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ABSTRACT ARTICLE HISTORY

In this paper, we consider the optimal proportional reinsurance problem in Received 21 August 2017
a risk model with the thinning-dependence structure, and the criterion is Accepted 19 April 2018
to minimize the probability that the value of the surplus process drops KEYWORDS

below some fixed proportion of its maximum value to date which is Proportional reinsurance;
known as the probability of drawdown. The thinning dependence assumes stochastic optimal control;
that stochastic sources related to claim occurrence are classified into probability of drawdown;
different groups, and that each group may cause a claim in each insurance thinning-dependence
class with a certain probability. By the technique of stochastic control structure

theory and the corresponding Hamilton-Jacobi-Bellman equation, the

optimal reinsurance strategy and the corresponding minimum probability

of drawdown are derived not only for the expected value principle but also

for the variance premium principle. Finally, some numerical examples are

presented to show the impact of model parameters on the optimal results.

1. Introduction

In recent years, research on insurance risk processes with correlated classes of business has attracted a
great deal of attention in the actuarial literature. To depict such a dependence structure among several
classes of insurance business, the so-called common-shock risk model are often used. The problem
of optimal reinsurance with common shock dependence has been studied in the past few years. Bai
et al. (2013) sought the optimal excess of loss reinsurance to minimize the ruin probability for the
diffusion approximation risk model. Liang & Yuen (2016) considered the objective of maximizing the
expected exponential utility with variance premium principle, and derived the optimal reinsurance
strategy not only for the diffusion approximation risk model but also for the compound Poisson
risk model. Yuen et al. (2015) extended their work to the case with more than two correlated classes
and premiums determined using the expected value principle. Liang et al. (2016, 2018) investigated
the optimal reinsurance-investment problems in a financial market with jump-diftusion risky asset,
where the jumps in both the risky asset and insurance risk process are correlated through a common
shock.

In addition to the common-shock dependence, there exists other risk models with dependence
among claim-number processes in the literature. Yuen & Wang (2002) proposed a continuous-time
risk model with thinning dependence, in which claims in one class may induce in other classes with
certain probabilities. A typical example is that a severe car accident may cause not only the loss of the
damaged car but also the medical expenses of injured driver and passengers. Inspired by the work of
Yuen & Wang (2002), Wu & Yuen (2003) studied the thinning relation in discrete-time case. Wang
& Yuen (2002) extended the thinning-dependence structure into a more general framework, derived
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some basic properties of the risk process, and investigated the impact of thinning dependence on ruin
probability. It is worth noting that the common-shock risk model is a special case of the thinning risk
model of Wang & Yuen (2005).

The problem of controlling risk exposures to reach a certain goal is another important research
topic, and has been studied extensively in the past few decades. For example, see Pestien & Sudderth
(1985), Browne (1997), Young (2004), Moore et al. (2006), Wang & Young (2012), Yener (2015),
and references therein. In the actuarial context, many authors including Promislow & Young (2005),
Bayraktar & Young (2008), Azcue & Muler (2013), Biuerle & Bayraktar (2014) and Bayraktar & Zhang
(2015) adopted the objective of minimizing probability of ruin to carry out various optimality studies.
However, in real financial markets, investors would rather prefer maintaining the values of their
surplus processes at or above a certain positive level such as a fixed proportion of its maximum value
to date. In this regard, researchers are motivated to study the optimization problem of minimizing
the so-called probability of drawdown, i.e. the probability that the value of the surplus process drops
below some fixed proportion of its maximum value to date. Recently, Angoshtari et al. (2016a) and
Han et al. (2017) investigated the minimum drawdown probability problems over an infinite-time
horizon, and showed that the optimal strategy which minimizes the probability of ruin also minimizes
the probability of drawdown if drawdown does not happen. Besides, Chen et al. (2015) and Angoshtari
etal. (2016b) both studied a lifetime investment problem aiming at minimizing the risk of drawdown
occurrence. They found that the optimal strategy for a random (or finite) maturity setting such as
lifetime drawdown is very different from that of the corresponding ruin problem. Other earlier works
related to drawndown can be found in Grossman & Zhou (1993), Cvitani¢ & Karatzas (1995), and
Elie & Touzi (2008).

In this paper, under the criterion of minimizing the probability of drawdown, we investigate
the optimal proportional reinsurance problem for the diffusion approximation to the model of
Wang & Yuen (2005) with thinning dependence. When the surplus follows the risk process with
thinning dependence, the special method in Bauerle & Bayraktar (2014) does not apply. Therefore,
following the analysis of Chen et al. (2015) and Angoshtari et al. (2016a; 2016b), we apply the
technique of stochastic control theory to tackle the optimal problem. Furthermore, the problem
becomes more challenging if we require the reinsurance proportion to lie in the interval [0, 1]. By some
nonstandard analytical analysis, we obtain explicit expressions for the optimal reinsurance strategy
and the corresponding minimum probability of drawdown for both of the expected value principle
and the variance premium principle. We find that the optimal strategies under the two different
premium principles depend not only on the safety loading but also on the claim-size distribution
and the claim-number process. Under the variance premium principle, we show that when the same
safety loading applies to all classes, a simple expression for the optimal strategy can be derived even
though the reinsurance premium formula seems more complex than the one with different safety
loadings. Interestingly, we work out an optimal retention level which holds for all classes, and falls into
the interval [0, 1]. Moreover, we can conclude that the optimal strategy for the drawdown problem
coincides with the one for the ruin problem if drawdown does not happen.

The rest of the paper is organized as follows. In Section 2, the model and the optimization problem
are presented. Under the expected value principle, explicit expressions for the optimal strategies and
the corresponding minimum probabilities of drawdown are derived in Sections 3. Optimal results
under the variance premium principle are given in Section 4. In Section 5, we present some numerical
examples which show the impact of some model parameters on the optimal results. Finally, we
conclude the paper in Section 6.

2. Model and problem formulation

In this section, we first introduce the thinning model proposed in Wang & Yuen (2005). Suppose that
an insurance company has n dependent classes of insurance business, such as life insurance, motor
insurance and so on. Stochastic sources related to claim occurrences of the n classes are classified
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into [ groups. Assume that each event in the kth (k = 1,2,...,]) group may cause a claim in the jth
(j = 1,2,...,n) class with probability py;, and that there exists at least some k for each j such that
Pkj > 0. With this set-up, we denote by N k(t) the number of events from the kth group occurred up
to time ¢. Let Nj;(t) be the number of claims of the jth class up to time ¢ generated from the events
in group k. Then the claim-number process Nj(t) for class j (j = 1,2, ..., n) takes the form

]\]](t) = Nlj(t) + sz(t) + - +N]](t)

Moreover, it is natural to assume that N (¢), N2(¢), .. ., N'(t) are independent Poisson processes with
parameters Ay, A, . . ., A, respectively, and that N;(¢) is ahomogenous Poisson process with intensity
Akpkj> .., Ni;(t) is the pyj—thinning of N k(#). It is further assumed that the two vectors of claim-
number processes, (Nk (), Nyj(t), ..., Nku(t)) and (Nk/(t), Nyj(t), ..., Npu(t)) are independent for
k # k', and that Ny (), Ny, - - . , N, (t) are conditionally independent given Nk (t) for each k (k =
1,2,...,1). We label these the partial independence assumptions on the claim-number processes.

