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Chapter 1
Basic Properties of Atom

1

Atomic Physics
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What is an atom 

An atom is the smallest unchangeable component of a 
chemical element. 

1. Unchangeable means in this case by chemical means 


2.  Moderate temperatures: kT < eV 


Mass range:      1.67×10−27 to 4.52×10−25 kg

Electric charge: zero (neutral), or ion charge

Diameter range: 62 pm (He) to 520 pm (Cs)

Components:     Electrons and compact nucleus of protons 

                    and neutrons
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The mass of an atom 

Atomic mass unit (AMU): 

1u:  1/12 of the mass of a neutral carbon atom with 
nuclear charge 6 and mass number 12 
Mass number (A):

The total number of protons and neutrons in nucleus
Mole (mol):

1 mol is the quantity of a substance that contains the 
same number of particles (atoms or molecules) as 0.012 
kg of carbon 12C.

1 mol of atoms or molecules with atomic mass number A 
AMU has a mass of A grams. 
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The mass of an atom 

 The relation between 1u and NA

1u =
1

NA
= 1.660539040(20)⇥ 10�27 kg

 Electronvolt
1 eV = 1.602176565(35)⇥ 10�19 C⇥ 1 V

= 1.602176565(35)⇥ 10�19 J
 Mass–energy equivalence

E = mc2

 1u transfer to eV
1 u = 931.478⇥ 106 eV/c2

= 931.478 MeV/c2
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The mass of an atom 

 The mass of electron:
me = 9.10938356(11)⇥ 10�31 kg

= 5.48579909070(16)⇥ 10�4 u

= 0.5109989461(31) MeV

 The mass of proton:

 The mass of neutron:

mp = 1.672621898(21)⇥ 10�27 kg

= 1.007276466879(91) u

= 938.2720813(58) MeV

mn = 1.674927471(21)⇥ 10�27 kg

= 1.00866491588(49) u

= 939.5654133(58) MeV
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Avogadro’s Number 

 1. The Faraday constant and elementary charge

 2. Gas constant and Boltzmann constant
F = NAe

R = kBNA

 3. Molar volume and atomic volume
Vm = VatomNA

 Avogadro’s number is a Bridge from 

 macroscopic to microscopic physics.

1 mole of any substance contains the same 
number (NA ) of atoms (molecules)


NA =
Mass of 1 mole of the substance

Mass of an atom
= 6.02214078(18)⇥ 1023 mol�1
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Avogadro’s Number measurements

The Faraday’s constant

14 2 The Concept of the Atom

c) Determination of Avogadro’s Constant from
Electrolysis
Anothermethod for the determination of NA is based on Fara-
day’s law for electrolytic processes. It states that the electric
charge

F = NA · e = 96, 485.3383(83)C/mol (2.15)

is transported to the electrode in an electrolytic cell, when
1 mol of singly charged ions with mass mX and elemen-
tary charge e has been deposited at the electrode. Therefore,
weighing themass increase∆m of the electrode after a charge
Q has been transferred, yields:

∆m = Q
e
mX = Q

e
MX

NA

⇒ NA = Q
e

MX

∆m
(2.16a)

where MX is the molar mass of the ions with mass mX.

Example
In the electrolytic process

AgNO3 ↔ Ag+ + NO−
3

of silver nitrate the transport of charge F means a simulta-
neous deposition of the molar mass M = NA · m(Ag) at
the negative electrode, which can be measured by weighing
the cathode before and after the charge transport. With the
atomic mass number of silver AM(Ag) = 107.89 AMU the
Avogadro number

NA = 107.89AMU
∆m

· Q
e

(2.16b)

is obtained from the measured mass increase∆m of the elec-
trode and the transported charge Q = (∆m/M)NA · e.

d) Determination of NA from X-Ray Diffraction
The most accurate method for the determination of NA is
based on X-ray diffraction or X-ray interferometry, which
are used to measure the distances between atoms in a regular
crystal [10]. This yields the total number of atoms per volume
if the crystal structure is known.

Let us consider a cubic crystal, where the atoms sit at the
corners of small cubes with sidelength a (Fig. 2.9). When a
plane wave with wavelength λ is incident on the crystal under
an angle ϑ against a crystal plane (Fig. 2.10) the partial waves
scattered by the different atoms of adjacent planes with dis-
tance d interfere with each other. In the direction −ϑ , which
corresponds to the direction of specular reflection, their path
difference is ∆s = 2d sin ϑ . If ∆s equals an integer m of the

a/2

a

Fig. 2.9 Elementary cell of a cubic crystal

Crystal
planes

Phase
planes

d

ϑ

ϑd

Fig. 2.10 Bragg-reflection of X-rays by two crystal planes

wavelength λ, the interference is constructive and the ampli-
tude of the different partial waves add up. This is expressed
by the Bragg condition

2d · sin ϑ = m · λ. (2.17)

At a givenwavelengthλ one obtainsmaxima of intensity I (ϑ)
of the scattered radiation only for those inclination angles ϑ ,
for which (2.17) is fulfilled.

One sees from (2.17) that for m > 0 the wavelength

λ = 2d
m

sin ϑ < 2d

has to be smaller than twice the distance d between adjacent
crystal planes. For visible light λ $ d, but for X-rays of
sufficient energy λ < 2d can be achieved (see Sect. 7.6).

Note
In (2.17) ϑ is the angle of the incident radiation against the
crystal planes not against the normal to the planes, different
from the conventional definition in optics.
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Avogadro’s Number measurements

From measurements of the absolute mass m of atoms X 
and the molar mass MX , the Avogadro constant  


2.2 Experimental and Theoretical Proofs for the Existence of Atoms 13

where M is the molar mass and κ = Cp/Cv [9]. Since
the acoustic losses of the spherical resonator are low, the
resonances are very sharp and the resonance frequencies
f0,n can be determined with high accuracy. Tuning the
loudspeaker-frequency through several resonances from
n = 1 to higher values the squares f0,n2 of the resonance
frequencies can be plotted against n2 which gives a straight
line with the slope RκT/(Mr02). Since M and κ are known
and T and r0 can be accurately measured, the gas constant R
can be determined [9].

β) Measurement of the Boltzmann Constant
The Boltzmann constant k was first determined in 1906 by
Jean Baptiste Perrin (1870–1942). He observed the vertical
density distribution n(z) of small latex particles in a liquid
within a glass cylinder (Fig. 2.8). At equilibrium the Boltz-
mann distribution

n(z) = n(0) · e−m∗gz/kT (2.9)

is obtained, where m∗g = (m − "L · Vp)g is the effective
weight of a particlewith volumeVp, (i.e., its realweightminus
its buoyancy in the liquid with density "L). This gives the
gradient

dn
dz

= −n(z) · m
∗ · g

k · T , (2.10)

The mass m of the particles can be determined by measuring
their size (volume) under a microscope and their density with
standard techniques.

Counting the number of n(z) yields dn/dz and therefore
the Boltzmann constant from (2.6). The rather tedious count-
ing can be avoided by the following consideration. Due to
gravity the particles sink down. If the gravity force

Fig. 2.8 Stationary distribution n(z) of small particles in a liquid

Fg = (m − "L · Vp)g (2.11a)

is just compensated by the friction force

Ff = −6πηrv, (2.11b)

which spherical particles of radius r experiencewhen they fall
with the velocity v in a mediumwith viscosity η, the net force
is zero (see Ref. [11] and [17]). The constant sink velocity is
then

vg =
(m − "L · Vp) · g

6π ηr
where Vp = 4

3π r3. (2.12)

The downward flux of particles jg = vg · n creates a concen-
tration gradient dn/dz, which leads to an upward diffusion
flux

jdiff = −D · dn
dz

= D · n · (m − "L · Vp)g
k · T , (2.13)

where D is the diffusion coefficient.
Finally, stationary conditions are reachedwhen both fluxes

just cancel. This means

jdiff + jg = 0 ⇒ k = 6π ηr · D
T

. (2.14)

Therefore, the Boltzmann constant k can be determined
from the measurements of viscosity η, diffusion coeffi-
cient D, temperature T, and the radius r of the spherical
particles.

The most accurate method to measure k will be discussed
in Sect. 2.3.1.

b) Direct Determination of Avogadro’s Constant
From measurements of the absolute mass m of atoms X (see
Sect. 2.7) and the molar mass MX (i.e., the mass of a gas
of atoms X within the molar volume V = 22.4 dm3 under
normal conditions p and T ) the Avogadro constant

NA = MX/mX

can be directly determined.
The molar mass MX can be also obtained for nongaseous

substances from the definition

MX = 0.012mX/m(12C) kg

when the absolute mass of the carbon atoms m(12C) is mea-
sured (see Sect. 2.7).

can be directly determined.

The molar mass for gas is defined as the mass of a gas 
of atoms X within the molar volume V = 22.4 dm3 under 
normal conditions p and T .


The molar mass can be also obtained for nongaseous 
substances from the definition
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Avogadro’s Number measurements
16 2 The Concept of the Atom

Table 2.1 Different methods for the determination of Avogadro’s number

Method Fundamental constant Avogadro’s number

General gas equation Universal gas constant R

Barometric pressure formula (Perrin)





Boltzmann’s constant k NA = R/k

Diffusion (Einstein)
Torsionsal oscillations (Kappler)

Electrolysis Faraday’s constant F NA = F/e
Millikan’s oil-drop experiment Elementary charge e

X-ray diffraction and interferometry Distance d between crystal planes in a cubic
crystal

NA = (V/a3) Mm
Mc

for cubic primitive crystal

Measurement of atom number N in a single
crystal with mass Mc and molar mass Mm

NA = N · Mm
Mc

NA = 4Mm/!a3 for cubic face centered crystal

The transmitted part of beam 4 now interferes with the
diffracted part 5 of beam 3 and the detector D2 monitors the
total intensity,which depends on the phase difference between
the partial waves 4 and 5. Detector D1 measures the interfer-
ence intensity of the superimposed transmitted beam 3 and
the diffracted beam 6 of beam 4.

When the slice S3, which can be moved against the oth-
ers, is shifted into the z-direction by an amount ∆z the path
difference ∆s between the interfering beams is changed by

δs = ∆z
sin θ

[1 − sin (90◦ − 2ϑ)] = 2∆z · sin ϑ. (2.22)

The arrangement is similar to that of a Mach–Zehnder inter-
ferometer in optics. However, since the wavelength λ of X-
rays is about 104 times smaller than that of visible light, the
accuracy of the device must be correspondingly higher. If the
slice S3 is shifted continuously, the detectors monitor max-
ima or minima of the interference intensity every time the
path difference δs becomes an integer multiple of λ.

The maxima are counted and its total number N at a total
shift ∆z is

N = 2∆z · sin ϑ

λ
. (2.23)

The total shift ∆z is measured with a laser interferometer to
within an uncertainty of ∆z/z = 10−6 − 10−7 [12,13].

Example
d = 0.2nm, ∆z = 1mm, ϑ = 30◦ → N = 5 × 106, which
allows an accuracy with a relative uncertainty of 2 × 10−7.

Instead of X-rays also neutrons can be used [14].
Table 2.1 compiles the different methods for the determi-

nation of the gas constant R, the Boltzmann constant k, the

Faraday constant F , the elementary charge e and Avogadro’s
number Na. The values of these constants, which are regarded
today as the most reliable ones according to the recommenda-
tion of the International Union of Pure and Applied Physics
IUPAP (CODATA 2016) are given on the inside cover of this
book.

2.2.4 The Importance of Kinetic Gas Theory for
the Concept of Atoms

The first ideas of a possible relation between the internal
energy U of a gas and the kinetic energies of its molecules
were put forward in 1821 by John Herapath. Later in 1848
James Prescott Joule (1818–1889) (Fig. 2.13) who had read
the publication of Herapath found by accurate measurements

Fig. 2.13 James Prescott Joule
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Can One See Atoms? 

Scattering of visible light by single atoms. Each image 
point corresponds to one atom 
2.3 Can One See Atoms? 19

Scattering particle

Laser beam

Scattered light
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CCD image plane

Image of the
scattering

microparticles

Fig.2.17 Scattering of visible light by single atoms. Each image point
corresponds to one atom

about its size or structure can be obtained. One can only say:
“It’s there.”

There are several other methods that give similar infor-
mation [13]. With computer graphics one can produce nice
pictures of such “atom images” on the screen, which may be
impressive because they appear to give a magnified picture of
themicroworld of atoms andmolecules. However, one should
always keep inmind that such pictures are produced due to the
interaction of light or particles with atoms. Only if this inter-
action is fully understood can the interpretation of the images
give a true model of atoms or molecules. This will be illus-
trated by the different techniques discussed in the following
sections.

2.3.1 BrownianMotion

The biologist and medical doctor Robert Brown (1773–1858)
discovered in 1827 that small particles suspended in liquids
performed small irregular movements, which can be viewed
under a microscope. Although he first thought that these
movements were caused by small living bacteria, he soon
found out that the movement could also be observed for inor-
ganic particles that are definitely not alive.

The observation can be explained if one assumes that
the particles are permanently hit by fast moving atoms or
molecules coming from randomly distributed directions
(Fig. 2.18).

The visualization of Brownian motion is very impressive.
It is possible to demonstrate it to a large auditorium when
using cigarette smoke particles in air, illuminated by a laser
beam and viewed through a microscope with a video camera.

Also here, the atoms are not directly seen but their impact
on the smoke particle can bemeasured and, provided themass
of the smoke particle is known, the atomic momentum trans-
ferred to the particle, can be determined.

Fig. 2.18 Schematic illustration of Brownian motion

There is a nice demonstration that simulates Brownian
motion. A larger disk on an air table is hit by many small
discs, which simulate the air molecules. If the large disc car-
ries a small light bulb, its statistical path over the course of
time can be photographed and the path lengths ξ between
two successive collisions (the free path) can be measured
(Fig. 2.19) [15].

