Lecture notes on potential theory*

Shiguang Ma
July 16, 2022

Contents
1 Linear Potential theory 1
1.1 Introduction. . . . . . . . . . . ... 2
1.2 Characterization of Wol’p(Q). ..................... 3
1.3 Superharmonic functions . . . . . . ... ... ... ... ... 7
1.4 Potentials . . . . . .. .. ... 11
1.5 Polarset . . . . . . . . ... 14
1.6 Fine topology . . . . . . . . . .. 15
1.7 Reduced functions . . . . . .. ... ... 17
1.8 Regular boundary points . . . . . . . ... ..o 18
1.9 Wiener Criterion . . . . . . . .. .. .. 20
1.10 Structure of noncompact surface with nonnegative Gaussian cur-
vature. . . . . . L. e e e e 22
2 Nonlinear Potential theory 24
2.1 Introduction . . . . . . . . . .. .. 24
2.2 Wolff Potential and generalization of Riesz decomposition theorem 27
2.3 Wiener Criterion . . . . . . . ... ... 27
2.4 Conformal geometry and N-Laplacian equation. . . . . . . . . . .. 28

Abstract

This note is based on the lectures given by the author during the summer
school of Sun Yat-sen University in July 2022.

1 Linear Potential theory

For this part, we will study the potential theory related to A. And we will focus
on the following topics.

1. Characterization of the Sobolev space W, (€);

*Update on July 18,2022. Feedbacks are welcome at msgdyx8741@nankai.edu.cn



2. Riesz decomposition theorem;

3. Wiener criterion for the solvablility of Laplacian equation with Dirichlet
boundary conditon;

4. An application in geometry. The structure of noncompact surfaces with
nonnegative Gaussian curvature.

We refer to [4, 6, 14] for materials of this section.

1.1 Introduction

For N > 2, let RY be the N-dimensional Euclidean space and z = (x1,--- ,2x) be
the Cartesian coordinate. Let Q ¢ RY be a bounded open domain. Suppose u is a
2 2
smooth function on 2, we denote Vu = ((%Ll, cee a%v) and Au = g—;g+' <+ gx%.
a=(ay, - ,an), 0 < a; € Z is called a multi-index, and |a| = a3 + -+ + an.
ler|
We denote Vu(xy, - ,zy) = Wu(ml, “ L IN)-
Let

L},.(2) = {u(x) isintegrable on any compact subset K C Q}.

Definition 1. For v € L}, .(Q) and o = (a1, - , ) s a multi-index, where

a; > 0 is an integer. Then a function v € L}, (Q) is called ath weak derivative of
u if it satisfies

/ ovdr = (—1)‘0‘| / uV*pdz, forall ¢ € C5°(£2).
Q Q

We denote v = Vu.
Now we can define Sobolev space W*2(Q) and WEP(Q).
Definition 2. For k>0 andp > 1,
WHP(Q) = {u; V¥u € LP(Q) forall 0 < |a| < k},
together with the norm
1
s = 3 ([ IV2ulrde)s. 1)
laj<k 7€

And
We (@) = G5 (),

where the closure is taken in W*P(Q) with respect to norm (1).



Problems

1. Let f(z) = 1 — |z|?, which belongs to W1?(B;(0)) obviously. Does f(x) €
WyP(B1(0))? Does f(x) € WyP(B1(0)\B;(0))? Does f(x) € Wy (B1(0)\{0})?
If for a closed subset S © By (0), f(x) € Wy *(B1(0)), what can we say about
S?

2. Consider Dirichlet problem

Au=0 x€Q
u=¢ x €0,

#(z) € C(Q). Does it admit a solution in the sense

lim  wu(z) = ¢(xo),

r—xo€EIN

when © = B1(0), B1(0)\B1(0), B1(0)\{0} or B1(0)\S? What is the equiv-
alent condition for this problem to have a solution for any continuous ¢(z).

1.2 Characterization of W,”(Q).
Let Q@ C RY be a bounded domain.

Lemma 1.1. Suppose u € WLP(Q) (¢ means compact support). Then u €
WyP(Q).