Let Y;(i) be the claim-size random variable for the ith claim in the jth class. Then, the total amount
of claims from the jth class up to time ¢ can be expressed as

N;(t)

Si(t) = Z Y;(i).

i=1
Therefore, the aggregate claims process of the company is given by

n Nj()

NOEDBNIOED B PR 0!
j=1

j=1 i=1

where {Y;(i); i = 1,2,...} are a sequence of independent and identically distributed positive random
variables having common distribution F; with mean y;j and variance o for each j. As usual, we
assume that the n sequences {Y1(i); i = 1,2,...},...,{Y,(i); i = 1,2, ...} are mutually independent
and are independent of all claim-number processes.

Define the surplus process R(t) by

R(t) = u+ct — S(t),

where u is the initial surplus, and ¢ is the premium rate. Moreover, we allow the insurance company
to continuously reinsure a fraction of its claim with the retention level gj( - ) € [0,1] for each
risk Yj(i) in class j (j = 1,2,...,n), and the reinsurance premium rate at time ¢ is §(q;) with
q = (qu( )92t C )5 e o5 Gt (- )) € [0,1]". Furthermore, the insurer is allowed to invest all its
surplus in a risk free asset (bond or bank account) with interest rate r. Let U(t) denote the associated
surplus process, i.e., U(t) is the surplus of the insurer at time ¢ under the strategy g. This process then
evolves as

du(t) = [rU(t) + (c — 8(q))1dt — dS(1), 1)
with the initial surplus U(0) = u, where
n Nj®)

Sty =Y > q¥;(i).

j=1 i=1
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It follows from Wang & Yuen (2005) that S9(¢) is statistically equivalent to a compound Poisson
process

N/
NOEDIRT
i=1
where N)Y is a Possion process with intensity

A=A 4 A+ + A

and {Y;; i = 1,2,...} are independent with common distribution F; having moment generating

function l

1 n
My (r) = 3 Z l—[ (Mi(qkr)pjk + 1 = pjk)»

j=1 k=1

with My (r) being the moment generating function of distribution Fy fork = 1,2, ..., n. Furthermore,
following the derivations of Yuen & Wang (2002), one can show that

n 1
ESU(t) = ES9(t) = Y wiq; »_ Mkpighs

j=1 k=1
and

I n

n I} n
Var$(t) = VarSi(t) = Z qu(uf + sz) Z Akprjt + Z Z Wik qiqrjPjiPikt -
=1 k=1 =1 k=1 i%k

Let B; be a standard Brownian motion. Then it follows from Grandell (1991) that the Brownian
motion risk model given by .
§9(t) = a(g)t — b(q)By,

with
a(q) = Z 1idj Z Mk
j=1
and
b*(q) = Z 4} +0?) Z Akpij + Z Z Z WilkQigkAiPjiPjk )
j=1 k=1 i#k

can be treated as a diffus10n approximation to the compound Poisson process S9(t). Replacing $9(t)
of (1) by S$9(t), one can obtain the following surplus process

dU(t) = [rU(t) + ¢ — 8(qr) — a(qn))dt + b(qy)dBy, 3)
with U(0) = u.

Define the maximum surplus value M(t) at time t by

M(t) = max { sup U(s), M(O)} ,

0<s<t

where M(0) = m > 0. Note that we allow the surplus process to have a financial past and that m is
no less than the initial surplus u by definition. Here the term ‘drawdown’ means that the value of the
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surplus process reaches o € [0, 1) times its maximum value. Define the corresponding hitting time

by N
T = inf{t > 0: U(t) < aM(t)}.

It is easy to see that we are in the case of minimizing the probability of ruin for the fixed ruin level 0
if @ = 0. Besides, if the value of the investment fund is no less than

B 8(0) +a(0) — ¢
-,

s (4)
which is the safe level defined in Angoshtari et al. (2016a), then the insurer can transfer all the risk,
and hence the surplus value will never decrease, i.e., drawdown cannot occur in this case.

In the following definition, we give the admissible set of g.

Definition 2.1: Let (€2, 7, IP) be a probability space equipped with a complete filtration 7; which
is generated by U(s) (0 < s < t). A strategy q = (q1(-),q2(-),...,qn(-)) is said to be admissible if
the following conditions are satisfied:

@ q=(q(-),q2(),...,qu(+)) is (Fp)i=0 progressively measurable;
(b) q,-(-)e[O,l]forAizl,Z,...,n;
(c) Equation (3) for U(t) has a unique strong solution.

The set of all admissible strategies is denoted by D.

Denote the minimum probability of drawdown by ¢ (u, m) which depends on the initial surplus
u and the maximum (past) value m. Specifically, ¢ is the minimum probability of 7, < co. Thus, the
objective function can be written as

JA(u,m) = P*" (1, < 00) = Eu’m(l{ta<oo}))

where P*™ and E*" denote the probability and expectation, respectively, conditional on U@©) =u
and M (0) = m; and the corresponding value function is given by

¢ (u,m) = qiggfq(u, m).

3. Optimal results under expected value principle

In this section, we consider the optimization problem for the risk model (3) under the expected value
principle.

Recall the safe level u of (4). In the case of m > u;, we can see that if U(0) = u > us, then
drawdown is impossible; and if U(0) = u < am, then drawdown has occurred and the game is over.
Thus, we assume that U(O) = u € [am,u,]. If U(O) = u < us, either 0(1‘) < us almost surely for
allt > 0or U(t) = u; for some t > 0. Since m > us, M(t) = m holds almost surely for all t > 0.
Therefore, avoiding drawdown is equivalent to avoiding ruin with a (fixed) ruin level of am. On
the other hand, in the case of m < u,, M(t) can be larger than m, i.e., the level that we set is not
necessarily a fixed one. Based on the technique of stochastic control theory and the corresponding
Hamilton-Jacobi-Bellman equation, we obtain the optimal proportional reinsurance strategy and
the minimum probability of drawdown for both cases.

Remark 3.1: Note that when m > u, the level of drawdown is not changing, then the problem is
essentially minimizing the probability of ruin. Therefore, in Angoshtari et al. (2016a) and Han et al.
(2017), the optimal results in the case of m > u; are derived by maximizing the ratio of the drift of the
diffusion to its volatility squared, i.e. the method used in Biuerle and Bayraktar (2014). However, for
n-dimensional control variables (especially when n > 3), it is more direct to derive the optimal results
using the technique of stochastic control theory and the corresponding Hamilton-Jacobi-Bellman
equation.
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As u and m respectively indicate the initial surplus and the maximum (past) value, we only need
to consider the function f on the domain O := {(u,m) € (RT)? : am < u < min (m, us)}. Let
C>! denote the space of f(u, m) such that f and its partial derivatives f,, fu, f are continuous on
O. Tt follows from standard arguments that if the value function ¢ (u, m) € C>!, then ¢ satisfies the
following Hamilton-Jacobi-Bellman(HJB) equation

i f 1 > =y
qlgDA ¢(u,m) =0

where ]
Al uym) = [ru+ ¢ = 8(g) — (@] pu + 50" (@ Puas ()
Applying the method of Angoshtari et al. (2016a), we obtain the following verification theorem.

Theorem 3.1:  (Verification Theorem) Suppose that h : O — R is a bounded continuous function
satisfying the following conditions:

@) h(,m) e C? (am, min (m, us)) is a non-increasing convex function,
(ii)  h(u,-) is continuously differentiable, except possibly at us,
(iii)  hp(m,m) > 0if m < u,
@iv) h(am,m) =1,
(V) h(us> m) = 0,
(vi) Alh > 0forq e D.

Then h(u, m) < ¢ (u, m) on O. Furthermore, suppose that the function h satisfies all the conditions,
and that Conditions (iii) and (vi) hold with equality for some admissible strategy q* defined in
feedback form (q’l“(f](t)),qﬁ(ﬁ(t)),...,q;‘l(f](t))). Then we have h(u,m) = ¢(u,m) on O, and
(7 (W), g5 (w), . .., q;(w)) is the optimal reinsurance strategy.