The basic theory of Brownian motion was developed inde-
pendently in 1905 by Albert Einstein (1879–1955) and Mar-
ian Smoluchowski (1872–1917). The distribution n(ξ) and

the resulting mean free path Λ = 1
n0

∞∫

0
n(ξ)dξ . It is closely

related to diffusion [15].Wewill only briefly outline the basic
ideas here.

Assume particles in a gas show a small gradient dn/dx
of their number density n, described by the linear relation
(Fig. 2.20)

n(x) = n(0) − Gx . (2.36)

Under the influence of mutual collisions the particles perform
statistical movements with a probability distribution f (ξ)
where ξ is the length of such a displacement in the x-direction
between two collisions. The number density of particles with
movement ξ , is then:

n(ξ)dξ = n f (ξ)dξ with n =
∫

n(ξ)dξ, (2.37)

where the distribution function f (ξ) is defined as

f (ξ)dξ = 1
n
n(ξ)dξ .

⇒
∞∫

0

f (ξ)dξ = Λ
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(a) (b)

Fig. 2.19 a Irregular path of a puck on an air table, which is hit statistically by smaller pucks (lecture demonstration of Brownian motion)
b Distribution of free path lengths ξ between two successive collisions and mean force path lengths Λ

Fig. 2.20 Illustrating drawings for the derivation of (2.45)

For a positive gradientG in (2.36) the number N+ of particles
moving through a unit area in the plane x = 0 into the
+x-direction is larger than the corresponding number N− in
−x-direction. Therefore, the net particle diffusion flux
through a unit area in the plane x = 0 is (Fig. 2.20)

jdiff =
N+ − N−

∆t
êx . (2.38)

Out of all n(x)dx particles within the volume dV = A dx
centered around the plane x = −xi with unit area A, only
those particles with an elongation ξ > x1 can pass through
the plane x = 0. Their number is

dN+ =




∞∫

ξ=−x

n(x) f (ξ)dξ



 dx . (2.39)

Integration over all volume elements along the negative x-axis
yields with (2.36)

N+ =
0∫

x=−∞




∞∫

ξ=−x

(n(O) − Gx) f (ξ) dξ



 dx . (2.40a)

Renaming the variable x = −x ′ gives

N+ =
∞∫

x ′=0




∞∫

ξ=x ′

(n(0)+ Gx ′) f (ξ) dξ



 dx ′. (2.40b)

In a similar waywe obtain for the rate N− of particles moving
from right to left in Fig. 2.20

N− =
∞∫

x=0




−∞∫

ξ=−x

(n(0) − Gx) f (ξ) dξ



 dx, (2.41a)

which can be transformed by the substitution ξ → −ξ ′ (note
that the distribution function f (ξ) is symmetric and therefore
f (−ξ) = f (ξ)) into

N− =
∞∫

x=0




∞∫

ξ ′=x

(n(0) − Gx) f (ξ ′) dξ ′



 dx . (2.41b)

Since the name of a variable is irrelevant, we can rename
x ′ → x in (2.40b) and ξ ′ → ξ in (2.41b). Subtracting (2.41b)
from (2.40b) we obtain the difference
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Can One See Atoms? 

Cloud Chamber: Incident particles with sufficient 
kinetic energy can ionize the atoms or molecules in the 
cloud chamber, which is filled with supersaturated 
water vapor.  
2.3 Can One See Atoms? 23

Fig. 2.23 Cloud chamber tracks of α particles (= He nuclei), which
are emitted from a source below the lower edge of the photograph. One
α particle collides with a (not visible) nitrogen nucleus at the crossing
point of the two arrows, forming an 17

8 O nucleus and a proton. The O
nucleus flies towards 11 o’clock, the proton towards 4 o’clock (from
W. Finkelnburg: Einführung in die Atomphysik, Springer, Berlin Hei-
delberg New York, 1976)

single atoms “visible.” Since their basic understanding
demands the knowledge of atomic physics and solid state
physics, they can only be explained here in a more qualitative
way while for their quantitative description the reader is
referred to the literature [18,19].

a) Field Emission Microscope
The oldest of these devices is the field emission electron
microscope (Fig. 2.24) developed by Ernst Müller in 1937
[20]. A very sharp tip at the end of a thin tungsten wire serves
as a cathode in the middle of an evacuated glass bulb. The
anode has the form of a sphere and is covered on the inside
with a fluorescent layer (like a television screen). When a
voltage V of several kilovolts is applied between cathode and
anode, the electric field strength at the cathode surface is

E = V
r
· êr ,

where r is the radius of the nearly spherical tip of the tungsten
wire (Fig. 2.24b). With special etching techniques it is pos-
sible to fabricate tips with r < 10nm! This means that for a
moderate voltage V = 1 kV the electric field at the surface of

+

−
Tungsten

tip

Electric field
lines

Barium
supply

Conductive
layer

ZnS
screen

Anode

R

Heater

r
Enlarged image

of the tip r 10 nm~~>

(a)

(b)

(c) (d)

Fig.2.24 a Basic concept of the field emission microscope. b Enlarged
view of the tungsten tip. c Image of the tungsten surface around the
tip, 107-fold enlarged on the screen of the field emission microscope. d
Visualization of Ba atoms on the tungsten tip

the tungsten tip is already E ≥ 1011 V/m. Such high electric
fields exceed the internal atomic fields (see Sect. 3.5) and are
sufficiently large to release electrons from the metal surface
(field emission, see Sect. 2.5.3). These electrons are acceler-
ated by the electric field, follow the electric field lines, and
impinge on the fluorescent screen at the anode where every
electron causes a small light flash, similar to the situation at
the screen of an oscilloscope. Most of the electrons are emit-
ted from places at the cathode surface where the work func-
tion (i.e., the necessary energy to release an electron) is mini-
mum. These spots are imaged by the electrons on the spherical
anode (radius R) with a magnification factor M = R/r . With
R = 10 cm and r = 10nm a magnification of M = 107 is
achieved (Fig. 2.24).

Even with this device, only the locations of electron emis-
sion aremeasured but no direct information on the structure of
atoms is obtained. If other atoms with a small work functions

How to Make a Cloud Chamber 
https://www.thoughtco.com/how-to-make-a-cloud-chamber-4153805
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The drawbacks of the transmission electron microscope
are the following:

• Due to strong absorption of electrons by solid materials,
the penetration depth is very small. One therefore has to
prepare the sample as a thin sheet.

• The electron beam has to be intense in order to obtain
sufficient image quality with a high contrast. This means a
larger current density j and total electron current I = Aj ,
where A is the illuminated area.

• The unavoidable absorption heats the sample up, which
may change its characteristics or may even destroy parts
of the sample. This is particularly critical for biological
samples.

Most of these drawbacks can be avoided with the scanning
electron microscope.

c) Scanning Electron Microscope
In the scanning electron microscope (Fig. 2.28) the electron
beam is focused onto the surface of the sample (which now is
not necessarily a thin sheet), where it produces light emission
by excitation of the samplemolecules and secondary electrons
by impact ionization. The electron beam is scanned over the
surface of the sample by an appropriate deflection program
for the electron optics. This is quite similar to the situation in
a TV tube [26].

Electron
source

First condensor
lens

Second condensor
lens

Lens for
imaging and

scanning

Electron
detector

Sample

Fig. 2.28 Scanning electron microscope

The fluorescence light can be viewed through an optical
microscope or the secondary electrons, emitted from the sur-
face element dx dy of the sample, are extracted by an electric
extraction field and imaged onto a detector where a signal
S(x, y, t) is produced that depends on the intensity of the
secondary electrons emitted from the small focal area dx dy
around the point (x, y), which in turn depends on the charac-
teristic properties of the sample at that location [27,28].

d) Scanning Tunneling Microscope
The highest spatial resolution of structures on electrical con-
ducting solid surfaces has so far been achieved with the scan-
ning tunneling microscope, invented at the research labora-
tories of IBM in Rüchlikon, Switzerland [29,30] in 1984 by
Gerd Binning (∗1947) and Heinrich Rohrer (∗1933), who
were awarded the Nobel Prize in 1986 for this invention [29].

Similar to the electron field microscope a tungsten nee-
dle with a very sharply etched tip is used, which is how-
ever, not fixed but is scanned in a controllable way at a very
small distance (a few tenths of a nanometer) over the surface
(Fig. 2.29).

If a small voltage of a few volts is applied between the tip
(cathode) and the surface (anode) the electrons can jump from
the needle into the surface by a process called tunneling (see
Sect. 4.2.3). The electric current depends exponentially on the
distance between tip and surface.When the tip is scanned over
the surface by piezo elements (these are ceramic cylinders
that change their length when an electric voltage is applied to
them), any deviation of the surface in the z-direction from the
exact xy-plane results in a change of the tunnel current.

Generally the tunnel current is kept constant by a controlled
movement of the tip in vertical direction, which always keeps
it at the same distance ∆z from the real surface and therefore

Tip

Amplifier and
control feedback

Screen

z

x-Piezo

y

x y

z
x

y

Tunnel
current

x

y

Fig. 2.29 Scanning tunneling microscope
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are brought to the cathode surface (for example by evaporating
barium atoms from an oven near the cathode) then the electron
emission mainly comes from these atoms. One can now see
these atoms and their thermal motions on the cathode surface
with 107 fold magnification (Fig. 2.24d).

But still these magnified spots do not give a direct image
of the size of the Ba-atoms but merely information on their
locations and their motions.

b) Transmission Electron Microscope
The electron microscope, first invented by Ernst Ruska in
1932 has meanwhile been improved so much that it reaches a
spatial resolution of 0.1nm [24–26]. The electrons are emit-
ted from a heated cathode wire with a sharp kink (hair needle
cathode) and are accelerated by a high voltage (up to 500 kV).
With specially formed electric or magnetic fields, serving as
electron optics (see Sect. 2.6) the electrons are imaged onto
the sample, which is prepared as a thin foil (Fig. 2.25). While
transmitting through the sample, the electrons are deflected
by elastic collisions or loose energy by inelastic collisions.
The transmitted electrons are imaged again onto a fluorescent
screen where a magnified image of the absorption or scat-
tering centers in the sample is produced (Fig. 2.26), which
can be viewed either through an optical microscope or with

Hair needle cathode
Electron
source

Aperture

Magnetic
condensor lens

Sample

Magnetic
objective lens

Imaging
lens

Fluorescence
screen

Fig. 2.25 Principle setup of the transmission electron microscope

Fig. 2.26 Image of nerve cells in a thin undyed frozen slice taken
with a transmission electron microscope (with kind permission of Zeiss,
Oberkochen)

Field emission
tip

First
anode

Second
anode

Electron beam

01 VV

Fig. 2.27 Field-emission electron source where the electrons are emit-
ted from a point-like tungsten tip and imaged by electrostatic lenses

a CCD camera and an electronic image converting system.
With electron microscope even small biological cells can be
made visible [22].

The spatial resolution of the electronmicroscope increases
with decreasing size of the electron source. A nearly point-
like source can be realized with field emission from a sharp
edged tungsten tip (Fig. 2.27) like that in the field emission
microscope. The emitted electrons can than be imaged by the
electron optics to form a nearly parallel beam that traverses
the sample. Each point of the sample is then imaged with a
large magnification onto the screen.

Field Emission Microscope
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The size of atom

 Assume that the masses of 1 mole atoms

 is A, and the atom is spherical

4

3
⇡r3NA =

A

⇢

The radius of atom The density of substance 

The radius of atom
r =

✓
3A

4⇡⇢NA

◆ 1
3

The units for the radius of atom
1 nm = 10�9 m, 1 Å = 10�10 m,

1 pm = 10�12 m, 1 fm = 10�15 m
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The size of atom

Elements A Density ! (g/cm3) Radius r (nm)

Li 7 0.7

Al 27 2.7

Cu 63 8.9

S 32 2.07

Pb 207 11.34
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The size of atom

Elements A Density ! (g/cm3) Radius r (nm)

Li 7 0.7 0.16

Al 27 2.7 0.16

Cu 63 8.9 0.14

S 32 2.07 0.18

Pb 207 11.34 0.19
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Determination of the size of atom

 1. From the Covolume(���) in Van der Waals equation
(P + a/V 2)(V � b) = RT

  where, the quantity b, is equal to the fourfold volume 

  of the particles

b = 4
4⇡

3
r3NA

 2. From X-ray diffraction measurements on crystals
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is transferred between adjacent layers x = a and x =
a + dx (Fig. 2.36). This momentum transfer depends on
the velocity difference between adjacent layers x = a
and x = a + ∆x and on the frictional force between the
molecules and therefore on the viscosity η. The frictional
force exerted per area A in the plane x = const. can be
written as

Fr = η · A · dvy/dx (2.57a)

This force is due to collisions between the atoms. The
momentum transferred per sec through the area A between
adjacent layers x = a and x = a + ∆x of the gas is:

dp/dt = n · m · A· < vy > (dvy/dx) · ∆x with ∆x = Λ

(2.57b)

because the mean distance the atoms travel between two
collisions equals themean free pathΛ. Themean thickness
∆x of a layer therefore has to be equal to themean free path
Λ. Since the force Fr equals the time derivative dp/dt of
the transferredmomentum,we obtain from the comparison
of (2.57a and b) for the viscosity η the relation

η = n · m· < vy > ·$. (2.58a)

where < vy > is the thermal average about the velocity
of the flowing gas. Since there is a gradient of vy we have
to take the average over the different velocities in the area
y = const, throughwhich the gas flows. This gives a factor
1/2 and we obtain for the viscosity

η = 1/2n · m· < v > ·Λ = m < v > /(2σ
√
2) (2.58b)

The viscosity η can be measured with different arrangements.
One possible example is the measurement of the force which

∆x ∆x

p

Momentum-
transfer

x = a

FN

Vy

X

Fig. 2.36 Momentum transfer in a gas flow with velocity gradients
dvy/dx . At x = 0 is a wall which forces, due to friction, vy = 0

is necessary to maintain a constant mass flux dM/dt of a
gas with density ρ through a circular pipe with radius r and
length L. This force is πr2 · ∆p, where ∆p is the pressure
difference between the two ends of the pipe. The mass flux
dM/dt = ρ · dV/dt is related to the viscosity by

ρ · dV/dt) = πr4∆p/(8ηL) (2.59)

In summary:

Measurements of diffusion coefficient D or heat con-
duction coefficient λ or viscosity η yield the corre-
sponding collision cross sections and therefore the size
of atoms. Since atoms are not really hard spheres their
mutual interactions do not abruptly drop at distances
r1+ r2 but fall off only gradually. Therefore, the differ-
ent methods give slightly different values of the atomic
size.

