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TIME-HARMONIC SCATTERING BY LOCALLY PERTURBED
PERIODIC STRUCTURES WITH DIRICHLET AND NEUMANN
BOUNDARY CONDITIONS

GUANGHUI HU AND ANDREAS KIRSCH

ABSTRACT. The paper is concerned with well-posedness of TE and TM polarizations
of time-harmonic electromagnetic scattering by perfectly conducting periodic surfaces
and periodically arrayed obstacles with local perturbations. The classical Rayleigh Ex-
pansion radiation condition does not always lead to well-posedness of the Helmholtz
equation even in unperturbed periodic structures. We propose two equivalent radiation
conditions to characterize the radiating behavior of time-harmonic wave fields incited
by a source term in an open waveguide under impenetrable boundary conditions. With
these open waveguide radiation conditions, uniqueness and existence of time-harmonic
scattering by incoming point source waves, plane waves and surface waves from locally
perturbed periodic structures are established under either the Dirichlet or Neumann
boundary condition. A Dirichlet-to-Neumann operator without using the Green’s func-
tion is constructed for proving well-posedness of perturbed scattering problems.

Keywords: Helmholtz equation, periodic structures, radiation condition, uniqueness,
existence, Dirichlet boundary condition, Neumann boundary condition.

1. INTRODUCTION

The electromagnetic scattering theory in periodic structures has many applications in
micro-optics, radar imaging and non-destructive testing. We refer to [23] for historical
remarks and details of these applications. As a standard model, we consider a time-
harmonic electromagnetic plane wave incident onto a perfectly reflecting periodic surface
or periodically arrayed conducting obstacles which remain invariant in the x3-direction.
Without loss of generality the direction of periodicity is supposed to be z; and the ar-
rayed obstacles lie in a layer of finite height in the xo-direction. We consider both the
TE polarization case where the electric field is transversal to the oxjzs-plane by assum-
ing E(z) = (0,0,u(z1,22)) and the TM polarization case where the magnetic field is
transversal to the oxjzs-plane by assuming H(z) = (0,0, u(x1,x2)). The background
medium above the periodic surface or in the exterior of the periodically arrayed obstacles
is supposed to be homogeneous and isotropic. The time-harmonic Maxwell’s equations for
(E(x), H(x)) will be reduced to the scalar Helmholtz equation for u(z1, z5) over the ox;xo-
plane together with the Dirichlet/Neumann boundary condition in TE/TM case and with
proper radiation conditions as |rs| — oo; see Figure [1| (a) and (b) for illustration of the
scattering problems.

In periodic structures, a frequently used radiation condition is the so-called quasi-periodic
Rayleigh expansion (see (2b)), which was firstly used by Lord Rayleigh in 1907 [21] for
plane wave incidence. The Rayleigh expansion consists of a finite number of plane waves
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FIGURE 1. Illustration of wave scattering from (a) a perfectly reflecting
periodic curve and (b) perfectly conducting obstacles. Guided waves might
exist in (a)-(b), leading to difficulties in establishing well-posedness of the
scattering problem with the classical Rayleigh Expansion radiation condi-
tion (12b)).

and infinitely many evanescent waves. However, such a radiation condition does not
always lead to uniqueness of solutions for all frequencies due to the presence of evanes-
cent /surface waves propagating along the unbounded periodic curve, or due to the exis-
tence of guided waves propagating between the arrayed obstacles, both of them decaying
exponentially in x5. Examples of surface waves for unbounded periodic curves of Dirichlet
kind were constructed in [24] where the reflecting curve is not a graph and in [14] under
the Neumann boundary condition. We also refer to [I] for non-uniqueness examples of
solutions incited by periodically arrayed obstacles immersed in a dielectric layer. On the
other hand, it is well known that surface waves do not exist if a Dirichlet periodic curve
is given by the graph of some function or satisfies the geometrical condition ; see
[4, 6, 15] for different regularity and geometry assumptions made on the reflecting curve.
We also mention that the Rayleigh expansion condition does not apply to incoming source
waves given by the fundamental solution of the Helmholtz equation and does not hold for
scattering by compactly supported source terms. In these cases the incident waves lose
the quasi-periodicity in 7. It was firstly discussed in [2] that the radiated field should
satisfy a Sommerfeld-type radiation condition and was recently proved in [11] for Dirich-
let rough surfaces given by graphs and in [19] for periodic inhomogeneous layers. Hence,

the radiating behavior of wave fields in periodic structures also depends on the type of
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incident waves. To sum up, precise and sharp radiation conditions are still needed in
order to mathematically interpret the radiating behavior of time-harmonic wave fields in
periodic structures, in particular for non-quasiperiodic incoming waves or when guided
waves exist.

In recent years, a new radiation condition has been derived from the limiting absorption
principle for scattering by layered periodic media in R? and by periodic tubes in R3;
see [9] [16, 17, 18, 19, 20]. Such a radiation condition turns out to be equivalent to the
radiation condition based on dispersion curves for closed periodic wave guides (see e.g.,
[8] and [19, Remark 2.4]). By this new radiation condition, the diffracted fields caused by
a compactly supported source term or a local defect can be decomposed into the sum of
a radiating part and a propagating (guided) part. The former decays as |z;|=%/? in the
horizontal direction z; and decays as |#|~*/? in the radical direction, whereas the latter is
a finite number of quasi-periodic left-going and right-going evanescent modes which decay
exponentially in the vertical direction x5 ([19]). Moreover, this new radiation condition
is stronger than the angular spectrum representation [4] and the upward propagating
radiation condition [3] for rough surface scattering problems. It can also be used for
proving well-posedness of scattering by locally perturbed inhomogeneous layers in the
presence of guided waves; see [0, [18, 19].

The aim of this paper is to investigate well-posedness of time-harmonic scattering by
locally perturbed periodic curves and periodically arrayed obstacles of Dirichlet and Neu-
mann kinds. The main results of this paper are summarized as follows.

(i) Propose two equivalent radiation conditions to prove uniqueness of weak solu-
tions for periodic Lipschitz interfaces with local perturbations. The first radiation
condition was adapted from [I8, [19] for characterizing left-going and right-going
evanescent waves of the propagating part of wave fields. It is referred to as the
open waveguide radiation condition, in comparision with the closed waveguide
radiation condition of [§]. The second radiation condition, which modifies the
asymptotic behavior of radiating part of the first one, was motivated by the Som-
merfeld radiation condition justified in [I1I] and [19, Section 6] for point source
waves. The second radiation condition extends the well-posedness result of [I1]
to general periodic Lipschitz curves of Dirichlet or Neumann kind, in particular
when guides waves are present. Since the decaying condition of Sommerfeld type
contains more information on the radiating part, the second radiation condition
yields a simplified proof of the uniqueness; see Theorem [2.15|

(ii) Existence of solutions for incoming plane waves, surfaces waves and point source
waves in a locally perturbed periodic structure under a priori assumptions (Sec-
tions [)). Unlike the scattering by inhomogeneous periodic layers with local per-
turbations [I8] 19, @], there is no analogue of the Lippmann-Schwinger integral
equation under the Dirichlet and Neumann boundary conditions. This leads to
difficulties in the analysis of wave scattering from perfectly reflecting periodic
curves with local perturbations. Our idea is to reduce the scattering problem to a
bounded domain enclosing the perturbed part by constructing the DtN operator.
For this purpose, we construct a Dirichlet-to-Neumann operator without using the
Green’s function for proving well-posedness of the perturbed scattering problem.
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The remaining part of the paper is organized as follows. We first consider the per-
turbed /unperturbed scattering problem due to a compact source term. In Section , we
describe an open waveguide radiation condition and its equivalent version, and use them
to prove the uniqueness results. In comparison with the results for layered media [I8], [19],
a more general transmission problem and the scattering by exponentially decaying source
terms without a compact support will be investigated in the unperturbed periodic domain
(see Theorems and . In Section , we prove well-posedness results for incoming
point source waves, plane waves as well as surface waves in the perturbed setting. Finally,
concluding remarks will made in Section [5{on how to carry out the analysis for unbounded
periodic Dirichlet curves to Neumann curves and to periodically arrayed obstacles with
boundary conditions.

2. SCATTERING BY DIRICHLET PERIODIC CURVES WITH LOCAL PERTURBATIONS:
RADIATION CONDITION AND UNIQUENESS

2.1. Notations. Let D C R? be a 2r-periodic domain with respect to the z;-direction.
The boundary I' := 9D is supposed to be given by a non-self-intersecting Lipschitz curve
which is bounded in xs-direction and 27-periodic with respect to x;. Therefore, in this
paper we exclude the case of Figure 1 (b) but refer to Section . Let D be a local
perturbation of D in the way that I'\ T and T'\ T' are bounded where I' = 9D is the
perturbed boundary which is also assumed to be a non-self-intersecting curve. Suppose
that D is filled by a homogeneous and isotropic medium and that I is a perfectly reflecting
curve of Dirichlet kind. Denote by f € L*(D) a source term of compact support which
radiates wave fields at the wavenumber k£ > 0.

We consider the problem of determining the radiated wave u € H} (D) := {wlp:w e

loc
H}.(R?)} such that

loc
(1) Au+k*u = —finD, u=0onT,

and complemented by the open waveguide radiation condition explained in the next sec-
tion. Without loss of generality (changing the period of the periodic structure if otherwise)
we can assume that the perturbations I'\ Land T \ I' and also the support of f are con-
tained in the disc {z € R? : (z; — m)*> + 22 < 7%}, We fix R > 7 and hy > 7 throughout
this paper and use the following notations for 2 > 7 (see Figure[I] (a) and Figure [2).

