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ABSTRACT

This paper studies an optimal insurance contracting problem in which the preferences of the decision maker
are given by the sum of the expected loss and a convex, increasing function of a deviation measure. As for
the deviation measure, our focus is on convex signed Choquet integrals (such as the Gini coefficient and a
convex distortion risk measure minus the expected value) and on the standard deviation. We find that if the
expected value premium principle is used, then stop-loss indemnities are optimal, and we provide a precise
characterization of the corresponding deductible. Moreover, if the premium principle is based on Value-at-Risk
or Expected Shortfall, then a particular layer-type indemnity is optimal, in which there is coverage for small losses
up to a limit, and additionally for losses beyond another deductible. The structure of these optimal indemnities
remains unchanged if there is a limit on the insurance premium budget. If the unconstrained solution is not
feasible, then the deductible is increased to make the budget constraint binding. We provide several examples of
these results based on the Gini coefficient and the standard deviation.

Budget constraint

1. Introduction

Optimal insurance contract theory has gained substantial academic interest in recent years. In this theory, a decision maker (DM) or policyholder
optimizes an objective function based on his/her terminal wealth, and insurance is priced using a well-defined premium principle. Early contributions
to this problem studied expected utility (Arrow, 1963) or a mean-variance function (Borch, 1960) as objectives for the DM. More recent papers study
more sophisticated objectives based on regulations or decision-theoretic frameworks that have gained popularity in behavioral economics. To list a
few examples, researchers have considered distortion risk measures (Cui et al., 2013; Assa, 2015), expectiles (Cai and Weng, 2016), rank-dependent
utilities (Ghossoub, 2019; Xu et al., 2019; Liang et al., 2022), regret-based objectives (Chi and Zhuang, 2022) and objectives with narrow framing
(Zheng, 2020; Chi et al., 2022; Liang et al., 2023). In this paper, our focus is on an objective that is new in the context of optimal insurance contract
theory: mean-deviation measures.

The class of generalized deviation measures was introduced by Rockafellar et al. (2006) via a set of four axioms. It is characterized based on a
modified set of axioms compared to Artzner et al. (1999); in particular, the translation invariance property of a risk measure p is modified from
p(X +¢)=p(X)+c (Artzner et al., 1999), which is also called cash additivity, to the property: p(X +c) = p(X), for all random variables X and c € R.
This allows for a natural separation between the actuarial value of a loss (expected loss) and the risk of a loss (measured via deviation measures).
Canonical examples of deviation measures are the Gini coefficient and the standard deviation. The Gini coefficient ranges from O to 1, where O
represents no risk and 1 represents the case in which all losses are concentrated in one state of the world (maximum dispersion in a distribution).
It measures the extent to which the distribution deviates from a constant, and can be used to measure the risk of a random variable. The standard
deviation is a more classical way to measure risk, and its use as risk measure is very popular for Gaussian distributions.

We study a special class of preferences, which can be seen as a generalization of mean-variance optimization in Markowitz (1952). In mean-
variance optimization, an individual seeks to find a balance between expected return (mean) and risk (measured by the variance). A key advantage
of mean-variance optimization is its simplicity, and this mean-variance structure allows us to explicitly reflect an individual’s tolerance towards
risk. In this paper, we keep such simple trade-off structure, and replace the variance as a function to measure risk by a more general deviation
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measure. Deviation measures preserve two key properties of variance: they are non-negative and translation invariant. In this way, a deterministic
loss is measured as zero deviation. Deviation measures are consequently used to measure the “risk” within a mean-risk trade-off. While variance
is not a special case of a deviation measure as it is not positively homogeneous and sub-additive, the standard deviation is. The objective that we
study is called mean-deviation measures, and it considers the sum of a convex function of a deviation measure plus the expectation. By taking
the square-function as convex function, the original mean-variance objective as in Markowitz (1952) is recovered as special case. Some specific
mean-deviation measures have been extensively studied in the literature on portfolio selection problems, where the objective is to minimize the risk
of a portfolio subject to a desired expected return, or to maximize the return among all portfolios with the risk not exceeding some threshold; see
for example Sharpe (1964), Rockafellar et al. (2007) and Rockafellar and Uryasev (2013). Mean-deviation measures are also studied in the context
of risk measures, see for example the mean-semideviation in Ogryczak and Ruszczyriski (2001), mean-distortion risk measure mixtures in De Giorgi
and Post (2008) and Cheung and Lo (2017) and mean-Expected Shortfall mixtures in Embrechts et al. (2021). For a general study on properties
of mean-deviation risk measures, we refer to Han et al. (2023). It is shown by Rockafellar et al. (2006) that, under some bounded conditions,
the generalized deviation measures are associated one-to-one with coherent risk measures (Artzner et al., 1999) via an additive relationship. The
additive structure is for us only a special case, as our focus is on preferences given by the sum of the expected loss and a convex function a deviation
measure. This structure allows for preferences that cannot be represented by a coherent risk measure, such as the mean-variance objective.

This paper contributes to the rapidly growing actuarial literature on optimal (re)insurance under risk measures. For an overview of this literature,
we refer to Cai and Chi (2020). Suppose the insurance premium is given by the well-known expected value premium principle. Then, in the context
of expected utility, stop-loss indemnities are well-known to be optimal (Arrow, 1963). With coherent distortion risk measures for the insurer, the
stop-loss indemnity is also optimal (Lo, 2017), and the same holds true if the objective of the insurer is replaced with a mean-variance objective
(Borch, 1960). This paper shows that the optimality of stop-loss indemnities holds true in a very general setting of mean-deviation measures, in
which the deviation measure used is a convex signed Choquet integral or the standard deviation. We note that the coherent distortion risk measures
and the mean-variance objective are special cases of such mean-deviation measures. The optimality of stop-loss indemnities still holds true even if the
insurance premium is constrained by a constant budget. These results provide further evidence of the desirability of stop-loss insurance indemnities.
In practice, stop-loss insurance is provided in public health insurance in the Netherlands, where participants need to pay their healthcare costs in a
year up to a given deductible. Besides, we believe our setting retains a practical functional form that allows for a simple trade-off structure between
the expected loss and the deviation measure. If the premium principle is based on Value-at-Risk or Expected Shortfall, we show in this paper that
the optimal indemnity is generally a dual truncated stop-loss indemnity. In such indemnity function, there is coverage for small losses up to a limit,
and additionally for losses beyond another deductible.

This paper is structured as follows. In Section 2, we formulate the precise problem that we study in this paper. Section 3 presents our main results
with the expected value premium principle. Section 4 examines two special cases with a distortion premium principle. Section 5 examines the impact
of a premium budget constraint, and Section 6 concludes. Appendix A provides some background axioms of risk measures that are referred to in this
paper, and Appendix B provides insights into the monotonicity property of mean-deviation risk measures. Furthermore, Appendix C includes some
supplementary special cases corresponding to Section 3, and Appendix D provides a proof that was omitted from Section 5.

2. Problem formulation

Let (Q, F,[P) be a probability space, and L?, p € [1, o) be the set of all random variables with finite p-th moment and L* be the set of essentially
bounded random variables. Each random variable represents a random risk that is realized at a well-defined future period. Throughout the paper,
“increasing” and “decreasing” are in the non-strict (weak) sense, and all functionals we encounter are law-invariant (see Appendix A for the
definition). Let X’ be a convex cone of random variables. For any Z € X, the cumulative distribution function associated with Z is denoted by F,.
For any subset of I that is clear from the context, we define inf § = ess-sup{x : x € I'} and sup@ =ess-inf{x : x € I'}.

In decision-making, deviation measures are introduced and studied systematically for their application to risk management in areas like portfolio
optimization and engineering. Roughly speaking, deviation measures evaluate the degree of non-constancy in a random variable, i.e., the extent
to which outcomes may deviate from expectations. One example of such measures is the standard deviation (SD), which can be considered as a
special case. Deviation measures do not necessarily need to be symmetric with respect to upward and downward risk. Fix p € [1, o0]. A mapping
D : L? - R, is called a generalized deviation measure (see, e.g., Rockafellar et al., 2006) if it satisfies

(D1) (Translation invariance) D(Z + ¢) = D(Z) for all Z € L? and ¢ € R.

(D2) (Non-negativity) D(Z) > 0 for all Z € L?, with D(Z) > 0 for non-constant Z € L”.
(D3) (Positive homogeneity) D(AZ)= AD(Z) for all Z € L? and all 4 > 0.

(D4) (Sub-additivity) D(YY + Z)< D(Y)+ D(Z) forallY,Z € L?.

We can see that the combination of (D3) with (D4) implies convexity, thus D is a convex functional (see Appendix A for the definition). The
set of generalized deviation measures includes, for instance, SD, semideviation, Expected Shortfall (ES) deviation and range-based deviation; see
Examples 1 and 2 of Rockafellar et al. (2006) and Section 4.1 of Grechuk et al. (2012). Note that variance does not belong to the generalized
deviation measures since it is not positive homogeneous. For more discussions and interpretations of these properties, we refer to Rockafellar et al.
(2006). The continuity of D on L? is defined respect to L”-norm. We denote D? as the set of continuous generalized deviation measures.

Deviation measures are not risk measures in the sense of Artzner et al. (1999), but the connection between deviation measures and risk measures
is strong. It is shown in Theorem 2 of Rockafellar et al. (2006) that under some bounded conditions, the generalized deviation measures correspond
one-to-one with coherent risk measures p with the relations that D(Z) = p(Z) —E[Z] or p(Z) = D(Z)+ E[Z] for any Z € X. Note that the additive
structure p = D + [ is only as a special form of the combination of mean and deviation.

In the following definition, we state the mean-deviation (MD) preferences studied in this paper.

Definition 1. Fix p € [1, 0], and let D € D?. A mapping MD? : L? - R is defined by

MD?(Z) =g(D(2)) + E[Z], @

where g : [0,00) — R is a twice differentiable, strictly increasing, and convex function with g(0) = 0. We denote the set of functions g by G.
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The mapping MD? in Definition 1 is not necessarily monotonic, as defined as property (A2) in Appendix A. Thus, MD? is generally not a
monetary risk measure. Theorem 1 in Han et al. (2023) showed that MD? demonstrates monotonicity only under the condition that g € G also
satisfies 1/K-Lipschitz continuity.! Here,

Ko D(Z)

Dosup ——————— < oo, 2)
zeLr\c ess-supZ — E[Z]

where C C L? is the set of constants, almost surely. However, we do not impose this requirement on g in Definition 1 to accommodate classic
objectives such as mean-variance or mean standard deviation. Nevertheless, it is worth noting that we can make MD? a monotonic risk measure by
imposing specific constraints on g. For example, in Section 3, numerical examples are provided where g is assumed to be a quadratic or exponential
function, which ensures the monotonicity of MD? . For a more detailed discussion of the monotonicity properties of MD‘? , we refer to Appendix B.