2.4.3 AtomicVolumes from X-Ray Diffraction

In Sect. 2.2.3 we have seen that the diffraction of X-rays by
periodic crystals is one of the most accurate methods for the
determinationof the distances between adjacent lattice planes.
From such distances the volume VE of the elementary lattice
cell (often called a primitive cell) (Fig. 2.37) can be obtained.
In order to derive the volumeVa of the atomsof the crystal, one
has to knowwhich fraction f of the elementary cell volume is
actually filled by atoms. If there are NE atoms per elementary
cell, we get for the atomic volume

Va = f VE/NE. (2.60)

The following three examples illustrate different values of the
filling factor f for some simple lattice structures, assuming
the atoms to be described by hard spheres with radius r0.

c

a

b
→

→

→

Fig. 2.37 Elementary cell of a regular crystal
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For density gradients, diffusion takes place where mass is
transported, for temperature gradients, heat conductionoccurs
where energy is transported and for velocity gradients, the
momentum of the molecules is transferred.

All these transport phenomena are realized on a micro-
scopic scale by collisions between atoms or molecules and
therefore the mean free path length Λ (i.e., the mean distance
an atom travels between two collisions) plays an important
role for the quantitative description of all these phenomena.

In a gas at thermal equilibrium with atom number density
n the mean free path length is given by

Λ = (1/n · σ )
√
< v2 > / < vr2 > (2.52a)

where< v2 > is themean square velocity of the gas particles,
< vr2 > is the mean square relative velocity and σ = π(r1+
r2)2 is the collision cross section. The cross section σ =
π(rA + rB)2 for collisions between atoms A and B is defined
as the circular disc with radius (rA + rB) around the center
of atom A with radius rA through which atom B with radius
rB has to pass in order to touch atom A and suffer a collision
(Fig. 2.35).

The relative velocity of two particles with velocities vi and
vk is vr = vi − vk. Therefore < vr2 >=< (vi − vk)2 >=
< vi2 > +< vk2 > −2 < vi · vk >.

Since the directions of the velocitiesvi andvk are randomly
orientated, the mean scalar product is zero. If all particles
of the gas have the same mass, vi2 = vk2 = v2. Therefore
< vr2 >= 2· < v2 >.Thismeans themean square relative
velocity of a gas of equal atoms is twice the mean square
of the absolute velocity. The free mean pathlength Λ then
becomes

Λ = 1

n · σ ·
√
2

(2.52b)

replacing the number density n by the gas pressure p = n·k ·T
gives

B

(a)

A

B
(b)

Collision probability

x

A

P = n ⋅ σ ⋅ ∆x

x

d = r1 + r2

r2

r1

∆

σ=π ⋅ d2

Fig.2.35 Determination of atomic size from the collision cross section
σ = πd2

Λ = kT

p · σ ·
√
2

(2.52c)

Measuring the mean free pathlength Λ gives informa-
tion on the collision cross section and therefore on the
size of the colliding atoms.

The above mentioned transport phenomena are directly
related to Λ. They can therefore be used to measure the size
of atoms or molecules.

• Diffusion

If a density gradient dn/dz exists in a gas, there will be a
net mass transport dM/dt per second through the area A
perpendicular to the z-direction. The mass flux density is
then

jZM = 1
A
dM
dt

= −Dm
dn
dz

. (2.53)

The diffusion coefficient D for atoms with mass m and
number density n can be calculated as

D = 1
3
vΛ = 2

3pσ
(kT )3/2

(πm)1/2
(2.54)

because the mean velocity of the atoms is
v̄ = (8kT/πm)1/2.

• Heat Conduction

In a gas with a temperature gradient dT/dz the heat energy
transported per second through the area A is given by

dQ
dt

= −λA
dT
dz

, (2.55)

where λ is the coefficient of heat conduction. It is related
to the specific Heat cv of the gas at constant volume by

λ = 1
3
nmcvvΛ = 2cv

3σ

√
kTm
π

. (2.56)

Measuring the coefficient λ therefore yields the collision
cross section σ and with it the atomic radius.

• Viscosity of a Gas

If a velocity gradient dvy/dx exists in a gas flowing into the
y-direction with the velocity vy, part of their momentum
per unit volume

p = n · m· < vy >
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Determination of the size of atom

 3. From the interaction cross section
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Electric forces are responsible for the interaction between the
constituents of an atom. Why the attractive Coulomb force
between the positive and negative atomic constituents does
not lead to the collapse of atoms has only been later answered
by quantum mechanics (see Sect. 3.4.3).

2.5.1 Cathode Rays and Kanalstrahlen

Investigations of gas discharges by J. Plucker (1801–1868),
Johann Wilhelm Hittorf (1824–1914), Joseph John Thom-
son (1856–1940), Phillip Lenard (1862–1947) (Nobel Prize
1905), and many others have all contributed much to our
understanding of the electric structure of atoms. It is worth-
while to note that the essential experimental progress was
only possible after the improvement of vacuum technology
(the invention of the mercury diffusion pump, for example,
allowed one to generate vacua down to 10−6 hPa).

In a gas discharge tube at low pressures, Hittorf observed
particle rays emitted from the cathode that followed (with-
out external fields) straight lines. He could prove this by the
shadow thatwas produced on a fluorescent screenwhen obsta-
cles were put in the path of the cathode rays. From the fact
that these particle rays could be deflected by magnetic fields,
Hittorf correctly concluded that they must be charged parti-
cles and from the direction of the deflection it became clear
that theywere negatively charged (Fig. 2.41). The first quanti-
tative, although not very accurate, determination of the mag-
nitude of their charge was obtained in 1895 by J.B. Perrin
(and with an improved apparatus in 1897 by Thomson, who
collimated the particles through a slit in the anode, deflected
them after the anode by 90◦ through a magnetic field and
detected them by an electrometer (Fig. 2.42a)).

With the design of Fig. 2.42b, where the cathode rays are
better collimated by two slits B1 and B2, thus producing a
small spot on the fluorescent screen, Thomson could mea-
sure the ratio e/m of charge e to mass m of the particles by
applying electric and magnetic fields for beam deflection (see

N

S

+

R

Cathode

Anode

Valve

Fluorescent
screen

Cathode rays
= electrons

To vacuum pump

−

Fig. 2.41 Schematic drawing of the experimental setup for observing
cathode rays. The deflection of the rays by an external magnet can be
observed on the screen

(a)

(b)

Fig. 2.42 a,b. Experimental arrangement of Thomson for the determi-
nation of the ratio e/m of cathode rays through their deflection (a) in a
magnetic field and (b) in an electric field

Sect. 2.6). This was the first example of a cathode ray oscil-
loscope. Thomson could also show that the ratio e/m was
independent of the cathode material, but was about 104 times
larger than that for the “Kanalstrahlen” discovered in 1886
by Eugen Goldstein (1850–1930) in a discharge tube, which
fly through a hole in the cathode in the opposite direction
of the cathode rays (Fig. 2.43). Wilhelm Wien (1864–1928)
measured in 1897 the value of e/m for the particles in the
Kanalstrahlen and he proved that they are positively charged
atoms of the gas inside the discharge tube [44].

The negative light particles of the cathode rayswere named
electrons after a proposal by J. Stoney and G. Fitzgerald in
1897. The positively charged heavy particleswere named ions
according to the existing name for charged atomsormolecules
in the electrolysis.

Fig. 2.43 Apparatus for demonstrating “channel-rays” (positive
charged ions) in a discharge with a hole (channel) in the massive cathode

Cathode ray in external field
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The discovery of electron

1. They travel in straight lines.

2. They are independent of the material composition of 

the cathode.

3. Applying electric field in the path of cathode ray 

deflects the ray towards positively charged plate. 
Hence cathode ray consists of negatively charged 
particles.

http://web.lemoyne.edu/~giunta/thomson1897.html

  1897, J. J. Thomson found electron (corpuscles)
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The discovery of electron
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 Charge-to-Mass Ratio for the Electron
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Fig. 2.54 Experimental device (“Fadenstrahlrohr”) for measuring the
ratio e/m

This shows that the electrons are bent into the x-direction
and acquire a velocity component vx but remain within the
plane z = const. The Lorentz force is always perpendicular
to their velocity v = {vx , vy} and therefore does not change
the magnitude of the velocity. The path of the electrons is
therefore a circle with a radius R (Fig. 2.55) defined by the
compensation of centrifugal and Lorentz force

mv2

R
= evBz . (2.71a)

This gives the radius

R = mv

eB
= 1

B

√
2Vm/e, (2.71b)

because the velocity v of the electrons is determined by the
acceleration voltage V according to (m/2)v2 = eV .

Fig.2.55 Circular path of an electron beam in a homogeneousmagnetic
field perpendicular to the initial velocity v0 of the electrons

Fig.2.56 Helical path of electrons that enter a homogeneous magnetic
field under an angle α != 90◦ against the field lines

The path of the electrons can be made visible, if the glass
bulb is filled with a gas at low pressure so that the mean free
path of the electrons is comparable to the circumference of
the circle. Through collisions with the electrons, the atoms
are excited and emit light (see Sect. 3.4). This visible circular
path of the electrons allows the measurement of its radius R
and of the ratio

e
m

= 2V
R2B2 . (2.72)

If the electrons enter the homogeneous magnetic field under
the angle α against the field direction, the electron velocity
v = {vx , 0, vz} can be composed of the two components vx
and vz (Fig. 2.56). The vx component is perpendicular to the

Fig. 2.57 Wien filter

Fig.2.58 Precisionmethods for themeasurement of e/mwith two radio
frequency deflection plates separated by the distance L
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Fig. 2.51 Electron impact ion source

Fig. 2.52 Duo plasmatron ion source

pressures is maintained. One example is the duo-plasmatron
source (Fig. 2.52) where a low voltage gas discharge is initi-
ated between the heated cathode and the anode. The ions are
extracted by a high voltage (several kV) through the small
hole in an auxiliary electrode that compresses the plasma
and therefore increases its spatial density. A magnetic field
keeps the plasma away from the walls and further increases
the ion density. Even substances with low vapor pressure can
be vaporized (for example by electron- or ion impact) and can
then be ionized inside the discharge.

A more detailed discussion of different techniques for the
production of ions can be found in [46–48].

2.5.5 TheMass of the Electron

All methods for the determination of the electron mass use
the deflection of electrons in electric ormagnetic fields, where
the Lorentz force

F = q(E + v × B) (2.70a)

acts on a particle with charge q, which moves with a velocity
v across the fields (Fig. 2.53). Inserting Newton’s equation
F = m r̈ into (2.70a) we obtain the three coupled differential
equations

ẍ = q
m

(
Ex + vy Bz − vz By

)
,

ÿ = q
m

(
Ey + vz Bx − vx Bz

)
,

z̈ = q
m

(
Ez + vx By − vy Bx

)
. (2.70b)

These equations show that it is not the mass m directly, but
only the ratio q/m that can be obtained from measuring the
path of a charged particle in these fields. One therefore needs
an additional measurement (for instance the Millikan experi-
ment) in order to determine the mass which yields the charge
q seperately. The mass m can then be obtained from one of
the following experiments, which illustrate (2.70) by several
examples.

a) Fadenstrahlrohr
Electrons emitted from a hot cathode in a glass bulb are accel-
erated in the y-direction and enter a magnetic field that points
into the z-direction (Fig. 2.54). Since here v = {0, vy, 0} and
B = {0, 0, Bz}, (2.70b) reduces with q = −e to

ẍ = − e
m
vy Bz . (2.70c)

Fig. 2.53 Lorentz-force F acting on an electron e− that moves with
velocity v in a homogeneous magnetic field B, pointing perpendicularly
into the drawing plane
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Fig. 2.54 Experimental device (“Fadenstrahlrohr”) for measuring the
ratio e/m

This shows that the electrons are bent into the x-direction
and acquire a velocity component vx but remain within the
plane z = const. The Lorentz force is always perpendicular
to their velocity v = {vx , vy} and therefore does not change
the magnitude of the velocity. The path of the electrons is
therefore a circle with a radius R (Fig. 2.55) defined by the
compensation of centrifugal and Lorentz force
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= 1
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because the velocity v of the electrons is determined by the
acceleration voltage V according to (m/2)v2 = eV .