Qn = {ze€D:0<mz <2m x93 <h},
Qxw = {xeD:0<ux <27},

Iy = (0,27m) x {h},

Wy, = {zeD:xy<h},

U, = {zxeD:xy>h},

Cr = {x€D:(x,—n)?+a25=R*},
Yr = {ze€D:(x;,—n)?+a;> R},
Dr = {xe€D:(x;—n)?+25<R*},
Dp = {zxeD:(x;—7m)?+22<R*.
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In the unperturbed setting we introduce the following function spaces E|

Hlloc,o(D) = {ue H..(D):u=0on 8[?} :
HY D) = {u€ H(D):uly,p € H (W,ND)forall h> hg,},
1 o 1  ulw,rxg € HY (W), N XR) for all h > hy,
H.(Xr) = {u € Hyoo(XR) : u=0ondXrNID ’
H,1,.(D) = {ue H, (D) :u(-,z,) is a-quasi-periodic} ,
Hy oeo(D) = {ueH,(D):u=00n0dD}.

2.2. The Open Waveguide Radiation Condition And An Energy Formula. As
mentioned in the introduction part the diffracted field will have a decomposition into a
(guided) propagating part and a radiating part. The loss of exponential decay of the
radiating part is a consequence of the existence of cut-off values while the propagative
wave numbers determine the behavior of the guided part along the waveguide. We first
recall that a function ¢ € L2 (R) is called a-quasi-periodic if ¢(x; + 27) = €™ ¢(z;) for
all z; € R.

Definition 2.1. (i) o € [—1/2,1/2] is called a cut-off value if there exists ¢ € Z such
that |a 4+ (| = k.

(ii)) o € [—1/2,1/2] is called a propagative wave number if there exists a non-trivial
¢ € HY\poo(D) such that

(2a) Ap+ k¢ = 0in D,
and ¢ satisfies the upward Rayleigh expansion

(2b) ¢(l') _ Z ¢Z 6i(€+a)x1 ei\/k2—(€+a)2(z2—ho) fOT’ Ty > hO
LeZ

for some ¢, € C where the convergence is uniform for xo > hy + € for every e > 0. The
functions ¢ are called guided (or propagating or Floquet) modes.

In all of the paper, we choose the square root function to be holomorphic in the cutted
plane C \ (iR<o). In particular, v/t = i\/|t| for t € R.y. In Definition ﬂ we restrict
the quasi-periodic parameter « to the interval [—1/2,1/2], because an a-quasi-periodic
function must be also (« + j)-quasi-periodic for any j € N. Throughout this paper we
make the following assumptions.

Assumption 2.2. Let |{ + | # k for every propagative wave number o € [—1/2,1/2]
and every € € 7Z; that is, no cut-off value is a propagative wave number.

Under Assumption [2.2]it can be shown (see, e.g. [18] for the case of a flat curve I' = Ty
and an additional index of refraction) that at most a finite number of propagative wave
numbers exists in the interval [—1/2,1/2]. Furthermore, if o is a propagative wave number
with mode ¢ then —a is a propagative wave number with mode ¢. Therefore, we can
number the propagative wave numbers in [—1/2,1/2] such that they are given by {&; :
j € J} where J C Z is finite and symmetric with respect to 0 and &_; = —@; for j € J.
Furthermore, it is known that (under Assumption every mode ¢ is evanescent; that

IThe definitions hold also for D instead of D



is, exponentially decaying as z tends to infinity in D; that is, satisfies |¢(z)| < ce™072!
for z9 > hg and some ¢, > 0 which are independent of x. The corresponding space

(3) X; = {¢o€ Ho}éj,loc,o(D) : u satisfies and for oo = @}
of modes is finite dimensional with some dimension m; > 0. On X, we define the sesqui-
linear form B : X; x X; — C by

(4) B(¢,v¢) = —22'/5—:2%95, o, € Xj.

Qoo

Note that B is hermitian. We make the assumption that B is non-degenerated on every
Xj; that is,

Assumption 2.3. For every j € J and ¢ € X;, 1 # 0, the linear form B(-,¢) : X; — C
is non-trivial on X;; that is, there exists ¢ € X; with B(¢,) # 0.

The hermitian sesqui-linear form B defines the cones {¢p € X; : B(¢,¢) 2 0} of prop-
agating waves traveling to the right and left, respectively. We construct a basis of X;
with elements in these cones by taking any inner product (-,-)x, and consider the follow-
ing eigenvalue problem in X; for every fixed j € J. Determine )\;; € R and non-trivial

. Oy — .
(5) B(dpj,00) = —2¢/;7ff¢da: = My (Gegv) y, forall ¥ € X,
Qoo

and ¢ = 1,...,m;. We normalize the basis such that (qgg,j,qu/J)X = Oy for 0,0 =

L,...,m;. Then X\;; = B(ggg,j,gzggyj) and the function ¢ € X, in Assumption must
take the form ¢ = Y%, CZQZB&J' with ¢, # 0 for some £ =1,2,--- ,m;. Choosing ¢ = Qgg’j,
one deduces B(¢,1) = ¢;\;. Hence, the Assumption is equivalent to A, ; # 0 for all
¢=1,...,m;and j € J.

Remark 2.4. (i) The set of propagative wave numbers obviously depends on k € R, .
Analogously, one may define ky = k() for a € [—1/2,1/2] as the wave number if
the problem and admits a non-trivial solution. Since the solutions are
in Hp, 1,00(D) the values k() are just eigenvalues of —A with respect to a-quasi-
periodic boundary conditions on the vertical boundary of Qu and homogeneous
Dirichlet boundary condition on I'. The functions o — ke() are well known as
the dispersion relations/curves. Throughout our paper the wavenumber k is fized.
Under the Assumption the set {(&;(ko), ko)}jes constitutes the intersection
points of the dispersion curves with the line k = ko in the (o, k)-plane. Assump-
tion implies the absence of flat dispersion curves.

(ii) The eigenvalue problem originates from the limiting absorption principle (LAP)
by applying an abstract functional theorem that goes back to [I8]. We refer to
[8, 20] for detailed discussions in justifying the radiation conditions for closed full
and half-waveguide problems. Note that the choice of the inner product in X; relies
on the way how to perturb the original scattering problem by applying the LAP. For
example, if the LAP is applied to the wavenumber k then (¢,v)x, = wi ddx.
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In all of the paper we make Assumptions and without mentioning this always.
The one-dimensional Fourier transform is defined as

(Fo)(w) * m/qs e ds. weR.

It can be considered as an unitary operator from L?*(R) onto itself. Now we are able to
formulate the radiation condition caused by compactly supported source terms, which will
also serve as the radiation condition of the Green’s function to perturbed and unperturbed
scattering problems (see Theorem and Remark .

Definition 2.5. Let ¢, € C®(R) be any functions with ¥i(z1) = 1 for £x; > oy
(for some o9 > max{R,27} + 1) and ¢ (x1) =0 for £x, < oy — 1.

A solutionu € H. (XR) of (1)) satisfies the open waveguide radiation condition with respect
to an inner product (-, ~)Xj in X if u has in Xg a decomposition into u = Upeq + Uprop
which satisfy the following conditions.

(a) The propagating part Uy, has the form

6  upele) = Z{wxl) S andei(e) + v-(e) Y g @m}

jeJ Z:)\gyj>0 é:Ag,j<0

for x € Y and some ap,; € C. Here, for every j € J the scalars A\g; € R
and qgg,j S Xj for . =1,...,m; are given by the eigenvalues and corresponding
eigenfunctions, respectively, of the self adjoint eigenvalue problem (@ Note that
by the choice of Y+ the propagating part vanishes for |z1| < 09— 1 and is therefore
well defined in Yg.

(b) The radiating part u..q € H}(XRg) satisfies the generalized angular spectrum radi-
ation condition

2

- /‘Wurgg(w?)_imwmd)(w,xg) dw — 0, 73— 00.
2

The radiation condition @ can be used to prove well-posedness of the Helmholtz equation
with a source term which is supported in x;-direction and exponentially decays in x5 (see
(9a))). It has been shown in [I8] for the case of a half plane problem with an inhomogeneous
period layer that the radiation condition of Definition 2.5|for the inner product (¢,v)x, =
2k fQoo n ¢ dx is a consequence of the limiting absorption principle by replacing k with
k + 1e, € > 0. In this paper we will not justify this radiation condition, although we
are sure that this can be done in the same way as [I8, 20]. A second motivation of our
radiation condition is the following result on the direction of the energy flow which will
play a central role in the proof of uniqueness.

Lemma 2.6. Letu =} _,.; S CL&]‘Qg&j for some ay; € C and write ¢+ Q :=={z € D :
q <z <q+2n} for g € R. Then we have

2 Im / ua—xldx = ZZ)‘M|WJ|2’

+Qoo jes =1



By Lemma the propagating part wuy,., satisfies the energy formula

Z Z At ‘a&j‘za q>00,

OUpro : )
J€J Ap. >0
2 Im / Uprop % dr = 2,5 ,
oA Ty E E Aejlaei|®, g < —o0,
e o jeJ )\[7]'<0

where o9 > 27 + 1 is the number specified in Definition [2.5| To prove Lemma [2.6] we
have to modify the arguments of [19] for inhomogeneous layered media, because solutions

of the Dirichlet and Neumann boundary value problems are in H. (D) but fail to be in

H?2 (D) if T is Lipschitz. For C2-smooth boundaries, the quantity in Lemma also
equals to 47 Im fDm{xlzq}ﬂ% ds; see [I8, Lemma 6.3] and [19, Lemma 2.6].