We now consider the following boundary-value problems and try to find a solution at which a
certain function is minimized according to Theorem 3.1.

(ru+ c)hy + min [—(6(@) + a(@)hy + 30> (Phu] =0,

(6)
h(am,m) =1, h(us,m) =0,
foram < u < u; < m;and
(ru + )by, + min [— (@) + a@)hy + 30> (Phu] =0,
h(am,m) =1,  h(us us) =0, 7)

hm(m’ m) = 0)

for am < u < m < u,. Notice that once we derive the ratio of hh_:,, under the optimal strategy,
solutions to the problems can be obtained easily through some calculations. Therefore, we devote
ourselves to the study of ;T“” in different cases.

For notational convenience, we denote

) 1
f@ =[c—8() —a@]hi+ zbz(Q)huu'

Before investigating the optimal problems of (6) and (7), we give the following lemma.
Lemma 3.1:  For a given scalar dy, constant vector e; and an arbitrary positive definite matrix Ay, if
f1(q) is a quadratic function of q = (q1 (1), q1 (), . . ., qn (1)) in the form

1
filq) = di +qer + EquqT,
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then the minimizer of f1(q) is given by
q=—@7'e)’,

where the superscripts ‘—1" and ‘I’ denote the inverse of a matrix and the transpose of a matrix or
vector, respectively.

When the reinsurance premium is calculated according to the expected value principle, the
insurance premium rate is

n l
e =D (6w ) hipy,
j=1 k=1
and the reinsurance premium rate is
n 1
8@ =Y A+l —q) Y dipr
j=1 k=1
where 0 G=12...,mand n; (j = 1,2,...,n) are the insurer’s and reinsurer’s safety loadings

of the n classes of the insurance business, respectively. Without loss of generality, we assume that
nj >0; j =1,2,...,n). Then we have

n 1 n 1
c—8(q) —al@ =Y O —n)uj Y Mpki+ D miidj Y APk
j=1 k=1 j=1 k=1

and thus

n I
. 1
f@= Z O — n 1 Z/\kpkjhu —qChy, + EquThuua

=1 k=1
where the matrix
i I i
(13 + 0D Y gy Mebra ZjZI M2 Appapjt - - Zj:l Kni12ipjnpji
1 1 1
A i mahipip (M3 +0) sy Mkpra e Dojy MnkakiPjnpj2 @)
1 ' ! . ' !
Yjm1 HalnhiPjiPin  Dojy MalnhipaPin - (g + 07) Yy AP
and the vector ;
—N1p1 Z;czl AkPk1
—M2f2 D k=1 MkPk2
C= .
J
—Nnlin Zk:l AkPkn
Define l
a; = (,[,le +01-23 Zk:l )\kPki, i=12,...,n (9)
bik = bki = Zj:l Hklli)&jpjkpjb l,k = 1,2, N (N i ;é k,
and |
Cci = _niﬂiz)‘kpki’ l= 1,2,...,7’[. (10)

k=1
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Assumption 1:  We assume that A defined in (8) is positive definite.

Under Assumption 1, the matrix Ah,y is also positive definite since hy, > 0. It follows from
Lemma 3.1 that the minimizer g = (q1 (1), g1 (1), . . ., (1)) of f(q) is given by

h
g=@A"loT=. (11)
huu
Note that we cannot make sure whether or not the reinsurance strategy g = (g1 (), q1 (&), . . ., §n(1))

in (11) belongs to the interval [0, 1]”. Before investigating the optimal reinsurance strategy, we present
Lemma 3.2 which plays a key role in the following discussion.

Lemma 3.2: A continuous and strictly convex function y(x) : R" — R is defined on a closed convex
set §2. If the stationary point is located in R"\§2, then the minimum value is on 082, i.e. the boundary
of 2.

In the following subsections, we restrict our attention to solve the optimization problem for the
thinning model with n dependent classes of insurance business.

3.1. Thecaseofn =2

When #n = 2, the minimizer off(@h (1), 32 (1)) has the form

R aer — biey  hy
nw) = ——-5---—,
ayaz — blZ o

aicy — b hy (12)

b
aya — b%Z o

where by, a;jand¢; (i = 1,2) are given by (9) and (10), respectively. After some calculations, the
following lemma can be obtained.

Lemma 3.3: For n = 2, the following two statements hold:
(i) ayay — b%z > 0;

(ii) Inequalities arcy — biaca > 0 and aycy — biacy > 0 cannot hold true at the same time.

Proof: 1t follows from (9) that

2
! ! I
aray — b, = (u2 + o) X Mpra - (13 +037) X Apre — (/Z MIMZ)\ijIPﬂ)
k=1 k=1 i=1
I I ! 2
> (u1 +07) (13 +03) p> MkPYy p> MPY, — CZI H1k2Apjipj2
-1 -1 -
3

2
1 )
> (w1 +0f) (13 +03) (kZ AkPkquz) — CZ muz/\jpjlpjz) >0.
=1 i=1

The second inequality above comes from the Holder inequality. Moreover, if ae; — biaca > 0, ie.

biacy
a>=7 , then

biac

aicy — biaey < ajcp — by -
a

(%]
= “(ajay — b},) <0,
a

because ¢; < 0 (i = 1,2). Along the same lines, one can show that if ajc; — b12¢; > 0, then we have
azcy < b12C2. O
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If Condition (i) of Theorem 3.1 holds, then we must have :7"” < 0. Therefore, to find the optimal
strategies in D, we need to examine the optimal problem in the following three cases.

Casel: ayep —biaca <0 and ajcy —bipe; <0 (ie.qi(u) > 0,q2(u) > 0),
Case2: apc) —biaca >0 and ajcy —bpe; <0 (ie.qi(u) <0,q2(u) > 0),
Case3: ayc; —biaca <0 and ajcy —biac; >0 (ieqi(u) > 0,42(u) <0).

We first discuss Case 1: azc; — biac; < 0 and ajc; — bipe; < 0. In this case, 3 (1) > 0 and
G2(u) > 0.If0 < g1(u) < 1and 0 < g>(u) < 1 hold, then gj (1) = 1 (), g5 (1) = §2(). Inserting
(g7 (), g5 () = (q1(w), §2(w)) into (5) and putting ATh(u, m) = 0, we obtain

1 hy _ 2(ru 4+ Ay)(ara; — b%z)z (13)
éll(u) huu VAV ’
where
2 )
A=y 6 = iy Xy Mprj <0,
Ny = alagcf + a%azcg + 2b?2c1cz - albfzcg - azbfzc% — 2a1a3b1z¢1 0.
Lemma 3.4: In Case 1, inequality Ay > 0 holds.
Proof: 1t follows from the form of A; that
Ay = ayc(aray — b},) + arci(a1az — b,) — 2c102b12(ara; — bi,)
= (a1a2 — biz)(alcﬁ + axei — 2c162b12)
> (max — by,)(2cica/a1az — 2c162b12) >0,
where the last inequality is due to Lemma 3.3. O
Substituting h% of (13) back into (12), we obtain
B 2[ru + Arl(a1az — b2,)(azc1 — b1aca)
1 = bl
Az, (14)
R 2[ru + Aql(a1az — bi,)(aic; — biacy)
g2(u) = .
Ay
Let
1 A
uy = - P - Al >
r | 2(araz — biy)(azc1 — b1aca)
1 A,
Uy = — P - A] >
r | 2(a1az — bj,)(arca — biacy)

it is easy to see that 1 (#;) = 1 and g2 (up) = 1.

