ⩽

𝐺(𝑥𝑛) < Λ(𝑥𝑛). This implies sup𝐹∈ 𝑞−
Λ(𝐹) ⩾ 𝑞−

Λ(𝐺) ⩾ 𝑥𝑛 → ∞ as
𝑛 → ∞. Hence, it follows that sup𝐹∈ 𝑞−

Λ(𝐹) = 𝑞−
Λ(𝐹−).

Next,we suppose that 𝑧 ∈ ℝ. If𝐹−(𝑧) < Λ(𝑧), there exists𝐺 ∈ 
such that 𝐹−(𝑧) ⩽ 𝐺(𝑧) < Λ(𝑧). Hence, we have sup𝐹∈ 𝑞−

Λ(𝐹) ⩾

𝑞−
Λ(𝐺) ⩾ 𝑧. If 𝐹−(𝑧) ⩾ Λ(𝑧), there exists a sequence 𝑦𝑛 ↑ 𝑧

such that 𝐹−(𝑦𝑛) < Λ(𝑦𝑛). For any fixed 𝑦𝑛, there exists a
distribution 𝐺 ∈  such that 𝐹−(𝑦𝑛) ⩽ 𝐺(𝑦𝑛) < Λ(𝑦𝑛). This
means sup𝐹∈ 𝑞−

Λ(𝐹) ⩾ 𝑞−
Λ(𝐺) ⩾ 𝑦𝑛. Letting 𝑛 → ∞, we have

sup𝐹∈ 𝑞−
Λ(𝐹) ⩾ 𝑧. We have established the inverse inequality.

We now focus on the second equality. Observe that 𝐹+(𝑥) ⩾

𝐹(𝑥), 𝑥 ∈ ℝ for any 𝐹 ∈ . It follows from the monotonicity
of Λ-quantile that 𝑞+

Λ(𝐹+) ⩽ 𝑞+
Λ(𝐹) for all 𝐹 ∈ . Consequently,

𝑞+
Λ(𝐹+) ⩽ inf𝐹∈ 𝑞+

Λ(𝐹).

Let 𝑧 = 𝑞Λ(𝐹+). If 𝑧 = ∞, then 𝑞+
Λ(𝐹+) = inf𝐹∈ 𝑞+

Λ(𝐹) holds
trivially. If 𝑧 = −∞, there exists a sequence of 𝑥𝑛 ↓ −∞ such
that 𝐹+(𝑥𝑛) > Λ(𝑥𝑛). For any fixed 𝑥𝑛, there exists 𝐺 ∈  such
that 𝐹+(𝑥𝑛) ⩾ 𝐺(𝑥𝑛) > Λ(𝑥𝑛). This implies that inf𝐹∈ 𝑞+

Λ(𝐹) ⩽

𝑞+
Λ(𝐺) ⩽ 𝑥𝑛 → −∞ as 𝑛 → ∞. Hence, we obtain inf𝐹∈ 𝑞+

Λ(𝐹) =
𝑞Λ(𝐹+).

We suppose that 𝑧 ∈ ℝ. If 𝐹+(𝑧) > Λ(𝑧), there exists 𝐺 ∈

 such that 𝐹+(𝑧) ⩾ 𝐺(𝑧) > Λ(𝑧), implying inf𝐹∈ 𝑞+
Λ(𝐹) ⩽

𝑞+
Λ(𝐺) ⩽ 𝑧. If 𝐹+(𝑧) ⩽ Λ(𝑧), there exists a sequence of 𝑦𝑛 ↓

𝑧 such that 𝐹+(𝑦𝑛) > Λ(𝑦𝑛). For fixed 𝑦𝑛, there exists 𝐺 ∈

 such that 𝐹+(𝑦𝑛) ⩾ 𝐺(𝑦𝑛) > Λ(𝑦𝑛), which implies that
inf 𝐹∈ 𝑞+

Λ(𝐹) ⩽ 𝑞+
Λ(𝐺) ⩽ 𝑦𝑛 → 𝑧 as 𝑛 → ∞. We have established

the inverse inequality.

Case (ii). For the first equality, note that sup𝐹∈ 𝑞+
Λ(𝐹) ⩽ 𝑞+

Λ(𝐹−)

follows from the same reasoning as in the proof of case (i). We
only need to show the inverse inequality.

Denote 𝑞+
Λ(𝐹−) by 𝑧. If 𝑧 = −∞, then sup𝐹∈ 𝑞+

Λ(𝐹) = 𝑞−
Λ(𝐹−) =

−∞ holds obviously. If 𝑧 = ∞, then there exists a sequence of 𝑥𝑛

such that 𝑥𝑛 ↑ ∞ and 𝐹−(𝑥𝑛) ⩽ Λ(𝑥𝑛). For any fixed 𝑥𝑛, using
the attainability of 𝐹−, there exists 𝐺 ∈  such that 𝐺(𝑥𝑛) =
𝐹−(𝑥𝑛) ⩽ Λ(𝑥𝑛). This implies sup𝐹∈ 𝑞+

Λ(𝐹) ⩾ 𝑞+
Λ(𝐺) ⩾ 𝑥𝑛 → ∞

as 𝑛 → ∞. Hence, we have sup𝐹∈ 𝑞+
Λ(𝐹) = 𝑞+

Λ(𝐹−).

Next,we suppose that 𝑧 ∈ ℝ. If𝐹−(𝑧) ⩽ Λ(𝑧), there exists𝐺 ∈ 
such that 𝐺(𝑧) = 𝐹−(𝑧) ⩽ Λ(𝑧). Hence, we have sup𝐹∈ 𝑞+

Λ(𝐹) ⩾

𝑞+
Λ(𝐺) ⩾ 𝑧. If 𝐹−(𝑧) > Λ(𝑧), there exists a sequence 𝑦𝑛 ↑ 𝑧

such that 𝐹−(𝑦𝑛) ⩽ Λ(𝑦𝑛). For any fixed 𝑦𝑛, there exists a
distribution 𝐺 ∈  such that 𝐺(𝑦𝑛) = 𝐹−(𝑦𝑛) ⩽ Λ(𝑦𝑛). This
means that sup𝐹∈ 𝑞+

Λ(𝐹) ⩾ 𝑞+
Λ(𝐺) ⩾ 𝑦𝑛. Letting 𝑛 → ∞, we have

sup𝐹∈ 𝑞+
Λ(𝐹) ⩾ 𝑧. We have established the inverse inequality.

The proof of the second equality of (ii) follows a similar argument
as that of the second equality of Case (i) by applying the
attainability of 𝐹+. We omit the details.

Case (iii). If Λ is decreasing, by (i) of Proposition 2, we have
𝑞−

Λ(𝐹) = 𝑞−
Λ(𝐹) and 𝑞+

Λ(𝐹) = 𝑞+
Λ(𝐹). The conclusion in (iii) is

directly implied by the conclusions in (i) and (ii). □

Theorem 1 shows that eight robust Λ-quantiles can be calculated
using the extremal distributions. It is worth mentioning that
they may require different conditions to guarantee that the
calculation is correct: (i) of Theorem 1 holds for all Λ functions
and uncertainty sets ; (ii) of Theorem 1 holds if the extremal
distributions satisfy attainability; (iii) of Theorem 1 holds only
for decreasing Λ and two of them also require the attainability of
the extremal distributions. Roughly speaking, only four of robust
Λ-quantiles can be calculated using the extremal distributions
with general Λ functions; the rest holds true only for decreasing
Λ functions. If the required conditions are not satisfied, then
the Λ-quantiles of the extremal distributions can only be the
bounds of the robust Λ-quantiles. Some counterexamples will be
discussed later.

Finding the extremal distributions is a problem in probability
theory with a long history; see Makarov (1981) and Rüschendorf
(1982) for early results, and see Li (2018), Blanchet et al. (2024),
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and Pesenti et al. (2024) for the recent results. Roughly speaking,
the main message of our results is that if we know the extremal
distributions and the assumptions are satisfied, applying Theo-
rem 1, we could obtain the robust Λ-quantiles immediately. This
enables us to obtain the robust Λ-quantiles with the aid of many
results on robust-quantiles in the literature.

Applying Theorem 1, we obtain the following conclusion for
robust quantiles, which indicates the relation between robust-
quantiles and extremal distributions.

Corollary 1. For 𝛼 ∈ (0, 1), we have

i. sup𝐹∈ 𝑞−
𝛼 (𝐹) = 𝑞−

𝛼 (𝐹−) and inf𝐹∈ 𝑞+
𝛼 (𝐹) = 𝑞+

𝛼 (𝐹+).

ii. sup𝐹∈ 𝑞+
𝛼 (𝐹) = 𝑞+

𝛼 (𝐹−) if 𝐹− is attainable, and
inf 𝐹∈ 𝑞−

𝛼 (𝐹) = 𝑞−
𝛼 (𝐹+) if 𝐹+ is attainable.

The conclusion in (iii) of Theorem 1 does not hold for other Λ

functions even for increasing Λ functions. We can see this from
the following example.

Example 2. Let

Λ(𝑥) =
⎧⎪⎨⎪⎩

1∕4, 𝑥 < 0,

(1 + 𝑥)∕4, 0 ⩽ 𝑥 < 1,

1∕2, 𝑥 ⩾ 1,

and = {𝐹1, 𝐹2} with

𝐹1(𝑥) =
⎧⎪⎨⎪⎩

0, 𝑥 < 0,

1∕3, 0 ⩽ 𝑥 < 1,

1, 𝑥 ⩾ 1,

and 𝐹2(𝑥) =

{
0, 𝑥 < 1∕2,

1, 𝑥 ⩾ 1∕2.

Direct computation gives

𝐹−(𝑥) =
⎧⎪⎨⎪⎩

0, 𝑥 < 1∕2,

1∕3, 1∕2 ⩽ 𝑥 < 1,

1, 𝑥 ⩾ 1,

𝑞−
Λ(𝐹1) = 0, 𝑞−

Λ(𝐹2) = 1∕2 and 𝑞−
Λ(𝐹−) = 1. Hence

sup𝐹∈ 𝑞−
Λ(𝐹) = 1∕2 < 1 = 𝑞−

Λ(𝐹−). We can similarly construct
counterexamples for other three Λ-quantiles in (iii) of Theorem 1
for increasing Λ functions.

The conclusion in (ii) of Theorem 1 requires the attainabil-
ity of 𝐹− or 𝐹+. If we have finite candidates in , that
is,  = {𝐹1, … , 𝐹𝑛}. Then 𝐹−(𝑥) =

⋀𝑛

𝑖=1
𝐹𝑖(𝑥) and 𝐹+(𝑥) =⋁𝑛

𝑖=1
𝐹𝑖(𝑥), and both 𝐹− and 𝐹+ are attainable, where

⋀𝑛

𝑖=1
𝑥𝑖 =

min(𝑥1, … , 𝑥𝑛) and
⋁𝑛

𝑖=1
𝑥𝑖 = max(𝑥1, … , 𝑥𝑛). Applying Theo-

rem 1, we arrive at the following results.