Proof of Lemma We recall the following form of Green’s formula valid in any
Lipschitz domain Q: For v € H*(Q) with Au € L*(Q2) we have

/[Vu-V?/J—i-wAu]dx = 0 forally € Hy(9).
Q

(D) of Auj+k*u; =

Let j € {1,2}. First we show for a;-quasi-periodic solutions u; € H}.,
0in D with u; =0 on I' and «; € (—1/2,1/2] with a; # ay that

(8) / {u_g%—ul@} dr = 0.

q+Qoo

Indeed, defining ¢ (z1) := 1 — |21 — ¢|/(27) and applying Green’s theorem in Q := {z €
D :q—2m < x; < g+27} yields (note that u; decay exponentially as x5 tends to infinity)

0 = / Vs - V(05) — K2(05) w] de

Q
— /w[Vul~Vu_2—k2u_2u1]dx + /w’u_g%d:c.
Q Q

1

Interchanging the roles of u; and uy and subtraction yields

T T
Q

0z, 014 0x 0z,

q+Qoo 4—27+Qo0
= — Uy — — U] — r — — Uy — — U1 — i

2 2 81’1 ! 8351 2 2 8:101 ! 8:61

q+ Qoo q—27+Q
, 1 ou Oy

_ 1— 2mi(an—an)) / —_1 . _2 d

(1-c = B et e

q+Qoo

where we used the quasi-periodicity of u;. This yields .
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Now we rewrite u as
m; m;
= E E ag’j ¢g7j = E ’Lbj With Uj = E agyj ¢g’j.
jeJ =1 jeJ =1

Then u; is &j-quasi-periodic. Using and the orthonormalization of ¢ ;, we arrive at

2¢ Im / u—dm: /[u%_u%]dx

q+QOO q+Qoo
(9u 1 8uj Guj oy
JjeJ j EJ +0Qco q+ -
= 2Z‘Imz / 7 24 dr = zRe{ 2@2/7%6135] = iZ%)\gt\a[\Q
=3 ! O, = ! O, jeJ (=1 T
J 4+ Qoo J€ Qoo Je =
which proves the lemma. 0]

Below we review a result on the asymptotic behavior of u,.,q which will be needed in the
proof of uniqueness. By and @, the radiating part wu,.q to the scattering problem
satisfies

(9a) Atygqg + K Upgg = —f — ZZGMWU in D, urad:OOHf,
jeJ =1
where
29 (x; 0914 z1) dos if \p; >0,
(9b) e ={ Vo) B TS 1
297 (1) ajl + U (1) Gei(x) i Ay < 0.

We note that f has compact support in Qp,, and ¢, ; vanish for |z;| < og—1 and |z;| > oy,
and are evanescent; that is, there exist ¢, > 0 with |, ;(x)| < éexp(—dz,) for all z5 > hy.
Furthermore, u,.q satisfies the generalized angular spectrum radiation condition . In
[19] the following result has been shownf]

Lemma 2.7. Let Assumptions and[2.9 hold, and let w € H}, (D) be a solution of
satisfying the radiation condition of Definition[2.5. Then the radiating part u,..q satisfies
a stronger form of the radiation condition (@, namely,

a(Furad) (w, x2) . C s
10 —IVE?2 — W2 (Flpeq)(w, x9)| < e or2
(10 )V (P )| € s

for almost all w € R and xo > hg where ¢ > 0 is independent of w and x.

Furthermore, there exists ¢ > 0 with

(11) traa(@)| + [Vtraa(@)] < e(1+ |2al) plar)

2These properties are consequences of the differential equation and radiation condition above the line
To = hg solely and are therefore independent of the differential equation or boundary condition below
this line.
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for all z € D with x5 > hg + 1, where p € L2(R) N L™(R) is given by
u"'a ’h
(12) p(x1) = / ( [traalyn, o) dyr +
R

r1 €R.

1—|—|x1—y1|)3/2 1—|—|{L‘1|3/27

2.3. A Modified Open Waveguide Radiation Condition. In this subsection we
propose another open waveguide radiation condition that is equivalent to the Def. [2.5
We first define the half-plane Sommerfeld radiation condition used in [I1], T9]. Introduce
the weighted Sobolev space H;(Q) by

H,)(Q) = {u: (|1 + |z1[)Pue H(Q)}, peR.

Definition 2.8. A function v € C*(Uy, N XR) satisfies the Sommerfeld radiation condi-
tion in Up, N Xg if v € H;(Wh N Xg) for all h > hy and all p < 0 and

0
(13) sup |x|l/2‘M —ikv(z)] = 0, a— o0, sup |z|"?|v(z)] < oo
x€C,NUy or z€U,

for all h > hg where r = |z|.

Remark 2.9. Since ®(z,y) = O(|z|7/2) and 222 — ikd(z,y) = O(|z|/?) as r =
|z| — oo, it holds that ®(-,y) € H;(WhﬂZR) forallp <0 if R> |y1—m|. Hence, the above
Sommerfeld radiation condition covers two-dimensional point source waves, but excludes
plane waves and surface (evanescent) waves, which do not decay along the horizontal
direction.

If T is a Lipschitz function, it was shown in [11] that the scattered field caused by a
point source source must satisfy the above Sommerfeld radiation condition. However, the
total field (i.e., the Green’s function to the rough surface scattering problem) satisfies an
analogous condition but with the weighted index p < 1 in place of p < 0. Motivated
by this fact, we define a modified open waveguide radiation condition by changing the
generalized angular spectrum radiation condition of the radiating part of Def. [2.5]
Definition 2.10. A solution v € H} (Xg) of satisfies the modified open waveguide
radiation condition with respect to an inner product (-,-)x, in X; if u has a decomposition
N0 U = Upgd + Uprop 1N Dp Where Upyop satisfied the same condition specified as in Def.
(a) and u,qq fulfills the Sommerfeld radiation condition of Def. but with the index
p <l

Below we prove the equivalence of the two open waveguide radiation conditions.

Theorem 2.11. The open wavequide radiation condition of Def. and the modified
one given by Def. are equivalent.

Proof. Write u = Upqq + Uprop Where u,oq € H} (D) denotes the radiating part and
the propagating part. First we suppose that u,.4 fulfills the generalized angular spectrum
radiation condition (7). By arguing analogously to [19, Theorem 6.2] for compact source
terms, one can show the asymptotics uyeq(7) = O(|x1|7%/?) as |z1] — oo in W),. This
gives Upqq € H pl(Wh N Xg) for all h > hg, p < 1 and proves the modified open waveguide
radiation condition of Definition see [19, Section 6] for details.
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Now it remains to justify the generalized angular spectrum radiation condition of ,..q,
under the assumption that u,.q satisfies the Sommerfeld radiation condition of Def.
but with the index p < 1. Since umd]pho € H;/z(R) for all 1/2 < p < 1, we recall from
[T, Lemma A.2, Appendix] (see also [19]) that the function

o(z) :2/F %;y) traa(y) ds(y), 2 > ho,

satisfies the homogeneous Helmholtz equation together the Sommerfeld radiation condi-
tions and the boundary value v = u,.q on x5 = hg. Hence, the function w := g — v
satisfies 13| in x5 > hg and the boundary value problem

Aw+Kw=¢ in x5 > hg, w=0 on xy=hy,

where ¢ is given by the right hand side of (9al .T his implies that w can be represented as
/ / (z,y) — G(z,y")] o(y) dy2dyr, 2 > ho,
—oo J hg

with y* := (y1 —2ho—1y2) " Now following the proof of [19, Lemma 7.1] one can show that
w satisﬁes the stronger forrn 0)) of the radiation condition (|7 .ThlS proves the generalized
angular spectrum radiation condition of Upqq. 0
We would like to extend the Sommerfeld radiation condition up to the boundary TI'.
However, since I" is only Lipschitz, in general the derivatives dv/0r do not exist up to the
boundary. We can, however, define a weaker form which models the integral form of the
Sommerfeld radiation condition as follows. The connection between these two radiation
conditions will be described in Lemma 2.13

Definition 2.12. Let a; be a sequence in R such that a; — oo and ﬁaj are Lipschitz
domains. A solution v € H} .(Zg) satisfies the Sommerfeld radiation condition in integral

form if
where r = |x|.

Lemma 2.13. If v satisfies the Sommerfeld radiation condition of Definition with
the index p > 0, then v also fulfills the integral form of the radiation condition defined by
Definition |2.14.

Proof. Without loss of generality we suppose that a;;; —a; > 1 for all j € N. Let hg > 0
be the number specified in Definition . We set h := hy + 1 and choose ¢ € C*(R?)
such that ¢(z) = 0 for € Uj and ¢(z) = 1 for x ¢ U,_.. We decompose C,,; into
Co;, = (C’aj N Uh) U (C’aj \Uh) Then

ov

— — kv

— 0, ) — ,
or J >0

H—I/Z(Caj)

0
’——zkzv = H@Z)(——zkv) + H(l—w)(—v—zk‘v>
or H*l/Q(Caj) Hfl/z(Caj) or H*l/Q(C'aj)
ov
S a_ + k wv —1/2
H or H=1/2(Ca;) H “H #(Cey)
(14) ta-o (G -iw)
— — — kv )
37” H_I/Q(Caj)

11



The last integral converges to zero because, by the Sommerfeld radiation condition of

(13),
oo -

as j — oo. It remains to discuss the first two integrals on the right hand side of . Let
E; : H, 1/ 2(0 ) = H*(Dg, 11\ Dq,) be extension operators which are uniformly bounded

@—zk‘v

0
or —

< C|

H=1/2(Cay) L%(Ca;NUp—)

with respect to j. In fact, given ¢ € H, Y/ 2(Caj) we define Ejp = w; in D,,,, \ D,, where
wj is the unique solution to the boundary value problem

ij:() n Daj+1\D_aj’
=¢ on Cg, wj =0 on O(D,,,, \ D)\ Ca,.