Proof. Suppose u € W2P(£2). Then we can choose v, € C*°() such that
Vp U

in W1P(Q) norm. For example we may choose

o= [ SeoLyuty

En

where ¢(z) € C§°(RY) with [, ¢ =1 and 0 < &, — 0. We know v,, has compact
support actually for n large.
O

Roughly speaking, we may think of W,"”(2) as the subset of W?(Q), with
the property u — 0 as x — 992, because of the following lemma.

Lemma 1.2. If Q is a bounded domain and u € WYP(Q), if for all y € 99

lim u(z) =0 (2)

T—Y

then u € W, P(Q).



Proof. Recall that v = u™ + u~ we may assume that v is nonnegative. Notice
that since 92 is compact, (2) holds uniformly on it. The function

u. = max(u — ¢,0) € WHP(Q)

for any £ > 0 and has compact support in Q. Thus u. € Wol’p from Lemma 1.1.
And it is easy to check u. — u in WHP(Q).
O

The above assumption (2) is not necessary. To study further, we consider the
following definition.

Definition 3. Fiz p > 1. For a domain Q C RY, any compact subsets F C Q,
we define the p-capacity of F with respect to by

Cap,(F,Q) = inf{/ [Vu|Pdz;uw € C5°(2),u > lon F'},
Q
= inf{/ |VulPdz;u € Wy (Q),u > 1on F}.
Q

For any open subset U of 2, we define the p-capacity of U w.r.t Q by
Cap, (U, Q) = sup{Cap, (F,Q?); F' C E, F compact}.
For arbitrary subset E, we define the p-capacity of E w.r.t Q by
Cap,(E,Q) = inf{Cap,(U,Q); U D E,U open}.

Theorem 1.3. The set function E +— Cap,(E,Q), E C 2 enjoys the following
properties.

1. If By C By, then Cap,(E1,Q) < Cap,(FE2, Q);
2. If Q1 C Qy are open and E C Qq, then
Cap,(E,Q2) < Cap,(E,);
3. If K; is a decreasing sequence of compact subsets of Q0 with K = N;K;, then
Cap, (K, Q) = lim Cap,(K;, Q);

4. If By CEy C--- CUE; =FE CQ, then
Cap,(E,Q) = lim Cap,(E;,);

i—00
. IfE =U;E; C Q, then

Capp’M(E, Q) < Z Cap, (E;, ),

in particular, if all E; satisfies Cap,,(E;, Q) = 0, then Cap,, ,(E,) = 0.



We refer to [6, Theorem 2.2] for the proof.

Definition 4. Let Q be a bounded domain, and Q € 1, for another bounded
domain Q1 ;

A property is called to hold quasieverywhere (g.e.) in Q, if it holds except for
a set E with Cap,(FE, ;) = 0;

A function f on Q is called to be p-quasicontinuous if for any € > 0, there is
an open subset U with Cap,(U,1) < €, such that outside U, f is finite valued
and continuous;

A sequence of functions 1; : Q@ — R converges p-quasiuniformly in € to a
function 1 if for every e > 0 there is an open set G such that Cap,(G,€;) < €
and ; — ¢ uniformly in Q\G.

The sequence v); converges locally p-quasiuniformly if it converges p-quasiuniformly
in each open D € €.

Lemma 1.4. A sequence v; converges locally p-quasiuniformly in Q if and only
if for every € > 0 there is an open set G C 2 with Cap,(G, Q1) < € such that the
sequence converges uniformly on every compact subset Q\G.

The proof is omitted. One may refer to [6, Lemma 4.2] for a proof.

Lemma 1.5. Let Q2 be as before. Let ¢; € C(QQNWP(Q) be a Cauchy sequence in
WLP(Q). Then there is a subsequence ¢y, which converges locally p-quasiuniformly
in Q to a function u € WHP(Q). In particular, u is p-quasicontinuous and ¢r, — u
pointwise p-q.e. in ).

Proof. Suppose that a locally quasiuniformly convergent subsequence can be se-
lected. Then it clearly converges p-q.e. to a p-quasicontinuous function u. More-
over, u € HYP(Q). Then it suffices to show that a locally quasiuniformly conver-
gent subsequence can be found.