Corollary 2. Let  = {𝐹1, … , 𝐹𝑛} and Λ ∶ ℝ → [0, 1]. The
following statements hold.

i. sup𝐹∈ 𝑞−
Λ(𝐹) = 𝑞−

Λ(
⋀𝑛

𝑖=1
𝐹𝑖), inf𝐹∈ 𝑞+

Λ(𝐹) = 𝑞+
Λ(
⋁𝑛

𝑖=1
𝐹𝑖),

sup𝐹∈ 𝑞+
Λ(𝐹) = 𝑞+

Λ(
⋀𝑛

𝑖=1
𝐹𝑖), and inf 𝐹∈ 𝑞−

Λ(𝐹) =
𝑞−

Λ(
⋁𝑛

𝑖=1
𝐹𝑖).

ii. If Λ is decreasing, then we have sup𝐹∈ 𝑞−
Λ(𝐹) = 𝑞−

Λ(
⋀𝑛

𝑖=1
𝐹𝑖),

inf𝐹∈ 𝑞+
Λ(𝐹) = 𝑞+

Λ(
⋁𝑛

𝑖=1
𝐹𝑖), sup𝐹∈ 𝑞+

Λ(𝐹) = 𝑞+
Λ(
⋀𝑛

𝑖=1
𝐹𝑖),

and inf𝐹∈ 𝑞−
Λ(𝐹) = 𝑞−

Λ(
⋁𝑛

𝑖=1
𝐹𝑖).

The property of attainability may not hold if the candidates in
are infinite. We have the following counterexample.

Example 3. Let

Λ(𝑥) =
⎧⎪⎨⎪⎩
3∕4, 𝑥 < 0,

1∕2, 0 ⩽ 𝑥 < 1,

1∕4, 𝑥 ⩾ 1,

and = {𝐹𝑛, 𝑛 ⩾ 1} with

𝐹𝑛(𝑥) =
⎧⎪⎨⎪⎩

0, 𝑥 < 0,

1∕2 + 1∕(2𝑛), 0 ⩽ 𝑥 < 1,

1, 𝑥 ⩾ 1.

Direct computation gives

𝐹−(𝑥) =
⎧⎪⎨⎪⎩

0, 𝑥 < 0,

1∕2, 0 ⩽ 𝑥 < 1,

1, 𝑥 ⩾ 1,

𝑞+
Λ(𝐹𝑛) = 0, 𝑛 ⩾ 1 and 𝑞+

Λ(𝐹−) = 1. Hence, sup𝐹∈ 𝑞+
Λ(𝐹) <

𝑞+
Λ(𝐹−). We can similarly construct examples to show that

inf 𝐹∈ 𝑞−
Λ(𝐹) > 𝑞−

Λ(𝐹+) if 𝐹+ is not attainable.

The above example shows that if the attainability fails to hold,
then (ii) of Theorem 1 may not be valid. However, we still have
the following conclusions:

sup
𝐹∈

𝑞+
Λ(𝐹) ⩽ 𝑞+

Λ(𝐹−) and inf
𝐹∈ 𝑞−

Λ(𝐹) ⩾ 𝑞−
Λ(𝐹+).

Hence, both 𝑞+
Λ(𝐹−) and 𝑞−

Λ(𝐹+) are still useful because they
offer the upper and lower bounds of the corresponding robust
Λ-quantiles.

Compared with the attainability of 𝐹+, the attainability of 𝐹−
may not be easy to check as it is difficult to employ the limit argu-
ment; see the examples of the three uncertainty sets in Section 4.
Next, we provide an alternative assumption that is much easier to
check ifΛ is decreasing. Let 𝐹−(𝑥) = inf𝐹∈ 𝐹(𝑥−) for all 𝑥 ∈ ℝ.
We say 𝐹− is attainable if for any 𝑥 ∈ ℝ, there exists 𝐹 ∈  such
that 𝐹(𝑥−) = 𝐹−(𝑥). The attainability of 𝐹− for three specific
uncertainty sets will be discussed in Propositions 6, 8, and 11 in
Section 4.

With the attainability of𝐹− and themonotonicity ofΛ, we obtain
the first equality in (ii) of Theorem 1.

Proposition 3. Let  be a set of distributions and Λ ∶ ℝ →

[0, 1]. If Λ is decreasing and 𝐹− is continuous and attainable, we
have sup𝐹∈ 𝑞+

Λ(𝐹) = 𝑞+
Λ(𝐹−).

Proof. Let 𝐹(𝑥) = 𝐹(𝑥−) for all 𝑥 ∈ ℝ. Replacing 𝐹 by 𝐹 and 𝐹−
by 𝐹− in the proof of (ii) of Theorem 1 and using the attainability

6 Mathematical Finance, 2025
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of 𝐹−, we obtain the conclusion that sup𝐹∈ 𝑞+
Λ(𝐹) = 𝑞+

Λ(𝐹−).
Note that for any 𝜀 > 0, 𝐹−(𝑥) ⩽ 𝐹−(𝑥) ⩽ 𝐹−(𝑥 + 𝜀). Hence,
by the continuity of 𝐹−, we have 𝐹− = 𝐹−. Moreover, as Λ

is decreasing, we have 𝑞+
Λ(𝐹) = 𝑞+

Λ(𝐹). Combining all the above
conclusions, we have sup𝐹∈ 𝑞+

Λ(𝐹) = 𝑞+
Λ(𝐹−). □

Next, we discuss the existence of the worst or best distribution for
the robust Λ-quantiles.

Proposition 4. Let  be a set of distributions and Λ ∶ ℝ →

[0, 1]. Then we have the following conclusion.

i. If Λ is decreasing and left-continuous, and 𝐹− is continuous
and attainable, and 𝑞+

Λ(𝐹−) ∈ ℝ, then there exists 𝐹∗ ∈ 
such that 𝑞+

Λ(𝐹∗) = sup𝐹∈ 𝑞+
Λ(𝐹).

ii. IfΛ is right-continuous, 𝐹+ is attainable and right-continuous
and 𝑞−

Λ(𝐹+) ∈ ℝ, then there exists𝐹∗ ∈  such that 𝑞−
Λ(𝐹∗) =

inf𝐹∈ 𝑞−
Λ(𝐹).

Proof. i. In light of Proposition 3, we have sup𝐹∈ 𝑞+
Λ(𝐹) =

𝑞+
Λ(𝐹−). For the sake of simplicity, we denote 𝑞+

Λ(𝐹−) by 𝑧. By the
definition,wehave either𝐹−(𝑧) ⩽ Λ(𝑧) or there exists a sequence
𝑥𝑛 ↑ 𝑧 such that 𝐹−(𝑥𝑛) ⩽ Λ(𝑥𝑛). Note that 𝐹− = 𝐹−. Hence,
𝐹− is continuous. For the second case, using the continuity of
𝐹− and the left-continuity of Λ, letting 𝑛 → ∞, we have 𝐹−(𝑧) ⩽

Λ(𝑧). As 𝐹− is attainable, there exists 𝐹∗ ∈  such that 𝐹∗(𝑧) =
𝐹−(𝑧) = 𝐹−(𝑧) with 𝐹∗(𝑧) = 𝐹∗(𝑧−). This implies that 𝐹∗(𝑧) ⩽

Λ(𝑧); hence, 𝑞+
Λ(𝐹∗) ⩾ 𝑧 = sup𝐹∈ 𝑞+

Λ(𝐹). Note that the decrease
of Λ implies that 𝑞+

Λ(𝐹∗) = 𝑞+
Λ(𝐹∗). Hence, we have 𝑞+

Λ(𝐹∗) ⩾

sup𝐹∈ 𝑞+
Λ(𝐹), which implies that 𝑞+

Λ(𝐹∗) = sup𝐹∈ 𝑞+
Λ(𝐹).

ii. First, it follows from Theorem 1 that inf 𝐹∈ 𝑞−
Λ(𝐹) = 𝑞−

Λ(𝐹+).
Let 𝑧 = 𝑞−

Λ(𝐹+). By definition, we have either 𝐹+(𝑧) ⩾ Λ(𝑧) or
there exists a sequence of 𝑥𝑛 ↓ 𝑧 such that 𝐹+(𝑥𝑛) ⩾ Λ(𝑥𝑛). For
the second case, it follows from the right-continuity of 𝐹+ and
Λ that 𝐹+(𝑧) ⩾ Λ(𝑧). The attainability of 𝐹+ implies 𝐹∗ ∈ 
exists such that𝐹∗(𝑧) = 𝐹+(𝑧) ⩾ Λ(𝑧). This implies 𝑞−

Λ(𝐹∗) ⩽ 𝑧 =
inf𝐹∈ 𝑞−

Λ(𝐹). Hence, we have 𝑞−
Λ(𝐹∗) = inf𝐹∈ 𝑞−

Λ(𝐹). □

Note that for otherΛ-quantiles, the best-case or worst-case distri-
bution may not exist, even for the case whenΛ = 𝛼. For instance,
for the uncertainty set characterized by moment constraints, the
optimal distributions for sup𝐹∈ 𝑞−

𝛼 (𝐹) and inf𝐹∈ 𝑞+
𝛼 (𝐹) do not

exist; see, for example, Corollary 4.1 of Bernard et al. (2024).

Finally, we offer alternative expressions of robust Λ-quantiles
using Equations (2) and (3)whenΛ is decreasing. The expressions
can sometimes facilitate the calculation of robust Λ-quantiles
more conveniently; see Sections 4.1 and 4.2 for details.

Proposition 5. If Λ is decreasing, then we have the following
representations.

i. sup𝐹∈ 𝑞−
Λ(𝐹) = sup𝑥∈ℝ{𝑞−

Λ(𝑥)
(𝐹−) ∧ 𝑥}, and inf 𝐹∈ 𝑞+

Λ(𝐹) =
inf 𝑥∈ℝ{𝑞+

Λ(𝑥)
(𝐹+) ∨ 𝑥}.

ii. If 𝐹− is attainable, then sup𝐹∈ 𝑞+
Λ(𝐹) = sup𝑥∈ℝ{𝑞+

Λ(𝑥)
(𝐹−) ∧

𝑥}, and if 𝐹+ is attainable, then inf 𝐹∈ 𝑞−
Λ(𝐹) =

inf 𝑥∈ℝ{𝑞−
Λ(𝑥)

(𝐹+) ∨ 𝑥}.

Proof. The results directly follow from Theorem 1, and Equa-
tions (2) and (3). However, we will present an alternative proof
to demonstrate the connection between robust Λ-quantiles and
quantiles. We take the first one as an example. If Λ is decreasing,
by Equation (2), we have

sup
𝐹∈

𝑞−
Λ(𝐹) = sup

𝐹∈

{
sup
𝑥∈ℝ

{
𝑞−

Λ(𝑥)
(𝐹) ∧ 𝑥

}}
= sup

𝑥∈ℝ

{
sup
𝐹∈

{
𝑞−

Λ(𝑥)
(𝐹) ∧ 𝑥

}}
= sup

𝑥∈ℝ

{{
sup
𝐹∈

𝑞−
Λ(𝑥)

(𝐹)

}
∧ 𝑥

}
.