The norm of such an extension operator depends only on the Lipschitz constants of
Dq,., \ Dy;, which are uniformly bounded in j. Then we have

ov
H ar H=1/2(Cq;) " ij@bUHH?lm(C“ﬂ
O(¢v) H o
k
- H or H*l/Q(Caj) * 87“ H*1/2(Caj) * vaHH?lm(C%’)
S sup < r(wv)7§0> + CHUHHl/Q(Ca.\Uh)
ol 1/2(0 ) =1 J
= sup / [V(Wv) - VEjp = k*v Ejpl do + CHUHHU?(CE.\U;L)
P S ’
a1 \Da;

< c|vllaz)
where Z; = {x € D,,,, : |z| > a;, 22 < h} and ¢ > 0 is independent of j. Simple
estimates show that Z; is contained in the set {x € D : a; — ¢ < x1 < @41, T2 < h}.

From v € H'(W}) we conclude that [|v| 1(z,) tends to zero. O

2.4. Uniqueness Of Solutions Of The Perturbed And Unperturbed Problems.
First we show that the propagating part u,,,, of the open waveguide radiation condition
has to vanish, if f = 0.

Theorem 2.14. Let u € Hlloqo(f)) be a solution of Au+ k*u = 0 in D satisfying the
open waveguide radiation condition of Definition . Then upyop vanishes; that is, all the
coefficients a,; vanish.

Proof. Choose ¢y € C®(R) and ¢y € C®(R) with ¢¥n(x;) = 1 for |z;] < N and
n(z1) =0 for |z > N+ 1 and gy (xe) =0 for 25 > H + 1 and (pH(:cg) =1 for zy < H.
For N > 0p+1and H > hy+1 we define the regions Dy g := {z € D : |z1| < N, 2o < H}
andWNH—{xED —N—-1<z < =N, 25 < H} and Wy 4 —{zeD:N<u <
N +1, x2 < H} and the horizontal line segments I'y py := (=N, N) x {H}. We apply

Green’s theorem in Dy 41 g41 to v(z) := (1) u(z) and v(x) @y (z,). First we note that
12



Av € L*(Dy11.+1) because Au = —k?u. Furthermore vy € HJ(Dyy1.+1), therefore,

0 = / [Vu-V(@en)+ Wen) Av] dx
Dny1,H+1
= / [[Vo]* + 0 Av] de + / [Vu-V(ven)+ Wen) Av] do
Dy, Dyiy1,H+1\DN+1,H
= / [[Vv|* + 7 Av] dz — / Eﬁds
6[E2
Dy, Inta,H

where we applied the classical Green’s theorem in the rectangle (—N—1, N+1)x(H, H+1)
to the second integral for the smooth function v. Therefore,

/wﬁﬂ%dsz / E%dsz /HVU‘Z—FEAU]CLT
2

2

I'ny1m I'nyvm Dny1,m
= / HVuf—i—EAu] dr + / HVU|2+@AU} dr + / Hva—i—ﬂAv} dx;
Dy WJ-\'T—,H Wy m

that is, with Au = —k?u,

0
(15) Im / wNﬂa—uds = Im / HVU‘Q +7Av]dz + Im / [|VU‘2 +7Av] dx.
T2
Tvtsm WIJ\;,H W&H
The decomposition u = Uyeq + Uprop Yields four terms in each of the integrals of .
(a) First, we look at the two integrals on the right hand side of . We define vV :=
UNUrag and v? = Yy, and estimate the terms

0t 1 (,0) = / Vo0 - Vol® + 207 Au®)] d
Wi i

for j,¢ € {1,2}. Then |aﬁ’H(1,1)|, |aﬁ’H(1,2)|, and |aﬁ’H(2,1)| are estimated as in the
proof of [19, Theorem 2.2]:

|a1:‘\:f,H(171)| < CINH |aﬁ,H(172)| + |a§,H(271>| < C/VN,H
with
(16) INH = ||Ude§{1(QN) + H° / p(z1)? day
N<|z1|<N+1

andQN::{a:GD:N<]a:1|<N—|—1, xo < ho + 1}.
For aﬁ 1(2,2) we need to argue differently as in the proof of [19, Theorem 3.2] to avoid
the integral over the vertical boundaries of Wﬁ - We recall that

Gn22) = [ [Vt + (o Trig) A(ttyr)]
Win
13



and note that A(Yy Uprop) = —k2UN Uprep + 2U &3’;’ %+ % Uprop. Therefore,

0 0] d 0 0]
Im CLE,H(Z 2) = 2Im / VN U Tprop gp Pdr = Im / dxlg/)?\, Uprop gp P dx
WX o WX
= Im / [Vuprop ) v(¢12\f Upmp) — K (1/’12\/ Upmp) Upmp} dx
WX
= Im / [Vupmp : V(w?\f Uprop) — k’2<w12\7 Uprop) upmp] dr — BJJ\?H
N+Qoo
where again N + Qo = {z € D: N < 2; < N + 27} and
|51J\FIH| = ‘ / [v“pmp ’ V(qu)zzv upmp) — K (¢J2V Uprcw) upmp] dzx| < ce M

(N+Qe\Wi

Now we set p(x1) =1 — (z; — N)/(27) and observe that 1% — ¢ vanishes for z; = N and
x1 = N + 27. Green’s theorem implies that

/ [Vupmp . V((@ZJ]QV - @) uprop) - kQ((qu}]QV - @) %) uPTOP] dr =0

N+Qoo

and thus

Im aJJ\rf,H(Qa 2) = Im / [Vupmp V(9 Uprop) — kQ(SD Uprop) upmp] de — 6;\;}[

1 - OUprop de
27 PP Oy
N+Qoo

_ _iz > Mgla® = Bl

jeJ )\g7j>0

— Ban

where we used the results of Lemma above. The same estimates hold for ay 14, 0);
that is, the integrals over Wy 5. Therefore, we have shown that

(17) Im / HVU‘Q—FEAU] dr + Im / HVU‘Q—FEAU}dx

W Wy
——Z Z Mejlae;? + —Z Z Aejlag;* + ce™® + clynvu +Ina) -
J€J A ;>0 JEJ X, ;<0

(b) Now we look at the left hand side of (15]). The line integrals are outside of the layer
Wh,. Their estimates in [19] (proof of Theorem 3.2) are independent of the equation

or boundary condition below the line x5 = hg. In [19] we have shown the existence of
14



sequences (N,,) and (H,,) converging to infinity such that vyy,, p,, — 0 and

(18) lim sup {Im / YN, U U ds] > 0.

m—0o0
From ((17)) we conclude that

lim sup {Im / HVU|2 +@Av} dr + Im / HVU|2 +@Av} dx

m—0o0

1 1
=2 D AM%P 2l D AMW?-
JjeJ /\g’j>0 JjeJ )\[‘j<0
Combining this estimate with and yields that a,; = 0 for all £ and j. O

Below we sketch another proof based on the modified open waveguide radiation condition.

Theorem 2.15. Let u € HlocO(D) be a solution of Au+ k*u = 0 in D satisfying the
modified open waveguide radiation condition of Definition [2.10, Then wy.op vanishes.

Proof. Choose a > 0 and suppose without loss of generality that D, is a Lipschitz
domain. Applying Green’s formula for v to D, gives

/|Vu|2 k2|u|2dx+/ dyutds = 0.

Here we have used the Dirichlet boundary condition on D. Taking the imaginary part
and using u = Uyqq + Uprop yields

0= Im/ 81/'“@ ds = Im/ [auuradﬂrad + auuradﬂprop + auupropﬂrobd + al/upropﬂprop] ds
Cq Ca

Recalling the Sommerfeld radiation condition of u,,qs, one can show that the integrals
involving the term u,,4 on the right hand side all vanish as a — oo; see the proof of [12]
Theorem 3.1] for details. Therefore, one arrives at

= lim Im/ OvUiprop Uprop ds = Tim Tm | (A + k*)tprop Uprop A2,

a—ro0 a—0o0 Da

because ., vanishes on dD. Realling the representation of 1., (see (6)) and using the
definition of 1%, one deduces that (see e.g., [12, Lemma 2.3])

T, 0 0
(19)/ (A + E*)Uprop Tprop d / / T ap P gs 4+ / s lg,ypds

STuSy

where vF = D, N {z; = £00} and S = {z € D, : |z| = a,00 — 1 < £x; < 00} Note
that here have supposed that {x € D, : 09 — 1 < +x; < 0y} are both Lipschitz domains
by the choice of oy > max{R, 27} + 1 and that the integrals over 4 are understood in

the dual form between H~/2(y¥) and H, / ?(yE). The second term on the right hand side
15



of tends to zero as a — 0o, due to the exponential decay of w4, as 9 — 00. For
the imaginary part of the first term, we have the limit (see [19, Lemma 2.6))

0 O 1 a 70!
Im / Uprop % d == % Im / uprop %d
Dn{z1=%00} Dr{+00+Qoo}
1
- AT el
jeJ :t)\[’j>0

In this step we have used the fact 09 + () are Lipschitz domains and Lemma [2.6]
Finally, taking the imaginary part in and letting a — oo, we obtain a;; = 0 for all
jeJandl=1,2,--- ,m;. This proves ty.op = 0. O

Having proved the unique determination of the propagating part, we can show uniqueness
of solutions of the unperturbed and perturbed boundary value problems following almost
the same lines in the proof of [19, Theorem 3.3]. We omit the proof of Theorem [2.16]
below.