Since ¢; is a Cauchy sequence in WP((2), there is a subsequence, denoted
again by ¢;, such that the series

> [ 2705 - dyal + 905 = Voo
j=1"9
converges. For D @ Q, let ¢ € C§°(€Q2) and ¢ =1 on D. Then
e .
S [ 270105 = 053001 + V(5 = 6y50) o
j=1
converges. For any € > 0, there is j. such that

> /92jp(|¢(¢j = ¢i+)[P + V(¢ — ¢j41)[F)dx <e.

J=Je

Let )
Ej ={x € D;[¢;(x) — ¢j41| > 277}



we then have

Cap, (Ej, 1) S/ 2P|V (P(¢; — pjgr))[Pda.

971
Put
E. = U E;.
Then we know -
Cap,(E., ) < Z Cap,(Ej, ) <e.
J=Je

Moreover, for j. < j <k

k—1
|6 — | <271 <2t

1=j

in D\E., and this means that ¢; converges uniformly in D\E.. Hence it is not
hard to prove this theorem.
O

Theorem 1.6. Suppose that u € WP (Q). Then there exists a p-quasicontinuous
function v € WHP(Q) such that u = v a.e.

Theorem 1.7. Suppose u € WHP(Q). Then u € Wol’p(Q) if and only if there is
a p-quasicontiuous function v in RN such that v =u a.e. in Q and v =0 q.e. in
Qe.

Proof. Fix u € WOI’p(Q) and let ¢; € C§° be a sequence converging to v in
WhP(Q). By Theorem 1.5, there is a subsequence of ¢; which converges p-q.e. in
R™ to a p-quasicontinuous function v such that v = u a.e. in 2 and v =0 g.e. on
Q¢. Hence v is the desired function.

To prove the converse, since the truncations of v converge to v in W?(Q), we
may assume that v is bounded. Let

E ={z€00:v(zx)#0}.
Since Cap,,(E, Q1) = 0, we may choose open sets G; such that E C Gy,
Capp(Gj,Ql) — O7

and v|G? is continuous. Pick a sequence ¢; € WIP(R") such that 0 < ¢; < 1,
¢; = 1 everywhere in G;, and

[ 6l + 196,17 = o

Then
W; = (1 — qu)v S Wl’p(Q).



Moreover, lim,_,, w;(z) = 0 for y € Q. Thus w; € W, ?(Q) by Lemma 1.2.
Clearly w; — v in LP(£2). By the dominated convergence theorem

o PP — NP A 1/ P
( /Q IV, — VolPdu)b = ( /Q IV (650) Pdp)
g(/ |vV¢j|pd,u)1/p + (/ \¢jVU|pdu)1/” — 0.
Q Q

So w; — v in WP(Q), and hence v € W, ?(Q). The proof is complete.

1.3 Superharmonic functions

Definition 5. Suppose u : @ — (—o00,+00] is a lower semi-continuous (l.s.c.)
function. w is called superharmonic function, if u Z 400 and for any bounded
domain D € ), and harmonic function v with v < u on 0D, there holds v < u in
D.

If —u is superharmonic, u is called a subharmonic function.

We use U(2) to denote all superharmonic functions on €.

Example. By mazmum principle, we know a function u € C*(Q) with
—Au >0

belongs to U(QY).

However, in this lesson, we will be interested in superharmonic functions which
are not necessarily smooth.

The function

=g loglz —yl, N=2
U, @) = 1 ~
(N=2)I87 ~HJe—y|N 2" -

s superharmonic on R™.
Lemma 1.8. A superharmonic function v € U(Q) is locally integrable.

Proof. We will give a sketch of the proof. The details are left to the reader.

Step 1 From v is lower semi-continuous, we know that it is locally bounded
from below.