Fig.2.55 Circular path of an electron beam in a homogeneousmagnetic
field perpendicular to the initial velocity v0 of the electrons

Fig.2.56 Helical path of electrons that enter a homogeneous magnetic
field under an angle α != 90◦ against the field lines

The path of the electrons can be made visible, if the glass
bulb is filled with a gas at low pressure so that the mean free
path of the electrons is comparable to the circumference of
the circle. Through collisions with the electrons, the atoms
are excited and emit light (see Sect. 3.4). This visible circular
path of the electrons allows the measurement of its radius R
and of the ratio

e
m

= 2V
R2B2 . (2.72)

If the electrons enter the homogeneous magnetic field under
the angle α against the field direction, the electron velocity
v = {vx , 0, vz} can be composed of the two components vx
and vz (Fig. 2.56). The vx component is perpendicular to the

Fig. 2.57 Wien filter

Fig.2.58 Precisionmethods for themeasurement of e/mwith two radio
frequency deflection plates separated by the distance L
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bulb is filled with a gas at low pressure so that the mean free
path of the electrons is comparable to the circumference of
the circle. Through collisions with the electrons, the atoms
are excited and emit light (see Sect. 3.4). This visible circular
path of the electrons allows the measurement of its radius R
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If the electrons enter the homogeneous magnetic field under
the angle α against the field direction, the electron velocity
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and vz (Fig. 2.56). The vx component is perpendicular to the
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Fig. 2.54 Experimental device (“Fadenstrahlrohr”) for measuring the
ratio e/m

This shows that the electrons are bent into the x-direction
and acquire a velocity component vx but remain within the
plane z = const. The Lorentz force is always perpendicular
to their velocity v = {vx , vy} and therefore does not change
the magnitude of the velocity. The path of the electrons is
therefore a circle with a radius R (Fig. 2.55) defined by the
compensation of centrifugal and Lorentz force
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This gives the radius
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because the velocity v of the electrons is determined by the
acceleration voltage V according to (m/2)v2 = eV .
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field perpendicular to the initial velocity v0 of the electrons

Fig.2.56 Helical path of electrons that enter a homogeneous magnetic
field under an angle α != 90◦ against the field lines

The path of the electrons can be made visible, if the glass
bulb is filled with a gas at low pressure so that the mean free
path of the electrons is comparable to the circumference of
the circle. Through collisions with the electrons, the atoms
are excited and emit light (see Sect. 3.4). This visible circular
path of the electrons allows the measurement of its radius R
and of the ratio

e
m

= 2V
R2B2 . (2.72)

If the electrons enter the homogeneous magnetic field under
the angle α against the field direction, the electron velocity
v = {vx , 0, vz} can be composed of the two components vx
and vz (Fig. 2.56). The vx component is perpendicular to the

Fig. 2.57 Wien filter

Fig.2.58 Precisionmethods for themeasurement of e/mwith two radio
frequency deflection plates separated by the distance L
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Contemporary theories of atom

1. Plum pudding model (Lord Kelvin and J. J. Thomson)

2. Saturnian model of the atom (H. Nagaoka)
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Geiger–Marsden experiment
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Implications of plum pudding model
Using classical physics, the alpha 

particle's lateral change in momentum 

�p can be approximated using the 

impulse of force relationship 

and the Coulomb force expression:

�p = F�t = k
Q↵Qn

r2
2r

v↵
The maximum deflection angle:

✓ ⇡ �p

p
< k

2Q↵Qn

m↵rv2↵
= 0.000326 rad

where, r: radius of a gold atom             k: Coulomb’s constant

      Qn: positive charge of gold atom    m": mass of alpha particle

      Q": charge of alpha particle.         v": velocity of alpha particle



09/03/2021 Jinniu Hu

Implications of plum pudding model
Using classical physics, the alpha 

particle's lateral change in momentum 

�p can be approximated using the 

impulse of force relationship 

and the Coulomb force expression:

�p = F�t = k
Q↵Qn

r2
2r

v↵
The maximum deflection angle:

✓ ⇡ �p

p
< k

2Q↵Qn

m↵rv2↵
= 0.000326 rad

where, r: radius of a gold atom             k: Coulomb’s constant

      Qn: positive charge of gold atom    m": mass of alpha particle

      Q": charge of alpha particle.         v": velocity of alpha particle



09/03/2021 Jinniu Hu

Classical scattering

The reduced mass 

62 2 The Concept of the Atom

(a)

(b)

Fig. 2.96 (a) Scattering of a particle A with reduced mass µ =
mAmB/(mA+mB) in a potential V (r)with the origin in B. (b) Relation
between scattering angle ϑ in the center of mass system and the polar
angle ϕmin at the closest approach between A and B (point S)

because êr is parallel to r. The unit vector êt points along the
tangent to the path of A. For L we obtain:

|L| = L = µr2ϕ̇ = µv0b, (2.136)

because L(x =! − ∞) = µ · v0 · r · sin ϕ = µ · v0 · b. The
kinetic energy in the center of mass frame is

Ekin =
1
2
µv2 = 1

2
µ
(
ṙ2 + r2ϕ̇2

)

= 1
2
µṙ2 + L2

2µr2
. (2.137)

The total energy E = T + Epot in the center of mass frame
can then be written as

Etotal = E0 =
1
2
µṙ2 + L2

2µr2
+ Epot(r) = const. (2.138)

Solving (2.138) and (2.136) for ṙ and ϕ̇ yields

ṙ =
[
2
µ

(
E0 − Epot(r) − L2

2µr2

)]1/2
(2.139a)

ϕ̇ = L
µr2

. (2.139b)

In a real experiment the path (r(t),ϕ(t)) of a single particle
cannot be followed. However, the measured deflection angle
ϑ allows to determine the asymptotic values of the path for
r → ∞. Since for a spherically symmetric potential this
path must be mirror-symmetric to the line OS through the
point S of closest approach in Fig. 2.96b. (This means that
the scattering process is invariant against time-reversal.) We
can relate the asymptotic scattering angle ϑ to the polar angle
ϕmin = ϕ(rmin) by

ϑ = π − 2ϕmin.

This yields the relation

ϕmin =
ϕmin∫

ϕ=0

dϕ =
rmin∫

r=−∞

dϕ
dt

dt
dr

dr

=
rmin∫

r=−∞
(ϕ̇/ṙ) dr =

+∞∫

rmin

ϕ̇

ṙ
dr.

With (2.139a) and (2.139b) the scattering angle in the CM-
frame becomes:

ϑ(E0, L) = π − 2

+∞∫

rmin

(L/(µr2)) dr
[
2
µ

(
E0 − Epot(r) − L2

2µr2

)]1/2 .

(2.140)

With the total energy E0 = 1
2µv

2
0 the amount of the angular

momentum

L = µrv sin ϕ = µbv0 ⇒ L2 = µ2b2v20 = 2µb2E0
(2.141)

is uniquely defined by the initial energy E0 and the impact
parameter b of the incident particle B. Inserting these relations
into (2.140) we obtain

ϑ(E0, b) = π − 2b

+∞∫

rmin

dr

r2
[
1 − b2

r2 − Epot(r)
E0

]1/2 . (2.142)

This shows that the deflection angle ϑ is determined by the
interaction potential Epot(r), the impact parameter b and the
initial energy E0.

The lower integration limit rmin is fixed by the condition
ṙ(rmin) = 0. This gives with (2.139) and (2.141)

rmin =
b

[
1 − Epot(rmin)

E0

]1/2 . (2.143)

2.8 The Structure of Atoms 61

More information is obtained by measuring that fraction
of the incident particles A, that is scattered into a defined solid
angle dΩ , and which is determined by the differential cross
section.

While for the determination of the integral cross section,
the decrease of the intensity of the incident particles A
(that is, the unscattered particles) is measured, the dif-
ferential cross section dσ ()/dΩ is a measure for those
particles that have been deflected by a certain angle Θ

into the solid angle dΩ .

We will now derive an expression for the differential cross
section.

Assume Ṅ A incident particles pass per second through the
area A in the scattering volumeV = A·∆x , and∆Ṅ (Θ,∆Ω)

is the rate of particles scattered by a deflection angle Θ and
detected by the detector with an acceptance solid angle ∆Ω .
Then

∆Ṅ

Ṅ A
= nB

A
V

dσ
dΩ

∆Ω = nB∆x
dσ
dΩ

∆Ω (2.133)

is the fraction of incident particles that is scattered into the
solid angle ∆Ω accepted by the detector. It is determined by
the particle density nB of scatterersB, the length∆x which the
incident beam of particles A traverse through the scattering
volume V and the differential scattering cross section dσ/dΩ
which depends on the interaction potential between particles
A and B.

For measuring dσ/dΩ the setup of Fig. 2.94b can be used.
Two beams, collimated by the apertures S1 and S2 cross each
other in the scattering volume V = A∆x . The particles A
scattered by an angle Θ into the solid angle of ∆Ω are mon-
itored by the detector with sensitive area AD = R2∆Ω in a
distance R from the scattering volume V where R ! ∆x .

We will now look into the relation between Epot(r) and
dσ/dΩ in more detail.

2.8.2 Basic Concepts of Classical Scattering

As is generally shown in classical mechanics, the movements
of two particles with masses m1, m2, velocities v1, v2 and a
mutual interaction potential Epot(|r1−r2|) can be represented
in the center of mass coordinate frame as the movement of a
single particle with reduced mass

µ = m1m2

m1 + m2

and relative velocity v = v1−v2 in a potential Epot(r), where
r = |r1 − r2| is the distance between the two particles. The
description of the scattering of the two particles by each other
in this center of mass frame is named “potential scattering,”
because it demands, besides the reducedmassµ and the initial
conditions (r0, v0) solely the knowledge of the interaction
potential Epot(r).

We will here restrict the discussion to the most simple
case of spherically symmetric potentials Epot(r), which is
adequate for many real collision events. In such a potential,
the angular momentum L of the particle remains constant
(see Problem 2.20). This implies that the path of the parti-
cle is planar. It always stays within the so-called “scattering
plane.” Therefore, polar coordinates (r,ϕ) are best suited for
the description of the particles time-dependent position. The
deflection angle of our particles, measured in the center of
mass frame is named ϑ , while it is described by Θ in the
laboratory frame (Fig. 2.95).

The deflection of the incident particle A depends on its
impact parameter b. This is the smallest distance of A to the
target particle B, if there is no deflection, i.e., if A passes
along a straight line (Fig. 2.96a). For the potential scattering
(i.e., the description of the scattering process in the center
of mass frame) the particle B is fixed at the origin of our
coordinate frame and it can be regarded as a point-like particle
with infinite mass.

When the initial velocity of particle A is |v(−∞)| = v0,
energy conservation demands

1
2
µv2 + Epot(r) =

1
2
µv20 = const, (2.134)

because Epot(r = ±∞) = 0. The angular momentumL, with
respect to the scattering center at r = 0 is

L = µ(r × v) = µ

(
r ×

[
dr
dt

êr + r
dϕ
dt

êt

])

= µr ϕ̇
(
r × êt

)
, (2.135)

Fig.2.95 Scattering of a charged particle A in a potential V (r) ∝ 1/r ,
where r is the distance between A and B

Energy conservation demands 
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the angular momentum L of the particle remains constant
(see Problem 2.20). This implies that the path of the parti-
cle is planar. It always stays within the so-called “scattering
plane.” Therefore, polar coordinates (r,ϕ) are best suited for
the description of the particles time-dependent position. The
deflection angle of our particles, measured in the center of
mass frame is named ϑ , while it is described by Θ in the
laboratory frame (Fig. 2.95).

The deflection of the incident particle A depends on its
impact parameter b. This is the smallest distance of A to the
target particle B, if there is no deflection, i.e., if A passes
along a straight line (Fig. 2.96a). For the potential scattering
(i.e., the description of the scattering process in the center
of mass frame) the particle B is fixed at the origin of our
coordinate frame and it can be regarded as a point-like particle
with infinite mass.

When the initial velocity of particle A is |v(−∞)| = v0,
energy conservation demands

1
2
µv2 + Epot(r) =

1
2
µv20 = const, (2.134)

because Epot(r = ±∞) = 0. The angular momentumL, with
respect to the scattering center at r = 0 is

L = µ(r × v) = µ

(
r ×

[
dr
dt

êr + r
dϕ
dt

êt

])

= µr ϕ̇
(
r × êt

)
, (2.135)

Fig.2.95 Scattering of a charged particle A in a potential V (r) ∝ 1/r ,
where r is the distance between A and B
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Fig. 2.96 (a) Scattering of a particle A with reduced mass µ =
mAmB/(mA+mB) in a potential V (r)with the origin in B. (b) Relation
between scattering angle ϑ in the center of mass system and the polar
angle ϕmin at the closest approach between A and B (point S)

because êr is parallel to r. The unit vector êt points along the
tangent to the path of A. For L we obtain:

|L| = L = µr2ϕ̇ = µv0b, (2.136)

because L(x =! − ∞) = µ · v0 · r · sin ϕ = µ · v0 · b. The
kinetic energy in the center of mass frame is

Ekin =
1
2
µv2 = 1

2
µ
(
ṙ2 + r2ϕ̇2

)

= 1
2
µṙ2 + L2

2µr2
. (2.137)

The total energy E = T + Epot in the center of mass frame
can then be written as

Etotal = E0 =
1
2
µṙ2 + L2

2µr2
+ Epot(r) = const. (2.138)

Solving (2.138) and (2.136) for ṙ and ϕ̇ yields

ṙ =
[
2
µ

(
E0 − Epot(r) − L2

2µr2

)]1/2
(2.139a)

ϕ̇ = L
µr2

. (2.139b)

In a real experiment the path (r(t),ϕ(t)) of a single particle
cannot be followed. However, the measured deflection angle
ϑ allows to determine the asymptotic values of the path for
r → ∞. Since for a spherically symmetric potential this
path must be mirror-symmetric to the line OS through the
point S of closest approach in Fig. 2.96b. (This means that
the scattering process is invariant against time-reversal.) We
can relate the asymptotic scattering angle ϑ to the polar angle
ϕmin = ϕ(rmin) by

ϑ = π − 2ϕmin.