In the following, we aim to study the optimal insurance problems under MDf on X = L? for some fixed p € [1, o] such that MD? is finite.

Note that MD? is a convex risk measure since the expectation is linear and D is convex. Also, since g is strictly increasing, MD? yields an aversion
towards the deviation of Z, as measured by D(Z).

Suppose that a DM faces a random loss X € X, where X, = {X € X, X > 0}. Consistent with the literature on optimal (re)insurance (Cai and
Tan, 2007; Cai et al., 2008; Liu et al., 2020), the survival function Sy (x) of X is assumed to be continuous and strictly decreasing on (0, M]\ {0}
with a possible jump at 0, where M is the essential supremum of X (may be finite or infinite). For simplicity, we denote ay = Sy (0). Note that
ay = 1 when the distribution function of X is continuous at 0. Under an insurance contract, the insurer agrees to cover a part of the loss X and
requires a premium in return. The function 7 : [0, M] \ {0} — [0, M] \ {o0} is commonly described as the indemnity or ceded loss function,
and R(x) :=x — I(x) is known as the retained loss function. To prevent potential ex post moral hazard, where the DM might be incentivized to
manipulate the size of the loss, we impose the incentive compatibility condition on the indemnity functions. We consider insurance contract I € Z,
where

I:={(I:[0,M]\ {0} =[0,M]\ {0} | [(0)=0and 0< I(x)—I(y) <x—y, forall 0< y<x}. 3)

Obviously, for any I € 7,1(x) and x — I(x) are increasing in x. The assumption that I € 7 is common in the literature; see, e.g., Assa (2015) and
the review paper by Cai and Chi (2020).

Any I €1 is 1-Lipschitz continuous. Given that a Lipschitz-continuous function is absolutely continuous, it is almost everywhere differentiable
and its derivative is essentially bounded by its Lipschitz constant. Therefore, function I can be written as the integral of its derivative, and I can be
represented as

1= I:[O,M]\{oo}—>[0,M]\{oo}II(X)=/q(t)dt,0<q<1 : )
0

We introduce the space of marginal indemnification functions as

Q={q:[0,M]\ {0} >R, |[0<g<1}.

For any indemnification function I € 7, the associated marginal indemnification is a function ¢ € Q such that I(x) = fox q(t)dt, x € [0,M]\ {o0}.
For a given I € 7, the insurer prices indemnity functions using I1(1 (X)), then the risk exposure of the DM after purchasing insurance is given by

Ti(X)=X—I1(X)+II(1 (X)).

We assume that the DM would like to use MD? to measure the risk and aims to solve the following problem
inMD?(T)).
minMD, '(T7) )
IfITis || - || ,-continuous, the problem (5) admits an optimal solution /* € 7. To be more precise, take a sequence {1 n }:o: | €T such that
Jim g(D(X = 1,(X))) + E[X] +1[1,(X)] = }Iéfl{g(D(X —1(X)) + I (X))}

[s9)
Since there exists a subsequence {I e }k | that uniformly converges to I* € I, we know that I, (X )= I*(X) in L? as k - oo. Since D and II

are || - || ,-continuous, and g is continuous, then I* is a minimizer for (5). Note that continuity is a technical condition commonly satisfied by most

Il,
risk measures. For instance, VaR is continuous on L*® whereas ES is continuous on L!. Below, we consider a set X such that both D and II are

continuous.
3. Results under expected value premium principle

In this section, we assume that the insurer prices indemnity functions using a premium principle defined by the expected value premium principle:

(X)) = (1 + OE[ (X)), ©

where 0 > 0 is the safety loading parameter.

L For A> 0, a real function g is A-Lipschitz if |g(x) — g(y)] < A|x — y| for x,y in the domain of g.
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3.1. Optimal solutions with convex signed Choquet integrals

To find an explicit solution of (5), we focus on a subset of generalized deviation measures D? by assuming that D is a convex signed Choquet
integral. Denote by

ﬁc ={h : hmaps [0,1] to R, is of bounded variation, #(0) =0 and h(1) =c}
with ¢ > 0. Let
PL(X)= / h(Sx (x))dx,
0

where h € ﬁc. The function 4 is called the distortion function of p;l. For X € X with its distribution function given by F, the Value at Risk (VaR) of
X atlevel p € (0,1] is defined, for x € R, as

VaRp(X):F;l(p):inf{xelR : F(x)=p}, (@]
which is the left-quantile of X. It is useful to note that if 4 is left-continuous, p; admits a quantile representation as follows

1

P5(X) = / VaR,_,(X)dh(p); ®)

0
see Lemma 1 of Wang et al. (2020b). Also, by Theorem 1 of Wang et al. (2020b), we know that if 4 is concave, then p; is convex and comonotonic
additive (see Appendix A for the definitions). In the following, we use H, to denote the subset of H, where h is also concave. For h € H,, p} is

finite on L? for p € [, c0] if and only if ||A’||, < co, where |||, = (/01 |W (#)]9d6)/4 and g = (1 — 1/p)~!, and pj, is always finite on L>; see Lemma
2.1 of Liu et al. (2020).

There has been an extensive literature on a subclass of signed Choquet integrals, in which 4 € fll is increasing; we call this class of functionals
distortion risk measures (DRM). Furthermore, the signed Choquet integrals are also used as measures of distributional variability, where h € flo. In
this case, A is not monotone. Note that p?' with h € H,, satisfies all the four properties of (D1)-(D4), and thus belong to the class of the generalized
deviation measures. In particular, by Theorem 1 of Wang et al. (2020b), if a generalized deviation measure D is comonotonic additive, then D can
only be a signed Choquet integral. When h € H,,, we refer to Appendix A for more specific examples.

Thus, when D is a signed Choquet integral, our objective in (5) can be rewritten as

Il

minMD,(T;) = min {g(D,(X) = D;(I(X)) + ELX]+ 0E[I(X)]}, ©)
where
Dy(X) :=p)(X) = / h(Sx (x))dx, 10
0

with h € H,.? This is a direct consequence of D,(X — I(X)) = D,(X) — D,(I(X)), which is due to comonotonic additivity of D,,.

Theorem 1. Suppose that D is given by (10) and 11 is given by (6). The following statements hold:
(i) For every I € 1, we can construct a stop-loss insurance treaty 1,(x) = (x —d), for some 0 < d < M such that MD;) (T,d) < MD? (Ty). Further, I ;s
with
d*=supdx: g / A(Sx())dt |h(Sx(x)) —0Sx(x) <0, and 0<x < M ¢, a1
0
is a solution to problem (5).

(i) If h"(0) <0, the optimal solution to problem (5) is unique on [0, M|, i.e., we have I, = argmin; s MDf Tp.

Proof. To show (i), we first fix D,(X — I(X)) =s € [0, D,(X)] and solve (5) subject to this constraint. That is, we want to solve
r}lelg SU) :=g(s) + OEL(X)] + E[X] + ADp(X — 1(X))) — 5), 12)

with 4 > 0 being the Karush-Kuhn-Tucker (KKT) multiplier. By (4) and (8), we have
1 1
f)==0 / VaR | _,(J(X))dt + A/VaR,_t(X — I(X))dh(t) + g(s) + E[X] — As
0 0

2 We remark that all convex signed Choquet integrals on L? are L”-continuous; see Corollary 7.10 in Riischendorf (2013) for the L?-continuity of the finite-valued
convex risk measures on L”.
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1 1
=0 / I(VaR,_,(X))dr + A / (VaR,_(X) — I(VaR,_,(X))dh(?) + g(s) + E[X] — As
0 0

M M
= 0/ Sy (x)g(x)dx + /1/ A(Syx (x)(1 = g(x))dx + g(s) + E[X] — As
0 0
M

= /(HSX(x) — A(Sx (x)))g(x)dx + AD,(X) + g(s) + E[X] — As.
0

The second equality follows from comonotonic additivity of VaR and f(VaR,(X)) = VaR,(f (X)) for any increasing function f and ¢ € (0, 1), and the
third equality follows from a change of variable and integration by parts. Define

d, =sup{x: 0Sx(x)— Ah(Sx(x))>0, and 0< x < M},

and

d; =sup{x: 0.Sy(x)— Ah(Sx(x))=0, and 0< x < M }.

It is obvious that d, < 3/1 for any fixed A € [0, 0). Define H(x) = 0.5y (x) — Ah(Sx(x)). It is clear that H(0) = 0ay — Ah(ay), lim,_, 5, H(x) =0,
and H'(x) = (0 — Ah’(SX(x)))S;((x). Since h is a concave function with h(0) = h(1) =0, if A <8/h’(0) (i.e., H'(M) < 0), we have g(x) =0 and
d,= d , = M. In this case, we have H(0) >0 and I(x) = 0. Otherwise, if A > 6/h'(0), it is clear that the following ¢ will minimize (12)

0, if 0Sx(x) — Ah(Sx(x)) >0 (i.e., x<d)),
qg(x)=41, if Sy (x) — Ah(Sx(x)) <0 (i.e., x> 3,1), (13)
c(x), otherwise,

where c(x) could be any [0, 1]-valued function. In particular, if H(0) <0, d = d ; =0. Thus, we can select the function ¢ to be of the form
¢(x) = 145y for some d € [41,3,1]. Then, I(x)=1,(X) := /Ox g(t)dt = (x — d),.. Now, A is such that D,(X — Iy, (X)) > s and Dy(X — I7 (X)) < s,
and since Dj,(X — I;(X)) is increasing in d, there exists d € [d A,E ;1 such that

d
s=D,(X - I;(X)= / h(Sy (x))dx.
0

That is, for every s, there exists an I;(x) = (x — d), that does better than any I € T.

We next show that for any I* that solves (5), there exists an I;(x) = (x — d),. such that MDg Ty) = MD? (T,d). We fix I'* that solves (5), and
define s = D, (X — I*(X)). By the above steps, for any given s, we can always construct an insurance treaty I;(x) = (x —d), for some 0 <d < M
such that MD;,) (T,d) < MD? (T}+). Since I* is optimal, then we have MDZ? Ty) = MD? (T, Id)' Hence, there exists an optimal indemnity that is of a
stop-loss form.