It follows from Corollary 1 that sup𝐹∈ 𝑞−
Λ(𝑥)

(𝐹) =
𝑞−

Λ(𝑥)
(𝐹−) for any 𝑥 ∈ ℝ. Hence, we have sup𝐹∈ 𝑞−

Λ(𝐹) =

sup𝑥∈ℝ

{
𝑞−

Λ(𝑥)
(𝐹−) ∧ 𝑥

}
. □

4 Specific Uncertainty Sets

In this section, our attention is directed towards the uncer-
tainty sets characterized by three distinct and widely used
constraints: (a) moment constraints, (b) probability constraints
via the Wasserstein distance; and (c) marginal constraints in risk
aggregation. Furthermore, our results are applied to the portfolio
selection problem. By using Theorem 1, we can clearly see that
the robust Λ-quantiles can be derived based on the expressions
of robust quantiles. Denote by𝑝 the set of all cdfs on ℝ with a
finite 𝑝th moment and 𝑝 (ℝ𝑛) the set of all cdfs on ℝ𝑛 with a
finite 𝑝th moment in each component.

4.1 Moment Constraints

We first consider the case with only information on the moments
of 𝐹 ∈ . For 𝑝 > 1,𝑚 ∈ ℝ, and 𝑣 > 0, let

𝑝(𝑚, 𝑣) =

{
𝐹 ∈ 𝑝 ∶ ∫

1

0

𝐹−1(𝑡)d𝑡

= 𝑚,∫
1

0

|𝐹−1(𝑡) − 𝑚|𝑝d𝑡 ⩽ 𝑣𝑝

}
. (4)

Note that𝑝(𝑚, 𝑣) imposes the constraints on the mean and the
𝑝th central moment. The worst-case and best-case values of some
risk measures over 𝑝(𝑚, 𝑣), especially for 𝑝 = 2, have been
extensively studied in the literature; see, for example, Ghaoui
et al. (2003), Zhu and Fukushima (2009), Chen et al. (2011), Li
(2018), Pesenti et al. (2024), Shao and Zhang (2023), Shao and
Zhang (2024), Cai et al. (2023) and the references therein.

For an increasing function 𝑔 ∶ (0, 1) → ℝ, define 𝑔−1
+ (𝑥) = inf {𝑡 ∈

(0, 1) ∶ 𝑔(𝑡) > 𝑥}with the convention that inf ∅ = 1. In the follow-
ing results, we derive the extremal distributions over the moment
uncertainty sets, that is, 𝐹−𝑝(𝑚,𝑣)

and 𝐹+
𝑝(𝑚,𝑣)

.
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Proposition 6. For 𝑝 > 1,𝑚 ∈ ℝ, and 𝑣 > 0, we have the
following:

𝐹−𝑝(𝑚,𝑣)
(𝑥) = 𝑙−1

+ (𝑥), 𝐹+
𝑝(𝑚,𝑣)

(𝑥) = 𝑢−1
+ (𝑥), 𝑥 ∈ ℝ, (5)

where for 𝛼 ∈ (0, 1),

𝑙(𝛼) = 𝑚 + 𝑣𝛼(𝛼𝑝(1 − 𝛼) + (1 − 𝛼)𝑝𝛼)
−1∕𝑝

,

𝑢(𝛼) = 𝑚 − 𝑣(1 − 𝛼)(𝛼𝑝(1 − 𝛼) + (1 − 𝛼)𝑝𝛼)
−1∕𝑝

.

In particular, for 𝑝 = 2, we have the following:

𝐹−2(𝑚,𝑣)
(𝑥) = (𝑥−𝑚)2

𝑣2+(𝑥−𝑚)2
𝟙{𝑥⩾𝑚},

and 𝐹+
2(𝑚,𝑣)

(𝑥) = 𝑣2

𝑣2+(𝑚−𝑥)2
𝟙{𝑥⩽𝑚} + 𝟙{𝑥>𝑚}.

Moreover, both 𝐹−𝑝(𝑚,𝑣)
and 𝐹+

𝑝(𝑚,𝑣)
are continuous and attain-

able.

Proof. By Corollary 1 of Pesenti et al. (2024), for 𝛼 ∈ (0, 1), 𝑝 >

1,𝑚 ∈ ℝ, and 𝑣 > 0, we have the following:

sup
𝐹∈𝑝(𝑚,𝑣)

𝑞−
𝛼 (𝐹) = 𝑚 + 𝑣𝛼(𝛼𝑝(1 − 𝛼) + (1 − 𝛼)𝑝𝛼)

−1∕𝑝
∶= 𝑙(𝛼).

Moreover, in light (i) of Corollary 1, we have sup𝐹∈𝑝(𝑚,𝑣) 𝑞
−
𝛼 (𝐹) =

𝑞−
𝛼 (𝐹−𝑝(𝑚,𝑣)

). Hence, 𝑞−
𝛼 (𝐹−𝑝(𝑚,𝑣)

) = 𝑙(𝛼) for 𝛼 ∈ (0, 1). Note that
𝐹−𝑝(𝑚,𝑣)

(⋅) is right-continuous. Therefore, 𝐹−𝑝(𝑚,𝑣)
(𝑥) = 𝑙−1

+ (𝑥)

for 𝑥 ∈ ℝ. One can easily check that 𝑙 is strictly increasing and
continuous over (0,1). Thus, we have that 𝐹−𝑝(𝑚,𝑣)

is continuous

overℝ, which further implies that 𝐹−𝑝(𝑚,𝑣)
is continuous overℝ.

Again, by Corollary 1 of Pesenti et al. (2024), we have the
following:

inf
𝐹∈𝑝(𝑚,𝑣)

𝑞+
𝛼 (𝐹) = 𝑚 − 𝑣(1 − 𝛼)(𝛼𝑝(1 − 𝛼) + (1 − 𝛼)𝑝𝛼)

−1∕𝑝
∶= 𝑢(𝛼).

Moreover, it follows from (i) of Corollary 1, we have
inf𝐹∈𝑝(𝑚,𝑣) 𝑞

+
𝛼 (𝐹) = 𝑞+

𝛼 (𝐹+
𝑝(𝑚,𝑣)

). By combining the above
two equations, we have 𝑞+

𝛼 (𝐹+
𝑝(𝑚,𝑣)

) = 𝑢(𝛼) for 𝛼 ∈ (0, 1). Note
that 𝑢(𝛼) is strictly increasing and continuous over (0,1). Hence,
𝐹+
𝑝(𝑚,𝑣)

(𝑥) = 𝑢−1
+ (𝑥) for 𝑥 ∈ ℝ and 𝐹+

𝑝(𝑚,𝑣)
is continuous.

For 𝛼 ∈ (0, 1) and 𝑝 = 2, we have 𝑙(𝛼) = 𝑚 + 𝑣
√

𝛼∕(1 − 𝛼) and
𝑢(𝛼) = 𝑚 − 𝑣

√
(1 − 𝛼)∕𝛼. We obtain the desired results by com-

puting 𝑙−1
+ and 𝑢−1

+ .

Next, we show the attainability of 𝐹−𝑝(𝑚,𝑣)
and 𝐹+

𝑝(𝑚,𝑣)
. For any

𝑥 ∈ ℝ, there exists 𝐹𝑘 ∈ 𝑝(𝑚, 𝑣) such that lim𝑘→∞ 𝐹𝑘(𝑥−) =
𝐹−𝑝(𝑚,𝑣)

(𝑥). By Chebyshev’s inequality, we have sup𝑘⩾1(1 −

𝐹𝑘(𝑧)) ⩽
𝑣𝑝

|𝑧−𝜇|𝑝 for 𝑧 > 𝜇 and sup𝑘⩾1 𝐹𝑘(𝑧) ⩽
𝑣𝑝

|𝑧−𝜇|𝑝 for 𝑧 < 𝜇.
Hence, {𝐹𝑘, 𝑘 ⩾ 1} is tight. It follows from Theorem 25.10 of
Billingsley (1995) that there exist a subsequence {𝐹𝑘𝑙

, 𝑙 ⩾ 1} and a
distribution 𝐹 such that 𝐹𝑘𝑙

→ 𝐹 weakly as 𝑙 → ∞. This implies
that 𝐹−1

𝑘𝑙
(𝑡) → 𝐹−1(𝑡) over (0,1) a.e.

Next, we show 𝐹 ∈ 𝑝(𝑚, 𝑣). By Fatou’s lemma, we have the
following:

∫ 1

0
|𝐹−1(𝑡) − 𝑚|𝑝d𝑡 = ∫ 1

0
lim inf 𝑙→∞ |𝐹−1

𝑘𝑙
(𝑡) − 𝑚|𝑝d𝑡

⩽ lim inf 𝑙→∞ ∫ 1

0
|𝐹−1

𝑘𝑙
(𝑡) − 𝑚|𝑝d𝑡 ⩽ 𝑣𝑝.

Given that sup𝑙⩾1
∫ 1

0
|𝐹−1

𝑘𝑙
(𝑡)|𝑝d𝑡 ⩽ (𝑣 + |𝑚|)𝑝, we have for 𝑦 > 0

∫
{𝑡∶|𝐹−1

𝑘𝑙
(𝑡)|⩾𝑦}

|𝐹−1
𝑘𝑙

(𝑡)|d𝑡 ⩽ ∫
{𝑡∶|𝐹−1

𝑘𝑙
(𝑡)|⩾𝑦}

|𝐹−1
𝑘𝑙

(𝑡)|𝑝𝑦1−𝑝d𝑡

⩽ (𝑣 + |𝑚|)𝑝𝑦1−𝑝,

which implies lim𝑦→∞ sup𝑙⩾1
∫

{𝑡∶|𝐹−1
𝑘𝑙

(𝑡)|⩾𝑦}
|𝐹−1

𝑘𝑙
(𝑡)|d𝑡 = 0. It

means that {𝐹−1
𝑘𝑙

, 𝑙 ⩾ 1} is uniformly integrable. Hence, we

have ∫ 1

0
𝐹−1(𝑡)d𝑡 = lim𝑙→∞ ∫ 1

0
𝐹−1

𝑘𝑙
(𝑡)d𝑡 = 𝑚. Consequently,

𝐹 ∈ 𝑝(𝑚, 𝑣).

Note that there exists a sequence 𝜀𝑛 ↓ 0 as 𝑛 → ∞ such
that 𝐹 is continuous at all 𝑥 − 𝜀𝑛. Using the weak conver-
gence of 𝐹𝑘𝑙

to 𝐹, we have 𝐹(𝑥 − 𝜀𝑛) = lim𝑙→∞ 𝐹𝑘𝑙
(𝑥 − 𝜀𝑛) ⩽

lim𝑙→∞ 𝐹𝑘𝑙
(𝑥−) = 𝐹−𝑝(𝑚,𝑣)

(𝑥). Letting 𝑛 → ∞, we have 𝐹(𝑥−) ⩽

𝐹−𝑝(𝑚,𝑣)
(𝑥), which implies 𝐹(𝑥−) = 𝐹−𝑝(𝑚,𝑣)

(𝑥). Therefore, we

conclude that 𝐹−𝑝(𝑚,𝑣)
is attainable.