Theorem 2.16. Let the Assumptions[2.9 and [2.5 hold.
(i) Letu € H}OC’O(D) be a solution of Au+k?*u = 0 in D satisfying the open waveguide
radiation condition of Definition|2.5. Then u = 0.
(ii) In the perturbed case we have u = 0, if there are no bound states to the problem
. that is, any solution u € H} (D ) of Au+k2u = 0 in D must vanish identically.

In the remaining part we suppose that there are no bound states for the perturbed scat-
tering problem, so that uniqueness always holds true by Theorem m (ii). Note that this
assumption can be removed, if the domain D fulfills the following condition (see [4]):

(20) (21,25) €D = (z1,20+s) €D foralls>0.

Obviously, the geometrical condition can be fulfilled if the boundary I is given by
the graph of some continuous function. But then also the existence of guided modes is
excluded.

3. CONSTRUCTION OF THE DIRICHLET-TO-NEUMANN (DTN) OPERATOR

For simplicity we suppose that there is an open arc of the form Cg := {z € D : |x; —
7|? + |z2|> = R?} for some R > 7 such that the domain Dy is Lipschitz (otherwise we
can replace C'r by an open curve with a slightly different shape). This implies that the
perturbed defect T"\ I always lies below Cr. We refer to Figure [2| for a typical situation.
To reduce the scattering problem to a bounded domain, we need Sobolev spaces defined
on an open arc. Define the Sobolev spaces (see [22])

H01/2(CR) = {f € Hl/Z(aDR) :f=00n0D \ CR} ,
H'2(Cr) == {flox: f € HY*(0Dg)}.
An important property of HS/ *(Cg) is that the zero extension of u to dDg belongs to

H'Y2(0Dpg). We remark that in the previous definitions the closed boundary Dy can be

replaced by other closed boundaries. If u € H*(Dg) with u = 0 on T'N Dpg, then we have
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the traces u|c, € Hé/Q(CR). The spaces Hé/Z(C’R) and H~1/2(C) are (anti-linear) dual
spaces in the sense that

<¢’w>Hé/2(CR),H’1/2(CR) = <¢7¢>H1/2(8DR),H*1/2(DR)7

where ¢ denotes the zero extension of ¢ to Dg. We further remark that for any a >
R there exists a bounded extension operator E from Hé/ *(CR) into H}(D,). Indeed,
extending 1 € Hy/*(Cj) by zero in 9DzNT" we observe that this extension is in H/2(0Dy).
By well known results for Lipschitz domains there exists a bounded extension operator
E, from H'2(dDy) into H'(Dg). In the same way one extends 1) € Hy'*(Cg) by zero in
0D, \ D and constructs an extension operator E, from H'/2(0(D,\ Dg)) into H'(D,\ Dg)
with zero boundary values for |z| = a.

Below we recall the definition of the Floquet-Bloch transform to be used later.

Definition 3.1. For g € C3°(R), the Floquet-Bloch transform F is defined by

(Fg)(z1, ) = Zg(xl + 27n) e r €R, a€[-1/2,1/2].
neL
The Floguet-Bloch transform F extends to an unitary operator from L*(R) to L*((0,2m) x

(—=1/2,1/2)). If g depends on two wvariables x1 and x5 then the symbol F means the
Floquet-Bloch transform with respect to xy.

In the next subsection we prepare several auxiliary results before constructing the DtN
operator.

3.1. Existence Results For Some Unperturbed Problems. The first result is well
known and a simple application of the Theorem of Riesz. Define the weighted Sobolev
spaces Hi) = {u € Hy(D) : wyu € H*(D)} where w,(z) = e”! for p > 0.

Theorem 3.2. Let p € H Y/?(Cg) and p € (0,1). Then there exists a unique solution
v € H)(D) of

(21) /[Vv VY +vlde = /go@ds for ally € Hy(D).

D Cr

Note that we have written the dual form (p,1) on the right hand side as integral. Here we
need that the trace ¥|c, € HS/Q(C’R). Furthermore, v € H(lp)(D) and @ +— v is bounded
from H=*(Cg) into H}, (D) and even compact from H™'*(Cg) into L, (D) for all
P <p.

Proof: The left hand side is just the inner product in H'(D), and the right hand side is
estimated by

| /C eTds] < elluveien Wlmey < clella-sey [Wlao)
R
Therefore, Riesz’s theorem implies uniqueness and existence of a solution in HJ(D). Set

U = wyv and v = wipw. Then Vv = prz/; + w,,Vzﬁ and Vo = —%pr + wLprJ.
17



Substituting this into the variational equation yields

/{w-v@+§vwﬂ -Vﬁ—ﬁw-VZ—MGZJr@Z] dr = /goiwpds.

w, w, ws

D Cr
We observe that the left hand side defines a sesqui-linear form on H'(D) which is coercive
for p < 1 because |Vw_w,,| = p. The right hand side defines again a bounded linear form

P
on H'(D). Therefore, Lax-Milgram yields existence and uniqueness. This proves that

v e H, (D) and that ¢ ~ v is bounded from H~'/*(Cp) into H| (D).

Finally we show that H(lp)(D) is compactly imbedded in L%p,)(D) for all p’ < p. Let (v,)
be a sequence in H (1p)(D) which converges weakly to zero. Set again 0; = w,v;. Then (7;)

converges weakly to zero in H'(D) and is thus bounded. Therefore, there exists ¢ > 0
with [|0;]|L2(py < ¢ for all j. We estimate for any a > 0

[ w@@ra = [ we e

D\D, D\Dq

< e“ﬂp')a/wi(aj) v (@) > de < PeHomr)a,

D

Given £ > 0 we choose a > 0 with ¢? e=2(=P)e < % and keep r fixed. Since (7;) tends to
zero weakly in H'(D) it tends to zero weakly in H'(D,). Therefore, ||0;| 2(p,) tends to
zero and thus also [}, w?|v;|*dx because on D, the norms [lw,vl|2(p,) are all equivalent.

Thus, for sufficiently large j the term [, w?|v;|*dx is less than % O

The proofs of most existence results for the Helmholtz equation in periodic structures are
based on the following result for quasi-periodic problems. For a proof we refer to [19,
Theorems 4.2, 4.3, and Remark 4.4] adopted to the present situation.

Theorem 3.3. Let Assumptions[2.9 and[2.9 hold and let g, € L*(Qoo) for o € [—1/2,1/2]
depend continuously differentiable on o in [—1/2,1/2]. Let there exist ¢ > 0 and § > 0 with
190 (2)|+|0ga(1) /0| < ce=%%2 for almost all x € Qs with x5 > hy and all a € [—1/2,1/2].
Furthermore, let G € H Y (Qp,) = HY(Qn,)* and assume that for any propagative wave
number &; € [—1/2,1/2] the orthogonality condition

(22) G0 + [ o @) o)z = 0
Qoo

hold for all modes q3 € X, corresponding to the propagative wave number &;. Here, (-, )
denotes the dual (bi-linear) form.

Then for every o € [=1/2,1/2] there exists an a— quasi-periodic solution ve € H) ,.o(D)
of the equation

(23) Avy + kg = —go — G in Qu
satisfying the generalized Rayleigh radiation condition
8va?n (QZQ) . ?

(24) >

ne”L

—iVk? — (a4+n)?van(z2)] — O, Ty — 400.

(91'2
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Here, va,n(2) = \/LQ—# fozﬂ Vo (21, T0)e TPy, are the Fourier coefficients of v (-, x2),

and 1s understood in the variational sense

/[m VY — Kog ] de = (G, Y) + /gaidx

Qoo Qoo
for ally € HY . o(D) which vanish for xo > h for some h > hg.
Furthermore, v, can be chosen to depend continuously on o, and for every h > hqy there
exists ¢, > 0 with

[vallzr@ny < en|  sup  lgsllanguy+  sup [1095/9BlLam . + IGlla-1@n)]
Be(-1/2,1/2] Be[-1/2,1/2]

for all o € [=1/2,1/2] where we used the notation ||@||La.2 .. = [|0ll1(Qu) T 101 L2(Qu0) -

We will apply this result to the following two problems.
Given ¢ € H~Y/?(CR), consider the problem of determining u € H}

loc
ou_ 0
(25) Au+ku=0in D\Cr, u=0onT, L—&Z@OHCR,
v v
and that u satisfies the open waveguide radiation condition of Definition [2.5| Here the
normal direction v is supposed to direct into the exterior ¥r. Well-posedness of the

variational formulation corresponding to the problem (25)) is stated as follows.

(D) such that

Theorem 3.4. Let p € H-Y/?(Cg). Then there exists a unique solution u € H},.o(D) of

(26) /[Vu VY — K*uy)dr = /gp@ds for all ¢ € Hy (D)
D Cr
satisfying the open waveguide radiation condition. Here,
Hy (D) = {¢ € Hy(D) : there exists a > 0 with 1(z) =0 for |z| > a} .
Furthermore, the mapping ¢ + u|c, is bounded from H~'/?(Cg) into H§/2(CR).

Proof: Uniqueness follows directly from Theorem part (i). To prove existence, we
suppose without loss of generality that C'y is chosen to lie in )y, and define the coefficients
ay,; explicitly as

271 = )
o(x) ppi(z)ds(z), £=1,...,m;, j€J.