Finally, we aim to find the optimal d for problem (5) by assuming that the insurance contract is given by I, for some d € [0, M], that is,

d M

derr{loi,r}w]F(d) =g /h(SX(x))dx +9/Sx(x)dx+[E[X]. a4
0 d

To find the optimal d, with the first-order condition, we use
d
F'(d)=¢ / h(Sx (o)dx [A(Sx (d) = 0.5y (d).
0
It is clear that F/(M) = 0. Moreover,
d d
F'(d)y=g" /h(SX(x))dx W (Sxd)+¢ /h(SX(x))dx R (Sx(d)S% (d) - 05 (d).
0 0

Since g is convex, Sy (d) decreases in d and h is concave, F”' has at most one intersection with the x-axis. Let

X
d*=supqx: g /h(SX(t))dt h(Sy(x))—60Sx(x)<0,and0<x< M ¢,
0
then d* is the optimal solution to (14). This concludes the proof of (i).

To show (ii), if A”(0) < 0, then it holds for any concave function with A(0) = 0 that h(s)/s is strictly decreasing, and since Sy is strictly
decreasing on [0, M, therefore it holds that the set {x € [0, M]| 0.Sx (x) — Ah(Sx(x)) = 0} has Lebesgue measure zero. In other words, if A" (0+) <0,

5
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thend, = d ;- Then, the necessary condition for optimality of the insurance contract I« with (11) becomes a sufficient condition. It implies that d*
is a saddle point of the function f(d) on [0, M) or d* =M, i.e. I;» =argmin;c7 f(I). [

Remark 1. In the proof of Theorem 1(i), we can also employ the convex ordering approach to show the optimal insurance treaty is in a stop-loss
form. Specifically, for any admissible ceded loss function I € I, we can construct an insurance treaty I,(x) = (x — d), for some 0 < d < M such that
E[1(X)] = E[(X — d),]; the existence of such d is demonstrated in the proof of Theorem 2. According to Lemma 1, we have I <., I,. Since h € H,,
and D(X —I(X)) = D(X)— D(I(X)), as per Theorem 2 of Wang et al. (2020a), we obtain D({;(X)) = D(I(X)), implying that MD?(TI(I) < MD?(T,).
In other words, there exists an I;(x) = (x — d),. that outperforms any I € T.

Moreover, the problem in (9) can be linked to a constrained DRM-based problem (see, e.g., Lo, 2017). Instead of fixing D, (X — I(X)) = s in the
proof of Theorem 1, if one fixes E[X — I(X) + II(X)] = L, then solving (9) is equivalent to solving

i D, (X)-D,(I(X))),
flﬂellllg( W(X) = Dy (I1(X)))
s.t. E[X — I(X) +I(I(X))] = L.
Furthermore, for any h € H,, we have I, =I;, — 1, , where h, € H, and h_ € H, are increasing functions such that h = h, — h_ via the Jordan
decomposition (see Wang et al., 2020b). Consequently, due to the monotonicity of g, the above problem can be further reduced to®
i I1(X))— I(X
Ilnelgph_( (X)) = pp, L(X)),
st E[X —I(X)+IIUJ(X)] =L,

which is a budget-constrained DRM-based minimization problem; see (2.4) in Lo (2017). Thus, following the analysis in Lo (2017), we can also
determine that the optimal insurance treaty is in a stop-loss form. Thus, the optimality of a stop-loss contract can be shown in two alternative ways,
and the first part of our proof of Theorem 1(i) provides an alternative way to demonstrate this. Next, we still need to derive the optimal d* and the
uniqueness of the solution if 4" (0) < 0, and this is also shown in the proof of Theorem 1.

In the following corollary, we consider g(x) = ax + fx2. Then we have g’(x) = a + 2fx and g’ (x) = 2. Since g € G, we assume that a > 0 and
p >0, and at least one of the inequalities holds strictly.

Corollary 1. Suppose that D is given by (10) with h”(0) < 0. Let g(x) = ax + px2 with a > 0 and p > 0. Then we have I+(x) = (x—d*),, where

X
d* =sup x : h(Sy(x)) a+2ﬂ/h(SX(z))dt —0Sy(x)<0, and0< x < M
0

In particular, if f =0, we have

d* =sup{x : ah(Sy(x)) — 0.5y (x) <0, and 0 < x < M }.

We remark that d* in Corollary 1 decreases as a and f increase, but increases as 6 increases. In fact, larger values of a and f mean that the DM is
more concerned with the variability of the risk exposure. Thus, it is to be expected that the DM is willing to buy more insurance when more weight
is given to the deviation. Specifically, we have d* - M as a — 0 and # — 0, which implies the DM would like to buy no insurance. In this situation,
the DM is risk neutral since MD? = E. Here, we observe that the quadratic function g can be understood as the DM considering or penalizing
the second-order changes in the deviation. Furthermore, as the value of # increases, the insurer sets a relatively higher insurance premium, which
consequently leads the DM to reduce the amount of insurance purchased.

In the following, we show one special example by assuming that D, (X) in Corollary 1 is the Gini deviation. Let X € L! and X, X,, X are i.i.d,,

.. 1
D,(X) = Gini(X) := E[E [1X; - X,|] . (15)
The Gini deviation is a signed Choquet integral with a concave distortion function h given by h(f) =t — 12,¢ € [0, 1]. This is due to its alternative
form (see, e.g., Denneberg, 1990)

1

Gini(X) = / Fl(n@t - 1)dt.
0
Since h”(0) = —1 < 0 for Gini, by Theorem 1 (ii), I« is the unique optimal solution. Moreover, we find K =1 for Gini (see Proposition S.1 in
Appendix B), where K is defined in (2). As discussed below Definition 1, to make MD? monotonic on the relevant domain, we must ensure that
g (DX —I(X)))=a+2B8(D(X)— DI(X))) <1 for all I €. Thus,since D(I(X))> 0 by the non-negativity property (D2), we may define
A={(a,f) : a=0, 20, (a, ) #(0,0), and ¢ +2D(X)< 1}. (16)

In the parameter setting below, we will restrict the values of « and f to satisfy (16). Moreover, we consider the performance when g is an exponential
function or when D), is in the form of mean median difference. Since the findings are qualitatively similar, we include these examples in Appendix C.

3 While the decomposition may not be unique, each decomposition yields identical outcomes after the quantile reformulation within a single integral.
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Fig. 1. Optimal deductible d* as a function of b for the uniform distribution with a = 0 (left figure) and as a function of y :=1/4 for the exponential distribution
(right figure) with D = Gini and g(x) = ax + fx>.

Example 1. Let D = Gini and g(x) = ax + fx? with (a, ) € A. If § =0, then
0Sy(x)—a(Sy(x) - S)z((x)) =Sy ()0 —a+aSy(x)).

Thus, we can see that if 0 < a, then d* = S;l(%); otherwise, d* = M. For the case of f # 0, we have

0.y (x) — h(Sy(x)) a+2ﬁ/h(SX(t))dt =Sy(x) (0—a+aSX(x))—2ﬂ(1—SX(x))/(SX(t)—Sf((Z))dI .
0 0

If X ~Ula,bl,* then Gini(X) = (b — a)/6. Take # = 0.2, we can compute d* numerically by

x—a_2ﬂ x—a x3—a3_(a+b)(x2—a2)
b—a T(h-ap \ 3 2

If X ~exp(A) with any A4 > 0, then Gini(X) = 1/(24). Again, we can compute d* numerically

d*=sup{x:a—ae‘“+§(l—e"b‘)3—0<0, andx>0}.

d*=sup{x:a +ab(x—a)>—0<0, and0<x<b}.

In Fig. 1, we display the optimal deductible d* as a function of b for the uniform distribution and as a function of i := 1/ for the exponential
distribution. We find that increasing the expected loss leads to a strict increase in the deductible. This pattern is linear when the function g is linear
(p =0), and concave when the function g is strictly convex (f > 0). Also, the optimal deductible d* is decreasing in both a« and f. The reason is
that both parameters lead to a larger weight of the deviation in the optimization, and a more deviation-averse DM prefers a lower deductible and
thus more insurance coverage. For the uniform distribution and linear function g, we note that the expected loss before insurance is 5/2, and the
deductible is approximately b/2 (@ =0.4) or 2b/3 (« = 0.3). Thus the deductible is paid in full by the DM with a probability of around 0.5 or 1/3,
respectively. For the exponential distribution, the deductible generally around 0.7y (« =0.4) or 1.1 (a« = 0.3). Note that here the deductible is paid
in full by the DM with a probability of around exp(—0.7) ~ 0.50 or exp(—1.1) = 1/3, respectively. This is similar as for the uniform distribution.
Similar observations hold true for the convex functions g (with g > 0).

3.2. Standard deviation based measures

As mentioned in Section 2, SD is a generalized deviation measure, but variance does not satisfy (D3). Also, neither SD nor variance are convex

signed Choquet integrals, so we cannot use Theorem 1 for SD. In particular, SD can be written as SD(X) = sup{ /01 VaR,(X)dA(r) : h € Hy, |1 ||§ <
1}, X € L*; see Example 2.1 of Wang et al. (2020b) for a simple proof of this representation.
Since SD and variance are commonly used deviation measures, we also want to solve (9) with D = SD:
rlni?{g(SD(X —I(X))+E[X]+O0E[I(X)]}. a7)
€

In particular, if g(x) = yx2 for y > 0, it is the mean-variance criterion. The following lemma is well-known (see, e.g., Property 3.4.19 in Denuit et al.
(2005) and Lemma A.2 in Chi (2012)).

Lemma 1. Provided that the random variables Y, and Y, have finite expectations, if they satisfy

EV|=E[V], F,O<F,0), 1<ty Sy0O)<Sy0), t>1

orsomet, €ER, then Y; <., Y5, Le.
0 1 Nex 12

4 When a > 0, the uniform distribution is not covered by Theorem 1 because ess-inf X can be larger than 0; however, we can modify the proof of Theorem 1 to
account for X with any bounded and non-negative support.
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E[G(1)] <E[G(N)]

for any convex function G(x) provided the expectations exist.

Denote by
d d

w,(d)z/SX(x)dx, and wz(d)=2/xSX(x)dx.

0 0

Theorem 2. For problem (17), we can construct a stop-loss insurance treaty 1,(x) = (x — d), for some 0 < d < M such that MD? (T,d) < MD? (T}) for
any admissible ceded loss function I € 1. Further, we have I;.(x) = (x — d*), with

— 2
d*=sup{x:g’ (,/wz(x)—wf(x)> X, and0<x<M}.