For any 𝑥 ∈ ℝ, there exists a sequence 𝐹𝑘 ∈ 𝑝(𝑚, 𝑣) such
that lim𝑘→∞ 𝐹𝑘(𝑥) = 𝐹+

𝑝(𝑚,𝑣)
(𝑥). Similarly as in the proof of the

attainability of 𝐹−𝑝(𝑚,𝑣)
, there exists a subsequence {𝐹𝑘𝑙

, 𝑙 ⩾

1} and 𝐹 ∈ 𝑝(𝑚, 𝑣) such that 𝐹𝑘𝑙
→ 𝐹 weakly as 𝑙 → ∞.

Moreover, we could find 𝜀𝑛 ↓ 0 such that 𝐹 is continuous
at all 𝑥 + 𝜀𝑛. Using the fact that 𝐹𝑘𝑙

→ 𝐹 weakly as 𝑙 →

∞, we have 𝐹(𝑥 + 𝜀𝑛) = lim𝑙→∞ 𝐹𝑘𝑙
(𝑥 + 𝜀𝑛) ⩾ lim𝑙→∞ 𝐹𝑘𝑙

(𝑥) =
𝐹+
𝑝(𝑚,𝑣)

(𝑥). Letting 𝑛 → ∞, we obtain 𝐹(𝑥) ⩾ 𝐹+
𝑝(𝑚,𝑣)

(𝑥), which
implies 𝐹(𝑥) = 𝐹+

𝑝(𝑚,𝑣)
(𝑥). Hence, 𝐹+

𝑝(𝑚,𝑣)
is attainable. □

Combining Theorem 1 and Propositions 3 and 6, we immediately
arrive at the following result.

Theorem 2. Let 𝐹−𝑝(𝑚,𝑣)
and 𝐹+

𝑝(𝑚,𝑣)
be given by Equation (5)

and Λ ∶ ℝ → [0, 1]. Then we have the following:

i. sup𝐹∈𝑝(𝑚,𝑣) 𝑞
−
Λ(𝐹) = 𝑞−

Λ(𝐹−𝑝(𝑚,𝑣)
), inf𝐹∈𝑝(𝑚,𝑣) 𝑞

+
Λ(𝐹) =

𝑞+
Λ(𝐹+

𝑝(𝑚,𝑣)
), and inf𝐹∈𝑝(𝑚,𝑣) 𝑞

−
Λ(𝐹) = 𝑞−

Λ(𝐹+
𝑝(𝑚,𝑣)

);

ii. If Λ is decreasing, then (i) remains true by replacing 𝑞−
Λ by

𝑞−
Λ, 𝑞+

Λ by 𝑞+
Λ, and 𝑞−

Λ by 𝑞−
Λ; moreover, sup𝐹∈𝑝(𝑚,𝑣) 𝑞

+
Λ(𝐹) =

sup𝐹∈𝑝(𝑚,𝑣) 𝑞
+
Λ(𝐹) = 𝑞+

Λ(𝐹−𝑝(𝑚,𝑣)
).

For the case where 𝑝 = 2, we obtain the explicit formulas for
𝐹−2(𝑚,𝑣)

and 𝐹+
2(𝑚,𝑣)

. For general case where 𝑝 ≠ 2, the values
of 𝐹−(𝑝,𝑚,𝑣)

and 𝐹+(𝑝,𝑚,𝑣)
can be computed numerically using

Equation (5). For the particular case in which Λ is decreasing, it
is more convenient to compute the robust Λ-quantiles using the
expressions in Proposition 5 since we do not need to compute the
inverse functions 𝑙 and 𝑢 to obtain 𝐹−𝑝(𝑚,𝑣)

and 𝐹+
𝑝(𝑚,𝑣)

.

8 Mathematical Finance, 2025
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TABLE 1 Robust Λ-quantiles for an increasing Λ with  =
2(𝑚, 𝑣).

𝚲(𝟎.𝟖,𝟎.𝟗𝟓;𝟐) 𝒒−
𝚲

𝒒+
𝚲

𝒒̃−
𝚲

𝒒̃+
𝚲

𝑁(1, 1) 1.84 1.84 2.64 2.64
exp(1) 1.61 1.61 2.98 2.98
𝑈[1 −

√
3, 1 +

√
3] 2.57 2.57 2.57 2.57

Best-case 0.51 0.51 0.51 0.51
Worst-case 5.36 5.36 5.36 5.36

TABLE 2 Robust Λ-quantiles for a decreasing Λ with  =
2(𝑚, 𝑣).

𝚲(𝟎.𝟗𝟓,𝟎.𝟖;𝟐) 𝒒−
𝚲

𝒒+
𝚲

𝒒̃−
𝚲

𝒒̃+
𝚲

𝑁(1, 1) 2.00 2.00 2.00 2.00
exp(1) 2.00 2.00 2.00 2.00
𝑈[1 −

√
3, 1 +

√
3] 2.05 2.05 2.05 2.05

Best-case 0.90 0.90 0.90 0.90
Worst-case 3.00 3.00 3.00 3.00

In the following example, we compare theΛ-quantiles of normal,
exponential and uniform distributions with their worst-case and
best-case values over2(𝑚, 𝑣), respectively.

Example 4. Let 𝑝 = 2, 𝑚 = 𝑣 = 1, and Λ(𝛼,𝛽;𝑧) ∶ 𝑥 ↦ 𝛼𝟙{𝑥<𝑧} +
𝛽𝟙{𝑥⩾𝑧}. Using Theorem 2 and Proposition 5, the numerical results
of robust Λ-quantiles are displayed in Tables 1 and 2 for two
different Λ functions.

For an increasing Λ, it can be observed from Table 1 that 𝑞−
Λ is

strictly smaller than 𝑞−
Λ, and 𝑞+

Λ is strictly smaller than 𝑞+
Λ. This

finding verifies the conclusion in (i) of Proposition 2. Note that
the bold numbers in Table 1 may not be the true best-case or
worst-case values; instead, they represent the lower bounds of the
worst-case values or the upper bounds of the best-case values,
respectively. Moreover, we observe that 𝑞−

Λ, 𝑞+
Λ, and the worst-

case Λ-quantiles in Table 1 are consistently larger than those in
Table 2. This shows thatΛ-quantiles with an increasingΛ tend to
penalize more in scenarios with significant capital losses. Finally,
we observe from Table 2 that the numerical values of the four Λ-
quantiles are the same. In fact, their theoretical values are also the
same. This is because of the special choice of Λ and distribution
functions. In general, those four values are not the same; see, for
example, Examples 4 and 5 in Bellini and Peri (2022).

Our results in Theorem 2 can be applied to robust
portfolio selection. Let 𝐗 = (𝑋1, … , 𝑋𝑛) ∈ 𝑛 represent
the loss or negative return for 𝑛 different assets. The
set of all possible portfolio positions is denoted by
Δ𝑛 =

{
𝐰 = (𝑤1, … ,𝑤𝑛) ∈ [0, 1]𝑛 ∶

∑𝑛

𝑖=1
𝑤𝑖 = 1

}
. Note that

here short-selling is not allowed. For 𝐰 ∈ Δ𝑛, the risk of the
portfolio 𝐰⊤𝐗 is evaluated by 𝜌 (𝐹𝐰⊤𝐗), where 𝜌 is some risk
measure. Suppose that we know the mean and the upper bound
of the covariance matrix of 𝐗. Then the uncertainty set of the

portfolio is given by the following:

̂(𝐰, 𝝁, Σ) = {𝐹𝐰⊤𝐗 ∈ 2 ∶ 𝔼[𝐗] = 𝝁, Cov(𝐗) ⪯ Σ}, (6)

whereΣ is a semidefinite symmetricmatrix and for a semidefinite
symmetric matrix 𝐵, 𝐵 ⪯ Σ means Σ − 𝐵 is positive semidefinite.
It follows from the result of Popescu (2007) that ̂(𝐰, 𝝁, Σ) =
2(𝐰

⊤𝝁,
√

𝐰⊤Σ𝐰). The optimal portfolio selectionwith known
mean and upper bound of the covariance matrix is formulated as
follows:

min
𝐰∈Δ𝑛

sup
𝐹∈̂(𝐰,𝝁,Σ)

𝜌(𝐹).

We refer to Pflug and Pohl (2018) for an overview of the portfolio
selectionwithmodel uncertainty. Note that return of the portfolio
can also be considered as a constraint in the above optimization
problem. For instance, we can impose the constraint

∑𝑛

𝑖=1
𝑤𝑖𝜇𝑖 ⩽

𝑐 for some 𝑐 < 0 on the above optimization problem, requiring
that the expected return of the portfolio is larger than −𝑐. Then
the optimization problem becomes min𝐰∈Δ′

𝑛
sup𝐹∈̂(𝐰,𝝁,Σ) 𝜌 (𝐹)

withΔ′
𝑛 =

{
𝐰 ∈ Δ𝑛 ∶

∑𝑛

𝑖=1
𝑤𝑖𝜇𝑖 ⩽ 𝑐

}
, which does not change the

nature of the problem. To simplify the problem, we here consider
the portfolio selection problem with 𝑐 ⩾ max𝑛

𝑖=1 𝜇𝑖 .

Proposition 7. Let ̂(𝐰, 𝝁, Σ) be given in Equation (6) andΛ ∶

ℝ → [0, 1]. For 𝜌 = 𝑞+
Λ with decreasing Λ or 𝜌 = 𝑞−

Λ, we have the
following:

min
𝐰∈Δ𝑛

sup
𝐹∈̂(𝐰,𝝁,Σ)

𝜌(𝐹) = min
𝐰∈Δ𝑛

𝜌

(
𝐹−
2(𝐰⊤𝝁,

√
𝐰⊤Σ𝐰)

)
, (7)

where

𝐹−
̂(𝐰,𝝁,Σ)

(𝑥) =
(𝑥 − 𝐰⊤𝝁)2

(𝐰⊤Σ𝐰 + (𝑥 − 𝐰⊤𝝁)2)
𝟙{𝑥⩾𝐰⊤𝝁}.

Moreover, the optimal portfolio positions are given by theminimizer
of the right-hand side of Equation (7).

Proof. According to the general projection property in Popescu
(2007), the two sets 2(𝐰, 𝝁, Σ) and 2(𝐰

⊤𝝁,
√

𝐰⊤Σ𝐰) are
identical. By Theorem 2, we obtain the following:

sup
𝐹∈̂(𝐰,𝝁,Σ)

𝜌(𝐹) = 𝜌

(
𝐹−
2(𝐰⊤𝝁,

√
𝐰⊤Σ𝐰)

)
,

which further implies the following:

min
𝐰∈Δ𝑛

sup
𝐹∈̂(𝐰,𝝁,Σ)

𝜌(𝐹) = min
𝐰∈Δ𝑛

𝜌

(
𝐹−
2(𝐰⊤𝝁,

√
𝐰⊤Σ𝐰)

)
.