For simplicity, we assume that u; < u, as similar results can be obtained for u; > u;. It follows
from Lemma 3.4 that §; (u) and g2 (1) are decreasing functions in u. Thus, when uy < u < u,, we have
0 <qi(u) <land0 < g>(u) < 1, and hence g (1) = §1(u) and g} (1) = 2 (u). On the other hand,
when u < uy, we have g, (u) > 1. So, we have to choose g5 (1) = 1, and derive the corresponding
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Therefore, if 0 < §1(u) < 1, we have g} (#) = §1(u) and g5 (u) = 1. Substituting them into (5) and
letting A9h(u, m) = 0 yield

Z(a1a;—b3,)

2
al(ru+A1—Cz+h‘L+fl)—a1\/<ru+A1—cz+b1;—lC1) + 2

1 _ hy _ aj
§12(u) huu C%
(15)
Then it is easy to show that
(ru + A1 —c+ blz—cl) — \/(ru + A1 —c+ m)2 + Gty
a a a? B @ (16)

q1(u) = o a

Note that g () is also a decreasing function in u. Let

U = -
! 2(a1 + b1a)

. 1 |:a1c1 —azcey + 2byacr +2a1¢ A ]
— A
r

Then we have § (%1;) = 1. After some tedious calculations, we show in Appendix 2 that %) < u;
under the assumption of u; < u;. Therefore, we can come to the conclusion that when 7; < u < uy,
we have 0 < §1 (1) < 1, and thus g} (1) = q; (). Finally, when u < %;, we have to choose g} (1) = 1
and g; (u) = 1. Inserting (g7 (u), g5 (1)) = (1, 1) into (5) yields

I hy B a%—i—ag—i—Zblz
&13(u) hyy 2(ru+ Ay —c1 — CZ)'

(17)

To summarize, we give the optimal reinsurance strategy and the corresponding minimum proba-

bility of drawdown for the case of m > u; with asc; — biaca < 0and ajc; — biac; < 0 in the following
theorem.
Theorem 3.2:  Suppose that ac; — biacy < 0 and ayjc; — biper < 0. Let &11(u), £12(u) and &13(u)
be given in (13), (15) and (17), respectively; g; (i = 1,2) and q; be given in (14) and (16), respectively;
and g1; (i = 1,2, 3) be given in Appendix A.1. If us; < m, then the minimum probability of drawdown
for the surplus process (3) is given by

| _ suwm

q13(us,m)’
~ &ua(u,m)

813 (us, m)
_ &i3(u,m)

813 (us, m)

am < u < max (am, 1),
, max (am, %) < u < max (am, uy),

¢(u,m) =41

, max (am, up) < u < u,

for any u € [am, us], and the corresponding optimal reinsurance strategy is

(1, 1) , am < u < max (am, ),
g5, q3) = @(u), D, max (m, 1) < u < max (am, uy), (18)
(q1(w), 2(u)), max (am, uz) < u < us.

Proof: Because h in (6) satisfies the differential equation as well as the boundary conditions, taking
the integral of h,, over [am, u] yields

h(u,m) =1+d; /u exp{/y é(w)dw} dy.

oam m
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Therefore, when max (am, u) < u < us, we have
h(u,m) =1+ di - g13(u, m),

where
1

d=—
g13(ug, m)

It follows from the continuity of 4 that the results for the other two cases, i.e. max (am, ;) < u <
max (am, up) and am < u < max (am, ), can be obtained along the same lines. By Appendix 3,
it is straightforward to show that h satisfies Conditions (i), (ii), (iv), (v) and (vi) of Theorem 3.1.
Condition (iii) is moot because m > u,. Thus, we have ¢ = h, and (g}, q}) given by (18) is the
optimal reinsurance strategy. O

In the next theorem, the optimal results for the case of m < wu; with asc; — biaca < 0 and
ajc; — byper < 0 are presented.
Theorem 3.3:  Suppose that ayc; — biaca < 0 and ayjc; — biaer < 0. Let £11(u), £12(u) and &13(u)
be given in (13), (15) and (17), respectively; g; (i = 1,2) and q; be given in (14) and (16), respectively;
and g1i, fii (i = 1,2, 3) be given in Appendix A.1. For m < u,

(1) if max (am,uz) < m < us, the minimum probability of drawdown for the surplus process (3)

is given by

1 — kiz(m) - M, am < u < max (am, ),
g13(us> us)
g12(u, m) ~

¢(u,m) =1 1—ki3(m) - =———, max (am, 1) < u < max (am, u), (19)

g13(us> Us)

1 — ki3(m) - M, max (am, up) < u < m =< ug,
813(us, Us)

for any u € [am, m], where

Us
ki3(m) = exp {/ _f13(}’)d)’} ;
(i) if max (am,u;) < m < max (am, up), the minimum probability of drawdown for the surplus
process (3) is given by

1 — kia(m) - M, am < u < max (am, ),
¢ (u,m) = g13(us, uy) (20)

u,m ~
1 — kia(m) - M, max (am, %) <u <m < uy,
813 (us, Us)

for any u € [am, m], where

ki2(m) = exp { (/ —fi2(y) — / Sf13()/)> d}/} ;

(iii) ifam < m < max (am,uy), the minimum probability of drawdown for the surplus process (3)
is given by
g11(u, m)

g13(us, us)” (21)

¢(u,m) =1—ky(m) -
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for any u € [am, m], where

ku(m)=eXP{</ —fll()/)—/~ flz()/)—/ sfw(y)) dy}-

Also, the corresponding optimal reinsurance strategy has the form

(1, 1) , am < u < m < max («m, 1),
g5, ) = @(u), ), max (am, 1) < u < m < max (am, up), (22)
(q1(w), @2(u)), max (am,uz) < u < m < us.

Proof: We present the proof for the case of m € [max (am, uz),us] only. The proofs for m €
[max (m,U;), max (am,uz)) and m € [am, max (em, %)) can be derived similarly. When
max (am, up) < u < m < us, the general solution to (7) has the form

h(u,m) =1+ dy(m) - g13(u, m).

Using the condition of h,,(m, m) = 0, one can show that

1 Us
di(m) = —m exXp {[n —f13()’)d)’}

with fi3 given in Appendix A.1. Along the same lines, we can derive the results for the other two cases
shown in (19).

It is not difficult to see that h satisfies Conditions (vi), (v) and (vi) of Theorem 3.1. Besides, in
Appendix 3, we prove that h(u, m) is a non-increasing convex function in « but an increasing function
in m. Then the only item remaining to show is that the expressions given in (19), (20) and (21) as well
as their derivatives with respect to u and m are continuous at u = Uy, u = up, m = U, m = u and
m = u,. The proof is similar to Han et al. (2017), so we omit the details here. Thus, h also satisfies
Conditions (i), (ii) and (iii). Therefore, we have ¢ = h with the optimal reinsurance strategy (47, q3)
given in (22). |

Remark 3.2: Note that the relationship between am and %; (u2) is uncertain. Since we are only
interested in u € [am, us], max (am, %) and max (am, u;) are used in the expressions for the optimal
results which depend on the values of & and m.