W) (x) — w3 (x)

Proof. For any admissible ceded loss function I € I, we can construct an insurance treaty I,;(x) = (x —d), for some 0 < d < M such that E[/(X)] =
E[(X —d),]. Since k(d) :=E[(X —d),] is a decreasing function in d, and k(0) = E[X] and k(M) =0 with 0 < E[/(X)] < E[X], the existence of d
can be verified. Furthermore, by taking #, = d in Lemma 1, we have E[(X A d)?] < E[(X — I(X))?]. Thus, we have SD(X — I,(X)) < SD(X — I(X)),
which implies that MDgD (T, d) < MDg (T}). Therefore, we have

M

g(SD(X/\d))+fE[X]+0[E[(X—d)+]=g<(w2(d)—w%(d))l/2)+[E[X]+0/Sx(x)dx.
d
Let
M
f(d):g(\/w(d))+[E[X]+0/Sx(x)dx,

d
where w(d) = w,(d) — w%(d). It is clear that
d
w'(d)=2dSx(d) - ZSX(d)/ Sy (x)dx =28y (d)(d — w;(d)) > 0.
0

Then we have

1
fld)= ——g' (Vwd)w'(d) - 6Sx(d)
27/w(d) X

_ sy (g (\/u;(jj))
Vw

d— d))?
= Sy(d) gww(d»\/%—o .

(d —wy(d)) - 9>

Let F(d) = g'(v/w(@)\/p(d) — 8, where $(d) = % Note that
. d—w(d) 2 ) /
¢'d)= oD — D) (2Fx(d)(wy(d) — wi(d)) = (d — w;(d)wy(d) — 2w, (d)w) (d)))
A
d—w,(d) ) >
= m(ZFx(d)(wz(d) — wi(d)) = 2Sx (d)(d — w,(d))*)

1

2(d —w,(d))

>— 17 (Fy(dw,(d)— d)— Sy (d)d)?
(wz(d)—wf(d))z( x(dues(d) = or(d) = Sx(dd)’)

d d 2

Fx(d)Sx(d)d* + Fy(d) / x2dFy(x) — / xdFy (x)
0 0

_ 2 -wy@)
(w,(d) - wi(d))?

2 2

d

Sy (d)Fy(d)d? - Sx(d) / xdFy(x)| + Fy(d) / x2dFy (x) — Fx(d) / xdFy(x)| |>0.
0 0 0

d d
2(d — w,(d))

" (wy(d) - @)

Together with lim,_ ¢(d) =0, it follows that ¢(d) > 0 for d € [0, M]. Also, we know that g’'(1/w(d)) increases in d as w increases in d and g is
convex. Moreover, it is not difficult to verify that F(0) = —6 and
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b

Fig. 2. Optimal deductible 4" as a function of b for the uniform distribution (left figure) and as a function of u :=1/4 for the exponential distribution (right figure)
with D =SD and g(x) = ax + fx>.

M —E[X]
SD(X)

Therefore, if F(M) <0, then f is a decreasing function of d and thus d* = M. On the other hand, if F(M) >0, f first decreases and then increases
in d, and thus

d*=s . /( ) ) (x—wl(x))z
=supq x: g | \/wy(x)—wi(x) ——————— —0<0,and0L<x<M . [
! Wy (x) — w?(x)

Remark 2. For the same reasoning outlined in Remark 1, if one fixes E[X — I(X) + II(X)] = L, then solving (17) is equivalent to solving the
following optimization problem:

F(M) = g'(SD(X))

rlnel? Var(X — I(X)),
s.t. E[X — I(X) +II(I(X))] =L,

which is a well-established problem investigated in Borch (1960), and the optimal insurance treaty takes a stop-loss form. Consequently, the
optimization problem can be simplified to determine the optimal d*, as demonstrated in the proof of Theorem 2.

Furthermore, problem (17) is intricately linked to the work of Chi (2012), which addressed the optimal structure of reinsurance indemnities when
the DM aims to minimize VaR or ES of the total risk exposure. In their framework, the reinsurance premium is determined through a variance-related
principle, represented as I1(X) = E[X] + g(Var(X)). In contrast, we adopt this as our primary objective. Furthermore, we extend this objective to
include a budget constraint in Section 5. The insight remains consistent: layer reinsurance generally emerges as an optimal strategy.

Note that, for the quadratic function g(x) = ax + fx?, if « > 0 and g =0, then MD? corresponds to mean-SD; and if « =0 and g > 0, MD?
embodies mean-variance, a pivotal objective investigated in Li and Young (2021) and Liang et al. (2023). We cannot guarantee that MD? will be

monotonic when D = SD because SD does not satisfy (2) for any p € [1, oo]; see Proposition S.1 in Appendix B.

Corollary 2. If g(x) = ax + px2 with a > 0 and f > 0, we have I+ (x) = (x—d*), with

N . (x — w;(x))?
d*=sup{ x:a —2+2ﬁ(x—w1(x))—€<0, and0<x<M ;.
10,(x) = w3(x)

Example 2. Let D = SD and g(x) = ax + fx*> with @ > 0 and # > 0. For X ~ U[0, b], we have w, (x) = (2bx — x%)/(2b) and w,(x) = x>(3b — 2x)/(3b).
By setting 6 = 0.2, we can compute d* numerically by

172 2
d*:sup{x:a( 3x ) +ﬂi—0<0,and0<x<b}.

4b —3x b

For X ~ exp(4) with any 4 > 0, we have w;(x) = (1 — e~/ 1 and wy(x) = %(l —e Ay — %xe"b‘. By setting 6 = (0.2, we can compute d*
numerically by

_ 172 _
(Ax — 1+ e*¥)2 1—e
*_ g . _ LA, i
d—SUP{X~“<1_Q—2M—2Axe—“ +2p(x ) )—0<0,and x>0 ,.

In Fig. 2, we display the optimal deductible d* as a function of b for the uniform distribution and as a function of u for the exponential
distribution. Similar to Fig. 1, we find that increasing the expected loss leads to a strict increase in the deductible. Again, this graph is linear when
the function g is linear (# = 0), and concave when the function g is strictly convex (f > 0). We do find that the size of the deductible is substantially
smaller than Fig. 1, which is an indication that SD and variance make the DM more risk averse.
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4. Results for two distortion premium principles

For h e ﬁl being increasing, the distortion premium principle I1,, is given by
[Se] 0

I, (I(X)) I=/h(SI(X)(X))dX=/h(Sx(X))q(X)dx, (18)
0 0

where q is defined in (4), and the second equality above is shown in the proof of Theorem 1. When the distortion function 4 is concave, the amount
/0°° h(Sy (x))dx — E[X] is non-negative and can be interpreted as the risk loading that is added to the expected loss.
In this section, suppose that D = D, with h; € H, we aim to solve

. D _ .
min MD2(Ty) = min { (D, (X = 1(X)) + ELX = QO]+ T, (1(X) } (19)
where h, € fll is increasing. As we know, VaR and ES are special distortion risk measures, where the ES at level p € (0,1) is the functional

ES, : L' > R defined by

1

ES,(Z)= L/VaRY(Z)ds,
1-p ’
p

where VaR is defined in (7), and ES,(Z) = ess-sup (Z) = VaR,(Z) which may be infinite. In particular, we have h(f) = 1,,,_,, for VaR, and
h(t) = 1% A1 for ES,,. The explicit solutions are derived when the DM uses VaR and ES as the premium principles. For notational convenience, we
write x, 1= VaR,(X) for some p € (0, 1).

4.1. Value-at-risk
We give the optimal results for [T = VaR, for p € (0, 1) in the following proposition.

Proposition 1. Suppose that D is given by (10), and h,(t) =1 {i>1-p) with p € (0,1), ie., Iy, (X ) = VaR,(X). The unique solution to problem (19) is given
by

Idfxp(x) =xAd*+(x =X,
with

Xp

d*=supix: 1-Sy(x)—-g /hl(SX(x))dx h(Sx(x))<0, and d(’)‘<x<xp . (20)

X

Proof. The proof is similar to the one of Theorem 1, so we only provide the major steps that highlight the differences. We first fix D, (X — I(X)) =
s € [0, D,(X)] and solve problem (19) subject to this constraint. That is, we want to solve

min f(I) :=g(s) + ELX] = ELI(X)] + I, (1(X)) + A(Dp (X = I(X)) = 5)

with A > 0 being the KKT multiplier. As shown in Theorem 1, f(I) can be written as
M
fn= / (hy(Sx () = Sy (x) = Ahy (Sx ())g(x)dx + 4Dy, (X) + g(s) + E[X] - s, @D
0

and it is clear that the following ¢ will minimize (21):
0, if Ay (Sx (%)) = Sx(x) — Ah (Sx(x)) >0,
qg(x)=1<1, if Ay (Sx(x)) — Sx(x) — Ah(Sx(x)) <0, (22)
c, otherwise,

where ¢ could be any [0, 1]-valued function on /,(Sy (x)) — Sy (x) — Ah{(Sx(x)) = 0. Define

H(x) = hy(Sx(x)) = Sx(x) = Ah (Sx (x)).
Let hy (1) = 1451,y with p€(0,1).

(i) For t <1 — p, or equivalently, X, <x< M, we always have H(x) =—Sy(x) — A4h;(Syx(x)) <0, which implies g(x) =1 for x,<x<M.

(>ii) For t > 1 — p, or equivalently, x < x,, We have H(x) =1 — Sy(x) — Ah;(Sx(x)). Moreover, h; is concave with h;(0) = h (1) =0, H'(x) =
—S;((x)(l + Ah’l(SX(x)), H(x,)=p— Ah(1 — p) and H(0) =1 — ay — Ah,(ap). The function H has one discontinuity at x,, and is differentiable
on (0, x,). On [0, x,), if H(x)>0 and H'(x) <0, then h;(Sx(x)) < (1 — Sx(x))/4 and h;(SX(x)) < —1/4. Combining this with concavity of &,
and h (1) =0 yields a contradiction. Thus, if H(x) > 0, it must hold that H'(x) > 0, making H increasing on (0, x,), and thus there is no zero
of H on [0,x,). If H(0) <0, then H may first decrease and then increase on [0,x,). Hence, there is at most one zero d; on (0, X,)-

10
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Define

d;=sup{x: 1—Sy(x)— Ahy(Sy(x) <0, and 0<x<x,},

then we have I(x) = /Ox gdt=xAd; +(x—xp),. That is, for every s, there exists an I, %, () =xAd+(x—x,), that does better than any I € T.
Next, we aim to find the optimal d for problem (19) when the insurance contract is given by I, dx, for some 0 < d < x,, that is,

d M xp
,in F(d) := / (1 = Sy(x)dx — / Sy(x)dx +E[X]+g / hy(Sy (x))dx |. (23)
<d<x)

0 X, d

It is straightforward to show that

Xp

F'(dy=-¢' /hl(SX(X))dx hi(Sx(d)+ (1 - Sx(d)),
d
and

X X

4

F''(d)=g" /hl(SX(X))dx hi(Sx(d) — ¢’ /hu(Sx(X))dx R (Sx(d) S (d) = Sy (d).
d d

12

Since g is convex, Sy (x) decreases in x and 4 is concave with h;(0) = h;(1) =0, F" has at most one intersection with the x-axis, then d* in (20) is
the unique optimal solution to (23). []

So, if insurance premium is based on the VaR, the optimal indemnity is a dual truncated stop-loss indemnity. To be precise, the optimal indemnity
provides full coverage for small losses up to a limit, and additionally for losses beyond another deductible that is based on VaR ,(X). This implies
that the retained loss after insurer is bounded: X — I'*(X) < VaR,(X) —d *. We remark that the optimal solution for I1 = VaR, with p € (0,1) is
unique. This is because Sy is strictly decreasing on [0, M], therefore it holds that the set {x € [0, M]| — Sy (x) — Ah(Sx(x)) =0} has Lebesgue
measure zero.