We complete the proof. □

Example 5. We consider the case of 𝑛 = 2. Let 𝑝 = 2 and
Λ(𝛼,𝛽;𝑧) ∶ 𝑥 ↦ 𝛼𝟙{𝑥<𝑧} + 𝛽𝟙{𝑥⩾𝑧}. Assume that 𝝁1 = (0.5, 1)⊤, 𝝁2 =
(5, 6)⊤, and the covariance matrices are given by the following:

Σ1 =

(
1 0.5

0.5 1

)
, and Σ2 =

(
1 −0.5

−0.5 1

)
. (8)

9
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FIGURE 1 The worst-case values of 𝑞−
Λ
with Λ = Λ(0.8,0.95;3) (blue solid line) and 𝑞−𝛼 with 𝛼 = 0.9 (black dashed line) as functions of 𝑤1. [Color

figure can be viewed at wileyonlinelibrary.com]
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FIGURE 2 The worst-case values of 𝑞−
Λ
with Λ = Λ(0.95,0.8;6) (blue solid line) and 𝑞−𝛼 with 𝛼 = 0.9 (black dashed line) as functions of 𝑤1. [Color

figure can be viewed at wileyonlinelibrary.com]

Here, we consider the worst-case values of 𝑞−
Λ, as

sup𝐹∈𝑝(𝑚,𝑣) 𝑞
−
Λ(𝐹) = 𝑞−

Λ(𝐹−𝑝(𝑚,𝑣)
) holds for both increasing

and decreasing Λ. As a comparison, we also consider the
worst-case values of 𝑞−

𝛼 for some 𝛼 ∈ (0, 1)

Figures 1 and 2 demonstrate the worst-case values of the portfolio
as functions of 𝑤1, showing that the optimal portfolio positions
under the Λ-quantile criterion can differ from those under the
VaR criterion. Additionally, for an increasingΛ in Figure 1, when
the mean of the portfolio is relatively small, the DM uses a small
probability level of 0.8 to determine the portfolio positions; when
the mean of the portfolio is relatively large, a larger probability
level of 0.95 is used. However, if Λ is a decreasing function in
Figure 2, this situation is reversed. This phenomenon is due to
the fact that an increasing Λ may penalize large losses, while a
decreasingΛ suggests that theDMaccepts a higher probability for
larger potential losses. Moreover, when two assets are positively
correlated, the worst-case values are higher compared to the case
with negatively correlated assets, as a negative correlation results
in a hedging effect.

4.2 Probability Constraints via Wasserstein
Distance

The Wasserstein metric is a popular notion used in mass trans-
portation and DRO; see, for example, Esfahani and Kuhn (2018)
and Blanchet and Murthy (2019). In the one-dimensional setting,
the Wasserstein metric has an explicit formula. For 𝑝 ⩾ 1 and
𝐹,𝐺 ∈ 𝑝, the 𝑝-Wasserstein distance between 𝐹 and 𝐺 is
defined as follows:

𝑊𝑝(𝐹, 𝐺) =

(
∫

1

0

||𝐹−1(𝑢) − 𝐺−1(𝑢)||𝑝 d𝑢

)1∕𝑝

. (9)

For 𝜀 ⩾ 0, the uncertainty set of an 𝜀-Wasserstein ball around a
baseline distribution 𝐺 ∈ 𝑝 is given by the following:

𝑝(𝐺, 𝜀) =
{
𝐹 ∈ 𝑝 ∶ 𝑊𝑝(𝐹, 𝐺) ⩽ 𝜀

}
, (10)

10 Mathematical Finance, 2025
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where the parameter 𝜀 represents the magnitude of uncertainty.
In the following result, wewill give the expressions of𝐹−𝑝(𝐺,𝜀)

and
𝐹+
𝑝(𝐺,𝜀)

.

Proposition 8. For 𝜀 > 0, 𝑝 ⩾ 1 and 𝐺 ∈ 𝑝 , we have the
following:

𝐹−𝑝(𝐺,𝜀)
(𝑥) = 𝑙−1

+ (𝑥), 𝐹+
𝑝(𝐺,𝜀)

(𝑥) = 𝑢−1
+ (𝑥), 𝑥 ∈ ℝ, (11)

where for each𝛼 ∈ (0, 1), 𝑙(𝛼) is the unique solution of the following
equation:

∫
1

𝛼

(
𝑙(𝛼) − 𝑞−

𝑡 (𝐺)
)𝑝

+
d𝑡 = 𝜀𝑝,

and 𝑢(𝛼) is the unique solution of the following equation:

∫
𝛼

0

(
𝑞−

𝑡 (𝐺) − 𝑢(𝛼)
)𝑝

+
d𝑡 = 𝜀𝑝.

Moreover, both𝐹−𝑝(𝐺,𝜀)
and𝐹+

𝑝(𝐺,𝜀)
are continuous andattainable.

Proof. By (iii) of Proposition 4 of Liu et al. (2022), we have for
𝛼 ∈ (0, 1), sup𝐹∈𝑝(𝐺,𝜀) 𝑞

−
𝛼 (𝐹) = 𝑙(𝛼) is the unique solution of the

following equation:

∫
1

𝛼

(
𝑙(𝛼) − 𝑞−

𝑡 (𝐺)
)𝑝

+
d𝑡 = 𝜀𝑝.

By (i) of Corollary 1, we have sup𝐹∈𝑝(𝐺,𝜀) 𝑞
−
𝛼 (𝐹) =

𝑞−
𝛼 (𝐹−𝑝(𝐺,𝜀)

) = 𝑙(𝛼). For 0 < 𝛼1 < 𝛼2 < 1, it follows that

∫ 1

𝛼2

(
𝑙(𝛼1) − 𝑞−

𝑡 (𝐺)
)𝑝

+
d𝑡 < 𝜀𝑝. This implies that 𝑙(𝛼2) > 𝑙(𝛼1).

Hence, 𝑙 is strictly increasing over (0,1), which implies that
𝐹−𝑝(𝐺,𝜀)

(𝑥) = 𝑙−1
+ (𝑥) for 𝑥 ∈ ℝ and 𝐹−𝑝(𝐺,𝜀)

is continuous.

Next, we show the second statement. Note that
inf𝐹∈𝑝(𝐺,𝜀) 𝑞

+
𝛼 (𝐹) = − sup𝐹∈𝑝(𝐺,𝜀) 𝑞

−
1−𝛼(𝐹) ∶= 𝑢(𝛼), where

𝐺
−1

(𝑡) = −𝐺−1(1 − 𝑡), 𝑡 ∈ (0, 1). Using the above conclusion, we
have −𝑢(𝛼), which is the unique solution of the following:

∫
1

1−𝛼

(
−𝑢(𝛼) + 𝑞−

1−𝑡(𝐺)
)𝑝

+
d𝑡 = 𝜀𝑝.

Hence, 𝑢(𝛼) is the unique solution of the following:

∫
𝛼

0

(
𝑞−

𝑡 (𝐺) − 𝑢(𝛼)
)𝑝

+
d𝑡 = 𝜀𝑝.

It follows from (i) of Corollary 1 that 𝑞+
𝛼 (𝐹+

𝑝(𝐺,𝜀)
) =

inf𝐹∈𝑝(𝐺,𝜀) 𝑞
+
𝛼 (𝐹) = 𝑢(𝛼). Moreover, for 𝛼1 < 𝛼2, it follows

that ∫ 𝛼2

0

(
𝑞−

𝑡 (𝐺) − 𝑢(𝛼1)
)𝑝

+
d𝑡 > 𝜀𝑝, which implies 𝑢(𝛼2) > 𝑢(𝛼1).

Hence, 𝑢 is strictly increasing on (0,1). Consequently, we have
𝐹+
𝑝(𝐺,𝜀)

(𝑥) = 𝑢−1
+ (𝑥), 𝑥 ∈ ℝ and 𝐹+

𝑝(𝐺,𝜀)
is continuous.

Next, we show the attainability of 𝐹−𝑝(𝐺,𝜀)
and 𝐹+

𝑝(𝐺,𝜀)
. For

any 𝑥 ∈ ℝ, there exists a sequence 𝐹𝑘 ∈ 𝑝(𝐺, 𝜀) such that

lim𝑘→∞ 𝐹𝑘(𝑥−) = 𝐹−𝑝(𝐺,𝜀)
(𝑥). It follows that

∫
1

0

|𝐹−1
𝑘

(𝑡)|𝑝d𝑡 ⩽
(
𝑊𝑝(𝛿0, 𝐺) + 𝑊𝑝(𝐹𝑘, 𝐺)

)𝑝
⩽
(
𝑊𝑝(𝛿0, 𝐺) + 𝜀

)𝑝
,

where 𝛿𝑥 is the distribution with probability mass 1 on 𝑥. By

Chebyshev’s inequality, we have sup𝑘⩾1(1 − 𝐹𝑘(𝑥)) ⩽
(𝑊𝑝(𝛿0,𝐺)+𝜀)

𝑝

𝑥𝑝

for 𝑥 > 0 and sup𝑘⩾1 𝐹𝑘(𝑥) ⩽
(𝑊𝑝(𝛿0,𝐺)+𝜀)

𝑝

|𝑥|𝑝 for 𝑥 < 0. Hence,
{𝐹𝑘, 𝑘 ⩾ 1} is tight. By Theorem 25.10 of Billingsley (1995), there
exist a subsequence {𝐹𝑘𝑙

, 𝑙 ⩾ 1} and a distribution 𝐹 such that
𝐹𝑘𝑙

→ 𝐹 weakly as 𝑙 → ∞, which implies 𝐹−1
𝑘𝑙

(𝑡) → 𝐹−1(𝑡) over
(0,1) a.s. It follows from Fatou’s lemma that

∫ 1

0
|𝐹−1(𝑡) − 𝐺−1(𝑡)|𝑝d𝑡 = ∫ 1

0
lim inf 𝑙→∞ |𝐹−1

𝑘𝑙
(𝑡) − 𝐺−1(𝑡)|𝑝d𝑡

⩽ lim inf 𝑙→∞ ∫ 1

0
|𝐹−1

𝑘𝑙
(𝑡) − 𝐺−1(𝑡)|𝑝d𝑡 ⩽ 𝜀𝑝.

Hence, 𝐹 ∈ 𝑝(𝐺, 𝜀). Using the same argument as in the proof
of Proposition 6,we obtain𝐹(𝑥−) = 𝐹−𝑝(𝐺,𝜀)

(𝑥). Hence,𝐹−𝑝(𝐺,𝜀)
is

attainable. Using the similar argument, we can show that 𝐹+
𝑝(𝐺,𝜀)

is attainable. The details are omitted. □

Following Theorem 1, Proposition 3, and Proposition 8, we
immediately obtain the following conclusions.

Theorem 3. For 𝜀 > 0, 𝑝 ⩾ 1, 𝐺 ∈ 𝑝 , and Λ ∶ ℝ → [0, 1], let
𝐹−𝑝(𝐺,𝜀)

and 𝐹+
𝑝(𝐺,𝜀)

be given by Equation (11). Then we have the
following:

i. sup𝐹∈𝑝(𝐺,𝜀) 𝑞
−
Λ(𝐹) = 𝑞−

Λ(𝐹−𝑝(𝐺,𝜀)
); inf 𝐹∈𝑝(𝐺,𝜀) 𝑞

+
Λ(𝐹) =

𝑞+
Λ(𝐹+

𝑝(𝐺,𝜀)
); inf𝐹∈𝑝(𝐺,𝜀) 𝑞

−
Λ(𝐹) = 𝑞−

Λ(𝐹+
𝑝(𝐺,𝜀)

);

ii. If Λ is decreasing, then (i) remains true by replacing 𝑞−
Λ by

𝑞−
Λ, 𝑞+

Λ by 𝑞+
Λ, and 𝑞−

Λ by 𝑞−
Λ; moreover, sup𝐹∈𝑝(𝐺,𝜀) 𝑞

+
Λ(𝐹) =

sup𝐹∈𝑝(𝐺,𝜀) 𝑞
+
Λ(𝐹) = 𝑞+

Λ(𝐹−𝑝(𝐺,𝜀)
).