We now switch our attention to Case 2: ayc; — biacp > 0 and ajc; — biacr < 0. In this case,
q1(#) < 0and g(u) > 0, and thus we have to choose g} (1) = 0 based on which we obtain

(%) hu

2w =3t >0
If0 < g2(u) <1, we get g5 (1) = g2(u), and
- hh_ - zam:; = =
Thus, we have
) =~ (1)
Let / 1o
u2=;<?—A1+cl>. (25)
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It is not difficult to see that ('12(1/2) = 1. In particular, when u’z <u < u;,wehave 0 < q2(u) < L.
However, when u < u}, we have to choose g} (4) = 0 and g; (1) = 1. It follows that

1 hu ap
=t = (26)
En(u)  hyy 2(u+ AL — )

Theorem 3.4:  Suppose that ayc; — biaca > 0 and ajcy — biacr < 0. Let &1 (1) and £x2 (1) be given
in (23) and (26), respectively; q, and u, be given in (24) and (25), respectively; and g, fri (i = 1,2) be
given in Appendix A.2. If u; < m, then for any u € [am, us], the minimum probability of drawdown

for the surplus process (3) is given by

_ su(u,m)

1 >
swm =

am < u < max (am, u)),

, max (am, uy) < u < u.
§22(us, m)

For m < u,
(i) if max (am,u)) < m < ug, then for any u € [am, m], the minimum probability of drawdown
for the surplus process (3) is given by

1 — ky(m) - M, am < u < max (am, ),
& (u,m) = &2 (us, us)
T £22(u, m) ,
1 — kyp(m) - =——, max (am, uy) <u <m < ug,

922 (us, ug)

where

kyo(m) = exp {/ S —fzz(y)dy} ;

m
(ii) ifam < m < max (am, u)), then for any u € [am, m], the minimum probability of drawdown
for the surplus process (3) is given by

£1(u, m)
822 (us, us) ’

() = eXp{(/ ") - //sfzz(y)> dy}-

Also, the corresponding optimal reinsurance strategy has the form

o (u,m) =1—ky(m) -

where

() = (0, 1) , am < u < min (max (am, uy), m),
D (0,32(w)), max (am, 1) < u < min (m, uy).

Proof: Since one can derive the results by using arguments similar to those in the proof of Theorems
3.2 and 3.3, we omit the details here. O

In Case 3: azc; — biacy <0 and ajc; — biaep > 0, we have g3 (1) > 0 and g2 (1) < 0. Following
the derivations in Case 2, we can get the following result.
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Theorem 3.5:  Suppose that ayci — biacy < 0 and ajc; — biaer > 0. Let &31(w), &32(u), u) and
g3i (i = 1,2) be given in Appendix A.3. If us < m, then for any u € [am, u;], the minimum probability
of drawdown for the surplus process (3) is given by

. g31(u, m)

_ 832(us, m)
Pum =1 g m)

g32(us, m)

, am < u < max (om, u}),
» max (am, u}) < u < u.

Form < u,,

(i) ifmax (am,u)) < m < ug, then for any u € [am, m], the minimum probability of drawdown
for the surplus process (3) is given by

1 — k3 (m) - %,m))) am < u < max (am, u)),
= g32 uS) us
o (u,m) = - 232 (1t 1) /
—ksp(m) - =————, max (am,u)) <u <m = us,
g32(u5)us)

where

k3p(m) = exp {/ S —f32(y)dy} ;

m
(ii) ifam < m < max (am, u)), then for any u € [am, m), the minimum probability of drawdown
for the surplus process (3) is given by

831(u, m)
32 (us, us) '

k31(m) = exp { (/ 1 —f31(y) — /,Sf32()/)> d)’} .

Finally, the corresponding optimal reinsurance strategy has the form

¢(u,m) =1—kzi(m) -

where

(G ) = 1,0) ,  am < u < min (max (am,u)), m),
1> 02 (q1(w),0), max (am, ;) < u < min (m, uy),

where
2(A1 +ru)

an

Remark 3.3: Note that if we set the two reinsurance safety loadings equal, i.e. 7, = 13, it is not
difficult to show that both axc; — b1ac; > 0 and ajc; — biacr > 0 never hold, i.e. we have only
Case 1 left. In particular, when the reinsurance safety loadings of the two classes differ greatly, we
can guarantee that ¢; is larger or smaller than both blaz—;z and 92, and thus Case 2 or Case 3 holds.
Example 5.2 also illustrates this property for n = 3.

Remark 3.4: Note that when m > u,, avoiding drawdown is equivalent to avoiding ruin with a
(fixed) ruin level of am. From the expressions for the optimal reinsurance policy in each case, we see
that, for a specific level of net surplus uo, the optimal drawdown policy, in some sense, follows the
optimal ruin policy until drawdown happens. In fact, as was mentioned in Remark 3.2 of Angoshtari
et al. (2016a), we can also conclude that the same reinsurance strategy minimizes the expectation
of any function that is non-increasing in the minimum surplus value and non-decreasing in the
maximum surplus value, if the differential equation remains the same. The changes only happen in
the boundary conditions.

q1(w) =
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3.2. Thecaseofn >3

In this subsection, we investigate the optimization problem for the thinning model with more than
two (n > 3) dependent classes of insurance business. For n > 3, the feasible region €2 is [0, 1]”. Recall
the minimizer of g of (11). Two possible scenarios are as follows:

o if for i = 1,2,...,n, qi(u) € [0,1], then g} () = §i(u), and the minimum probability of
drawdown is ¢>‘§ (u, m);

o if for some i, qj(u) ¢ [0,1], Lemma 3.2 implies that the minimizer is on 9. Under the
definition of admissible control in D, the feasible region is convex polyhedron. For ¢ =
(q1(w), g2(u), . .., gn(u)), we consider gj(u) (j = 1,2,...,n) takes a value of 0 or 1, and hence
there are 2n combinations of optimal problems whose dimensions are n — 1. Therefore, the
corresponding drawdown probability of the original problem is the one which is the minimum
of these 2n optimal results. In these 2n optimal problems, if some minimizers are out of the
feasible region, then repeat the steps above to get the minimizer of the problem.

To illustrate how the optimal results can be obtained in the two scenarios, we take n = 3 as an
example. To keep things simple, we constrain the reinsurance proportion in the interval [0, 00). For
qi(u) € [0, 1], the insurer has a proportional reinsurance cover. On the other hand, the case with
qi(u) € (1,00) may be thought of as acquiring new business. Therefore, the feasible region 2 is
[0, 00)3.

In the first scenario with n = 3, g} (1) = g;(u) for i = 1,2, 3. Inserting the optimal strategy back
into (5) and letting A9h(u, m) = 0, it can be shown that

hy 2(ru+ Ay)

hy  CT(AHTC
where
~ n 1
Ay = Z (O — mj) 1k Z)»kpkj-
=1 k=1

Thus, B
_ 2(ru+ Ap(ATIO)T
— claHTc

*

and the corresponding minimum probability of drawdown is ¢4 (u, m).
In the second scenario with n = 3, g;(u) ¢ [0, 00) for some i. Parallel to the analysis for n = 2, we
consider the boundary of € which is formed by the following three faces:

Dy = (q1(w), q2(w), g3(w)|q1 (1) = 0,q2(1) = 0,93(u) > 0),
Dy = (q1(u), 2 (1), q3(u))|q1 (1) = 0,g2(u) = 0,q3(u) > 0),
D3 = (q1(u), q2(w), q3(u))|q1(u) > 0,g2(u) > 0,g3(u) = 0).

Therefore, we need to investigate the optimal reinsurance strategy in these three faces. The following
steps show how the optimal reinsurance strategy is derived:

(S1) I:4et q1(u) = 0. Differentiating A9¢ (u, m) with respect to g;(u) (i = 2,3) and setting

q;:(%,m) = 0, we have
1 ascy —byes h
Q20(”) =7 h_u,
aasz — b23 huu
1 azes — bycr
o = 2o tne

aas — b%g} o
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If q10 (u) € [0,00) (i = 2,3), then the minimizer of function ¢ (u, m) in Dy is g*10 =
(0, qéo (u) A1° (u)). We denote the corresponding probability of drawdown by ¢, (4, m). If for
some i, g; 0 (u) ¢ [0, 00), we need to find the minimizers on the boundary of Dy, i.e.