Remark 3. From the proof of Proposition 1, we find that if

Xp

F'(d)ld:():—g' /h1(Sx(x))dx hy(ap) + (1 —ap) 20,
0
and

X X

P
F'(d)]4= =" / hy(Sx (x))dx [ A (ag) — g’ / Ry (Sx (x))dx | A} (a9) S (0) = S (0) > 0,
0 0

P

then F/(d) >0 for all d € [0, x pl-In this case, we have d* =0, and the optimal solution takes the form of stop-loss. In particular, if ¢y =1, i.e., X is
continuous, then we have F’(d)| ;o =0 due to (1) =0, and

Xp

F'd)=-¢ / hy(Sx(x)dx | A} (1)S}(0) — 5% (0).
d
To ensure F'’(d) > 0, together with the convexity of g, we have

Xp

¢ /hl(SX(x))dx (1) > 1. 24
0

Since h’1 (1)< 0 and g’ is increasing in x,, We can conclude that if p is sufficiently small such that (24) holds, then the optimal solution is in the form
of a stop-loss contract.

We once again focus on D = Gini to illustrate the behavior of d* when the premium is based on the VaR. Since the behaviors under exponential
distribution and uniform distribution are similar, we only give the results of uniform distribution. Moreover, we have that »’(1)=—1 and K =1 for
Gini, and g’ < 1if MD? is monotonic, by (24), the optimal solution is in the form of stop-loss / = (x — x,),.. Consequently, in the following example,

we refrain from imposing constraints on MD? to adhere to monotonicity, thus encompassing a broader range of scenarios.

Example 3. Let D = Gini and g(x) = ax + x> with a >0 and f > 0. If X ~ U[0, b], we have x, = pb. Then d* in (20) becomes

2
d*:sup{x: %_bxbzx ((x+£<bx2—§x2—bx2+§x3)><0, and 0<x<xp}.

11
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Fig. 3. Optimal threshold d* with p = 0.8 (left figure) and optimal indemnity function I* with =10, « =0.5, f =0.2 (right figure) with D = Gini and g(x) =
ax + px2.

In Fig. 3, we display the threshold d* as a function of b (left figure) and the optimal indemnities as a function of quantile p. Overall, we can see that
the threshold d* is increasing in b, and strictly increasing whenever the threshold is strictly positive. Also, we can see that a larger threshold d is
associated with larger values of « and f, because a larger weight on the Gini-deviation means that the DM prefers to purchase more insurance.

4.2. Expected shortfall

We next give the optimal results for [T =ES, for p € (0, 1). The following proposition shows that the optimal indemnity has a similar structure
as for the case with IT = VaR, (see Proposition 1), but with a more complex selection of the deductible parameter (denoted as d;‘ below) beyond
which the indemnity provides full marginal coverage.

Proposition 2. Suppose that D is given by (10), and h,(t) = 1%,; Al withpe(0,1), ie., th (X) =ES,(X). The following statements hold:

(D) Forevery I € I, we can construct a dual truncated stop-loss insurance treaty 1 4,(x)=x Ad; + (x —d,), for some 0 < d| < x, <dy <M such that
MD? (T,d y )< MD? (Ty). Further, an optimal solution to problem (19) is given by
142

Idf,d;(x)z’”\dr +(x=d)),,

where d} and d} can be derived by solving

4
d} =supqx: 1-Sy(x)—¢g' /hl(SX(Z))dt hi(Sx(x) <0, and0<x<xp ¢, (25)
x
and
x
d;:sup x: g /hl(SX(x))dx hl(SX(x))—lLipSX(x)<0, andxp<x<M . (26)

a

@) If h’l’ (0) < 0, the optimal solution to problem (19) is unique on [0, M ].

Proof. The steps are similar as in Proposition 1, and ¢ in (22) minimizes (21) when h,(¢) = # A 1 since it holds for a general h, € 71 |- Again, let
H(x)=hy(Sx(x)) = Sx(x) — Ah (Sx(x)).

(i) For ¢t > 1 — p, or equivalently, x < Xy, the analysis is similar to the case of VaR.

(ii) For z <1 - p, or equivalently, x > x,, we have H(x) = ﬁSX(x) — Ahy(Sx(x)) and thus H(x,) =p — Ah;(1 — p). When H(x,) >0, if H'(M)=

(%p - /lh’1 (0))S;((M) > 0, then there exists a unique d,, such that H(x) > 0 for x, < x < d,;, and H(x) <0 for d,; < x < M; if H'(M) <0,
then H(x) >0 for any x € (x,, M]. When H(xp) <0, then we have H(x) <0 for any X, <x<M.

Define

dy,; =sup {x D1 =8Sy(x) — Ah(Sx(x)) <0, and 0$x<xp},

d,, :sup{x : l"jsx(x)—/lhl(sx(x))>o, and x, < x < M},

and

12
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EM =sup{x : ILSX(x) —Ah(Sx(x)) 20, and x, <x < M} .
-p
It is clear that 0 < dj; <x

d2/1 € [ézp

p<d,;, < d,,. Thus, similar to Theorem 1, we can select the function ¢ to be of the form c(x) = l{x>a,,) for some

dy;], and I(x) = Ly ay, () 1= Jo adt =x Ad,; + (x — dyy),. Now, A is such that Dj,(X — Iy, 4, (X)) 2 s and Dy(X — IdHEH(X)) <s,

and since Dy(X — 1, 4,, (X)) is increasing in d,,, there exists d,; € [d. 32 4] such that

.y 21°
dy;
s=Dp(X - [du,du(x)) = / h(Sx(x))dx.
dy;

That is, for every s, there exists an [, dyudy (x)=xAd; + (x —d,), that does better than any I € T.
Next, we show that for any I* that solves (19), there exists an 1, dy.dy (x) =x Ad| + (x — d,), such that MDZ; Ty) = MD? (TI,, ; ). We fix that
B 1-942
s = Dj(X — I'*(X)). By the above steps, for any given s, we can always construct an insurance treaty I, dy.dy (x) =x Ady + (x — d,), for some
0<d; <x,<d, <M such that MD?(T; ) <MDP(T}.). Since I* is optimal, then we have MD?(T}.) =MD?(T; ).
g dy.dy g g g dy.dy
Finally, we aim to find the optimal d; and d, for the problem (19), that is,

dy M dy
. p
F = 1-5 d —S d h (S d E[X].
0<d|<r)?pl£d2<M (dy,dy) /( x (%)) X+/<1_p X(X)> X+g / 1(Sx (x)dx |+ E[X]
0 dy dy
To use the first-order condition, we get
dy
0F(d,,d,) ,
—d =—g'|+ | hi(Sxx)dx|h;(Sx(d))+1—Sx(d)),
1 t
and
dy
0F(d,d,)
#: ! /hl(SX(x))dx hy(Sx(dy)) — ILSX(dZ).
2 J -pP
1
Moreover,
dy dy
an(dladZ) / ! ! ! " 2
Tl -8 h(Sx(x)dx [ A (Sx(d)Sy(d)) = Sy(d)+ g hi(Sx(x)dx | h{(Sx(d)),
1 d, d)
and
dy dy
an(dpdz) , ’ ' P ' " 2
T = hi(Sx(x)dx | by (Sx(d)Sy(d)) — I_—pSX(dl)+g hi(Sx(x)dx [h{(Sx(d})).
2 dy dy

have at most one

2 2
oF (d;,dz) and °F ;j;dﬂ
1 2
intersection point with the x-axis. Then, di" and d; are solved by (25) and (26). This concludes the proof of (i). The proof of (ii) is similar to the one
for Theorem 1 (ii). [

Since g is convex, Sy (x) decreases in x and A is concave with #,(0) = h;(1) =0, we can check that

Remark 4. Note that if

d
R, dy) =—g /hl(Sx(X))dx hi(ap) + (1 —ap) 20,
ady g0 )
and
M =g" 7h (S ())dx | A2 (ap) — g’ /dzh (Sx (x))dx | 1! () S’ (0) = S%.(0) = 0
adf dl:o—golx logolx 18400 x xW =Y,

then we will have %

> 0 for all d; > 0. In this case, we have d} =0, and the optimal solution takes the form of stop-loss. In particular, if

OF(dy.dy)
1

=0 due to A(1) =0, and
d,=0

ay =1, i.e., X is continuous, then we have

13
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Fig. 4. Optimal parameters d ]* and d;‘ corresponding to Example 4 for the cases p=0.2,a = 0.5, f = 0.3 (left figure), and p=0.3,a = 0.7, f = 0.5 (middle figure) with
D =Gini and g(x) = ax + fx*. The right figure shows the optimal indemnity for three choices of the parameter p, with b= 10, a =0.5, #=0.3.

d

an(dl’ dz) ’ ! ! !
— | =] [ mSxedx [R (1S} (0) = S50,

1 d=0 0

2

To ensure 2142 > 0, together with the convexity of g, we have
1 d=0
dy
g / Ry (Sx Goydx [ (1) > -1. @7)
0

By (26), we know that d;‘ increases in p. Since h’l(l) <0 and g’ is increasing in d,, we can conclude that if p is sufficiently small such that (27)

holds, then the optimal solution is in the form of a stop-loss contract.

We next illustrate the optimal indemnity function for premium calculation using ES under D = Gini. In line with the VaR case it holds that
the optimal solution consistently appears as a stop-loss with I(x) = (x — d7), due to the properties of the derivative of the Gini deviation and the

condition g’ < 1 as shown in (27), assuming MDE is monotonic. Here, in line with Example 3, we do not restrict the monotonicity of MD? to show
more cases.