In the following example, we consider the uncertainty set
𝑝(𝐺, 𝜀) with 𝐺 being normal, exponential, and uniform dis-
tributions. Note that 𝐹−𝑝(𝐺,𝜀)

and 𝐹+
𝑝(𝐺,𝜀)

can be computed
numerically via Equation (11). For decreasing Λ, it is more con-
venient to calculate the best-case and worst-case of Λ-quantiles
using the expressions in Proposition 5 as we do not need to
compute the inverse functions of 𝑙 and 𝑢.

Example 6. Let 𝑝 = 1, 𝜀 = 0.1, and Λ(𝛼,𝛽;𝑧) ∶ 𝑥 ↦ 𝛼𝟙{𝑥<𝑧} +
𝛽𝟙{𝑥⩾𝑧}. Applying the results in Theorem 3 and Proposition 5, we
obtain the robustΛ-quantiles numerically, which are displayed in
Tables 3 and 4. Again, the bold numbers in Table 3 represent the
upper bounds for the worst-case values and the lower bounds for
the best-case values.

We observe that the values and bounds of the four Λ-quantiles
displayed in Tables 3 and 4 are all the same. Moreover, the worst-
case values of 𝑞−

Λ with an increasing Λ are larger than those with
a decreasing Λ. This finding indicates that 𝑞−

Λ with increasing Λ

functions are more conservative under this uncertainty set.

11
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TABLE 3 Robust Λ-quantiles for an increasing Λ with  =
𝑝(𝐺, 𝜀).

𝚲(𝟎.𝟖,𝟎.𝟗𝟓;𝟐)∕Best-case 𝒒−
𝚲

𝒒+
𝚲

𝒒̃−
𝚲

𝒒̃+
𝚲

𝑁(1, 1) 1.90 1.90 1.90 1.90
exp(1) 2.00 2.00 2.00 2.00
𝑈[1 −

√
3, 1 +

√
3] 1.89 1.89 1.89 1.89

Λ(0.8,0.95;2)∕Worst-case 𝑞−
Λ 𝑞+

Λ 𝑞−
Λ 𝑞+

Λ

𝑁(1, 1) 5.06 5.06 5.06 5.06
exp(1) 6.00 6.00 6.00 6.00
𝑈[1 −

√
3, 1 +

√
3] 4.65 4.65 4.65 4.65

TABLE 4 Robust Λ-quantiles for a decreasing Λ with  =
𝑝(𝐺, 𝜀).

𝚲(𝟎.𝟗𝟓,𝟎.𝟖;𝟐)∕Best-case 𝒒−
𝚲

𝒒+
𝚲

𝒒̃−
𝚲

𝒒̃+
𝚲

𝑁(1, 1) 1.06 1.06 1.06 1.06
exp(1) 2.11 2.11 2.11 2.11
𝑈[1 −

√
3, 1 +

√
3] 0.65 0.65 0.65 0.65

Λ(0.95,0.8;2)∕Worst-case 𝑞−
Λ 𝑞+

Λ 𝑞−
Λ 𝑞+

Λ

𝑁(1, 1) 2.90 2.90 2.90 2.90
exp(1) 3.11 3.11 3.11 3.11
𝑈[1 −

√
3, 1 +

√
3] 2.88 2.88 2.88 2.88

We next focus on the portfolio selection problem. For 𝑝 ⩾ 1 and
𝑎 ⩾ 1, the 𝑝-Wasserstein metric on ℝ𝑛 between 𝐹,𝐺 ∈ 𝑝 (ℝ𝑛)

is defined as follows:

𝑊𝑛
𝑎,𝑝(𝐹, 𝐺) = inf

𝐹𝐗=𝐹,𝐹𝐘=𝐺

(
𝔼
[‖𝐗 − 𝐘‖𝑝

𝑎

])1∕𝑝
,

where 𝐹𝐗 is the cdf of𝐗, and ‖ ⋅ ‖𝑎 is the 𝐿𝑎 norm onℝ𝑛. If 𝑛 = 1,
then 𝑊𝑑

𝑎,𝑝 is 𝑊𝑝 in Equation (9) where the infimum is attained
by comonotonicity via the Fréchet–Hoeffing inequality. Define
theWasserstein uncertainty set for a benchmark distribution𝐺 ∈

𝑝(ℝ
𝑛) as

𝑛
𝑎,𝑝(𝐺, 𝜀) =

{
𝐹 ∈ 𝑝(ℝ

𝑛) ∶ 𝑊𝑛
𝑎,𝑝(𝐹, 𝐺) ⩽ 𝜀

}
, 𝜀 > 0.

The univariate uncertainty set for the cdf of 𝐰⊤𝐗 is denoted by
the following:

𝐰,𝑎,𝑝(𝐺, 𝜀) =
{
𝐹𝐰⊤𝐗 ∶ 𝐹𝐗 ∈ 𝑛

𝑎,𝑝(𝐺, 𝜀)
}
, 𝐺 ∈ 𝑝(ℝ

𝑑).

We next solve the following robust portfolio selection problem:

min
𝐰∈Δ𝑛

sup
𝐹∈𝐰,𝑎,𝑝(𝐺,𝜀)

𝜌(𝐹). (12)

Lemma 1 Theorem 5 of Mao et al. (2025). For 𝜀 ⩾ 0, 𝑎 ⩾ 1,
and 𝑝 ⩾ 1, random vector 𝐗 with 𝐹𝐗 ∈ 𝑝 (ℝ𝑛) and 𝐰 ∈ ℝ𝑛, we
have the following:

𝐰,𝑎,𝑝(𝐹𝐗, 𝜀) = 𝑝(𝐹𝐰⊤𝐗, 𝜀‖𝐰‖𝑏),

where 𝑏 satisfies 1∕𝑎 + 1∕𝑏 = 1.

Based on Lemma 1, the optimization problem (12) can be solved
using Theorem 3.

Proposition 9. Suppose that 𝜀 > 0, 𝑝 ⩾ 1, 𝑎 ⩾ 1, a random
vector 𝐗 satisfying 𝐹𝐗 ∈ 𝑝 (ℝ𝑛) and Λ ∶ ℝ → [0, 1]. For 𝜌 = 𝑞+

Λ

with decreasing Λ or 𝜌 = 𝑞−
Λ, we have the following:

min
𝐰∈Δ𝑛

sup
𝐹∈𝐰,𝑎,𝑝(𝐺,𝜀)

𝜌(𝐹) = min
𝐰∈Δ𝑛

𝜌

(
𝐹−
𝑝(𝐹𝐰⊤𝐗,𝜀‖𝐰‖𝑎∕(𝑎−1))

)
, (13)

where𝐹−
𝑝(𝐹𝐰⊤𝐗,𝜀‖𝐰‖𝑎∕(𝑎−1))

(𝑥) = 𝑢−1
+ (𝑥), 𝑥 ∈ ℝwith 𝑢(𝛼) being the

unique solution of the following equation:

∫
1

𝛼

(
𝑢(𝛼) − 𝐹−1

𝐰⊤𝐗
(𝑠)

)𝑝

+
d𝑠 = (𝜀‖𝐰‖𝑎∕(𝑎−1))

𝑝
, 𝛼 ∈ (0, 1).

Moreover, the optimal portfolio positions are given by theminimizer
of the right-hand side of Equation (13).

Proof. Using Theorem 3 and Lemma 1, we obtain the results
immediately. □

Example 7. Let the benchmark distribution 𝐹0 = 𝐭(𝜏, 𝝁𝑖, Σ𝑖)

(𝑖 = 1, 2), and denote by 𝐹𝜏 = 𝐭(𝜏, 0, 1). Then for 𝑥 ∈ ℝ, we
have 𝐹−

𝑝(𝐹𝐰⊤𝐗,𝜀‖𝐰‖𝑎∕(𝑎−1))
(𝑥) = 𝑢−1

+ (𝑥)with 𝑢(𝛼) being the unique
solution of the following equation:

∫
1

𝛼

(
𝑢(𝛼) − 𝐰⊤𝝁𝑖 −

√
𝐰⊤Σ𝑖𝐰𝐹−1

𝜏 (𝑠)
)𝑝

+
d𝑠 = (𝜀‖𝐰‖𝑎∕(𝑎−1))

𝑝
.

We consider the case of 𝑛 = 2. Let𝑝 = 1, 𝑎 = 2, 𝜀 = 0.1, 𝜏 = 3, and
Λ(𝛼,𝛽;𝑧) ∶ 𝑥 ↦ 𝛼𝟙{𝑥<𝑧} + 𝛽𝟙{𝑥⩾𝑧}. We assume that 𝝁1 = (0.5, 1)⊤,
𝝁2 = (3, 4)⊤, and the covariance matrices are given by Equation
(8).

Figures 3 and 4 show the worst-case values of the portfolio as
functions of 𝑤1. The optimal portfolio positions under the Λ-
quantile criterion can differ from those under the VaR criterion.
In Figure 3, with an increasing Λ, when the mean of the
benchmark distribution is relatively small, the DM uses the small
probability level of 0.8 to determine the portfolio positions; when
the mean of the portfolio is relatively large, a larger probability
level of 0.95 is used. But in Figure 4, where Λ is a decreasing
function, this situation is reversed. Additionally, the optimal
portfolio positions are higher when the covariance matrix of the
benchmark distribution is positively correlated compared to the
case with negatively correlated assets. All these phenomena can
be explained similarly to Example 5.

4.3 Marginal Constraints in Risk Aggregation

For a loss vector (𝑋1, … , 𝑋𝑛), suppose that the marginal distribu-
tion𝑋𝑖 ∼ 𝐹𝑖 is known but the dependence structure is completely
unknown. This assumption is motivated from the context where
data from different correlated products are separately collected
and thus no dependence information is available; see Embrechts
et al. (2013) and Embrechts et al. (2015). All the possible distri-
butions of the total loss 𝑋1 + ⋯ + 𝑋𝑛 are characterized by the

12 Mathematical Finance, 2025
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FIGURE 3 The worst-case values of 𝑞−
Λ
with Λ = Λ(0.8,0.95;6) (blue solid line) and 𝑞−𝛼 with 𝛼 = 0.9 (black dashed line) as functions of 𝑤1. [Color

figure can be viewed at wileyonlinelibrary.com]

0 0.2 0.4 0.6 0.8 1
3.5

4

4.5

5

5.5

6

0 0.2 0.4 0.6 0.8 1

6

6.5

7

7.5

8

0 0.2 0.4 0.6 0.8 1
3

4

5

6

0 0.2 0.4 0.6 0.8 1

6

6.5

7

7.5

8

FIGURE 4 The worst-case values of 𝑞−
Λ
with Λ = Λ(0.95,0.8;6) (blue solid line) and 𝑞−𝛼 with 𝛼 = 0.9 (black dashed line) as functions of 𝑤1. [Color

figure can be viewed at wileyonlinelibrary.com]

aggregation set as below

𝑛(𝐅) = { cdf of 𝑋1 + ⋯ + 𝑋𝑛 ∶ 𝑋𝑖 ∼ 𝐹𝑖, 𝑖 = 1, … , 𝑛},

where 𝐅 = (𝐹1, … , 𝐹𝑛) ∈ 𝑛. The worst-case and best-case val-
ues of 𝜌 over this uncertainty set are given by

𝜌(𝐅) = sup {𝜌(𝐺) ∶ 𝐺 ∈ 𝑛(𝐅)}, and 𝜌(𝐅)

= inf {𝜌(𝐺) ∶ 𝐺 ∈ 𝑛(𝐅)}.