R

(27) a = 2T
’ BRI
C

Then the propagating part u,,., is defined, and the radiating part u,.q has to satisfy

(28) /[Vumd VY — K pag )] do

D

- / [Vtprop - VO — kX Upyop ] dz + / pds

D Cr

= ZZ%/%’W”” + /go@ds for all ¢ € H&yC(D)

jEJ 0=1 s On
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and the generalized angular spectrum radiation condition ([7)). Here, ¢ ; are given by
(Ob). Defining the distribution f, € H~'(D) as

(forb) = /@Eds for all + € Hy(D),
Cr

where the right hand side is understood as the duality between H~'/2(Cg) and Hé/ *(Ch),
we observe that the variational equation represents the differential equation

m;
Aurad + k2u7’ad = - Z Z QujPrj — f(p .

jeJ =1

One now applies Theorem t0 go = D iy Sood aej Fppj and G = f,. The orthog-
onality condition ([22]) is satisfied by the choice of the coefficients (see [19, Lemma
5.1]). Therefore, for all a € [-1/2,1/2] there exists a solution o(-, ) € H. },00(D) of the
a—quasi-periodic problems

(29) /[w(-,a)-vﬁ—m(-,a)i} d
Qoo
= XS w [Fataiar 1 [eias
jeJ (=1 Qoo Cr

for all @/A) € H}(D) which vanish for xy > h for some h > hy satisfying the generalized
Rayleigh radiation condition (24)). Furthermore, v(-, @) depends continuously on « and
for every h > hg there exists ¢, > 0 with

/ 1) ds

R

} < e lellmcy

m;
B0) Jot.liney < oS P lors] + sup
jed =1 1l (Qoo)=1
By the properties of the Floquet-Bloch transform the inverse transform
1/2
waila) = (F0)@) = [ ifw.a)da
~1/2
is in H!(D). Furthermore, taking ¢ € C5°(D) we substitute ¢ := (F4)(-, ) into the
variational equation (29)) and integrate with respect to «a; that is,

1/2

/ / [Vi(z, ) - V(FY)(z,0) — k*0(z, a) (FY)(z, )] de da
~1/2 Qoo
1/2 1/2
ZZCL@] / / Fop;)(x, ) (Fy)(z, o) de da + / / ) (FY)(x, ) ds(x) da
N ~1/2Cr

Noting that [~ 1{32 ) (-, &) ds = 1 and using the unitarity of the Floquet-Bloch transform

we observe that this is exactly the equation (28]). Boundedness of ¢ — ¢, is now easily
20



seen from and the unitarity of F' and the fact that u,,,, depends explicitly on ¢
through ay ;. O

A second application is the following result where the source fails to be compactly sup-
ported.

Theorem 3.5. Let f € L?p)(D) for some p € (0,1). Then there ezists a unique solution
w e Hlloc,O(D) of Aw+k*w = —f in D satisfying the open waveguide radiation condition.
Furthermore, for every a > R the mappings f — w|p, and f — wl|c, are bounded from

L%p)(D) into H'(D,) and HS/Q(CR), respectively.

Proof: Since f decays exponentially, its Floquet-Bloch transform F'f is well defined and
continuously differentiable with respect to a. Instead of we now solve

/ (Vi ) - Vi — k2i(-, )] da

= ZZ%J’/(F%)(-@)M + /(Ff)(-,a)idx

jeJ =1 Qo

o)

for all ) € H(D) which vanish for 5 > h for some h > hy and the generalized Rayleigh
radiation condition ([24)).
The coefficients a,; have to be chosen as

27

m (Ff)(x, ﬁj){&j(l‘)dl‘, (=1, ,m;, j€J,
?-] (
Q

Qe,j
oo

so that the right hand side is always orthogonal to the nullspace of the homogeneous
equation. Using the estimate

IENCANn = [IENE LA < [ [Zyﬂxlmw,m)rrdx
Qo

Qoo LeZ

— /[2(1 + )21+ )2 (2 + 2nl, x2)|]2dx

Q Lel

1 ) ,
= 21+e2 > (14 )| f(xy + 2w, x0) ] da
Qoo LEZ Y=/

< cfara)i@Pds < clfl; o,

D

and analogously for ||(EFf)(-, ) ||%1(Qoo) and the derivatives with respect to  we can repeat
the proof of Theorem [3.4] O

3.2. The DtN Operator. Now we turn to the construction of the Dirichlet-to-Neumann
operator on the artificial boundary Cg. In the remaining part of this paper we make the

following assumption.
21



Assumption 3.6. Assume that k? is not the Dirichlet eigenvalue of —A in the Lipschitz
domain Dg and there are no bound states of the Helmholtz equation over the domain X g;
that is, if u € H}(XR) solves Au+ k*u =0 in Xg, then u must vanish identically.

As usual, the DtN operator A should be defined as follows.

Definition 3.7. The Dirichlet-to-Neumann operator A : H&m(C’R) — H7Y2(CR) is de-
fined by A g = d,ulc, where u € H} (XR) is the unique solution to

(31) Au+ku=0inYg u=gonCgr, u=0o0onINISy,

which fulfills the open waveguide radiation condition of Definition |2.5. Here the unit
normal vector v at C'r is supposed to direct into Y.

The above definition assumes already the solvability of a boundary value problem in
the perturbed region Xy — which to show is the purpose of the forthcoming Section [4]
However, the perturbed region ¥y is a subset of D (in contrast to the more general
perturbation [?) which allows the application of an integral equation approach with the
Dirichlet-Green’s function of D. Before we explain the construction we note that an
explicit representation in form of a series can be obtained if I' is a straight line parallel
to the xj-axis. In this exceptional case the propagating part (guided waves) vanishes
identically and the radiating part fulfills the classical Sommerfeld radiation condition.
Consequently, the function g € Hé/ ?(Cg) can be expanded into () = > nen, In SinNY
with 6 € (0,7) and the DtN operator takes the explicit form

(1)
(hg)e) = 3 g, i n _(EF)

sinnf for 6 € (0, 7).
s H(kR)

Here, Hél) denotes the Hankel function of the first kind of order zero. In the general case
that I' is a periodic curve, we will express the field in ¥ as a single layer potential with
density ¢ and the Green’s function as kernel. As usual, ¢ is determined from ¢ by solving
an integral equation for the single layer boundary operator. We divide our arguments
into two steps.

(A) Construction of the single layer boundary operator. As a motivation we recall that
for smooth data the single layer boundary operator with the Green’s function as kernel
is given by Sy = u|c, where u € H. (D) satisfies the transmission problem and the
open waveguide radiation condition. In this way we avoid the explicit use of the Green’s
function. For given ¢ € H~'/2(Cf), the variational form of is given by and has
been studied in Theorem [3.4

We take the solution of this transmission problem as the definition of the single layer oper-
ator, namely S¢ := u|c, where u € Hy,, (D) is the unique solution of satisfying the
open waveguide radiation condition. Then S is bounded from H~'/?(Cg) into HS/ (Cg)
by Theorem [3.4] To show the injectivity of S, we suppose that S = 0. Then u =0 in Xg
and v = 0 in Dg by the Assumption [3.6{and the uniqueness result of Theorem [2.16| From
the variational equation we conclude that |, Cn @1 ds = 0 for all ¢ which implies that

o vanishes. This proves the injectivity of S. Next we show that S is boundedly invertible.

Let S; be the operator corresponding to wave number k& = i. Then, setting S;¢ = v|c,,

we get (p, Sip) = fCR ©vds by the definition of the dual form (-,-) (see Theorem
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and v € H} (D) solves . Setting ¢ = v ¢, in where ¢, € C3°(D) satisfies ¢, = 1
for |z| < a and letting a tend to infinity shows that

(w.Si0h = [ovds = [IToP +1oPlds = ol
Cr D
Next we note that [|olly-1/2(cp) = sup{l{e, )| = [1¥ll 2,y < 1} For ¢ € Hy*(CR)

with ||z/JHHé/2(CR) < 1 we set 1) = Etp with the extension operator E from H3/2(CR) into

H}(D,) for some a > R and estimate

< clldlmm lolamy < Bl ollmw)

|<w>|=\ wwds:\ Vo Vi +v 7] do
[eedelf

for ||@/)||Hé/2(CR) < 1 and thus |¢[lg-1/2(c,) < cllE| |vllg1(p). Combining this with the
previous estimate yields coercivity of S;; that is,

1 2
(p,Sip) = WH@HHAM(CR)-

Now we show that S — S; is compact. We observe that (S — S;)¢ = w|c, where w =
u—uv € H} (D) satisfies

loc
Aw+kw = —(*+Dvin D, w=0onT,

and the open waveguide radiation conditions. Here, v corresponds to the solution of
(21) with k& = i as before. By Theorem we know that ¢ — v is compact from
H=2(CR) into L%p/)(D) for all p’ < p. Furthermore, by Theorem [3.5 (for p’ replacing
p) the mapping (1 + k*)v — w|c, is bounded from L (D) into H,?(CR). Combining

this yields compactness of ¢ — w|c,; that is, compactness of S —S; from H~'/2(Cg) into
Hy/*(Cr).

Therefore, the operator equation S¢ = g can be written as S;¢p + (S — S;)¢ = ¢g. This
shows that S is a Fredholm operator with index zero. By the Fredholm alternative, the
injectivity implies the invertibility of S.