Step 2 From Baire’s theorem, we know, there is a sequence w; < wg < --- of
continuous functions, which satisfies

nl;rr;o wp(z) = v(x)



for any x € Q. For any B, (zg) C €, we can solve

{Avn =0 x € By(xp)
vp(z) = wp(z) = € B, (x0)

using Possion’s integral formula. Then

][ vp(2)dpos, = vn(zo) < v(xo).
9B, (x0)

Using Fatou’s lemma, we see
][ v(z)dpan, < v(xo).
8B,~(.’L‘0)
Integrating with respect to r, we know

][ v(z)dr < v(xo). (3)
B, (x0)

Step 3 Suppose v(z) is not locally integrable, then we may assume there is some
xo € Q such that v(z) is not integrable in any neighborhood B, (z) of z(, where
x € B%(xo) and 0 < r < §. Then from (3), we know

v(x) = 4o00,Vz € Bg(aso).

Step 4 As long as v(z) = 400 in B; (20), then v(x) = +00 in any Br(zg) € 2
for R > g. Once this is proved, it is not hard to verify taht v = +o0 in €2, which
is a contradiction. To prove this, we let

S gyt

=0

h(z) =
[t qt
2

Then h is harmonic when @ # zg, hence in § < |z — 29| < R. It takes the
boundary value 0 on 0Bg and 1 on 0B IR
Since v is locally bounded from below, we know

v— inf v > kh(x)
Br(zo)

for any £ > 0 in BR\B%. Let k — oo, we know v = 400 in Bg(xg).

Definition 6. Suppose ¥ is the o-algebra of a set X. A set function
X — [—00, +00]

1s called a signed measure on X if it satisfies



1. p takes on at most one of values £0oo;
2. p(0) = 0;
3. For countable collections {E}?2, of pairwise disjoint sets in X,

WU ER) =) p(Br).
k=1

If u(U) > 0 for any U € 3, then p is called a nonnegative Radon measure.

Definition 7. Let u be a measure on the o algebra X of Borel sets of a Hausdorff
topological space X.

e (i is called inner reqular, if for any open U € X,

p(U) = sup{p(K); K C U iscompact};

e i is called locally finite if every point y € R™ has a neighborhood U such
that |p(U)| < +o0.

The measure u is called a signed Radon measure if it is inner regular and locally
finite. If p(U) >0 for any U € X, p is called a Radon measure.

We use M(X) to deonte all signed Radon measures on X, and use M+ (X)
to denote all (nonnegative) Radon measures on X.

Definition 8. If u is a Radon measure on X, and U is an open subset. If
n(D) =0

holds for any open D C U, we say p vanishes on D. We denote pu|p = 0.
The support of u is defined as the complement of the union of all open D such
that p|p = 0.

Let F' be a compact subset of R™, we use MT(F) to denote the set of all
nonnegative Radon measures on R™ supported in F. For a domain €2, we use
MT(Q) to denote the set of all nonnegative Radon measures in Q.

If u: Q — [—o0,+00] is locally integrable in €, we define a linear functional
on C§°(Q) by

Lu(®) = — /Q N

We call L,, the minus distributional Laplacian of u. If v is another locally inte-
grable function on €, then clearly

Lk-u+l~v =kL, +1L,.

We need the following Riesz representation theorem. One may refer to [15,
Theorem 2.14] for the proof.



Theorem 1.9. Let X be a locally compact Hausdorff space, and let A be a positive
linear functional on C.(X), which is the real linear space of continuous functions
with compact support. Then there exists a o-algebra ¥ which contains all Borel
sets in X, and a unique positive measure p on ¥ (), which represents A in the
sense that

1. Af = fX fdu,Vf € Co(X) , and which has the following additional proper-
ties:

2. u is locally finite;
3. VE € 3, we have
w(E) =inf{u(V): E CV,Vopen};
4. The relation
w(E) =sup{p(K) : K C E, K compact}
holds for ¥ open set E and VF C X with u(F) < oo.

5. If ECY,ACE and u(E) =0, then A € X.
In particular, from Item 2 and 4, i is a Radon measure.
Theorem 1.10. If u € U(Q), then L, is a nonnegative Radon measure.