The worst-case value of quantiles over the aggregation set has
been studied extensively in the literature. It is well known that
the worst-case value of quantiles in risk aggregation generally
does not admit any analytical formula. Typically, the results in
the literature either offer explicit expressions for some special
type of marginal distributions or provide some upper bounds

for the general marginal distributions. We refer to Embrechts
et al. (2006) for bounds, and Wang and Wang (2016), Jakob-
sons et al. (2016), and Blanchet et al. (2024) for the analytical
expressions.

We first offer a variant version of Theorem 1 and Proposition 3,
which would be useful to our results in this subsection. For
Λ ∶ ℝ → [0, 1], let 𝛼−

Λ = inf 𝑥∈ℝ Λ(𝑥) and 𝛼+
Λ = sup𝑥∈ℝ Λ(𝑥). The

following observation follows directly from the definition of
Λ-quantiles.

Lemma 2. For an increasing function 𝑓 ∶ ℝ → [0, 1] and 𝜌 ∈

{𝑞−
Λ, 𝑞+

Λ, 𝑞−
Λ, 𝑞+

Λ}, if 𝛽1 < 𝛼−
Λ and 𝛽2 > 𝛼+

Λ, then we have 𝜌(𝑓) =
𝜌(𝛽1 ∨ 𝑓) = 𝜌(𝛽2 ∧ 𝑓).

For 𝑡 ∈ ℝ, we say that 𝑡 ∨ 𝐹− (resp. 𝑡 ∧ 𝐹+) is attainable if for any
𝑧 ∈ ℝ, there exists 𝐹 ∈  such that 𝑡 ∨ 𝐹(𝑧) = 𝑡 ∨ 𝐹−(𝑧) (resp.
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𝑡 ∧ 𝐹(𝑧) = 𝑡 ∧ 𝐹+(𝑧)). Based on the above lemma, we have the
following version of Theorem 1 and Proposition 3.

Proposition 10. For 𝛽1 < 𝛼−
Λ and 𝛽2 > 𝛼+

Λ, Theorem 1 and
Proposition 3 are still valid if 𝐹− is replaced by 𝛽1 ∨ 𝐹−, 𝐹+ by
𝛽2 ∧ 𝐹+ and 𝐹− by 𝛽1 ∨ 𝐹−.

Proof. By Lemma 2, we immediately obtain that (i) of Theorem 1
still holds when 𝐹− is replaced by 𝛽1 ∨ 𝐹− and 𝐹+ by 𝛽2 ∧ 𝐹+.
Furthermore, using Lemma 2 and the attainability of 𝛽1 ∨ 𝐹− or
𝛽2 ∧ 𝐹+, we can show that (ii) of Theorem 1 still holds after the
replacement. The proof is almost the same as before and hence
it is omitted. With the replacement in place, (iii) of Theorem 1
follows directly from (i) and (ii) of Theorem 1, along with the fact
that Λ is decreasing. Finally, the proof of Proposition 3 is almost
the same as before and hence, it is omitted. □

We say that a distribution 𝐹 has a monotone density beyond its
𝑡-quantile for 𝑡 ∈ [0, 1) if (𝐹(𝑥)−𝑡)+

1−𝑡
has a monotone density on its

support. Similarly, we say that a distribution 𝐹 has a monotone
density below its 𝑡-quantile for 𝑡 ∈ (0, 1] if 𝐹(𝑥)∧𝑡

𝑡
has a monotone

density on its support. Let+
𝑡,𝐷 (resp.+

𝑡,𝐼) denote the set of all
distributions with decreasing (resp. increasing) densities beyond
their corresponding 𝑡-quantiles, and −

𝑡,𝐷 (resp. −
𝑡,𝐼) denote

the set of all distributions with decreasing (resp. increasing)
densities below their corresponding 𝑡-quantiles. The expressions
of the extremal distributions over the uncertainty set 𝑛(𝐅) are
displayed in the following proposition.

Proposition 11. Suppose that 𝐹−1
1 , … , 𝐹−1

𝑛 are continuous over
(0,1). For 𝐅 ∈

(+
𝑡,𝐷

)𝑛
∪
(+

𝑡,𝐼

)𝑛
with 𝑡 ∈ [0, 1), we have the

following:

𝑡 ∨ 𝐹−𝑛(𝐅)
= 𝑡 ∨ (1 − 𝐻𝐅), (14)

where

𝐻𝐅(𝑥) = inf
𝐫∈Θ𝑛(𝑥)

{
𝑛∑

𝑖=1

1

𝑥 − 𝑟 ∫
𝑥−𝑟+𝑟𝑖

𝑟𝑖

(1 − 𝐹𝑖(𝑦))d𝑦

}

with 𝐫 = (𝑟1, … , 𝑟𝑛), 𝑟 =
∑𝑛

𝑖=1
𝑟𝑖 and Θ𝑛 = {(𝑟1, … , 𝑟𝑛) ∈ ℝ𝑛 ∶∑𝑛

𝑖=1
𝑟𝑖 < 𝑥}.

For 𝐅 ∈
(−

𝑡,𝐷

)𝑛
∪
(−

𝑡,𝐼

)𝑛
with 𝑡 ∈ (0, 1], we have the following:

𝑡 ∧ 𝐹+
𝑛(𝐅)

(𝑥) = 𝑡 ∧ 𝐻𝐅, (15)

where 𝐅 = (𝐹1, … , 𝐹𝑛) with 𝐹𝑖(𝑥) = lim𝑦↓𝑥 1 − 𝐹𝑖(−𝑦), 𝑥 ∈ ℝ.

Moreover, both of 𝑡 ∨ 𝐹−𝑛(𝐅)
and 𝑡 ∧ 𝐹+

𝑛(𝐅)
are continuous

and attainable.

Proof. First, we suppose that 𝑡 ∈ (0, 1). In light of Theorems 2
and 4 of Blanchet et al. (2024), we have the following:

sup
𝐹∈𝑛(𝐅)

𝑞+
𝛼 (𝐹) = 𝐻−1

𝐅 (1 − 𝛼), 𝛼 ∈ [𝑡, 1), (16)

where 𝐻−1
𝐅 (𝛼) = inf {𝑥 ∈ ℝ ∶ 𝐻𝐅(𝑥) < 𝛼}, 𝛼 ∈ (0, 1). Using the

fact 𝐹−1
1 , … , 𝐹−1

𝑛 are continuous over (0,1), by Lemma 4.5 of
Bernard et al. (2014), we have

sup
𝐹∈𝑛(𝐅)

𝑞−
𝛼 (𝐹) = sup

𝐹∈𝑛(𝐅)

𝑞+
𝛼 (𝐹), 𝛼 ∈ (0, 1). (17)

Moreover, in light of (i) of Corollary 1, we have sup𝐹∈𝑛(𝐅) 𝑞
−
𝛼 (𝐹) =

𝑞−
𝛼 (𝐹−𝑛(𝐅)

) for 𝛼 ∈ (0, 1). Consequently, 𝑞−
𝛼 (𝐹−𝑛(𝐅)

) = 𝐻−1
𝐅 (1 −

𝛼), 𝛼 ∈ [𝑡, 1). As it is stated in the proof of Theorem 4 of Blanchet
et al. (2024), 𝐻𝐅(𝑥) is continuous over ℝ and strictly decreasing
over (−∞,

∑𝑛

𝑖=1
𝑞−1

1 (𝐹𝑖)) and is equal to 0 on [
∑𝑛

𝑖=1
𝑞−1

1 (𝐹𝑖),∞).
Hence, we have 𝐹−𝑛(𝐅)

(𝑥) = 1 − 𝐻𝐅(𝑥), 𝑥 ⩾ 𝐻−1
𝐅 (1 − 𝑡), which

implies that 𝑡 ∨ 𝐹−𝑛(𝐅)
= 𝑡 ∨ (1 − 𝐻𝐅). We can similarly show that

the conclusion holds for 𝑡 = 0.

Suppose 𝑡 ∈ (0, 1). By (i) of Corollary 1, we have
inf 𝐹∈𝑛(𝐅) 𝑞

+
𝛼 (𝐹) = 𝑞+

𝛼 (𝐹+
𝑛(𝐅)

) for 𝛼 ∈ (0, 1). Direct computation
gives inf𝐹∈𝑛(𝐅) 𝑞

+
𝛼 (𝐹) = − sup𝐹∈𝑛(𝐅) 𝑞

−
1−𝛼(𝐹), where

𝐅 = (𝐹1, … , 𝐹𝑛). Note that 𝐅 ∈
(−

1−𝑡,𝐷

)𝑛
∪
(−

1−𝑡,𝐼

)𝑛
. Hence,

using Equations (16) and (17), we have the following:

𝑞+
𝛼 (𝐹+

𝑛(𝐅)
) = − sup

𝐹∈𝑛(𝐅)

𝑞−
1−𝛼(𝐹) = − sup

𝐹∈𝑛(𝐅)

𝑞+
1−𝛼(𝐹)

= −𝐻−1

𝐅
(𝛼), 𝛼 ∈ (0, 𝑡].

Note that 𝐻𝐅(𝑥) is strictly decreasing and continuous over
(−∞,

∑𝑛

𝑖=1
𝑞−1

1 (𝐹𝑖)) and is equal to 0 on [
∑𝑛

𝑖=1
𝑞−1

1 (𝐹𝑖),∞). Hence,
we have 𝐹+

𝑛(𝐅)
(𝑥) = 𝐻𝐅(−𝑥), 𝑥 ⩽ −𝐻−1

𝐅
(𝑡). This implies 𝑡 ∧

𝐹+
𝑛(𝐅)

(𝑥) = 𝑡 ∧ 𝐻𝐅. We can similarly show that the conclusion
holds for 𝑡 = 1.