This yields the relation

ϕmin =
ϕmin∫

ϕ=0

dϕ =
rmin∫

r=−∞

dϕ
dt

dt
dr

dr

=
rmin∫

r=−∞
(ϕ̇/ṙ) dr =

+∞∫

rmin

ϕ̇

ṙ
dr.

With (2.139a) and (2.139b) the scattering angle in the CM-
frame becomes:

ϑ(E0, L) = π − 2

+∞∫

rmin

(L/(µr2)) dr
[
2
µ

(
E0 − Epot(r) − L2

2µr2

)]1/2 .

(2.140)

With the total energy E0 = 1
2µv

2
0 the amount of the angular

momentum

L = µrv sin ϕ = µbv0 ⇒ L2 = µ2b2v20 = 2µb2E0
(2.141)

is uniquely defined by the initial energy E0 and the impact
parameter b of the incident particle B. Inserting these relations
into (2.140) we obtain

ϑ(E0, b) = π − 2b

+∞∫

rmin

dr

r2
[
1 − b2

r2 − Epot(r)
E0

]1/2 . (2.142)

This shows that the deflection angle ϑ is determined by the
interaction potential Epot(r), the impact parameter b and the
initial energy E0.

The lower integration limit rmin is fixed by the condition
ṙ(rmin) = 0. This gives with (2.139) and (2.141)

rmin =
b

[
1 − Epot(rmin)

E0

]1/2 . (2.143)

2.8 The Structure of Atoms 61

More information is obtained by measuring that fraction
of the incident particles A, that is scattered into a defined solid
angle dΩ , and which is determined by the differential cross
section.

While for the determination of the integral cross section,
the decrease of the intensity of the incident particles A
(that is, the unscattered particles) is measured, the dif-
ferential cross section dσ ()/dΩ is a measure for those
particles that have been deflected by a certain angle Θ

into the solid angle dΩ .

We will now derive an expression for the differential cross
section.

Assume Ṅ A incident particles pass per second through the
area A in the scattering volumeV = A·∆x , and∆Ṅ (Θ,∆Ω)

is the rate of particles scattered by a deflection angle Θ and
detected by the detector with an acceptance solid angle ∆Ω .
Then

∆Ṅ

Ṅ A
= nB

A
V

dσ
dΩ

∆Ω = nB∆x
dσ
dΩ

∆Ω (2.133)

is the fraction of incident particles that is scattered into the
solid angle ∆Ω accepted by the detector. It is determined by
the particle density nB of scatterersB, the length∆x which the
incident beam of particles A traverse through the scattering
volume V and the differential scattering cross section dσ/dΩ
which depends on the interaction potential between particles
A and B.

For measuring dσ/dΩ the setup of Fig. 2.94b can be used.
Two beams, collimated by the apertures S1 and S2 cross each
other in the scattering volume V = A∆x . The particles A
scattered by an angle Θ into the solid angle of ∆Ω are mon-
itored by the detector with sensitive area AD = R2∆Ω in a
distance R from the scattering volume V where R ! ∆x .

We will now look into the relation between Epot(r) and
dσ/dΩ in more detail.

2.8.2 Basic Concepts of Classical Scattering

As is generally shown in classical mechanics, the movements
of two particles with masses m1, m2, velocities v1, v2 and a
mutual interaction potential Epot(|r1−r2|) can be represented
in the center of mass coordinate frame as the movement of a
single particle with reduced mass

µ = m1m2

m1 + m2

and relative velocity v = v1−v2 in a potential Epot(r), where
r = |r1 − r2| is the distance between the two particles. The
description of the scattering of the two particles by each other
in this center of mass frame is named “potential scattering,”
because it demands, besides the reducedmassµ and the initial
conditions (r0, v0) solely the knowledge of the interaction
potential Epot(r).

We will here restrict the discussion to the most simple
case of spherically symmetric potentials Epot(r), which is
adequate for many real collision events. In such a potential,
the angular momentum L of the particle remains constant
(see Problem 2.20). This implies that the path of the parti-
cle is planar. It always stays within the so-called “scattering
plane.” Therefore, polar coordinates (r,ϕ) are best suited for
the description of the particles time-dependent position. The
deflection angle of our particles, measured in the center of
mass frame is named ϑ , while it is described by Θ in the
laboratory frame (Fig. 2.95).

The deflection of the incident particle A depends on its
impact parameter b. This is the smallest distance of A to the
target particle B, if there is no deflection, i.e., if A passes
along a straight line (Fig. 2.96a). For the potential scattering
(i.e., the description of the scattering process in the center
of mass frame) the particle B is fixed at the origin of our
coordinate frame and it can be regarded as a point-like particle
with infinite mass.

When the initial velocity of particle A is |v(−∞)| = v0,
energy conservation demands

1
2
µv2 + Epot(r) =

1
2
µv20 = const, (2.134)

because Epot(r = ±∞) = 0. The angular momentumL, with
respect to the scattering center at r = 0 is

L = µ(r × v) = µ

(
r ×

[
dr
dt

êr + r
dϕ
dt

êt

])

= µr ϕ̇
(
r × êt

)
, (2.135)

Fig.2.95 Scattering of a charged particle A in a potential V (r) ∝ 1/r ,
where r is the distance between A and B
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description of the scattering of the two particles by each other
in this center of mass frame is named “potential scattering,”
because it demands, besides the reducedmassµ and the initial
conditions (r0, v0) solely the knowledge of the interaction
potential Epot(r).

We will here restrict the discussion to the most simple
case of spherically symmetric potentials Epot(r), which is
adequate for many real collision events. In such a potential,
the angular momentum L of the particle remains constant
(see Problem 2.20). This implies that the path of the parti-
cle is planar. It always stays within the so-called “scattering
plane.” Therefore, polar coordinates (r,ϕ) are best suited for
the description of the particles time-dependent position. The
deflection angle of our particles, measured in the center of
mass frame is named ϑ , while it is described by Θ in the
laboratory frame (Fig. 2.95).

The deflection of the incident particle A depends on its
impact parameter b. This is the smallest distance of A to the
target particle B, if there is no deflection, i.e., if A passes
along a straight line (Fig. 2.96a). For the potential scattering
(i.e., the description of the scattering process in the center
of mass frame) the particle B is fixed at the origin of our
coordinate frame and it can be regarded as a point-like particle
with infinite mass.

When the initial velocity of particle A is |v(−∞)| = v0,
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Fig.2.95 Scattering of a charged particle A in a potential V (r) ∝ 1/r ,
where r is the distance between A and B
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solid angle ∆Ω accepted by the detector. It is determined by
the particle density nB of scatterersB, the length∆x which the
incident beam of particles A traverse through the scattering
volume V and the differential scattering cross section dσ/dΩ
which depends on the interaction potential between particles
A and B.

For measuring dσ/dΩ the setup of Fig. 2.94b can be used.
Two beams, collimated by the apertures S1 and S2 cross each
other in the scattering volume V = A∆x . The particles A
scattered by an angle Θ into the solid angle of ∆Ω are mon-
itored by the detector with sensitive area AD = R2∆Ω in a
distance R from the scattering volume V where R ! ∆x .

We will now look into the relation between Epot(r) and
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mutual interaction potential Epot(|r1−r2|) can be represented
in the center of mass coordinate frame as the movement of a
single particle with reduced mass
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and relative velocity v = v1−v2 in a potential Epot(r), where
r = |r1 − r2| is the distance between the two particles. The
description of the scattering of the two particles by each other
in this center of mass frame is named “potential scattering,”
because it demands, besides the reducedmassµ and the initial
conditions (r0, v0) solely the knowledge of the interaction
potential Epot(r).

We will here restrict the discussion to the most simple
case of spherically symmetric potentials Epot(r), which is
adequate for many real collision events. In such a potential,
the angular momentum L of the particle remains constant
(see Problem 2.20). This implies that the path of the parti-
cle is planar. It always stays within the so-called “scattering
plane.” Therefore, polar coordinates (r,ϕ) are best suited for
the description of the particles time-dependent position. The
deflection angle of our particles, measured in the center of
mass frame is named ϑ , while it is described by Θ in the
laboratory frame (Fig. 2.95).

The deflection of the incident particle A depends on its
impact parameter b. This is the smallest distance of A to the
target particle B, if there is no deflection, i.e., if A passes
along a straight line (Fig. 2.96a). For the potential scattering
(i.e., the description of the scattering process in the center
of mass frame) the particle B is fixed at the origin of our
coordinate frame and it can be regarded as a point-like particle
with infinite mass.

When the initial velocity of particle A is |v(−∞)| = v0,
energy conservation demands
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µv2 + Epot(r) =
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because Epot(r = ±∞) = 0. The angular momentumL, with
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Fig.2.95 Scattering of a charged particle A in a potential V (r) ∝ 1/r ,
where r is the distance between A and B
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Fig. 2.96 (a) Scattering of a particle A with reduced mass µ =
mAmB/(mA+mB) in a potential V (r)with the origin in B. (b) Relation
between scattering angle ϑ in the center of mass system and the polar
angle ϕmin at the closest approach between A and B (point S)

because êr is parallel to r. The unit vector êt points along the
tangent to the path of A. For L we obtain:

|L| = L = µr2ϕ̇ = µv0b, (2.136)

because L(x =! − ∞) = µ · v0 · r · sin ϕ = µ · v0 · b. The
kinetic energy in the center of mass frame is

Ekin =
1
2
µv2 = 1

2
µ
(
ṙ2 + r2ϕ̇2

)

= 1
2
µṙ2 + L2

2µr2
. (2.137)

The total energy E = T + Epot in the center of mass frame
can then be written as

Etotal = E0 =
1
2
µṙ2 + L2

2µr2
+ Epot(r) = const. (2.138)

Solving (2.138) and (2.136) for ṙ and ϕ̇ yields

ṙ =
[
2
µ

(
E0 − Epot(r) − L2

2µr2

)]1/2
(2.139a)

ϕ̇ = L
µr2

. (2.139b)

In a real experiment the path (r(t),ϕ(t)) of a single particle
cannot be followed. However, the measured deflection angle
ϑ allows to determine the asymptotic values of the path for
r → ∞. Since for a spherically symmetric potential this
path must be mirror-symmetric to the line OS through the
point S of closest approach in Fig. 2.96b. (This means that
the scattering process is invariant against time-reversal.) We
can relate the asymptotic scattering angle ϑ to the polar angle
ϕmin = ϕ(rmin) by

ϑ = π − 2ϕmin.

This yields the relation

ϕmin =
ϕmin∫

ϕ=0

dϕ =
rmin∫

r=−∞

dϕ
dt

dt
dr

dr

=
rmin∫

r=−∞
(ϕ̇/ṙ) dr =

+∞∫

rmin

ϕ̇

ṙ
dr.

With (2.139a) and (2.139b) the scattering angle in the CM-
frame becomes:

ϑ(E0, L) = π − 2

+∞∫

rmin

(L/(µr2)) dr
[
2
µ

(
E0 − Epot(r) − L2

2µr2

)]1/2 .

(2.140)

With the total energy E0 = 1
2µv

2
0 the amount of the angular

momentum

L = µrv sin ϕ = µbv0 ⇒ L2 = µ2b2v20 = 2µb2E0
(2.141)

is uniquely defined by the initial energy E0 and the impact
parameter b of the incident particle B. Inserting these relations
into (2.140) we obtain

ϑ(E0, b) = π − 2b

+∞∫

rmin

dr

r2
[
1 − b2

r2 − Epot(r)
E0

]1/2 . (2.142)

This shows that the deflection angle ϑ is determined by the
interaction potential Epot(r), the impact parameter b and the
initial energy E0.

The lower integration limit rmin is fixed by the condition
ṙ(rmin) = 0. This gives with (2.139) and (2.141)

rmin =
b

[
1 − Epot(rmin)

E0

]1/2 . (2.143)



09/03/2021 Jinniu Hu

Classical scattering

The kinetic energy in center of mass frame 


62 2 The Concept of the Atom

(a)

(b)

Fig. 2.96 (a) Scattering of a particle A with reduced mass µ =
mAmB/(mA+mB) in a potential V (r)with the origin in B. (b) Relation
between scattering angle ϑ in the center of mass system and the polar
angle ϕmin at the closest approach between A and B (point S)

because êr is parallel to r. The unit vector êt points along the
tangent to the path of A. For L we obtain:

|L| = L = µr2ϕ̇ = µv0b, (2.136)

because L(x =! − ∞) = µ · v0 · r · sin ϕ = µ · v0 · b. The
kinetic energy in the center of mass frame is

Ekin =
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µv2 = 1
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The total energy E = T + Epot in the center of mass frame
can then be written as

Etotal = E0 =
1
2
µṙ2 + L2

2µr2
+ Epot(r) = const. (2.138)
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ṙ =
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)]1/2
(2.139a)
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In a real experiment the path (r(t),ϕ(t)) of a single particle
cannot be followed. However, the measured deflection angle
ϑ allows to determine the asymptotic values of the path for
r → ∞. Since for a spherically symmetric potential this
path must be mirror-symmetric to the line OS through the
point S of closest approach in Fig. 2.96b. (This means that
the scattering process is invariant against time-reversal.) We
can relate the asymptotic scattering angle ϑ to the polar angle
ϕmin = ϕ(rmin) by

ϑ = π − 2ϕmin.

This yields the relation
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ϕmin∫
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With the total energy E0 = 1
2µv

2
0 the amount of the angular

momentum

L = µrv sin ϕ = µbv0 ⇒ L2 = µ2b2v20 = 2µb2E0
(2.141)

is uniquely defined by the initial energy E0 and the impact
parameter b of the incident particle B. Inserting these relations
into (2.140) we obtain
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This shows that the deflection angle ϑ is determined by the
interaction potential Epot(r), the impact parameter b and the
initial energy E0.