Dy = {(0,0,93(w))|q3(u) = 0},  Diz = {(0,92(w),0)|q2(u) = 0}.
Let q1 (1) = q2(u) = 0. Differentiating A9¢ (u, m) with respect to g3 yields

~1020 c3 hu
u) =— —>0.
qz () o ho

Along the same lines, we have
~103p o hy
() =—--—=>0.
%2 az  hyy

Under the strategy (0, 0, qéozo (u)) and (0, @;030 (1), 0), we denote the corresponding probability

of drawdown by @2, (1, m) and ¢1,3, (4, m), respectively. It follows that
¢10 (us m) = min {¢1020 (Ll, m)x ¢1030 (Ll, m)} >
and

(0, 85"% (1), 0), if o2y (14, 1) = 1oz, (14, ).

(S2) Mimicking the steps in S1, one can find the minimizer g** and the corresponding minimum
probability of drawdown ¢;, (u, m) in D; (i = 2, 3), respectively.
(S3) It follows from the results in S1 and S2 that the minimum probability of drawdown in €2 is

= {(o 0,320%0 (), if 12, (1 m) < b1y3, (115 m),

(P(l/l, m) = min{¢>10, ¢20> ¢30};

and the corresponding optimal reinsurance proportional strategy is

G0, if ¢ (u,m) = g1, (u, m),
g =1 7%, if ¢u,m)= ¢y (u,m),
g0, if ¢(u,m) = ¢, (u,m).

Remark 3.5: Supposethat!=n+1,p; =1forj=1,2,...,n,p; =0( #j) fori,j=1,2,...,n,
and p;; = 1fori = 1,2,...,n. Then the resulting risk model becomes the risk model with common
shock studied in Yuen et al. (2015) in which the optimal proportional reinsurance problem under
the criterion of maximizing the expected utility of terminal wealth was examined. Under the model
of Yuen et al. (2015), Han et al. (2017) investigated the optimal proportional reinsurance problem
with the objective of minimizing the probability of drawdown. With n = 2, one can verify that the
optimal results given in Theorems 3.2-3.5 coincide with those in Han et al. (2017).

4. Optimal results under variance premium principle

In this section, we discuss the problems given by (6) and (7) under the variance premium principle
based on which the insurance premium rate has the form

c= Zu,zxkpkj +Ze(u, +0] )Zxkpkj,
j=1 =
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and the reinsurance premium rate can be expressed as

n 1 n I
8@ =Y wi(l—a) Yy Mpig+ Y 51— q)* (1} + 1) D Mipigs (27)
j=1 k=1 j=1 k=1
where ; (j = 1,2,...,n) and 7j; (j = 1,2,...,n) are the insurer’s and reinsurer’s safety loadings of
the n classes of the insurance business, respectively. Again, we assume that 7; > 0; (j = 1,2,...,n).

Thus, we obtain

n 1 n 1
c—8(q) —al@ =Y O — i) +07) Y Mpri+ Y 11245 — gD 4] +07) D hipi-
j=1 k=1 j=1 k=1

Then it follows that

n noo_ ! 1 1
F@ =X 6= )W +07) 3 Mipijhu + 2Dghy — ~qBq" hy + ~gAq hu
j=1 k=1

e

Il
—

_ ! 1
6 — i)} + o) 3 Mipagh + 2Dghy + —q(Ahu — Bhu)q'
J k=1

where the matrix

)
201t 4 o) Y i Mepra 0 1 0
B= 0 2'72(M% + 022) Zk:l AkPr2 -+ 0
M . . . l
0 0 S 20ty 4 07) Yogmy MePhn

and the vector ;
m(ui +o7) Z;czl AP
D= 772(#% + 022) > k=1 MkPk2
i
(i +0) Dkmy AkPkn
Obviously, the matrix B is positive definite. Under Assumption 1, we know that the matrix A is

positive definite, and hence the matrix Ah,,, — Bh,, is also positive definite. Therefore, it follows from
Lemma 3.1 that

h
g=2DT(B - AL,

u
Note that once the ratio of ;1—” is derived, one can carry out the analysis presented in Section 3 to

study the problem. However, even though we can show that Z’—“ is the solution to the equation

-1
DT (B - A%) D = —(ru+c— 8(0)),

u

for g* = g, explicit expression for Z‘—“ cannot be obtained easily.
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When the reinsurance safety loadings for all classes are the same, it may be possible to derive explicit
expressions for the optimal results. Therefore, in the rest of this section, we focus on investigating
the optimization problem with a common reinsurance safety loading.

n 1 B n )
8(9) = 2 wi(1 = qj) - Mpyj + A( > (=g} +07) 3 Mpi
j=1 k=1 j=1 k=1 (28)
) n
+ Zl py X;(Miuk(l —q) (1 — Qk))»jpﬁpjk>,
j= i#

where A is the common reinsurance safety loading. Using b?(q) of (2), we get

_ n 1
¢ —8(q) —a(q) = Ab*(1) — A( > (=g} +07) 3 Mpi
j=1 k=1

+3i ;{M:‘Mk(l —g)(1 — ‘Jk)’\fpﬁpjk)’

k=1i

where 1 = (1, 1,...,1), and A is the safety loading of the insurer. Without loss of generality, we
assume that A > A. Thus, we have

f@ = (A= MPP(Dhy, — AgAqTh, + 2AqD1hy + 1qAqT hy,
= (A — A)b*(Dhy + 2AgD1hy + Sq(Ahuu — 2AAhy)q",

where the vector

(1 + o) Yy Aipra + Z}:l > kt1 HkM1APikPj
(13 + 09) Yhoy Mk + Xjmy Yhsn Mk AjPikD]2

1 =
1 . )
(Mi + Ur%) > k=1 AkPkn + Zj:l ZZ;&n Mk LnhiPjkPin

Note that D; = A17”. Then, under Assumption 1, it follows from Lemma 3.1 that the minimizer of
f(g) is given by

For ;?T"u < 0, itis easy to see that g = (q1 (1), g1 (1), . .., gn(u)) falls into the interval [0, 1]",i.e. ¢* = g.
In the following lemma, we present the form of % under the optimal strategy.

Lemma4.1: When q* = g, one can show that

hy,  2rul +2AAbA(1
E(u) = o <

hy — ru+ (A — A1)’ (29)

Proof: When the reinsurance premium is calculated by the variance premium principle with a
common safety loading for all classes, we have the corresponding HJB equation

_ . . 1
[ru+ (A — MB*(D)]hy, + qlgg {ZAqDlhu — AgAqThy, + EquTh,m} = 0.
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Instituting g = ¢* back into the equation, we have

_ 2A%1D
[ru+ (A — A)PP(1)] + ————— =0
2A — fu

Noting that b?(1) = 1Dy, one can show that (29) holds. O

In the following theorem, we present the solution to our optimization problem under the variance
premium principle.
Theorem 4.1:  Let &(u) be given in (29). Then the minimum probability of drawdown on O :=
{(u,m) € (RY)? 1 am < u < min (m, us)} is given by

1—g((u’m)), am < u < ug < m,
J— g uS)m
plnm = 1 — k(m) - g m) am<u<m<u
g(us> us) ’ - -

where

u y

g(u, m) :/ exp {/ S(w)dw} dy,
and "
k(m) = eXP{—/ f(y)dy}

with

1
f) =«a [g—(y,y) + é(ay)} ;

and the corresponding optimal reinsurance strategy is given by

_ru + (A = A)VE(D 1
Ab2(1) '

*

(30)

Proof: Following the arguments and steps in Theorems 3.2 and 3.3, we can derive the solutions to
problems (6) and (7), and prove that h satisfies all the conditions stated in Theorem 3.1. Finally, we
have ¢ = h with the optimal reinsurance strategy q* given in (30). O

Remark 4.1: Note that the corresponding safe level u; equals to

(A = MP*(D)
r

under the variance premium principle. Then we see that the inequality
ru+ (A — A)b*(1) <0
holds for any u € [am, min (m, u)]. Besides, it is not difficult to see that

ru4 (A — A)b*(1) Lt Ab3(1)

Ab2(1) Ab2(1)

Therefore, one can show that the optimal strategy g* belongs to [0, 1]”.