(B) Construction of the Dirichlet-to-Neumann operator. Given g € Hé/Q(C'R) we define
¢ = S7lg € H"Y2(CR). Then, by definition, g = S¢ = u|g, where u satisfies (26)); in
particular Au-+k?u = 0in Xz and u = 0 on ’'NIX k, complemented by the open waveguide
radiation condition. Consequently, the Neumann boundary data can be defined by Green’s
first formula; that is, the DtN operator A from HS/Z(CR) into H=1/2(Cg) = (Hé/Q(C’R))*
can be defined as follows.

Definition 3.8. Let a > R be fired. Then A : Hy/*(Cr) — HV/2(Cr) = (Hy*(CR))" is
defined as

(32)  (Ag) = — / [Vu-V(ED) - Bu(BD)] dr, o< H(Cr).,

Da\DR
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where E Hé/Q(CR) — H(D,) is again a fized extension operator and uw € H} (D) is the

single layer potential with density ¢ := S~'g € H='/2(CR); that is, the unique solution of

(@) studied in Theorem .

We note that the definition is independent of @ > R or the choice of the extension operator
E. This follows from Green’s identity fDa\DR [Vu- V(1 — o) — k*u (Y1 —12)] dz = 0 for

all ZZJ]' € HOI(DQ) with ¢1 = @bg on CR.
We finish this section by proving some mapping properties of A.

Lemma 3.9. The DtN operator A : Hé/2(CR) — H™Y2(CR) is bounded. Moreover,
the operator —A can be decomposed into the sum of a coercive operator and a compact
operator.

Proof. By the trace lemma and , the boundedness of A follows from the estimate

1Al f-12cy = sup (Mg, )] < cllullmpann < cllglimrcy

1901726y

where we have used the boundedness of the extension operator E and the continuous
dependence of u from g. Define A; : HS/Z(CR) — H7Y2(CR) as the DtN operator for the
wave number k = 7; that is,

(o) = = [ [Vo-To4uilde, veHPCn),
Du\Dg
where v € Hj (D) solves for p := S;7lg € H/2(CR), and ¢ € HY(D,) is an extension
of 1. The operator —A; is coercive over HS/Q(CR). Indeed, choose ¢, € C*(R?) with

¢o = 1for [z| < R and ¢, = 0 for [z| > a — 1 and set ¢y = v¢, for a > R+ 1. Then
Y € H}(D,) and thus

—(higeg) = 1ol o + / Vo - V{oda) + dalol’] da .

Da\Dafl

Now we let a tend to infinity and use that v € H'(D). Therefore,

—(Nig, g9) = ||U||§{1(D\DR) > C||U||i,1/z(cR) = C||9||§11/2(CR)

where we used the boundedness of the trace operator in the inequality. Furthermore, the
operator A — A; is compact. Indeed, this follows from

(A=A)g,0) = — / [V(u—v) V(EY) — (Ku+v)Eg]dr, o€ Hy*(Cr),

Da\DR

and the compactness of the mapping g — (v —v)|p,\p, from Hé/z(CR) into H'(D, \ Dg)

(by the same arguments as in the proof of the compactness of S—5;) and the boundedness

of g+ k*u+v from Hy?(Cg) into H'(D, \ Dg) and the compact embedding of H'(D, \

DR) into LQ(Da \ DR) O
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4. EXISTENCE OF SOLUTIONS OF THE PERTURBED PROBLEM

In this section we investigate well-posedness of time-harmonic scattering of an incoming
wave u'" from a locally perturbed periodic curve I' = 0D of Dirichlet kind; see Figure
We consider three kinds of incoming waves:

(i) Point source wave: u™(z) := ®(z,y) = iHél)(k]x — y|) with the source position
y € D. Without loss of generality we suppose that y € Dg.

(i) Plane wave: u™(z) = e**? where § = (sin6, — cosf) is the incident direction
with some incident angle § € (—n/2,7/2). In this case the incoming wave is
incident onto I' from above, and the parameter « := ksin 6 is supposed to be not
a propagative wavenumber (see Definition (i1)).

(i) u(x) = ¢y (z) is a right (resp. left) going surface wave at the propagative
wavenumber &; for some j € J which corresponds to the spectral problem
with the eigenvalue A, ; > 0 (resp. Ag; < 0).

€2

= T

FI1GURE 2. Illustration of wave scattering from perfectly reflecting periodic
curves with a local perturbation.

We denote by u?¢ the unperturbed scattered field, defined in D, which is caused by the

unpert

unperturbed curve I'. In g the total field u can be decomposed into u = u™ 4 uS5, ... +
Upe,y, and ugg, can be considered as the scattered part induced by the defect. The field
us¢ . is supposed to fulfill the open waveguide radiation condition of Definition for all

per

of the cases (i), (ii), (iii).
Define the spaces
Yp = {UE Hl([)R) :UzOOnfﬂaf)R},

where y € D. Well-posedness of our scattering problems will be stated separately for
different incoming waves.

Theorem 4.1 (Well-posedness for point source waves). Let u'™ := ®(-,y) be an incoming
point source wave with y € Dg. Then the locally perturbed scattering problem admits a
unique solution u such that u—u™ € H\ (D) and u satisfies the open waveguide radiation

loc
conditions of Definitions and[2.10.
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In this theorem, the total field u is required to satisfy the open waveguide radiation
condition of Definition [2.5] because u is nothing else but the Green’s function of the
perturbed problem. We remark that in X3 the scattered field © — u™" does not fulfill this
radiation condition, since u™ = ®(-,y) does not belong to H*(W;, N Xg) for any h > hy.

If both T and T can be represented as graphs of Lipschitz functions, the propagating part
Uprop Vanishes identically (see 4l B]) and thus v = u,q. In such a case, it was verified
in [II, Theorem 2.2] that u = u(-,y) € H}(W), N Xg) with R > |y; — x| for all p < 1
and that u(-,y) — ®(-,y) € H)(W},) for all p < 0. In addition, both u and u — ® satisfy
the Sommerfeld radiation condition of Definition 2.8 The above results of Theorem [4.1]
have generalized those of [11] to non-graph curves where guided (propagating) waves may
occur. On the other hand, the technical assumption made in [IT, Section 2.3] that I'
should contain at least one line segment in each period was removed in this paper by
constructing a new form of the DtN operator; see subsection (3.2}

Proof of Theorem [4.I] Since the incident field is singular at y, we transform our
scattering problem to an equivalent source problem of the form . Introduce a smooth
cut-off function y : R?* — R such that y(z) = 1 for |z — y| < €/2 and x(z) = 0 for
|z —y| > e. Here € > 0 is chosen to be less than the distance between y and ODp. We
make the ansatz on the total field u as

u(z) = x(x)®(z,y) + v(z,y), z€D, x#y.

Then the scattering problem is equivalent of finding v(-,y) € Hg,,.(D) such that

Av(ny) +k(hy) = —g,in D, v(-,y)=0onT,
v(-,y) satisfies the open waveguide radiation condition of Definition

with
gy = Ax®(-y) +2Vyx -V, (- y) € LA(D).

Note that the source term g, is compactly supported in Dp. By the DtN operator A,
this problem can be reduced to an equivalent boundary value problem over the truncated
domain Dg. Consequently, we get the following variational formulation. Determine v €
Yr such that

(33) Vu-Vi —kvipdr — [ Avipds = [ g,0bds forall o € Yg.
/ fra- |

R Cr Dr
Here the integral over Cj, is understood as the duality between H~1/2(Cy) and Hy/*(Ch).
In view of Lemma , the sesqui-linear form defined by the left hand side of (33)) is
strongly elliptic, leading to a Fredholm operator with index zero over Y. By Theorem [2.16
we have uniqueness and thus also existence of v(-,y) € Yr by the Fredholm alternative.
This solution can be extended to the exterior ¥z by solving the problem of Theorem
with ¢ := S (v|c,) € H Y2(CR).

Finally we note that u — u™ = v+ (x — 1)®(-,y) € H]} (D) because y vanishes in a
neighborhood of y, and v = v in X because y vanishes in X z. This ends the proof. [
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Remark 4.2. If we decompose the field u into u = u'™ + u*¢

unper
observe that also uyg,, satisfies the open radiation condition because u and u™ + uf
do, the latter because it is the total field corresponding to the unperturbed problem.

sc ),
¢ T Uper @0 Mg then we

unpert

We proceed with the scattering problem for plane waves.

Theorem 4.3 (Well-posedness for plane waves). Let o := ksinf be not a propagative
wavenumber (see Definition (11)). Then the perturbed scattering problem for a plane
wave incidence um(m) = k9 qdmits a unique solution u = u'™+u* € Hlloc,O(D> such that
the scattered part u*® has a decomposition in the form u* = g .., +uye., in the region Yg
where uyg, ..y € H ! aloc(D) is the scattered field corresponding to the unperturbed problem
that satisfies the upward Rayleigh expansion with the quasi-pertodic parameter a =
ksinf. The part upm € H} (Xr) fulfills the open waveguide radiation conditions defined

by Def. [2.5 and Def. [2.10.

Proof. In the unperturbed case, uniqueness and existence of the field we, .., € H} ;,.(D)
can be justified using standard variational arguments in the truncated periodic cell Qh (for
some h > hg) by enforcing the a—quasi-periodic DtN mapping on the artificial bound-
ary I'p,. Uniqueness follows from the assumption that o = ksinf is not a propagative
wavenumber, and existence is a consequence of the Fredholm alternative.