The lower integration limit rmin is fixed by the condition
ṙ(rmin) = 0. This gives with (2.139) and (2.141)
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Fig. 2.96 (a) Scattering of a particle A with reduced mass µ =
mAmB/(mA+mB) in a potential V (r)with the origin in B. (b) Relation
between scattering angle ϑ in the center of mass system and the polar
angle ϕmin at the closest approach between A and B (point S)

because êr is parallel to r. The unit vector êt points along the
tangent to the path of A. For L we obtain:

|L| = L = µr2ϕ̇ = µv0b, (2.136)

because L(x =! − ∞) = µ · v0 · r · sin ϕ = µ · v0 · b. The
kinetic energy in the center of mass frame is

Ekin =
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The total energy E = T + Epot in the center of mass frame
can then be written as
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1
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ṙ =
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In a real experiment the path (r(t),ϕ(t)) of a single particle
cannot be followed. However, the measured deflection angle
ϑ allows to determine the asymptotic values of the path for
r → ∞. Since for a spherically symmetric potential this
path must be mirror-symmetric to the line OS through the
point S of closest approach in Fig. 2.96b. (This means that
the scattering process is invariant against time-reversal.) We
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With the total energy E0 = 1
2µv

2
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momentum

L = µrv sin ϕ = µbv0 ⇒ L2 = µ2b2v20 = 2µb2E0
(2.141)

is uniquely defined by the initial energy E0 and the impact
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tangent to the path of A. For L we obtain:

|L| = L = µr2ϕ̇ = µv0b, (2.136)

because L(x =! − ∞) = µ · v0 · r · sin ϕ = µ · v0 · b. The
kinetic energy in the center of mass frame is

Ekin =
1
2
µv2 = 1

2
µ
(
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µṙ2 + L2

2µr2
+ Epot(r) = const. (2.138)

Solving (2.138) and (2.136) for ṙ and ϕ̇ yields
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ṙ2 + r2ϕ̇2

)

= 1
2
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because êr is parallel to r. The unit vector êt points along the
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µṙ2 + L2

2µr2
. (2.137)

The total energy E = T + Epot in the center of mass frame
can then be written as

Etotal = E0 =
1
2
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µṙ2 + L2

2µr2
. (2.137)

The total energy E = T + Epot in the center of mass frame
can then be written as

Etotal = E0 =
1
2
µṙ2 + L2

2µr2
+ Epot(r) = const. (2.138)

Solving (2.138) and (2.136) for ṙ and ϕ̇ yields

ṙ =
[
2
µ

(
E0 − Epot(r) − L2

2µr2

)]1/2
(2.139a)

ϕ̇ = L
µr2

. (2.139b)

In a real experiment the path (r(t),ϕ(t)) of a single particle
cannot be followed. However, the measured deflection angle
ϑ allows to determine the asymptotic values of the path for
r → ∞. Since for a spherically symmetric potential this
path must be mirror-symmetric to the line OS through the
point S of closest approach in Fig. 2.96b. (This means that
the scattering process is invariant against time-reversal.) We
can relate the asymptotic scattering angle ϑ to the polar angle
ϕmin = ϕ(rmin) by

ϑ = π − 2ϕmin.

This yields the relation

ϕmin =
ϕmin∫

ϕ=0

dϕ =
rmin∫

r=−∞

dϕ
dt

dt
dr

dr

=
rmin∫

r=−∞
(ϕ̇/ṙ) dr =

+∞∫

rmin

ϕ̇

ṙ
dr.

With (2.139a) and (2.139b) the scattering angle in the CM-
frame becomes:

ϑ(E0, L) = π − 2

+∞∫

rmin

(L/(µr2)) dr
[
2
µ

(
E0 − Epot(r) − L2

2µr2

)]1/2 .

(2.140)

With the total energy E0 = 1
2µv

2
0 the amount of the angular

momentum

L = µrv sin ϕ = µbv0 ⇒ L2 = µ2b2v20 = 2µb2E0
(2.141)

is uniquely defined by the initial energy E0 and the impact
parameter b of the incident particle B. Inserting these relations
into (2.140) we obtain

ϑ(E0, b) = π − 2b

+∞∫

rmin

dr

r2
[
1 − b2

r2 − Epot(r)
E0

]1/2 . (2.142)

This shows that the deflection angle ϑ is determined by the
interaction potential Epot(r), the impact parameter b and the
initial energy E0.

The lower integration limit rmin is fixed by the condition
ṙ(rmin) = 0. This gives with (2.139) and (2.141)

rmin =
b

[
1 − Epot(rmin)

E0

]1/2 . (2.143)

The angular for Coulomb potential  is 
Epot = qQ

4πε0rϑ = 2 cot−1 ( 4πε0
qQ

μv2
0b)
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Classical scattering

2.8 The Structure of Atoms 63

Note

• For r = rmin the integrand in (2.140) becomes infinite.
Whether the integral remains finite depends on the expo-
nent n in the power dependence of the interaction potential
(Epot(rn)).

• For b = 0 is L = 0 ⇒ ϑ = π . Particles with b = 0 suffer
central collisions with B. They are reflected back into the
incident direction.

• If ϑmin is the smallest still detectable deflection angle then
all particles with ϑ < ϑmin are regarded as not scattered.
These are all particles with b > bmax(ϑmin). The inte-
gral scattering cross section is then σint = πb2max. This
shows that with such a definition the cross section, which
should be solely dependent on the particle characteristics,
becomes dependent on the design of the apparatus. This
contradiction is removedby the quantum-mechanical treat-
ment of collisions.

• For monotonic potentials Epot(r) (for example pure repul-
sive potentials Epot ∝ r−1) there is, for a given energy E0,
a well-defined unique deflection angle ϑ for each value
b of the impact parameter (Fig. 2.97a). This is no longer
true for non-monotonic potentials (Fig. 2.97b), where, for
example, two different impact parameters b1 and b2 may
lead to the same deflection angle ϑ . Plotting the curves
ϑ(b) at a given initial energy E0 yields deflection curves
such as those shown in Fig. 2.97. Their form depends on
E0 and Epot(r).

(a) (b)

Fig. 2.97 a,b. Qualitative relation interaction potential and deflection
function ϑ(b). (a) Monotonic potential. (b) Potential with a minimum

We should keep in mind that the only quantity obtained
from a scattering experiment is the differential or integral
scattering cross section. The impact parameter b itself can-
not be directly measured! The measured scattering cross
section yields, however, thewanted information on the deflec-
tion curve ϑ(b) from which the interaction potential can be
derived. This can be seen as follows.

Let us assume a parallel beam of incident particles A with
particle flux density ṄA = nAvA that passes through a layer
of particles B in rest with density nB. All particles A passing
through an annular ring with radius b and width db around an
atomBare deflected by the angleϑ±dϑ/2, assuming a spheri-
cally symmetric interaction potential (Fig. 2.98). Through this
annular ring dṄA = ṄA dA = nAvA2πb db particles A pass
per second. One particle B therefore scatters the fraction

dṄA
(
ϑ ± 1

2dϑ
)

ṄA
= 2πb db = 2πb

db
dϑ

dϑ (2.144)

of all particles A, incident per second and unit area onto the
target, into the range of deflection anglesϑ±dϑ/2. The detec-
tor with area AD = R2dΩ = R2 sin ϑ dϑ dφ in a distance R
from the scattering center B, receives the fraction

dṄA(ϑ,φ)

ṄA

dφ
2π

= b
db
dϑ

dϑ dφ, (2.145)

which passes through the segment b db dφ of the annular ring
in Fig. 2.98.

The fraction of all incident particles A, scattered by all
atoms B with density nB in the volume V = A∆x is then:

dṄA(ϑ, dΩ)

ṄA
= nBA∆xb

db
dϑ

dϑ dφ. (2.146)

Fig. 2.98 Relative relation between impact parameter b, scattering
angle ϑ and differential cross section dσ/dΩ
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Trajectories in Scattering

The Geiger-Marsden experiment

Trajectories in Rutherford scattering

Trajectories depend on the impact parameter.

NUCS 342 (Lecture 22) March 16, 2011 9 / 29

Trajectories are strongly dependent on the impact parameter
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Rutherford Scattering Formula

The key concept in Rutherford scattering is the relationship 
between the impact parameter b and the scattering angle �. 

The impact parameter/scattering angle relationship

The impact parameter/scattering angle relationship

The key concept in Rutherford scattering is the relationship between
the impact parameter b and the scattering angle ✓.

NUCS 342 (Lecture 22) March 16, 2011 11 / 29

Trajectories are hyperbolic
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Rutherford Scattering Formula

1. Basic knowledge 
The Coulomb force;

The Newton’s laws; 

The conservation of linear momentum; 

The conservation of angular momentum. 

2. Assumptions 
Single scattering

Only consideration Coulomb force

The effect of electrons in nuclei is neglected

The target is static 
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Rutherford Scattering Formula

Momentum change in Rutherford scattering

The impact parameter/scattering angle relationship

The impact parameter/scattering angle relationship

The key concept in Rutherford scattering is the relationship between
the impact parameter b and the scattering angle ✓.

NUCS 342 (Lecture 22) March 16, 2011 11 / 29

The impact parameter/scattering angle relationship

Momentum change in Rutherford scattering

The momentum
change is

| ~pi |=| ~pf |= p

| �~p |= �p

sin(✓/2) =
1
2�p

p
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NUCS 342 (Lecture 22) March 16, 2011 13 / 29

The impact parameter/scattering angle relationship

Momentum change in Rutherford scattering

The momentum
change is

| ~pi |=| ~pf |= p

| �~p |= �p

sin(✓/2) =
1
2�p

p
=

�p

2p
�p = 2p sin(✓/2)

p∆p

p

p

i

f

θ

p
f p∆p

p
i

θθ/2
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NUCS 342 (Lecture 22) March 16, 2011 13 / 29

Elastic scattering

|~pi| = |~pf | = p

Momentum change

�p = 2p sin(✓/2)
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Rutherford Scattering Formula

From the Newton’s second law

~F =
d~p

dt
=) �~p =

Z
~Fdt

The force is the Coulomb force

~F =
1

4⇡"0

Z1Z2e2

r2
~r

r

Before we start integrating let us note that the 
trajectories are symmetric with respect to the line 
defined by the distance of the closest approach 
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Rutherford Scattering Formula

Trajectories are symmetric with respect to angle #
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Rutherford Scattering Formula

The symmetry with respect to the line at # = 0 implies 


�~p =

Z
~Fdt =) �p =

Z
F cos�dt

So, 


�p =
Z1Z2e2

4⇡"0

Z
1

r2
cos�dt

This integral can be carried over with a help of 
conservation of angular momentum. 


The angular momentum is 

~L = ~r ⇥ ~p = m~r ⇥ ~v = m~r ⇥
 
d~r

dt
+ r

d~�

dt

!
= mr~r ⇥ d~�

dt
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Rutherford Scattering Formula

The magnitude of angular momentum

L = |~L| = mr2
d~�

dt
From the initial condition

L = mv0b

Since the angular momentum is conserved 


mr2
d�

dt
= mv0b

dt

r2
=

d�

v0b
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Rutherford Scattering Formula

Thus the change of momentum

�p =
Z1Z2e2

4⇡"0

Z
dt

r2
cos� =

Z1Z2e2

4⇡"0

Z
d�

v0b
cos�

=
Z1Z2e2

4⇡"0

1

v0b

Z �>

�<

d� cos�

The limits for integration are 


�> =
1

2
(⇡ � ✓)

�< = �1

2
(⇡ � ✓)
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Rutherford Scattering Formula

The integral is

�p =
Z1Z2e2

4⇡"0

1

v0b

Z �>

�<

d� cos� =
Z1Z2e2

4⇡"0

1

v0b
(sin�> � sin�<)

=
Z1Z2e2

4⇡"0

2

v0b
cos

✓

2
Since

�p = 2p sin(✓/2)
The impact parameter is expressed as 

b =
Z1Z2e2

4⇡"0

1

pv0

1

tan(✓/2)

=
Z1Z2e2

4⇡"0

1

2E

1

tan(✓/2)

with E being the initial kinetic energy for the projectile 
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The cross section

2.8 The Structure of Atoms 63

Note

• For r = rmin the integrand in (2.140) becomes infinite.
Whether the integral remains finite depends on the expo-
nent n in the power dependence of the interaction potential
(Epot(rn)).

• For b = 0 is L = 0 ⇒ ϑ = π . Particles with b = 0 suffer
central collisions with B. They are reflected back into the
incident direction.

• If ϑmin is the smallest still detectable deflection angle then
all particles with ϑ < ϑmin are regarded as not scattered.
These are all particles with b > bmax(ϑmin). The inte-
gral scattering cross section is then σint = πb2max. This
shows that with such a definition the cross section, which
should be solely dependent on the particle characteristics,
becomes dependent on the design of the apparatus. This
contradiction is removedby the quantum-mechanical treat-
ment of collisions.

• For monotonic potentials Epot(r) (for example pure repul-
sive potentials Epot ∝ r−1) there is, for a given energy E0,
a well-defined unique deflection angle ϑ for each value
b of the impact parameter (Fig. 2.97a). This is no longer
true for non-monotonic potentials (Fig. 2.97b), where, for
example, two different impact parameters b1 and b2 may
lead to the same deflection angle ϑ . Plotting the curves
ϑ(b) at a given initial energy E0 yields deflection curves
such as those shown in Fig. 2.97. Their form depends on
E0 and Epot(r).