Remark 4.2: Even though the reinsurance premium rate given in (28) looks more complex than
the one given in (27), it leads to a simpler expression for the optimal strategy, which exactly falls into
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Table 1. Optimal strategy for (77 = 0.22, 77, = 0.28).

i qi q;

1 0.4084 0.5228
2 1.2672 1
Table 2. Optimal strategy for (7 = 0.3,7, = 0.15).

i di a;

1 1.1326 1

2 0.3264 0.3992

Table 3. Optimal strategy for (7 = 0.2, 7, = 0.25,n3 = 0.3).

*

i qi q;

1 0.2525 0.2525
2 0.4255 0.4255
3 0.9460 0.9460

Table 4. Optimal strategy for (n1 = 0.2, 7, = 0.4, 3 = 0.35).

! gi g+ Pio af
1 —0.1129 (0, 1.3164, 1.0499) 0.1816 0
2 1.3034 (0.1641, 0, 2.4166) 0.3067 1.3164
3 1.1234 (0.2078, 2.1810, 0) 0.2582 1.0499

the interval [0, 1]" and perfectly equals to each other. Furthermore, the optimal strategies under the
two different premium principles both depend not only on the safety loading but also on the claim-
size distribution and the claim-number process. However, comparing with the influence under the
expected value principle, the impact of the claim-size and the claim-number process is rather smaller
when the reinsurance premium is calculated by the variance premium principle (see Examples 5.4-
5.6 for details). This observation can be explained by the expression given in (30), where the impact
of the claim size distributions and the counting processes is somehow cancelled out when the reward
of risk-free investment is relatively small.

Remark 4.3: If o = 0, then we are in the case of minimizing the probability of ruin for the fixed
level 0. Also, it follows from (4) that the safe level approaches co as r tends to 0. Our corresponding
optimal results in this case coincide with those in Liang & Yuen (2017) (they studied the same
optimization problem with the objective of minimizing ruin probability for the risk model with
thinning dependence). Furthermore, as was mentioned in Remark 3.4, we can see from Theorem 4.1
that the optimal strategy in relation to drawdown probability is in some sense equal to the optimal
strategy associated with ruin probability. Therefore, in our model, if drawdown has not happened,
the optimal strategy in relation to drawdown probability follows the optimal strategy associated with
ruin probability not only for the expected value principle but also for the variance premium principle.

5. Numerical examples

In this section, we provide six examples to show the optimal reinsurance strategy and the effect of
different parameters on the optimal results. Examples 5.1~5.5 is under the expected value principle,
while Example 5.6 is under the variance premium principle.
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Figure 1. The influence of u and m on the optimal reinsurance results.

(b)

The first example presents the optimal reinsurance strategy with two dependent classes of insur-
ance business and two groups of stochastic sources, i.e.n =1=2,p1; = pp = 1.

Example 5.1: In this example, we set u = 5,7 = 0.05, u1 = 2 = 1, 012 = 0.75, 022 = 0.25,
01 =6, =0.12, .1 =4, A2 =5, p12 = 0.3and p2; = 0.5. Here we consider two pairs of (11, n2). For
(0.22, 0.28), the results are given in Table 1. For (0.3, 0.15), the results are shown in Table 2.

Example 5.2 involves three classes of insurance business and three groups of stochastic sources,
ie.n =1=3,p1 = prp = ps3 = 1. Here g (u) € [0,00). For g7 (u) € [0,1], the insurer has a
proportional reinsurance cover. For g} (1) € (1, 00), it may be thought of as acquiring new business.
Example 5.2: In this example, we set u = 20, 7 = 0.05, 41 = 2 = u3 = 1,07 = 0.49, 07 = 0.36,
(732 = 0.25, 91 = 92 = 93 = 0.12, A1y = 3, Ay = 4, )»3 = 5, P12 = p13 = p23 = 0.3 and
P21 = p31 = p32 = 0.5. Again, we consider two triplets of (11, 72, 72). They are (0.2, 0.25, 0.3) and
(0.2, 0.4, 0.35). The results are summarized in Tables 3 and 4.

In Table 4, since the minimizer § = (— 0.1129, 1.3034, 1.1234) ¢ [0, 00)>, we investigate g*" and
the corresponding minimum ¢jy (i = 1,2, 3), respectively. By comparing ¢;o for i = 1,2, 3, we get
the optimal reinsurance strategy.

In the following examples, with two dependent classes of insurance business and two groups of
stochastic sources, we show how the initial surplus # and the maximum (past) value m affect the
the optimal reinsurance strategy and its corresponding minimum probability of drawdown. We also
present the impact of 1, 12, p12 and 012 on the optimal strategy.

Example 5.3: In this example, we set r = 0.05, « = 0.2, u; = up = 1, 012 = 0.75, 022 = 0.25,
0 =6, =0.12,n = 0,22, 9, = 0.28, A\ = 4, Ap = 5, p12 = 0.3 and p2; = 0.5. The results are
shown in Figure 1.

We see from Figure 1 that the optimal reinsurance strategy (q7,q5) decreases as u increases.
According to (14) and (16), it is not difficult to prove that g} and g5 are decreasing functions of u,
and independent of m. Meanwhile, the corresponding minimum probability of drawdown ¢ (u, m)
is a decreasing function of u but an increasing function of m. We give the proof of this property in
Appendix 3 for both cases of m > u; and m < u,. These observations are kind of reasonable. When
the value of the surplus increases toward u, the insurer can transfer all the risk to the reinsurer. As a
result, wealth will never decrease, and drawdown cannot happen. On the other hand, the drawdown
level increases as the maximum (past) value m increases. This in turn makes drawdown more likely.
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Example 5.4: In this example, we set u = 10, r = 0.05, 1 = py = 1, 612 = 0.75, 022 = 0.25,
01 =0, =0.12, .1 =4, Ay = 5, p12 = 0.3 and p2; = 0.5. The results are shown in Figure 2. We set
n2 = 0.22 in Figure 2(a), and n; = 0.22 in Figure 2(b).

Figure 2 examines the influence of the reinsurer’s safety loadings, i.e. 71 and 7, on the optimal
reinsurance strategy. It is easy to see that a greater value of n; (i = 1,2) yields a greater value of g}
(i = 1,2), which illustrates the intuition that if the reinsurance premium increases, the insurer would
rather retain a greater share of each claim by purchasing less reinsurance. We also see that as the
value of 1 (1) increases, the retention level of the other class first increases and then decreases after
reaching a certain level. When the company keep buying less reinsurance for one class, it eventually
needs to reduce the risk of its insurance portfolios by buying a bit more reinsurance for another class.
In Figure 2(b), when 1, > 1/, we have g5 = 1 and a constant g}. This phenomenon can be explained
by the expression for g} given in (16), which is independent of 7,.
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Figure 4. The influence of A, p1; and 012 on the optimal reinsurance strategy.