Set 4™ = u™ + uSf,0 € Hyo(D). This field is well defined in ¥z. We make the ansatz
for the perturbed problem in the form u = @™ + u¢, in g and u = u™ + w* in Dp.
Since u?¢,, € H} (Xg) is required to fulfill the open waveguide radiation condition and

pert loc

, =0 on T\ Dg, it has to satisfy

per

sc
a upert +

= A( pert|+)7 thus al/u|7 = &zﬁml+ + A(U‘f—am’+) on CR

where |, and |_ denote the traces from Xy and Dp, respectively. Therefore, we have to
determine the total field © € Yy such that

(34) /VU'W— kup dr — /Au@ds = /[8,,ﬂm — A" % ds
Dg Cr Cr
for all v € Ygi. Application of Lemma [3.9] Theorem [2.16| and the Fredholm alternative

yields the uniqueness and existence of u € Yg. This also gives the scattered field u* =
u —u™ € H'(Dg) and the trace of the perturbed scattered field g := = uslilop = (U™ —

unpert)|_ on Cg. Finally, uy,, can be extended to X g by solving the problem of Theorem
with o = S71(g). O

Remark 4.4. Suppose in Theorem that ksin@ = &; is a propagative wavenumber for
some fized j € J. Then it is well known that there exists still a &;—quasi-periodic solution
Uynpert,0 = = u" 4 Upmpert of the unperturbed problem. However, the solution is not unique,
and the general solution is given by

m] )
(35> Uynpert = Uunpert,0 + Z Cy ¢€,j in D

(=1
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where QASM € X, (see and (B)) and ¢, € C are arbitrary. In our paper [12] we derive a
new radiation condition based on the limiting absorption principe to prove uniqueness of
the unperturbed scattering problem, even if ksin€ is a propagative wavenumber.

Now we consider the case that v = qgg,j for some ¢ € {1,...,m;} and j € J is an
incoming surface wave corresponding to the propagative wavenumber ¢&;; that is,

Aum +kE?um =0 in D, u"=0 on T,
u'™ is &;-quasi-periodic in z; and exponentially decays in the xo-direction.
Since u'™ vanishes already on I' and satisfies the radiation condition we conclude that

the variational formulation for u € Y takes the same form as in (34) with @™ = u™.
Analogously to the proof of Theorem [4.3] we obtain

Theorem 4.5 (Well-posedness for incoming surface waves). Given an incoming surface

wave u" = Qgg,j for some € € {1,...,m;} and j € J, the perturbed scattering problem
admits a unique solution u = u™ + u* € H. (D) such that u** € H} (D) fulfills the

open waveguide radiation conditions of Def. and Def. [2.10,

By Theorem each surface wave (Zgg’ ; produces a non-trivial scattered field to the locally
defected problem. Combining Theorems and Remark [4.4] we can get a general

solution for plane wave incidence when ksin @ is a progagative wavenumber.

Corollary 4.6. Let u™ be a plane wave and suppose that ksinf = &; is a propagative
wavenumber for some fized j € J. The general solution of the perturbed scattering problem
for plane wave incidence takes the form

mJ m]
sc in sc .
(36> U = Uynpert,o T Upert + g Cy (WJ‘ + E Cp Uy mXp.
{=1 /=1
Here, ugy,., 1s the open waveguide radiation solution determined in Theorem excited by

the incoming reference wave U™ = Uypperto = U™ + Uy er, and ui® is the scattered field
specified in Theorem with u'™ = ¢ ;.
5. SCATTERING BY NEUMANN CURVES AND BY PERIODICALLY ARRAYED OBSTACLES

With slight changes our solvability results presented in Section [4] carry over to periodic and
locally perturbed periodic curves of Neumann kind. Below we only remark the necessary
modifications.

In the Neumann case, o € [—1/2,1/2] is called a propagative wave number if there exists
a non-trivial ¢ € H}, ;,.(D) such that
0
Ap+k*’¢ = 0in D, 8—¢=Oonf,
v
and ¢ satisfies the Rayleigh expansion (2bf). Here v denotes the normal direction at
' pointing into D. Under the Assumption [2.2] one can still prove that there exist at
most a finite number of propagative wavenumvers in the interval [—1/2,1/2]. The finite
dimensional eigenspace X; can be defined similarly to (3)) but with the Neumann boundary
condition on I'. The definition of the space H!(Xg) should be replaced by
H(Xg) = {u€ Hp(Sg): 0,u=00nT NSk, ue H (W, NXg) for all h > ho}.
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In this case, a bound state of the perturbed scattering problem is defined as a solution

u € HY(D) to the Helmholtz equation (A + k?)u = 0 in D satisfying the Neumann
boundary condition d,u = 0 on I'. Assuming that there are no bound states in D, one
can prove uniqueness to the perturbed scattering problem analogously to Theorem [2.16]
To construct the DtN operator, we consider the problem of determining u € H}. (D) such
that, for ¢ € Hy "/*(Cp),

(37) Au+k*u=0inD\Cgr, Ou=0onT, %—({?—;:wonCR,

and that u satisfies the open waveguide radiation condition in ¥ g. The variational form
of this transmission problem is to determine u € H}. (D) such that

(38) /[VU-VE— Kui]dr = /(p@ds for all 1 € HX(D),
D Cr

together with the open waveguide radiation condition. Here,
HYD) = {¢ € H (D) : there exists a > 0 with ¢(z) = 0 for all |z| > a}.

Note that the right hand side of is understood as the duality between H, Y 2(CR)
and HY?(Cg). The mapping S¢ = ulc, defines the single layer operator under the
Neumann boundary condition. Choose the open arc C'r such that the mixed boundary
value problem

(A+Ek)u=0in Dg, u=0onCgr, J,u=0o0ndDg\Cg,

admits the trivial solution only. We make the assumption that every solution u € H'(Xg)
to the exterior boundary value problem

A+ k) u=0inXr, u=00onCg, Ju=0onlNITg,

must vanish identically, that is, there are no bound states to this special perturbation prob-
lem. The previous two conditions ensure that the single layer operator S : H, Y 2(CR) —
H'2(CR) is injective and boundedly invertible. The DtN operator A from H'/2(Cf) into
Ho_l/Q(C’R) takes the explicit form

(Ag,7p) = — / [vu-vE—/&uZ]dx, Y e HY?(CR),

Da\DR

where ¢ = F is a bounded extension operator from H'Y2(Cy) to H} (D, \ Dg) for some
a > R. Here u is the single layer potential with density ¢ := S71g € HO_I/Q(C’R); that
is, the open waveguide radiation solution to the boundary value problem . Mapping
properties of A can be proved in the same way as Lemma 3.9 Finally, well-posedness
results for scattering of point source waves, plane waves and surface waves from locally
perturbed Neumann curves can be verified in the same manner as in the proofs of Theo-

rems [4.1] and [4.5]

Let us now consider the TE and TM polarizations of time-harmonic electromagnetic
scattering by periodically arrayed obstacles. Define the boundary conditions Bu := u

in the TE case and Bu := d,u in the TM case. Let Q@ C R x (—H, H) be a domain
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FIGURE 3. Illustration of the artificial boundary C' := K C D (in this
case a circle) on which the DtN operator A (see Definition is defined
for scattering by periodically arrayed obstacles with a local defect.

which is 27 —periodic with respect to z; such that the exterior D := R?\ Q is connected.
Then a € [—1/2,1/2] is called a propagative wave number if there exists a non-trivial
¢ € H,,.(D) such that

Ap+EKk*¢ = 0in D, Bop=0ondD,
and ¢ satisfies the Rayleigh expansions
¢($) _ Zgbél: ei(f-l—oz)a:l e:l:i\/k2—(€+oc)2(x2q:H) for a9 2 +H

el

for some gb;t € C. Then the spaces X; of modes and their basis {Qgg,j 0 =1,...,m;}
are defined as in f. Furthermore, let 2 be locally defected such that the periodic
domain D is replaced by a perturbed connected domain D. We assume that there exists
a bounded Lipschitz domain K which contains the defect (D\ D)U(D\ D) and such that
C := 0K is contained in D. Defining ¥ := D \ K and the Sobolev space

H)(Y) = {ueH,(2):Bu=00ondDNIE, uec H'(W,NI) forall h > H},

where now W), := R x (—h, h). Then the radiation conditions of Definitions and
2.12] carry over. C, K, and ¥ correspond to Cr, Dg, and g, respectively. A situation
where C' can be chosen as a circle C is sketched in Figure [3] The Dirichlet-to-Neumann
operator A is again defined as Ag = d,u|c where u € H. (3) is the unique solution of

(40) Au+ku=0inY, u=gonC, Bu=0ondDNOxL,

together with the open waveguide radiation condition. We remark that the domain and
range space of A relies on the boundary condition under consideration. With proper
assumptions on the domain K, one can construct an invertible single layer operator S =
ulc, where u € H. (D) is the radiating solution of the transmission problem

Ou_  Ouy

Au+k*u=0in D\C, Bu=0ondD, — ———=¢ponC.
% v v



Then one can define the DtN operator via Green’s formula, analogously to the scattering
by Dirichlet and Neumann curves. The well-posedness results of Section [4] can be justified
in the same manner.

Remark 5.1. Ezact boundary conditions (DtN maps) were also constructed for wave
propagating in a closed periodic waveguide [13] and in a photonic crystal [7] containing
a local perturbation. In comparision with [T], the DIN map defined by applies to
artificial boundary curves of arbitrary shape (although circular curves are used in this
paper) and the medium is periodic in one direction only. The exact boundary condition
of [T is defined along square-shaped artificial boundaires, and the medium is periodic in
two directions. In this paper the DN map relies heavily on the open waveguide radiation

condition of Def. [2.5.
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