Example 4. Let D = Gini and g(x) = ax + ﬁx2 with @ >0 and # > 0. Take 8 =0.2. If X ~ U[0, b], we have X, = pb. Then di“ and d;‘ in (25) and (26)
become

2
dT:sup{x: %_bxb2x <a+:iz(bd12—§df—bx2+%x3>>so, and0<x<xp},

and

d;=sup{x : % <a+ b’% (bxz_ %x3_bd%+§d§)) - (lfp) <0, andxp<x<b}.
In Fig. 4, we display these two thresholds as a function of b for two sets of parameters. We can see that dy =0 for all b € [0, 10] in the left figure,
which suggests that the optimal indemnity is of a stop-loss form. For larger values of b, this observation does not hold true in the middle figure. In
both figures, the parameters d and d; are increasing in b, and strictly increasing whenever d} is strictly positive. Moreover, the right figure shows
three optimal indemnity functions for three different choices of p. Interestingly, we can see that for larger values of p, the second parameter dJ is
larger, and thus the indemnity functions provide less coverage in the right tail.

5. The budget constraint problem

In this section, we assume that the insurer faces a fixed budget to purchase insurance. This yields the following constraint:

I(I(X))<II, for some budget threshold I1 > 0. (28)

We refer to the minimization problem (5) subject to (28) as the budget constraint problem. For simplicity, we focus in this section only on the cases
under which we showed uniqueness of the optimal solution in Sections 3 and 4.

Assume that an unconstrained optimal solution I* has premium equal to II; = II(*(X)). To avoid redundant arguments, we assume m< 11y,
that is, II is no larger than the minimal premium for optimal solutions without budget constraint. This means that the optimal solution to the
unconstrained problem is no longer feasible in the constrained problem.

14
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Proposition 3. When I is calculated by the expected value premium principle in (6) or the distortion premium principle in (18), the constraint (28) is
binding to (5) for I1 <II,.

Proof. Suppose (5) with (28) admits a solution T for which the constraint (28) is slack. Note that
MDP(X — I*(X) +TI(I*(X))) < MDP (X — I(X) + (T (X))).
There exists 4 € (0, 1) such that IT1(1(X)) = /11'[(1~ X))+ (1 =DIT*(X)) = 10, where I = AT+ (1= A)I* due to the fact that both the expected premium
principle and the distortion premium principles are comonotonic additive. Since MD? is convex, we have
MDgD(X - I(X)+ U (X)) = MD?(/I(X —TOO +TIT(X))) + (1 = A)(X = I*(X) + TIT*(X))))
< /IMDg(X —TCO+ (T (X)) + (1 — A)MD?(X - I'"(X) + II(I'* (X))
<MDP(X - T(X) + (T (X))),

which contradicts the optimality of T. Thus, the constraint (28) should be binding to (5). []

Theorem 3. Suppose I1 < Iy, I1 is calculated by the expected value premium principle in (6), and one of the following holds:

« D= D, with h”(0) < 0 as given by (10), or
« D=SD.

Then, the optimal indemnity Td* € 1 for (5) with constraint (28) is given by

Tp(x)=(x—d"),,

where d* is the solution to (X - dN*)+) =1L

Proof. Case 1: D= D,. We fix D, (X — I(X))=s € [0, D;,(X)] and solve (5) subject to constraint (28). We translate the constrained minimization
problem to a non-constrained problem by using the Lagrangian multiplier method. Consider the following minimization problem

rlnei?f(f) 1= g(s) + OELT(X)] + E[X] + A (Dy(X = I(X)) = 5) + Ay (1 + O)E[I(X)] —TD)

with 4, >0 and 4, > 0 being the KKT multipliers. By similar arguments as in the proof of Theorem 1, we can write

M
fh= / (0S5 (%) + Ay (1 +0)Sx (x) — A h(Sx (x)g(x)dx + A; Dy(X) + g(s) + E[X] = Ays — AL (29)
0

Let

H(Xx)=0Syx(x)+ A1+ 6)Sx(x) = A1 h(Sx(x)).
For any 4,4, € [0, ), we have H(0) =0ay + A,(1 + 8)ag — A, h(ap), lim,_, 5, H(x) =0, and

H'(x)=(0+ A,(1+6)— A h’(SX(x)))S;((x).
Since h is a concave function with A(0) = A(1) =0, if 8 + 1,(1 + 6) — 4,1’ (0) < 0, there exists dﬂwlz > 0 such that H(x) <0 for x € [diwb’ M) and
H(x)> 0 for x € [0, dﬂMz)‘ Thus, if 0 + 1,(1 + 0) — A;#’(0) < 0, then the following g will minimize (29)
0, IfH)>0 (e, x<dy ;).
gx)=11, if H(x) <0 (ie, x>dy, ;)
c, otherwise,

where ¢ could be any [0, 1]-valued constant on H(x) =0 (i.e., x = din’iz)' On the other hand, if 8 + A,(1+8) — 4,;A'(0) > 0, H'(x) <0 for all x >0,
which implies H(x) > 0 for all x > 0. In this case, dy g, =M. Then we have I(x) = Ia,/1 | X):= fox g(t)dt = (x — dy )+
. g .
Next, we aim to find the optimal d for problem (5) subject to (28) when the insurance contract is given by I, for some d € [0, M ], that is,
M d
J n{gr}{ﬂ f(d) = /(HSX(x) +A(1+0)Sy(x)dx+g /h(SX(x))dx +E[X] - /lzﬁ. (30)
€[o,
d 0

To use the first-order condition, we get

d

Fld)=¢ /h(Sx(X))dx h(Sx(d) = (0Sx(d) + 4,(1+60)Sx(d)).
0

15
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Assume that there exists a constant A’z‘ > 0 such that d 2 solves problem (30) for 4, = /1; and / d’ﬁ (1+0)Sy(x)dx = I1. Then, we can show d*= aT,l;
2

solves problem (5) subject to the constraint (28). We denote the optimal value of problem (5) with constraint (28) by V(ﬁ). Then, it follows that

M
V() = sup MD2(T)) < sup MD2(T;) - 4} / (1+6)Sy(x)dx —TT
de[0,M] § de[0,M] 8
S (140)Sx (x)dx<TT L (146)Sx (x)dx<TT a4
M
< sup AMDP(T)) -4 /(1 +6)Sy(x)dx — | =MD2(T,. )< VD).
defo,M] § y ¢y

The last inequality is because T is feasible to problem (5) without the constraint. Hence, d* = 07,1; solves problem (5) subject to (28). Thus, we
2

have II((X — d )= I1. In this case, A, can be solved by

17*
A=infdi,: g / R(Syx ())dx | A(Sx (x)) = 053 (x) + Ay(1 + 0) Sy (x) <0, and 4, >0}
0

Case 2: D =SD. With the budget constraint, we first consider the following minimization problem

0<i{51<fM f(d) =g(SD(X Ad))+E[X]+0E[(X —d) 1+ A1 +OE[(X —d),]1— 1)

M
=g <\ [wy(d) - w%(d)> FE[XT+ @+ A(1 + 0))/ Sy (x)dx — ATL
d

We only need to replace 6 in Theorem 2 with 6 + A(1 + 6). By the first order condition, we have

(BD

1
2y/w(d)

d— d))?
= Sy(d) gww(d))\/%—(emme» .

Again, assume that there exists a constant A* > 0 such that d ;. solves problem (31) for 4 = A* and f dlﬁ (14 0)Sy(x)dx = I1. Then, we aim to show

)= ¢ (Vi) w'(@d) = 0 + 201+ 0)Sx (@)

dr= d~,1* solves problem (5) with constraint (28). The process is similar to the first part, and we have IT((X — E )= I1. In this case, A can be solved

by
— 2
=infd 4 g/ () % —(0+A(1+6)<0, and 4>0¢,

which yields the result. []

Recall Examples 1 and 2 in Section 3 where D = Gini or D = SD. In the next example, we further assume that DM has a budget I for purchasing
insurance.

Example 5. Let g(x) = ax + fx® with « =0.2 and § = 0.7 for D = Gini. Based on Example 1, we can compute that d* = 1.27 for X ~ U[0,3]. Since
0 =0.2, we have I1(1;+) = (1 + 6)E[1;+(X)] = 0.60, and thus we assume that I1 < 0.60 in left panel of Fig. 5. Similarly, we can compute d* =0.73 for
X ~exp(l) and II(1;+) = (1 + O)E[L;+ (X)] = 0.58; thus we assume that < 0.58 in right panel of Fig. 5.

Let g(x) = ax + px® with « =0.5 and f =1 for D = SD, based on Example 2, we can compute d* = 0.84 for X ~ U[0, 10]. Since § = 0.2, we have
I1(1;+) = 5.03, and thus we assume that I < 5.03 in left panel of Fig. 6. Similarly, we can compute d* = 0.54 for X ~ exp(0.2) and II(/;.) = 5.39,
and thus we assume that II < 5.39 in right panel of Fig. 6.

We can see from Fig. 5 that the optimal deductible increases as the constraint II increases, which implies that the DM chooses to retain more
claims if the premium budget is relatively small. In particular, when the budget is relatively larger, say II > 0.60 in left panel of Fig. 5 and I > 0.58 in
right panel of Fig. 5, the constraint is not binding. Thus, the optimal results are identical to those without constraint in Fig. 1. The same illustrations
also apply to Fig. 6.

We next present the optimal indemnity function with a budget constraint when the premium is calculated by VaR or ES. We will show that
the optimal indemnity remains a dual truncated stop-loss indemnity when we add the budget constraint, but the corresponding parameters are
modified. Since the proof is similar to Propositions 1-2 and Theorem 3, we only present the major steps that highlight the differences. Also, the
proof is relatively lengthy, so we put it in Appendix D. Let
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Fig. 5. Optimal deductible d* for the uniform distribution (left figure) and exponential distribution (right figure) with D = Gini and g(x) = 0.2x + 0.7x2.
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Fig. 6. Optimal deductible d* for the uniform distribution (left figure) and the exponential distribution (right figure) with D = SD and g(x) = 0.5x + x>.

a c

L(a,b,c)=g /hl(SX(x))dx+/hl(SX(x))dx ‘
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(32)

Theorem 4. Suppose < Iy and D = Dhl with h; € H, and h’l’(O) <0, when I1= VaR, or ES » for some p € [0, 1), the optimal indemnity T pa €L
071772

for (5) with constraint H(1~d~* X< I is given by
0771772
T e g0 == A A =)+ (o= @),

where cf(’)‘, d~;‘ and d~; and can be derived by solving d~;‘, d~2’ and d~;‘ can be derived by solving

l

S

S=inf{x: (14— Sx(0) = L(x,dF,d)h(Sy(x) <0, and 0< x < x, ),

d =sup{x : (1+ Ay — Sy(x) = L(d},x,d})h;(Sy(x)) <0, and df <x<x,},

if 1= VaR,,
if1=ES,,

el

IS

X
P
2= { sup{x DB S ()~ £, Ry (Sx () <0, and x, <x < M}
where 1, is determined by

A =inf{,12 (T g 2 00) ~TT<0, and 4, >0}.