(a) (b)

Fig. 2.97 a,b. Qualitative relation interaction potential and deflection
function ϑ(b). (a) Monotonic potential. (b) Potential with a minimum

We should keep in mind that the only quantity obtained
from a scattering experiment is the differential or integral
scattering cross section. The impact parameter b itself can-
not be directly measured! The measured scattering cross
section yields, however, thewanted information on the deflec-
tion curve ϑ(b) from which the interaction potential can be
derived. This can be seen as follows.

Let us assume a parallel beam of incident particles A with
particle flux density ṄA = nAvA that passes through a layer
of particles B in rest with density nB. All particles A passing
through an annular ring with radius b and width db around an
atomBare deflected by the angleϑ±dϑ/2, assuming a spheri-
cally symmetric interaction potential (Fig. 2.98). Through this
annular ring dṄA = ṄA dA = nAvA2πb db particles A pass
per second. One particle B therefore scatters the fraction

dṄA
(
ϑ ± 1

2dϑ
)

ṄA
= 2πb db = 2πb

db
dϑ

dϑ (2.144)

of all particles A, incident per second and unit area onto the
target, into the range of deflection anglesϑ±dϑ/2. The detec-
tor with area AD = R2dΩ = R2 sin ϑ dϑ dφ in a distance R
from the scattering center B, receives the fraction

dṄA(ϑ,φ)

ṄA

dφ
2π

= b
db
dϑ

dϑ dφ, (2.145)

which passes through the segment b db dφ of the annular ring
in Fig. 2.98.

The fraction of all incident particles A, scattered by all
atoms B with density nB in the volume V = A∆x is then:

dṄA(ϑ, dΩ)

ṄA
= nBA∆xb

db
dϑ

dϑ dφ. (2.146)

Fig. 2.98 Relative relation between impact parameter b, scattering
angle ϑ and differential cross section dσ/dΩ
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The cross section

Let us assume a parallel beam of incident particles A with 
particle flux density that passes through a layer 
of particles B in rest with density nB. 


All particles A passing through an annular ring with radius 
b and width db around an atom B are deflected by the 
angle $ and$ ±d$/2, assuming a spherically symmetric 
interaction potential.

The angular ring


particles A pass per second 
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Note

• For r = rmin the integrand in (2.140) becomes infinite.
Whether the integral remains finite depends on the expo-
nent n in the power dependence of the interaction potential
(Epot(rn)).

• For b = 0 is L = 0 ⇒ ϑ = π . Particles with b = 0 suffer
central collisions with B. They are reflected back into the
incident direction.

• If ϑmin is the smallest still detectable deflection angle then
all particles with ϑ < ϑmin are regarded as not scattered.
These are all particles with b > bmax(ϑmin). The inte-
gral scattering cross section is then σint = πb2max. This
shows that with such a definition the cross section, which
should be solely dependent on the particle characteristics,
becomes dependent on the design of the apparatus. This
contradiction is removedby the quantum-mechanical treat-
ment of collisions.

• For monotonic potentials Epot(r) (for example pure repul-
sive potentials Epot ∝ r−1) there is, for a given energy E0,
a well-defined unique deflection angle ϑ for each value
b of the impact parameter (Fig. 2.97a). This is no longer
true for non-monotonic potentials (Fig. 2.97b), where, for
example, two different impact parameters b1 and b2 may
lead to the same deflection angle ϑ . Plotting the curves
ϑ(b) at a given initial energy E0 yields deflection curves
such as those shown in Fig. 2.97. Their form depends on
E0 and Epot(r).

(a) (b)

Fig. 2.97 a,b. Qualitative relation interaction potential and deflection
function ϑ(b). (a) Monotonic potential. (b) Potential with a minimum

We should keep in mind that the only quantity obtained
from a scattering experiment is the differential or integral
scattering cross section. The impact parameter b itself can-
not be directly measured! The measured scattering cross
section yields, however, thewanted information on the deflec-
tion curve ϑ(b) from which the interaction potential can be
derived. This can be seen as follows.

Let us assume a parallel beam of incident particles A with
particle flux density ṄA = nAvA that passes through a layer
of particles B in rest with density nB. All particles A passing
through an annular ring with radius b and width db around an
atomBare deflected by the angleϑ±dϑ/2, assuming a spheri-
cally symmetric interaction potential (Fig. 2.98). Through this
annular ring dṄA = ṄA dA = nAvA2πb db particles A pass
per second. One particle B therefore scatters the fraction

dṄA
(
ϑ ± 1

2dϑ
)

ṄA
= 2πb db = 2πb

db
dϑ

dϑ (2.144)

of all particles A, incident per second and unit area onto the
target, into the range of deflection anglesϑ±dϑ/2. The detec-
tor with area AD = R2dΩ = R2 sin ϑ dϑ dφ in a distance R
from the scattering center B, receives the fraction

dṄA(ϑ,φ)

ṄA

dφ
2π

= b
db
dϑ

dϑ dφ, (2.145)

which passes through the segment b db dφ of the annular ring
in Fig. 2.98.

The fraction of all incident particles A, scattered by all
atoms B with density nB in the volume V = A∆x is then:

dṄA(ϑ, dΩ)

ṄA
= nBA∆xb

db
dϑ

dϑ dφ. (2.146)

Fig. 2.98 Relative relation between impact parameter b, scattering
angle ϑ and differential cross section dσ/dΩ
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Note

• For r = rmin the integrand in (2.140) becomes infinite.
Whether the integral remains finite depends on the expo-
nent n in the power dependence of the interaction potential
(Epot(rn)).

• For b = 0 is L = 0 ⇒ ϑ = π . Particles with b = 0 suffer
central collisions with B. They are reflected back into the
incident direction.

• If ϑmin is the smallest still detectable deflection angle then
all particles with ϑ < ϑmin are regarded as not scattered.
These are all particles with b > bmax(ϑmin). The inte-
gral scattering cross section is then σint = πb2max. This
shows that with such a definition the cross section, which
should be solely dependent on the particle characteristics,
becomes dependent on the design of the apparatus. This
contradiction is removedby the quantum-mechanical treat-
ment of collisions.

• For monotonic potentials Epot(r) (for example pure repul-
sive potentials Epot ∝ r−1) there is, for a given energy E0,
a well-defined unique deflection angle ϑ for each value
b of the impact parameter (Fig. 2.97a). This is no longer
true for non-monotonic potentials (Fig. 2.97b), where, for
example, two different impact parameters b1 and b2 may
lead to the same deflection angle ϑ . Plotting the curves
ϑ(b) at a given initial energy E0 yields deflection curves
such as those shown in Fig. 2.97. Their form depends on
E0 and Epot(r).

(a) (b)

Fig. 2.97 a,b. Qualitative relation interaction potential and deflection
function ϑ(b). (a) Monotonic potential. (b) Potential with a minimum

We should keep in mind that the only quantity obtained
from a scattering experiment is the differential or integral
scattering cross section. The impact parameter b itself can-
not be directly measured! The measured scattering cross
section yields, however, thewanted information on the deflec-
tion curve ϑ(b) from which the interaction potential can be
derived. This can be seen as follows.

Let us assume a parallel beam of incident particles A with
particle flux density ṄA = nAvA that passes through a layer
of particles B in rest with density nB. All particles A passing
through an annular ring with radius b and width db around an
atomBare deflected by the angleϑ±dϑ/2, assuming a spheri-
cally symmetric interaction potential (Fig. 2.98). Through this
annular ring dṄA = ṄA dA = nAvA2πb db particles A pass
per second. One particle B therefore scatters the fraction

dṄA
(
ϑ ± 1

2dϑ
)

ṄA
= 2πb db = 2πb

db
dϑ

dϑ (2.144)

of all particles A, incident per second and unit area onto the
target, into the range of deflection anglesϑ±dϑ/2. The detec-
tor with area AD = R2dΩ = R2 sin ϑ dϑ dφ in a distance R
from the scattering center B, receives the fraction

dṄA(ϑ,φ)

ṄA

dφ
2π

= b
db
dϑ

dϑ dφ, (2.145)

which passes through the segment b db dφ of the annular ring
in Fig. 2.98.

The fraction of all incident particles A, scattered by all
atoms B with density nB in the volume V = A∆x is then:

dṄA(ϑ, dΩ)

ṄA
= nBA∆xb

db
dϑ

dϑ dφ. (2.146)

Fig. 2.98 Relative relation between impact parameter b, scattering
angle ϑ and differential cross section dσ/dΩ
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The cross section

One particle B therefore scatters the fraction 
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Note

• For r = rmin the integrand in (2.140) becomes infinite.
Whether the integral remains finite depends on the expo-
nent n in the power dependence of the interaction potential
(Epot(rn)).

• For b = 0 is L = 0 ⇒ ϑ = π . Particles with b = 0 suffer
central collisions with B. They are reflected back into the
incident direction.

• If ϑmin is the smallest still detectable deflection angle then
all particles with ϑ < ϑmin are regarded as not scattered.
These are all particles with b > bmax(ϑmin). The inte-
gral scattering cross section is then σint = πb2max. This
shows that with such a definition the cross section, which
should be solely dependent on the particle characteristics,
becomes dependent on the design of the apparatus. This
contradiction is removedby the quantum-mechanical treat-
ment of collisions.

• For monotonic potentials Epot(r) (for example pure repul-
sive potentials Epot ∝ r−1) there is, for a given energy E0,
a well-defined unique deflection angle ϑ for each value
b of the impact parameter (Fig. 2.97a). This is no longer
true for non-monotonic potentials (Fig. 2.97b), where, for
example, two different impact parameters b1 and b2 may
lead to the same deflection angle ϑ . Plotting the curves
ϑ(b) at a given initial energy E0 yields deflection curves
such as those shown in Fig. 2.97. Their form depends on
E0 and Epot(r).

(a) (b)

Fig. 2.97 a,b. Qualitative relation interaction potential and deflection
function ϑ(b). (a) Monotonic potential. (b) Potential with a minimum

We should keep in mind that the only quantity obtained
from a scattering experiment is the differential or integral
scattering cross section. The impact parameter b itself can-
not be directly measured! The measured scattering cross
section yields, however, thewanted information on the deflec-
tion curve ϑ(b) from which the interaction potential can be
derived. This can be seen as follows.

Let us assume a parallel beam of incident particles A with
particle flux density ṄA = nAvA that passes through a layer
of particles B in rest with density nB. All particles A passing
through an annular ring with radius b and width db around an
atomBare deflected by the angleϑ±dϑ/2, assuming a spheri-
cally symmetric interaction potential (Fig. 2.98). Through this
annular ring dṄA = ṄA dA = nAvA2πb db particles A pass
per second. One particle B therefore scatters the fraction

dṄA
(
ϑ ± 1

2dϑ
)

ṄA
= 2πb db = 2πb

db
dϑ

dϑ (2.144)

of all particles A, incident per second and unit area onto the
target, into the range of deflection anglesϑ±dϑ/2. The detec-
tor with area AD = R2dΩ = R2 sin ϑ dϑ dφ in a distance R
from the scattering center B, receives the fraction

dṄA(ϑ,φ)

ṄA

dφ
2π

= b
db
dϑ

dϑ dφ, (2.145)

which passes through the segment b db dφ of the annular ring
in Fig. 2.98.

The fraction of all incident particles A, scattered by all
atoms B with density nB in the volume V = A∆x is then:

dṄA(ϑ, dΩ)

ṄA
= nBA∆xb

db
dϑ

dϑ dφ. (2.146)

Fig. 2.98 Relative relation between impact parameter b, scattering
angle ϑ and differential cross section dσ/dΩ

of all particles A, incident per second and unit area onto 
the target, into the range of deflection angles � ±d�/2. 
The detector with area 
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Note

• For r = rmin the integrand in (2.140) becomes infinite.
Whether the integral remains finite depends on the expo-
nent n in the power dependence of the interaction potential
(Epot(rn)).

• For b = 0 is L = 0 ⇒ ϑ = π . Particles with b = 0 suffer
central collisions with B. They are reflected back into the
incident direction.

• If ϑmin is the smallest still detectable deflection angle then
all particles with ϑ < ϑmin are regarded as not scattered.
These are all particles with b > bmax(ϑmin). The inte-
gral scattering cross section is then σint = πb2max. This
shows that with such a definition the cross section, which
should be solely dependent on the particle characteristics,
becomes dependent on the design of the apparatus. This
contradiction is removedby the quantum-mechanical treat-
ment of collisions.

• For monotonic potentials Epot(r) (for example pure repul-
sive potentials Epot ∝ r−1) there is, for a given energy E0,
a well-defined unique deflection angle ϑ for each value
b of the impact parameter (Fig. 2.97a). This is no longer
true for non-monotonic potentials (Fig. 2.97b), where, for
example, two different impact parameters b1 and b2 may
lead to the same deflection angle ϑ . Plotting the curves
ϑ(b) at a given initial energy E0 yields deflection curves
such as those shown in Fig. 2.97. Their form depends on
E0 and Epot(r).
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Fig. 2.97 a,b. Qualitative relation interaction potential and deflection
function ϑ(b). (a) Monotonic potential. (b) Potential with a minimum

We should keep in mind that the only quantity obtained
from a scattering experiment is the differential or integral
scattering cross section. The impact parameter b itself can-
not be directly measured! The measured scattering cross
section yields, however, thewanted information on the deflec-
tion curve ϑ(b) from which the interaction potential can be
derived. This can be seen as follows.