Proof. First if u € U(Q), u is locally integrable. Then L, is well defined. We only
need to prove

[ Lu ()] < CE)||9]] £ (4)

for any ¢ € C§°(Q2) and suppyp C K. Then from theorem 3.3.3 of [4], we know
there is an increasing sequence u,, € U(Q2) N C*>°(Q) such that u, — u pointwise
on u. In particular, Au, > 0 for each n. Thus

/’U,nAT/JZO
Q

for any 1) € C§° and 3 > 0. So by writting Ay = (Ay)T — (A)~, we have

/UA’L/)ZO
Q
for ¢ € C§° and ¢ > 0.

Then the conclusion follows from Theorem 1.9.
O

From the above theorem, we know L, defines a Radon measure u, € M*(Q).
We call it “Riesz measure” defined by the superharmonic function wu.

10



1.4 Potentials
Now we study potentials.

Definition 9. For functions f,g defined on Q, if f < g, we call f is a minorant
of g and g is a majorant of f.

If f is a minorant (or majorant) of g, satisfying property A, we call f is
A-minorant (or A-majorant), e.g. harmonic minorant, superharmonic majorant,
etc.

Definition 10. An open set Q in RN is said to be Greenian if, for each y € Q,
Uy, has a subharmonic minorant on Q. (R? is not Greenian)

If this subsection, we will always assume that {2 is Greenian.

Suppose Go(z,y) = U, — hy, where h,, is the greatest harmonic minorant of
Uy on § (which can be found using Perron method). Gq(z,y) is called the Green
function of €.

Definition 11. Let u be a Radon measure in €, we define

Gop(z) = / Go(e,y)du(y), o € Q.

If Gop(x) £ 400, we call it the potential generated by p(x).

Example. Let 2 = B1(0) C R? and let Gqo(z,y) be the corresponding Green
function. Let f(x) = —sec|z| and g(x) = /1 — |z|2. It is easy to prove that
fyg € U(Q). However, one readily checks that

GQ/,Lf = +00

while Gopg defines a potential. The reason for this lies in that f(z) does not have
a subharmonic minorant while g(x) does.

We state a theorem and we refer to [4, Theorem 4.2.4] for the proof.

Theorem 1.11. Let pu be a Radon measure on a connected Greenian open set )
and let B(z,r) C Q. Then Gqu is a potential if and only if

/ Gal(z,y)du(y) < .
Q\B(z,r)

In particular, if p(2) < +oo or p has compact support, then Gqu is a potential.

Lemma 1.12. (Weyl’s lemma)
Let © be an open subsut of RN, and v € L}, (). If

loc
/ u(z)A¢(z)dx =0
Q

for any ¢ € C°(Q) then u is a harmonic function.

11



Lemma 1.13. Let Q) be a Greenian domain and let i be a Radon measure on €.
If Gau is a potential, then Gqu is locally integrable. Moreover, the Riesz measure
of Gap is .

Proof. First we prove that Gou is locally integrable. For simplicity, we assume
N >3, N = 2 case are left to the readers.

For this case Gqo(z,y) < Uy(z). For a compact subset K C €2, we choose open
set D such that K ¢ D € Q. For z € k

Gapl(z) _/D+/§2\D Ga(z,x)dp(z).

It is easy to see that the harmonic function fQ\D Ga(z,z)dp(z) is bounded on K.
For the first term

/K/DGQ(Z’x)dM(x)dZZ/Ddﬂ(x)/KGQ(z,a:)dz.
So

/ Ga(z,x)dz < / Us(2)dz
K K
S/ U, (z)dz < C(vol(K), N),
B
here B is a ball centered at x with the same volume as K. So
/ / Ga(z,2)du(z)dz < u(D)C(vol(K), N).
kJD

Then we have proved that Gqu is locally integrable.
Then we know Lg,,,, is well defined and

/Q (— A@)Gopudz = / (—Ad) / Gole, y)du(y))dz
- / ( / Gl y)(~Ad(x))der) du(y)
Q Q
:/Q d(y)du(y),

So we know that the distribution Laplacian Lg,,, equals to p.
O

Theorem 1.14. (Riesz decomposition theorem) Let u be superharmonic in €Q,
let p,, denote its associated Riesz measure and suppose that u has a subharmonic
minorant on Q). Then Gqu,, is a potential on Q and u = Gqp, + h, where h is
the greatest harmonic minorant of u on €.