Clearly, 𝑡 ∨ 𝐹−𝑛(𝐅)
and 𝑡 ∧ 𝐹+

𝑛(𝐅)
are continuous. Next, we show

the attainability of 𝐹−𝑛(𝐅)
and 𝐹+

𝑛(𝐅)
, which directly implies the

attainability of 𝑡 ∨ 𝐹−𝑛(𝐅)
and 𝑡 ∧ 𝐹+

𝑛(𝐅)
. For any 𝑥 ∈ ℝ, there

exists a sequence of𝐹𝑘 ∈ 𝑛(𝐅), 𝑘 ⩾ 1 such that lim𝑘→∞ 𝐹𝑘(𝑥−) =
𝐹−𝑛(𝐅)

(𝑥). For each 𝐹𝑘, there exists a copula 𝐶𝑘 such that the
joint distribution of (𝑋1, … , 𝑋𝑛) is 𝐶𝑘(𝐹1, … , 𝐹𝑛) and 𝑋1 + ⋯ +
𝑋𝑛 ∼ 𝐹𝑘 . It follows from Theorem 25.10 of Billingsley (1995)
that we can find a subsequence {𝐶𝑘𝑚

,𝑚 ⩾ 1} and a copula 𝐶

such that 𝐶𝑘𝑚
→ 𝐶 weakly as 𝑚 → ∞, which implies 𝐹𝑘𝑚

→ 𝐹

weakly as 𝑚 → ∞, where (𝑋1, … , 𝑋𝑛) ∼ 𝐶(𝐹1, … , 𝐹𝑛) and 𝑋1 +
⋯ + 𝑋𝑛 ∼ 𝐹. Hence, we have 𝐹 ∈ 𝑛(𝐅). Note that there exists
a sequence of 𝑦𝑙 ↑ 𝑥 such that 𝐹 is continuous at all 𝑦𝑙 . Hence, we
have 𝐹(𝑦𝑙) = lim𝑚→∞ 𝐹𝑘𝑚

(𝑦𝑙) ⩽ lim inf𝑚→∞ 𝐹𝑘𝑚
(𝑥−) = 𝐹−𝑛(𝐅)

(𝑥).
Letting 𝑙 → ∞, it follows that 𝐹(𝑥−) ⩽ 𝐹−𝑛(𝐅)

(𝑥), implying the
attainability of 𝐹−𝑛(𝐅)

. We can similarly show the attainability of
𝐹+
𝑛(𝐅)

. □

It is worthwhile to mention that the expressions of the extremal
distributions in Proposition 11 are essentially the dual bounds in
Theorem 4.17 of Rüschendorf (2013). In light of Propositions 10
and 11, we obtain the following result.

Theorem 4. Suppose 𝐹−1
1 , … , 𝐹−1

𝑛 are continuous over (0,1). For
𝐅 ∈

(+
𝑡,𝐷

)𝑛
∪
(+

𝑡,𝐼

)𝑛
with 0 ⩽ 𝑡 < 𝛼−

Λ, let 𝑡 ∨ 𝐹−𝑛(𝐅)
be given by

Equation (14). Then we have

i. sup𝐹∈𝑛(𝐅) 𝑞
−
Λ(𝐹) = 𝑞−

Λ(𝑡 ∨ 𝐹−𝑛(𝐅)
);
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ii. If Λ is decreasing, then (i) remains true by replacing 𝑞−
Λ by

𝑞−
Λ; moreover, sup𝐹∈𝑛(𝐅) 𝑞

+
Λ(𝐹) = sup𝐹∈𝑛(𝐅) 𝑞

+
Λ(𝐹) = 𝑞+

Λ(𝑡 ∨

𝐹−𝑛(𝐅)
).

For 𝐅 ∈
(−

𝑡,𝐷

)𝑛
∪
(−

𝑡,𝐼

)𝑛
with 𝛼+

Λ < 𝑡 ⩽ 1, let 𝑡 ∧ 𝐹+
𝑛(𝐅)

be given
by Equation (15). Then we have the following:

i. inf𝐹∈𝑛(𝐅) 𝑞
+
Λ(𝐹) = 𝑞+

Λ(𝑡 ∧ 𝐹+
𝑛(𝐅)

); inf𝐹∈𝑛(𝐅) 𝑞
−
Λ(𝐹) = 𝑞−

Λ(𝑡 ∧

𝐹+
𝑛(𝐅)

);

ii. If Λ is decreasing, then (i) remains true by replacing 𝑞+
Λ by 𝑞+

Λ

and 𝑞−
Λ by 𝑞−

Λ .

Note that in (i) of Theorem 4, the marginals have monotone
densities beyond their corresponding 𝑡-quantiles for 0 ⩽ 𝑡 < 𝛼−

Λ.
If 𝛼−

Λ is chosen to be sufficiently large such as 𝛼−
Λ = 0.9 or 0.95,

then we can choose 𝑡 to be very close to 1 such as 𝑡 = 0.89 or 0.94.
In this case, (i) of Theorem 4 is valid for many commonly used
marginal distributions in finance and insurance such as normal,
lognormal, 𝑡, exponential, gamma, and Pareto distributions.

In what follows, we consider the portfolio selection problem, that
is, to choose an optimal portfolio position𝒘 ∈ Δ𝑛 such that

𝑅𝜌(𝒘) = 𝜌

(
𝑛∑

𝑖=1

𝑤𝑖𝑋𝑖

)

is minimized, where 𝜌 is a risk measure and (𝑋1, … , 𝑋𝑛) repre-
sents the negative returns of 𝑛 different assets. Here we suppose
that𝑋1, … , 𝑋𝑛 have the identical distribution𝐹 aswe aim to check
whether diversification can reduce the risk.

Recall that a doubly stochastic matrix is a square matrix with
non-negative entries and the sum of each column/row is equal
to 1. Let 𝑛 denote the set of all 𝑛 × 𝑛 doubly stochastic matrices.
For two portfolio positions 𝒘, 𝜸 ∈ Δ𝑛, we can say that 𝜸 is more
diversified than𝒘, denoted by𝜸 ≺ 𝒘, if𝜸 = 𝐴𝒘 for some𝐴 ∈ 𝑛.
Note that this binary relationship is also called the majorization
order; see, for example, Marshall (2011). Here, we suppose that
the marginal distribution 𝑋𝑖 ∼ 𝐹 is known but the dependence
structure is completely unknown. Hence, we consider the worst-
case scenario. That is to find the optimal portfolio position𝒘 ∈ Δ𝑛

such that

𝑅𝜌(𝒘) = sup

{
𝜌

(
𝑛∑

𝑖=1

𝑤𝑖𝑌𝑖

)
∶ 𝑌1, … , 𝑌𝑛 ∼ 𝐹

}
.

is minimized. Note that in the above setup, we only minimize
the risk but do not consider the return of the portfolio. That is
because the expected return of the portfolio is a constant and any
constraint on the expected return makes no real sense.

Proposition 12. Suppose that 𝜌 = 𝑞+
Λ with decreasing Λ

or 𝜌 = 𝑞−
Λ . Moreover, suppose that (𝑋1, … , 𝑋𝑛) has an identical

marginal distribution 𝐹 ∈ +
𝑡,𝐷 ∪ +

𝑡,𝐼 with 0 ⩽ 𝑡 < 𝛼−
Λ and 𝐹−1 is

continuous over (0,1). If 𝜸 ≺ 𝒘, then 𝑅𝜌(𝜸) ⩾ 𝑅𝜌(𝒘).

Proof. Write 𝜸 = (𝛾1, … , 𝛾𝑛) and 𝒘 = (𝑤1, … ,𝑤𝑛). Take 𝑋 ∼

𝐹, and let 𝐅 and 𝐆 be the tuples of marginal distributions of

(𝛾1𝑋,… , 𝛾𝑛𝑋) and (𝑤1𝑋,… ,𝑤𝑛𝑋), respectively. It follows that

𝑅𝜌(𝜸) = 𝜌(𝐅) and 𝑅𝜌(𝒘) = 𝜌(𝐆).

Using 𝜸 ≺ 𝒘, there exists 𝐴 ∈ 𝑛 such that (𝐹−1
1 , … , 𝐹−1

𝑛 ) =
𝐴(𝐺−1

1 , … , 𝐺−1
𝑛 ), denoted by 𝐅 = 𝐴 ⊗ 𝐆. By a slight extension of

Theorem 3 of Chen et al. (2022), for 𝛼 ∈ [𝑡, 1), we have

sup
𝐺∈𝑛(𝐆)

𝑞−
𝛼 (𝐺) ⩽ sup

𝐺∈𝑛(𝐴⊗𝐆)

𝑞−
𝛼 (𝐺) = sup

𝐺∈𝑛(𝐅)

𝑞−
𝛼 (𝐺).

Hence, it follows from (i) of Corollary 1 that 𝑞−
𝛼 (𝐹−𝑛(𝐆)

) ⩽

𝑞−
𝛼 (𝐹−𝑛(𝐅)

) for 𝛼 ∈ [𝑡, 1). By Proposition 11, we have 𝑡 ∨ 𝐹−𝑛(𝐅)

and 𝑡 ∨ 𝐹−𝑛(𝐆)
, which are continuous over ℝ. Hence, we have

𝑡 ∨ 𝐹−𝑛(𝐅)
(𝑥) ⩾ 𝑡 ∨ 𝐹−𝑛(𝐆)

(𝑥) for all 𝑥 ∈ ℝ. By themonotonicity of
𝜌, we have 𝜌(𝑡 ∨ 𝐹−𝑛(𝐅)

) ⩽ 𝜌(𝑡 ∨ 𝐹−𝑛(𝐆)
). Moreover, by Theorem 4,

we have 𝑅𝜌(𝜸) = 𝜌(𝑡 ∨ 𝐹−𝑛(𝐅)
) and 𝑅𝜌(𝒘) = 𝜌(𝑡 ∨ 𝐹−𝑛(𝐆)

). Hence,
we have 𝑅𝜌(𝒘) ⩽ 𝑅𝜌(𝜸). □

Note that Proposition 12 shows that for the assets with same
marginal distributions 𝐹 ∈ +

𝑡,𝐷 ∪ +
𝑡,𝐼 with 0 ⩽ 𝑡 < 𝛼−

Λ, more
diversified portfolio has higher risk under dependence uncer-
tainty if 𝜌 = 𝑞+

Λ with decreasingΛ or 𝜌 = 𝑞−
Λ is applied. This is not

surprising as some similar conclusions are shown in Proposition 8
of Chen et al. (2022) for quantiles under the assumption that the
marginal distribution 𝐹 has a monotone density. Note that if Λ is
a constant, 𝑞−

Λ boils down to quantiles, and if 𝑡 = 0, then 𝐹 has
a monotone density. Therefore, the conclusion in Proposition 12
can be viewed as an extension of Proposition 8 of Chen et al.
(2022). Moreover, Proposition 12 also implies that under those
assumptions, the optimal portfolio positions are the ones with
only a single asset.

5 Conclusion

This paper summarizes some properties of Λ-quantiles and
explores distributionally robust models ofΛ-quantiles. We obtain
robust Λ-quantiles on general uncertainty sets under some
conditions, showing that obtaining the robust Λ-quantiles relies
on finding the extremal distributions over the same uncertainty
sets. This finding significantly simplifies the problem, enabling
us to utilize many existing results on the robust quantiles
from the literature. We provide closed-form solutions for the
uncertainty sets characterized by three different constraints
as follows: (i) moment constraints; (ii) probability constraints
via the Wasserstein distance; and (iii) marginal constraints in
risk aggregation. These results are applied to optimal portfolio
selection under model uncertainty, and can also be extended
to other problems such as optimal reinsurance, which will be
discussed in the future.
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