Let us assume a parallel beam of incident particles A with
particle flux density ṄA = nAvA that passes through a layer
of particles B in rest with density nB. All particles A passing
through an annular ring with radius b and width db around an
atomBare deflected by the angleϑ±dϑ/2, assuming a spheri-
cally symmetric interaction potential (Fig. 2.98). Through this
annular ring dṄA = ṄA dA = nAvA2πb db particles A pass
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of all particles A, incident per second and unit area onto the
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The cross section
The fraction of all incident particles A, scattered by all 
atoms B with density nB in the volume V = A�x is then: 

 


2.8 The Structure of Atoms 63

Note

• For r = rmin the integrand in (2.140) becomes infinite.
Whether the integral remains finite depends on the expo-
nent n in the power dependence of the interaction potential
(Epot(rn)).

• For b = 0 is L = 0 ⇒ ϑ = π . Particles with b = 0 suffer
central collisions with B. They are reflected back into the
incident direction.

• If ϑmin is the smallest still detectable deflection angle then
all particles with ϑ < ϑmin are regarded as not scattered.
These are all particles with b > bmax(ϑmin). The inte-
gral scattering cross section is then σint = πb2max. This
shows that with such a definition the cross section, which
should be solely dependent on the particle characteristics,
becomes dependent on the design of the apparatus. This
contradiction is removedby the quantum-mechanical treat-
ment of collisions.

• For monotonic potentials Epot(r) (for example pure repul-
sive potentials Epot ∝ r−1) there is, for a given energy E0,
a well-defined unique deflection angle ϑ for each value
b of the impact parameter (Fig. 2.97a). This is no longer
true for non-monotonic potentials (Fig. 2.97b), where, for
example, two different impact parameters b1 and b2 may
lead to the same deflection angle ϑ . Plotting the curves
ϑ(b) at a given initial energy E0 yields deflection curves
such as those shown in Fig. 2.97. Their form depends on
E0 and Epot(r).

(a) (b)

Fig. 2.97 a,b. Qualitative relation interaction potential and deflection
function ϑ(b). (a) Monotonic potential. (b) Potential with a minimum

We should keep in mind that the only quantity obtained
from a scattering experiment is the differential or integral
scattering cross section. The impact parameter b itself can-
not be directly measured! The measured scattering cross
section yields, however, thewanted information on the deflec-
tion curve ϑ(b) from which the interaction potential can be
derived. This can be seen as follows.

Let us assume a parallel beam of incident particles A with
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We define a differential cross section to be the ratio of 
scattered particles with per target and per unit solid 
angle to the number of incoming particles per unit area, 

Therefore,
dσ
dΩ = d ·NA(ϑ, dΩ)

·NAnBAΔxdΩ
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The cross section

The relationship between b and $ for the Rutherford 
scattering yields 
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The comparison with (2.133) gives, with dΩ = sin ϑ dϑ dφ,
the differential scattering cross section

dσ
dΩ

= b
db
dϑ

1
sin ϑ

. (2.147)

From (2.142)we obtain db/dϑ = (dϑ/db)−1 as a function
of the interaction potential Epot(r). This shows:

The differential cross section gives information on the
interaction potential Epot(r) between the colliding par-
ticles A and B at a distance r .

With dΩ = sin ϑdϑdφ we can write (2.146) as

dṄA(dΩ)

ṄA
= nBA∆x

dσ
dΩ

dΩ. (2.148)

Measuring the relative fraction dṄA/ṄA yields the differen-
tial cross section and with it the interaction potential.

The integral scattering cross section is obtained by integra-
tion over dΩ , where the integration limits are ϑ(b = 0) = π

and ϑ(bmax) = ϑmin:

σint =
∫

Ω

dσ
dΩ

dΩ =
ϑmin∫

ϑ=π

2π∫

φ=0

dσ
dΩ

sin ϑ dϑ dφ, (2.149a)

where ϑmin is the smallest detectable deflection angle. The
integration over φ gives 2π . With (2.147) we get:

σint = 2π

ϑmin∫

ϑ=π

b
sin ϑ

∣∣∣∣
db
dϑ

∣∣∣∣ sin ϑ dϑ

= 2π

bmax∫

b=0

b db = πb2max. (2.149b)

Example
Collisions of hard spheres A and B with equal diameters D.
The potential energy in this case is:

Epot(r) =
{∞ for r ≤ D
0 for r > D

}
.

FromFig. 2.99a it is seen that at the closest approach sin ϕm =
b/D, which implies that a collision can only take place for
b ≤ D. For the scattering angle ϑ we find ϑ/2 = π/2 − ϕm.

(a)

(b) (c)

Fig.2.99 a–c. Collision of hard spheres with diameter D. (a) Scattering
angle for impact parameters b < D. (b) Potential V (r). (c) Deflection
function ϑ(b)

The impact parameters for b ≤ D are therefore

b = D sin ϕm = D cos(ϑ/2).

Then the derivative db/dϑ becomes

∣∣∣∣
db
dϑ

∣∣∣∣ =
D
2
sin ϑ/2

and the differential scattering cross section is:

dσ
dΩ

= b
sin ϑ

db
dϑ

= D cos(ϑ/2)D sin(ϑ/2)
2 sin ϑ

= D2

4

⇒ σint =
∫

dσ
dΩ

dΩ = 4π
D2

4
= πD2.

The deflection function ϑ(b) for hard spheres (Fig. 2.99c) is

ϑ(b) = π − 2ϕm = π − 2 arcsin(b/2D).

with
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with the appealing result that

iM(2π)4 δ(4)
(∑

pf −
∑

pi

)
=
∑




All connected, amputated Feynman

diagrams with incoming momentum pi

and outgoing momentum pf



 .

(20.20)
We now need to design an experiment which measures M and that

turns out to be a scattering experiment.

20.4 The scattering cross-section (a)

(b)

Fig. 20.7 Scattering cross-sections.
(a) σsheep > σfield mouse. (b)
σcow, side > σcow, front.

When firing one particle at another, we want to think about the ampli-
tude of scattering of our incoming particle in terms of how big the other
particle appears to be in cross-sectional area terms. Imagine driving at
night, where your car headlights give you a beam of particles with which
you probe the inky blackness. A sheep shows up more in your headlights
than a field mouse, simply because it’s bigger and scatters more photons
[Fig. 20.7(a)]. Similarly a cow will scatter more light if seen from the
side than from the front, because it offers a larger cross-sectional area
in the former case [Fig. 20.7(b)]. However it’s not just about area –
white sheep are more visible than black sheep – but we fold this all in
to our definition of the scattering cross-section σ in which we measure
the rate R of a scattering process occurring as R = σL, where L is the
luminosity5 of our incoming beam of particles.

5Luminosity is a quantity with dimen-
sions Time−1× Area−1 to be evaluated
for the case under study.

Scattering can occur in all directions, and so in each bit of solid angle
dΩ there will be a bit of scattering dσ. A detector usually only covers a
range of solid angle, so it is usual to think in terms of the differential
cross-section6 defined by dσ/dΩ. Fermi’s golden rule allows us to

6The relationship between σ and
dσ/dΩ is given by

Z 2π

0
dφ

Z 1

−1
d(cos θ)

dσ

dΩ
= σ.

relate the scattering cross-section to the modulus squared of a matrix
element. After taking proper account of all the normalization factors
one can show,7 for example, that for a scattering process involving two

7This result is discussed in Peskin and
Schroeder, Chapter 4.

equal-mass particles scattering off each other then

dσ

dΩ
=

|M|2

64π2E2
CM

, (20.21)

where E2
CM is the total energy in the centre of mass frame.

Example 20.4

We’re finally going to work out some scattering amplitudes and cross-sections for
ψ†ψφ theory. We start with the scattering of two distinguishable psion particles. In
this case only the t-channel diagram [Fig. 20.6(a)] contributes. Let’s further simplify
by considering only a non-relativistic case. This means that we can take the four-
momentum p = (Ep , p) to be p ≈ (m, p). We have

p1i ≈ (m, p), p2i ≈ (m, k),
p1f ≈ (m, p′), p2f ≈ (m, k′),

(20.22)
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The cross section

If N incident particles strike a foil of thickness t 
containing n scattering centers per unit volume, the 
average number dN of particles % scattered into the solid 
angle d% around % is given by


This is the Rutherford result explaining the Geiger-
Marsden experiment 

dN = Nnt
dσ
dΩ dΩ

Therefore,


dN
N

= nt ( Z1Z2e2

16πε0E )
2

1
sin4(θ/2) dΩ
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The Geiger-Marsden experiment 

Number of particles scattered at a given angle in 
Rutherford scattering is calculable and well understood, 
since it is defined by the well understood electromagnetic 
force. 70 2 The Concept of the Atom

Fig. 2.106 Comparison of experimental results (points) with the pre-
dictions by Thomson (dashed curve) and Rutherford (solid curve)

longer valid. The attractive nuclear force is much stronger
than the repulsive Coulomb force and changes the deflection
of the α particles.

Thus the impact parameter at which the measured distri-
bution deviates from the predicted one gives a measure for
the size of the atomic nucleus. One obtains values of

RN ≈ r0A1/2,

where A is the atomic mass in AMU and r0 = 1.3×10−15 m.

(a)

(b) (c)

Fig.2.107 (a) Paths of particles with different initial energies, all scat-
tered by ϑ = 60◦. (b) Deviation from Coulomb potential for paths with
Ekin > 25MeV (i.e., b < bc) for ϑ = 60◦. (c) Deviation from Coulomb
scattering at fixed initial energy Ekin = 10MeV for scattering angle
ϑ > 100◦

The volume of the nucleus therefore only accounts for
the fraction (RN/RA)

3 ≈ 10−13−10−15 of the atomic
volume VA!

While the atomic volume of the gold atom is about VA =
10−29 m3 that of its nucleus is only VN ≈ 10−42 m3.

70 2 The Concept of the Atom

Fig. 2.106 Comparison of experimental results (points) with the pre-
dictions by Thomson (dashed curve) and Rutherford (solid curve)

longer valid. The attractive nuclear force is much stronger
than the repulsive Coulomb force and changes the deflection
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where A is the atomic mass in AMU and r0 = 1.3×10−15 m.
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Ekin > 25MeV (i.e., b < bc) for ϑ = 60◦. (c) Deviation from Coulomb
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The volume of the nucleus therefore only accounts for
the fraction (RN/RA)

3 ≈ 10−13−10−15 of the atomic
volume VA!

While the atomic volume of the gold atom is about VA =
10−29 m3 that of its nucleus is only VN ≈ 10−42 m3.
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The key points

Impact parameter: b


Scattering angle: $


Differential cross-section: the ratio of the number of 
particles scattered into an element of solid angle d% in 
the direction $ per unit area (unit 1 barn=10-28 m2)


The important quantities in Rutherford formula:

1. impact parameter        3.charges     

2. Scattering angle.        4. Initial kinetic energy

d�

d⌦
=
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What is Meaning by Nuclear Radius? 

The nuclear radius is defined as the distance at which the 
effect of the nuclear potential is comparable to that of 
the Coulomb potential 

4.2 Passage of Alpha Particles Through Matter (Rutherford Scattering) 47 

For very large impact parameters (small deflection angles), the Rutherford formula 
is likewise no longer exactly valid. The Coulomb potential of the nucleus is perturbed 
by the atomic electrons. These effects occur for b 10 -10 cm (deflection angles of a 
few seconds of arc) and are very difficult to detect experimentally. Completely 
analogous scattering formulae and scattering problems occur in the scattering of 
protons by atomic nuclei. The angular dependence of the scattering is related to the 
scattering potential; the latter can thus be determined from experiment. Scattering pro-
cesses play an important role in nuclear and elementary particle physics, in the investi-
gation of the internal structure of nuclei and of certain elementary particles. For 
example, Hofstadterwas granted the Nobel Prize in 1961 for his scattering experiments 
using fast electrons (109 eV) on protons and neutrons. From the angular dependence of 
the scattering intensity, he was able to obtain information about the inner structure of 
the proton and of the neutron. 

4.2.5 What is Meant by Nuclear Radius? 

We can summarise our considerations in the above sections as follows: an alpha par-
ticle, which approaches a nucleus from outside the atom, is acted on at first only by the 
repulsive Coulomb potential. If it approaches the nucleus sufficiently closely, it will 
also be acted upon by the attractive nuclear force. The nuclear radius is defined as the 
distance at which the effect of the nuclear potential is comparable to that of the 
Coulomb potential (Fig. 4.9). For such investigations, alpha particles of high kinetic 
energies are used, so that they can approach the nucleus sufficiently closely. 

I 
\ 
\ 
\ 
\ Coulomb potential 

\/ 
"-

"-"-

R 

Nuclear force potential 

Fig. 4.9. Nuclear force and Coulomb potentials, 
used for defining the nuclear radius R 

The empirical result of such measurements on nuclei with the mass number A is 
found to be 

R = (1. 3 ± 0.1) A 113 • 10 - 15 m . 

Numerical examples for A = 12 and A = 208 are: 

= 2.7 . 10- 15 m, = 7.1 .10- 15 m. 
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Homework 

The Physics of Atoms and Quanta 


2.2, 2.4, 4.3, 4.4, 4.5, 4.6, 4.8



09/03/2021 Jinniu Hu

Exercise 1

The main constituents of air are: 78% N2, 21% O2 and 1% 
Ar. Using these numbers calculate the mass density � of 
air under normal conditions. 
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Exercise 2

The density of gold (197Au) is 19.3 g/cm3. How many gold 
atoms are present in a piece of gold whose volume is 3.50 
cm3 ?
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Exercise 3

Calculate the impact parameter for scattering a 7.7 MeV � 
particle from gold at an angle of (a) 1° and (b) 90°.
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Exercise 4

Rutherford found deviations from his scattering formula at 

backward angles when he scattered 7.7 MeV � particles 
(Z1=2) on aluminum (Z2=13). He suspected this was 

because the � particle might be affected by approaching 

the nucleus so closely. Estimate the size of the nucleus 
based on these data.