12



Proof. Let {K,} be a sequence of compact subsets of 2 such that K,, C int(K9, )

for each n, and such that U, K,, = Q. Further, let ,u&") denote the restriction of
1ty to K. Then from Lemma 1.13, we know LGQ;N” = L, on C§°(intK?). We

define v, = u— Gou™. Then by Weyl’s lemma, v,, is harmonic in K?9. So we see
that GQ,LLSZL) is a superharmonic function in €.

Since u has a subharmonic minorant, we may assume that h is the greatest
harmonic minorant of u. Now if we prove

Gopl" <u—h, (5)

then from
h_)m GQ/”L(un) = Gafiu,

we know G, < u— h is a potential. Now we will prove (5). It suffices to prove

)

the greatest harmonic minorant of v — h — GQ,U,EZL , wy > 0. Since

u—h— GQ,ugn) > 7GQ,U/SIL)

and —Gguq(f) is subharmonic, we know w,, > —Ggp&n)

)

. Then it suffice to prove
that the greatest harmonic minorant of Ggugn is 0. It is obvious that 0 is a

harmonic minorant of Ggu&n). On the other hand, fix yo € K, for x € Q\ K41,
there holds Harnack’s inequality

GQ(-’IJ, y) S CGQ(Z‘, yO)
for any y € K,,. Integration with respect to y € K,,, we know
Gapl (z) < Cpu(Kn)Gal@, o).

Suppose &, is the greatest harmonic minorant of GQIU/ELTL) (x), then in Q\K,41,
&n < Cuu(Kn)Galz,yo). By the definition of superharmonic function, we know
&n < Cuy(K,)Ga(x,y0) holds in Q. Since the greatest harmonic minorant of
Gq(z,y) of 0, we know &, < 0.
Then we know Gqu, < u— h is a potential. The greatest harmonic minorant
of
u— Gapy, —h

is 0 since the greatest harmonic minorant of uw — h is 0, and 0 is a harmonic
minorant of u — Gqu, — h. However u — Gq,, — h is harmonic. So it is 0. We
have

u = Gqliy + h.

13



1.5 Polar set

Now we turn to the Wiener’s Criterion for the solvablity of Dirichlet problem.

Definition 12. A set E in RY is called polar if there is a superharmonic function
u on some open set Q such that E C {x € Q;u(x) = +o00}.

It is clear from the local integrability of superharmonic functions that polars
sets have zero Lebesgue measure.

Example. 1. Single point set {y} is a polar set, since Uy is a superharmonic
function in RN . In fact, any countable set {yy : y € N} is polar. When
N >3,

u(z) = Z 2ikUyk (z),z € RY
k
is a potential. When N = 2, the function

u(x) =Y 275 (1 +log™ [lykl) T Uy, (2), 2 € R?
k

is a logarithmic potential.
2. If N >3, the set E = (0,0) x RN=2 is a polar set, since
u(l'l, e ,fEN) = - log(x% + x%)

is superharmonic on RY .

Theorem 1.15. Let E be a polar set such that E C Q, and let z € Q\E. If Q is
Greenian, then there is a potential Gou valued 400 on E such that Gou(z) < 400
and 1(€2) < +o0.

Proof. Since E is polar, there exist an open set D and a superharmonic function
u € U(D) such that u(F) = +00. We may assume that D C Q and 2 =0¢ D (or
we remove it from D and D is still open). Let (Bj) be a sequence of open balls
such that By, C D for each k and Uy By, = D. For each k we define a measure vy,
by

v (A) = pu(A N By)

for any Borel set A, where p,, is the Riesz measure associated with u. Define

w = [ Uy (o)
is valued +o0o on E N By. Also ux(0) < +oo, since 0 ¢ By.