Example 5.5: In this example, we set u = 10,7 = 0.05, 01 = 2 = 1, 022 =0.25,0; =0, = 0.12,
n =n2 = 0.2, A\; = Ay =4 and p3; = 0.5. The results are shown in Figure 3.

Figure 3 shows that a greater value of p;; yields a greater value of g3, but the monotonicity does
not apply to g}. Besides, we observe that a greater value o} yields a smaller value of g} but a greater
value of g3. It makes sense because a greater value of o7 and p;, implies a larger insurance risk in
class 1. To reduce the risk, the insurer tends to purchase more reinsurance for class 1 when the value
of the o7 or py, gets larger. On the other hand, for a fixed o, the insurer would like to retain a bit
more in class 2 as the risk in class 1 increases.

Example 5.6: In this example, we set u = 10, r = 0.05, 41 = pp = 1, 07 = 0.25, A = 0.12,
A1 = Az = 4 and py; = 0.5. The results are shown in Figure 4.

Figure 4 illustrates the impact of the parameters of A, p;, and o on the optimal strategy under
the variance premium principle. It shows that the strategy q* increases as A increases, and this
monotonicity is similar to the one under the expected value principle. We also observe that a greater
value of o and p, yields a greater value of the optimal reinsurance strategy g*. This phenomenon is
in line with (30). Furthermore, comparing with Figures 2 and 3 under the expected value principle,
we see from Figure 4 that the impact of p1, and o{ on the optimal strategy is relatively smaller when
the reinsurance premium is calculated according to the variance premium principle.

6. Conclusion

We first recap the main results of this paper. From an insurer’s point of view, we consider the
optimal proportional reinsurance problem to minimize the probability of drawdown in a diffusion
approximation risk model with thinning-dependence. Using the technique of stochastic control
theory and the corresponding Hamilton-Jacobi-Bellman equation, we derive the optimal reinsurance
strategy and the corresponding minimized probability of drawdown under the expected value
principle and the variance premium principle. Our results show that the optimal reinsurance strategy
strongly depends on the value of the initial surplus #, and the expression under the expected value
principle is very different from the one under the variance premium principle.

Although the literature on optimal reinsurance is increasing rapidly, there are still many in-
teresting problems that deserve investigation. For further research, one can discuss other types of
reinsurance such as excess-of-loss reinsurance or combined reinsurance in the risk model with
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thinning-dependence. Another interesting research topic is to consider the optimization problem
with a more general objective function such as minimizing the expectation of some function that
is non-increasing with respect to the minimum surplus value or non-decreasing with respect to the
maximum surplus value. Apart from reinsurance, one may consider taking the life time of individual
74 into consideration so as to investigate the problem of optimal insurance which minimizes the
probability of lifetime drawdown.
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Appendix 1. Auxiliary functions
A.1.

The functions gi; and fi; (i = 1,2, 3) are given by

g1 (u, m) =/ exP{/ 513(W)dW} dy,

amViu
gu(u,m) = / exp Sls(W)dW} dy

m am

u am\Vi y
+/ _ exp (/ 513(W)+/ ~ Slz(w)) dw}dy,

amViuy y
glz(u,rn)=/ exp / 513(W)dW}dy

m

amvViuy o am\Vi y
+/ . eXP{(/ %’13(W)+/ ~ Elz(w)) dw}dy
amViy am amVi

u amVi amvuy y
+/ exp (/ §13(w) +/ _ Enw) + / Su(w)> dw} dy;
amViy am amVi amViy

and
“ |:glz()’, + En(ay)] s if up < am,
fig) =1« [g1 (y, +En(ay) |, if T < am < uy,
“{ () | if am <.
i)
A.2.

The functions g»; and f»; (i=1,2) are given by

u y
&1(u, m) =/ exp {[ ézz(W)dW} dy,

amvi, 5%
g2 (u,m) = / exp {—2 Ezz(W)dW} dy
o am

m

u amvidy y
+ / exp y —2 f En(w) + / &1(w) | dw } dy;
amvid am amvid
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and

o — +&1(ay) |, if uh < am,
hi =1 &0

o +En(ay) |, if am < ul,.
@iy U ?

A.3.

The functions g3; and f3; (i=1,2) are given by

u y
g31(u, m) =/ eXP{/ ész(W)dW} dy,

amvu,

y
g32(u,m) = / exp { §3z(w)dw} dy

u amviuy y
+/ exp { (/ E32(w) + f 531(w)> dw} dy,
amvu am amvu

with &3; (i = 1,2) and ] given by

2

‘1

&1(w) = %?l(mzAl),)

ru+ Ay —c
p)=———"—"7-—"7",

ap

, l(cl A+ )
u, =—(—— s

1 r\2 ! 2

and

fi) = ¢ [gy(y,y) + ‘§31(“}’)], if u] < am,

+&(ay) |, if am < ).

o
&i(n,y)

Appendix 2. Proof of Ui; < uz when uq < u3
Note that

Uy — U = _
2o 2(ara; — b} (arcz — biacy) 2(a1 + b12)

_ Ag(ar 4 bi) — (arc1 — ager +2b1ycy + 2a162) (araz — b)) (a1ca — biaer)

1 |: Ay aicy — axcy + 2bacr + 2a1c
r

2r(a1az — b)) (arca — biaer)(ar + biz)
B (b}, — m@) (e2(bizcy — azc1) + c1(arc, — c1biz) + (arcs — axcd))
2r(ar1az — b}y)(arcz — biaey)(ay + bia)

Under the assumption of u; < u,, we have
axcy — cabiy > arcr — cibay.

Then it follows from Lemma 3.3 that

(b}, — m@) (a2 (bizc, — azc1) + c1(arcy — c1biz) + (arcs — axcd))
< (b3, — a1a2) (b1ac3 — azcic — c162biy + a1c3)

= (b, — max)(c2b1z — azer — c1biz + aic)

< 0.

In Case 1, we have ajc; — biacp < 0, and thus the denominator of (B1) is non-positive. So, we have u; < u;.

(B1)
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Appendix 3. Proof of monotonicity and convexity of h

If m > uy, we have
g13(u, m)

g13(us,m)’

foram < % < uy < u < us. Differentiating ¢ (u, m) with respect to m yields

h(u,m) =1—

o (g13 (s, m) — g13(u, m))

hy(u, m) = > 0.
" 83 (ts m)
If m < u,, we have
Bt m) = 1— kys(m) - S2ET
ng(us’ Us)
where "
ki3 (m) = exp {/ _f13()/)dy} ,
with
=« + o s
f13(») [g13(y,y) &13( y)]
foram < U < up < u < m < uy. It follows that
kiz(m
b (u, m) =  fastm) [f13(m)g13(u, m) — a&13(am)gi3(u, m) — ]
813 (us, us)
_ o kis(m) [1 B gls(u,m)} >0
813 (us, us) &13(m, m)

Besides, it is not difficult to see that

3 ) am\Vi, amvViy u
9813 (i, m) :eXp{(/ §13(w)+/ ~ §12(W)+/ Ell(W)) dW} >0,

ou m mVi mvViy

and
3g123 (u, m) _ 0g13(u, m)
ou u
Thus, we have h, < 0 and h,,, > 0. Along the same lines, we can get the same results for other cases. Therefore, we
conclude that h(u, m) is a non-increasing convex function with respect to the surplus wealth u but a non-decreasing
function with respect to the maximum (past) value m.

~&13(u) < 0.
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