(33)

Note that for the VaR, the parameter dN; does not change after we add the budget constraint. The reason is that increasing this parameter beyond
x, reduces the coverage, but not the corresponding premium. Also note that if II is large enough, it will hold that 4, =0, and then we recover the

structure of the indemnity function in the unconstrained case in Propositions 1-2.

6. Conclusion

This paper contributes to the field of optimal insurance contract theory by introducing and analyzing the use of mean-deviation measures as
an objective for decision-makers. The findings highlight the desirability of stop-loss insurance indemnities and provide valuable insights into the
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optimal design of insurance contracts under different premium principles. Further research can build upon these results by exploring additional
deviation measures and their implications for insurance contract optimization.

We conclude this paper with several possible extensions. First, future research could explore the use of other deviation measures. Our focus in this
paper is on convex signed Choquet integrals and the standard deviation. Second, the paper focuses on the case when the premium principle is either
based on expected value, Value-at-Risk, or Expected Shortfall. Future research could investigate other premium principles and their implications on
optimal insurance contract design. Finally, the paper only considers a single policyholder that is used to determine the premium charged by the
insurer. Future research could examine the implications of multiple policyholders on optimal insurance contract design and explore the use of game
theory in this context.
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Appendix A. Some background on risk measures

In this appendix we collect some common terminology and results on risk measures, which are briefly mentioned in the text of the paper, but
not essential to the presentation of our main results. All random variables are tacitly assumed to be in the space X.

We next list some properties of risk measures. To do so, we first define comonotonicity. A random vector (Z, ..., Z,) is comonotonic if there exists
a random variable Z and increasing functions f/,..., f, on R such that Z; = f;(Z) a.s. for every i =1, ..., n. We define the following properties for
amapping p : X - R:

(A1) (Law invariant) p(Y)=p(Z) forall Y,Z € X if Y and Z follow the same distribution,
(A2) (Cash invariance) p(Y +c¢)=p(Y)+c for all c € R,

(A3) (Monotonicity) p(Y)< p(Z) forallY,Z e X withY < Z,

(A4) (Convexity) p(AY + (1 =D Z)< Ap(Y)+ (1 — D)p(Z) forall Y,Z € X and 1 €0, 1],
(A5) (Comonotonic additive) p(Y + Z) = p(Y) + p(Z) whenever Y and Z are comonotonic.

Here, (Al) states that the risk value depends on the loss via its distribution. Using the standard terminology in Follmer and Schied (2016), a risk
measure is a monetary risk measure if it satisfies (A2) and (A3), it is a convex risk measure if it is monetary and further satisfies (A4), and it is a
coherent risk measure if it is monetary and further satisfies (D3) and (D4). Clearly, (D3) together with (D4) implies (A4). Thus, convex risk measures
are more general than the coherent risk measures.

Below, we list some classic convex signed Choquet integrals with 4 € H, which are formulated on their respective effective domains. In fact,
with some bounded assumptions of pz defined in (8), there exists a one-to-one correspondence between deviation measures and distortion risk

measures with the relation pg(X )= p}l(X )—E[X].

(i) The Gini deviation with h(f) =t —*:
%[E [[X,-X,]]. XeL'.X|.X,.X are iid.
(ii) The mean median difference with A(f) = min{¢,1 —1}:
minE[|X —x|], XelL'.
xeR
(iii) The range with A(f) = 1o«
ess—sup(X) —ess—inf(X), X € L*®.

(iv) The inter-ES range with A(t) = ﬁ Al + E AO:

ES,(X)+ES,(-X), a€(0,1), Xe L'
(v) The ES deviation with A(f) = % A =1):

ES, (X)—-E(X), a€(0,1), XelLl.
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Appendix B. Monotonicity of MD?

The mapping MDgP in Definition 1 is not necessarily monotonic, as defined as property (A2) in Appendix A. Thus, MD? is generally not a

monetary risk measure. In fact, MDP satisfies weak monotonicity which implies that MD? (e < MDf (cy) if ¢; < ¢, for any ¢|,c, €R. Han et al.
(2023) characterized recently the mean-deviation measures which are monotonic in the general mean-deviation model defined below.

Definition S.1 (Mean-deviation model). Fix p € [1, o0]. A mean-deviation model is a continuous functional U : L? — (—o0, oo] defined by

UX) =V (E[X], D(X)), (S.1)
where V : H - (—o00,00] with H = {(x,y) € R X [0, 0)} such that (i) V' (m,d) is strictly increasing in m for every d; (ii) V' (m,d) is strictly increasing

in d for every m; (ii) V' (m,0) = m for every m (normalization).

For p € [1, o0], we define

D={pepr: sip — 2O ___; 1
xeLr\c ess-supX — E[X]

Theorem S.1 (Theorem 1 of Han et al. (2023)). Fix p € [1,]. Suppose that U : LP — (—o0, 0] is a mean-deviation model in (S.1) with D € DP. The
following statements are equivalent.

(i) U is a monetary risk measure.
(ii) For some A>0, AD € D’ and U = goD + [E where g : [0,00) — R is a non-constant increasing and A-Lipschitz function satisfying g(0) = 0.

Note that we use Gini in (15), the mean median difference (MMD) in (S.2) or SD for numerical examples throughout the paper. In the next
proposition, we demonstrate that K, as defined in (2), equals 1 for both Gini and MMD. Therefore, in order to ensure that MD? is monotonic,

the function g should be 1-Lipschitz. Additionally, we show that SD does not satisfy (2) for any p € [1, ], and thus we cannot ensure MD? to be
monotonic when D is SD.

Proposition S.1. For D = Gini or D = MMD, we have K = 1; and for D = SD, we have K = .

Proof. Let X € L' and X, X,, X are i.i.d. For D = Gini, we have

Gini(X) 1 E[|X; - X,]

sup ————— =
XeLIl)\C ess-supX —E[X] 2 XeLl\¢ ess-supX — E[X]

_1 wp E [|X| —ess-supX +ess-supX — X,|]
2 xer\c ess-supX — E[X]

< 1 sup E[|ess-supX — X;|] + E|ess-supX — X,|] _1
2 XeLl\¢ ess-supX — E[X]

Furthermore, let { X, }* | be a sequence with P [X, =n| =1—1/nand P [X, =0] = 1/n. Then ess-supX, — E[X,] = 1, and lim,_ ., Gini(X,) = 1, so
K=1.
For D = MMD, we have

MMD(X) min, g E[| X — x|]
sup ———————= sup ———————
xerh\c ess-supX —E[X]  yo i\c ess-supX —E[X]
E[|X —ess-supX|] _

< sup =1
xerl\c €ss-supX —E[X]

Also, for a sequence {X,,}:il with P [X,, = n] =1-1/nand P [Xn =0] =1/n, lim,_,, MMD(X,) = 1, implying that K =1 for D = MMD.

For D = SD, we use a proof by contradiction. Suppose there exists K < oo for D = SD. Let X be the random variable with P[X =0] = (K +
2)72 and P [X =(K +2)?] =1 — (K +2)"2. Then ess-supX — E[X] =1 and SD(X) = (K +2)y/K2 +4K +3 — 1/(K +2)2 > K, which leads to a
contradiction. []

Appendix C. Special cases corresponding to Section 3
We assume that D, (X) is the mean median difference:
1 (1
-1 (3)

The MMD is a signed Choquet integral with a concave distortion function A given by A(f) = min{z,1 —1)},# € [0, 1]. We recall that A is defined in
(16).

Dy, (X)=MMD(X) 3=HgDI1}[E[|X—X|] =E [ ] , XelLl. (5.2)
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Fig. S.1. Optimal deductible d* for the uniform distribution with a =0 (left panel) and exponential distribution with u (right panel) with D = MMD and g(x) =
ax + fx?. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Example S.1. Let D = MMD and g(x) = ax + #x2 with (a, ) € A. If # =0, then
0.5y (x) - g min(Sy (x), 1 — Sy(x)) = max (€SX(x) - %Sx(x),t‘)SX(x) + %Sx(x) - %) .
If < a/2, then d* = F;l(%); otherwise, d* = M. For the case of f # 0, we have
X X
0.5y (x) — h(Sx ()| @+ 2 / R(Syx())dt | = 05y (x) — min(Sy(x), 1 — Sx(x)| a + 28 / min(Sy(t), 1 — Sy (t)dt|.
0 0
Assume that X ~ Ula, b], then MMD(X) = (b — a)/4. By taking 6 = 0.2, we can compute d* numerically by

X
d* = sup x:min(l,z_a> a(b—a)+2ﬂ/min(b—t,t—a)dt —0(b-a)<0, and 0< x < b
- X
a

We assume that X ~ exp(4) with any A > 0, then MMD(X) = In(2)/A. Again, we can compute d* numerically
X
d* =sup{ x : min(l,e* — )| a +2ﬁ/min(e—’”, l—e*)dr|-6<0, andx>0}.
0

The optimal deductible d* as a function of parameter b for the uniform distribution and parameter y for the exponential distribution is displayed in
Fig. S.1. This figure shows similar patterns as those in Fig. 1.

In the next two examples, we further assume that g(x) = ef* — 1 with § > 0, as it is a common choice for an increasing and convex function with
g(0) =0. Again, to ensure that MD? is monotonic on the relevant domain, we must have g’(D(X — I(X))) = fexp{f(D(X) — DU (X))} < 1 for all
I € 1. Define

B={p:$>0, and fD(X) +In(p) <O}.

Example S.2. Let D = Gini and g(x) = efx — 1 with g € B. Then we have

X X

0.5 (x) — Ph(Sy () expd f / h(Sx (D)t b= Sy ()| 0= B(L = Sy(x)expd p / (Sx (D) — S2(O)dt
0

0
If X ~Ula,b], then Gini(X) = (b — a)/6. Take 6 = 0.2, we can compute d* numerically by
_ 33 2_ 2
d*:sup{x : ﬁ;_Zexp{—(b_ﬂa)z <" : a (”J’b)(; @) +ab(x—a)>}—9<0, and0<x<b}.
If X ~exp(4) with 4> 0, then Gini(X) =1/(24). Again, we can compute d* numerically

d* =sup{x 1 pdd —e”lx)exp{i(l —e_’lx)z} -0<0, andx}O}.

In Fig. S.2, we once again examine the optimal deductible d* as it changes with b for the uniform distribution, and with y for the exponential
distribution. We observe that as the expected loss increases, the deductible also rises. When f is small, the DM tends to opt for a larger deductible,
while larger values of f indicate heightened aversion to risk deviations, leading to a preference for a smaller deductible. The shape of the optimal
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Fig. S.2. Optimal deductible d* as a function of b for the uniform distribution with a =0 (left figure) and as a function of y for the exponential distribution (right

figure) with D = Gini and g(x) = e/* — 1.
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Fig. S.3. Optimal deductible d* for the uniform distribution with a =0 (left panel) and exponential distribution with y (right panel) with D = MMD and g(x) =

efx —1.

deductible as a function of the underlying distribution parameter appears qualitatively similar to Fig. 1, when the function g is non-linear and

quadratic.

Example S.3. Let D = MMD and g(x) = ¢/* — | with § € B. Thus, we have

X

X

0.5y (x) — Bh(Sy (x))exp] B / R(Sx(D)dt b = 0.5y (x) — fmin(Sy (x), 1 — Sy (x))exp] f / min(Sy (1), 1 — Sy (6)dt
0

0

Assume that X ~ Ula, b], then MMD(X) = (b — a)/4. By taking 6 = 0.2, we can compute d* numerically by

—a

d* =supqdx: ﬁmin(],;:

Yoo 2
X b—a

/min(b—t,t—a)dt —-0<0,and0<x<b

We assume that X ~ exp(4) with 4> 0, then MMD(X) =In(2)/A. Again, we can compute d* numerically

X
d* =sup< x : fmin(1,e* — 1)exp ﬂ/min(e“’,l—e"“)dt —6<0, and x>0
0

The optimal deductible d* is reported in Fig. S.3. The patterns have a similar explanation as in Fig. S.2.

Next, we give one more example corresponding to Section 3.2. We assume that g(x) = ef* — 1 with g > 0.

Example S.4. Let D = SD and g(x) = e/* — 1 with > 0. For X ~ U[0, b], we have w;(x)=2bx — xz)/(Zb) and wy(x) = x2(3b — 2x)/(3b). By setting

6 = 0.2, we can compute d* numerically by
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Fig. S.4. Optimal deductible d* as a function of b for the uniform distribution (left figure) and as a function of y for the exponential distribution (right figure) with
D =SD and g(x) =e* — 1.

. 4bx® —3x*\ ' 3x /2
d =sup{x:ﬂexp{ﬂ<xl27b2x> <4b—x3x) —-0<0,and0<x<b .

For X ~ exp(A) with any 4> 0, we have w,(x) = (1 — e **)/4 and w,(x) = %2(1 —e My — %xe’“. By setting # = 0.2, we can compute d*
numerically by

- . p Zax o\ 1/2 Ax—14e ™
d —sup{x.ﬂexp{zﬂ—ﬂxe —e M) A 2ixe i — e 201 /2

The optimal deductible d* is reported in Fig. S.4. Again, the shape of the optimal deductible as a function of the underlying distribution parameter
is similar to the case with a non-linear and quadratic function g (cf. Fig. 2).

-0<0, andx)O}.

Appendix D. Proof of Theorem 4

Proof. Case 1: IT=VaR,. Along similar lines in the proof of Proposition 2 and Theorem 3, we consider the following minimization problem

M

min fuy = / (1 + Ahy(Sx (x)) = Sx(x) = A1y (Sx ()q(x)dx + 4y Dpy (X) +g(5) + E[X] = 415 = AT, (S.3)
0

where 4, >0 and A, > 0 are the KKT multipliers, and the following g will minimize (S.3)
0, if (14 A)hy(Sx(x) = Sx(x) — A1 (Sx(x)) >0,
qg(x)=1<1, if (14 A9)hy(Sx(x) = Sx(x) — 4~ (Sx(x)) <0, (8.4
c, otherwise,

where ¢ could be any [0, 1]-valued constant on (1 + 4,)A,(Sy(x)) — Sx(x) — 4, (Sx(x)) = 0. Define

H(x) = (1 + A)hy(Sx(x) = Sy (x) = 4, (Sy (x)).
Let hy(t) = 115, with p € (0, 1).

(i) For t <1 — p, or equivalently, x,<x< M, we always have H(x) = —Sy(x) — 4,1 (Sx(x)) <0 for X, <x<M, which implies g(x) = 1.

(ii) For f > 1 — p, or equivalently, x < x,, we have H(x) =1+ 4, — Sx(x) — 41 h(Sx(x)). Since A, is concave with A,(0) = h(1) =0, H'(x)=
—S;((x)(l + /l]h’l(SX(x)), H(x,) =4 +p—A4h(1-p) and H(0) = A, + 1 — ag — A; h (), there at most exists two zeros di,/h,/lz <x, (=12
such that H(d, ;, ;,)=0.

Define
dosy 0, =Inf{x s 1+ 4y =Sy () = 417 (Sx(x) <0, and 0<x<x,},
and
digp, =sup{x 1 14+ = Sx(x) = 4 A (Sx(x) <0, and dy,, ; <x<x,}.

Then we have I(x) = IdOwle*dlvﬂMz’xn(X) = /Ox qOdt = (x—dy 5, ;) A(dy 4, 4, —do ;,,0,)+(X—x,),. Thatis, for every s, there exists an Ido’dl,xp(x) =
(x=dy)y ANd|—dy)+(x— xp)Jr that does better than any I € 1.

Next, we aim to find the optimal d, and d; for problem (S.3) subject to (28) when the insurance contract is given by I dosdy for some
dy,d; €10,x,], that is,

22
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d M do Xp
o Jmin ]f(do,dl) :=/(1+/12—Sx(x))dx—/SX(x)dx+g /hl(SX(x))dx+/h1(SX(x))dx +E[X] - 4,11 (S.5)
0-41 L Xp

do xp 0 d

Assume that there exists a constant /1; > 0 such that JO i and d~] P solve problem (S.5) for 4, = A; and VaRp(I 7 )= 1. Then, we aim to show

0/1*"71/1* Xp

2 2
dy i and d; P solve problem (5) with constraint (28). We denote the optimal value of problem (5) with constraint (28) by V (Il). Then, it follows
that

V() = inf  MDP(T)) < inf {MDDT —i*(VR I —ﬁ)}
M=, jof  MDPADS el 217 45 (VaR, (U, 4, )
VaRp(Idoydlvxp)sﬁ VaRP(IdOV‘,I,Xp)sﬁ
. D g% -1 — D T
2 2

The last inequality is because 1 Ty is feasible to problem (5) without the constraint. Hence, (dN(’;, Jik) = (070 A;,dj /1;) solves problem (S.5). To use
m;’ )
the first-order condition, we get

~ do Xp
%ﬁ(;dl)=g' /hl(Sx(X))dX+/h1(Sx(X))dx hy(Sx(dg)) — (1 + Ay — Sx(dy)),
0 d
and
~ do *p
%‘(l);dl)z—g' /hl(SX(x))dx+/h1(SX(x))dx h(Sxd)+ U+ A, —Sxd))).
0 d,

Then, we can solve dN(’)“, dNT and A; by (33), and
/1’2‘ =inf {/12 : VaRp(Iig,Ef,xp) —TI<0, and Ay 2 O} . (S8.6)
Case 2: [I=ES,,. Let hy(1) = l—ip A1 with pe (0,1).

(i) Fort > 1 — p, or equivalently, x < Xy the analysis is similar to the case of VaR.

(ii) For z <1 - p, or equivalently, x > x,, we always have H(x) = %Sx(x) — A hy(Sx(x)). When H(x,) =p+ Ay — A hy(1 = p)> 0, if H'(M) =
pr# - /llh’l(O) <0, then there exists a unique d, ;, ;, such that H,(x) >0 for x, <x <d,,, , ,and H;(x)<0for d, ; , <x<M;if H'(0)>0,

then H(x) >0 for any x € [x,. M]. When H(x,)=p—2h;(1-p)<0, then we have H,(x) <0 for any x > X,

Define

+ A
d 4.2, = SUp {x : pl 2 Sy (x) — A hy(Sx(x)) =0, and x,<x< M} . (S.7)
A1 —p
It is clear that dy; ;, < dj,, 4, <X, <dyy, ;- Then problem (S.3) can be minimized by I(x) = Ido,A,,AZ’dl.A,,szdz,Al.AQ X) := /Ox q(t)dt = (x —
d0.11.12)+ A (dl,/ll,/b - do,/ll,/lz) + (x — d“lqh)y That is, for every s, there exists an Ido,dlsdz(x) =(x —dy, A(d| —dy) + (x — d,), that does bet-
ter than any I € 1. Next, we aim to find the optimal d,), d; and d, for problem (S.3) subject to (28) when the insurance contract is given by I dosdy iy
for some d,),d; € [0, x,] and d, € (x,, M1, that is,

d M do dy
~ + A —
min F(dy.d;,dy) ::/(1 + 4y —SX(x)dx+/p 2SX(x)dx+g /hl(SX(x))dx+/h1(SX(x))dx +E[X]— 4,11 (8.8)
dy,d €10,x,].d> E(x,,M] 1-p
do dy 0 d
To use the first-order condition, we get
~ dy d
0F(dy.dy.dy)
—oq ¢ h(Sx()dx + [ hy(Sx())dx |h(Sx(dy)) — (1 + A, — Sx(dy)),
0 d
do dy

oF(dy,d,.d
%:—g/ /hl(SX(x))dx+/hl(SX(x))dx Ry (Sx(d)+ 1+ Ay — Sy(d))),
0 d,

and
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~ dy dy
0F(dy,d,,d )
( gd21 2) =g /h1(SX(x))dx+/h1(SX(x))dx hl(SX(dz))—pl_pzSX(dz).
0 d

)=1I1. In this case, d*

Assume that there exists a constant 47 > 0 such that d~0 i d~1 i and d~2 2 solve problem (8.8) for 4, = 47 and T1(I; 0

0/1; dNu; ‘72/1;
dNik, dN; and /1; can be solved by (33) and

2 =inf{/12 : VaR (I : ) ~T1< 0. and 4, ;o}. 0O
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