When N > 3, let
N R a—
K Zk: 1+ uz(0)

14



Then p(2) < 1 and Gqu is a potential on 2, which is valued +o0o0 on E but is
finite at 0.
It N =2, let

p=S2 k1 /B | og 1yl |dvi ()}~ 24
k k

We can prove similarly.

1.6 Fine topology
First we study a superharmonic function, which is not continuous.

Example. Let {z,} be a sequence of points in B;\{0} C RY, satisfying x,, — 0.
Let

ux) = 27"y, (2)/Us, (0),2 € RN,

Then u is superharmonic, u(zxy,) = oo for each n and u(0) = 1. So u is discon-
tinuous at 0. It can be modified to become a bounded one by simply considering
min{u, 2}.

This tell us that, we have to use another topology on RN, to make superhar-
monic functions continuous.

Definition 13. If 71 and T3 are topologies on the same set E, if To C T1, then
we say that Ty is finer that Ta, and that Ty is coarser than T1. The “fine topology”
of classical potential theory is the coarsest topology on RY which makes every su-
perharmonic function on RN continuous in the extended sense of functions taking
values in [—oo, +00].

Since B(y,r) can be written in the form {z : U,(z) > a} for a suitable choice
of a, it is clear that the fine topology is finer than the Euclidean one.

Lemma 1.16. 1. A subbase for the fine topology is given by the collection of
all sets of the form {x : u(z) < a}, where u € U(RN) and a € R.

2. If u is superharmonic on an open set ), then u is finely continuous on Q.
We omit the proof. One can refer to Lemma 7.1.2 of [4].

Definition 14. A set E is said to be thin at a point y if y is not a fine limit
point of E; that is, if there is a fine neighborhood U of y which does not intersect
E\{y}. Otherwise E is said to be non-thin at y.

Theorem 1.17. A polar set is thin everywhere.

Proof. Let E be a polar set and let y € R™Y. Then, by Theorem 1.15, there exists
w in U(D), where D is a neighborhood of y such that v = +o00 on (E N D)\{y}
and u(y) < +oo. Hence the set {z : u(z) < u(y) + 1} is a fine neighborhood of y
which does not intersect E\{y}; that is, E is thin at y.

O
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Theorem 1.18. Let y be a limit point of a set E. The following are equivalent:
1. E is thin at y;

2. there is a superharmonic function u on a neighborhood of y such that

— .
Jiminf u(z) > u(y);

3. for every Greenian set Q) which contains y, there exists u € U (), such
that u(y) < +oo0 and u(zr) — 400 as © — y along E.

Proof. Clearly (3) = (2).

(2)=-(1). If (2) holds, then we choose positive numbbers § and e such that
u € U(B(y,d)) and u(x) > u(y) + ¢ on B(y,d) N (E\{y}). It follows that the
set {z € B(y,9d) : u(z) < u(y) + ¢} is a fine neighborhood of y which does not
intersect E\{y}, so (1) holds.

It remains to show that (1)=>(3). Suppose that F is thin at y and that Q
is a Greenian set which contains y. From Lemma 1.16, there exist uy, -, u,, €
UMRYN) and constants ay,as, - ,a, such that the set U = NT{z : u,(z) <
an} is a fine neighborhood of y which does not intersect F\{y}. We define the
superharmonic functions

ol (z) = M’@ eRYin=1,2,---,m)
an — Un(y)
m
v= Zu;
n=1
and w = min{u},ub, -+ ,ul, }.

If x € E\{y}, then = ¢ U, so u,,(z) > 1 for some n. Hence v > 1+ (m — L)w
on E\{y}, and it follows that

liminf v(z) > 14 (m—Dw(y) =1=v(y) + 1. (6)
r—y,2EE
Let p denote the Riesz measure associated with v. Then pu({y}) = 0, since v(y) <
+o0. Let p, = p|p(y,r,) for rn, > 0 small to be chosen. Since Gapu,(y) — 0, we
may choose r,, small enough such that Gopu,(y) < 27" Let u =), Gapn. Then
u € UL (Q) and u(y) < 1. However, v differs from Gqpu,, by a function harmonic
on B(y,ry,), so from (6) we have

liminf Goun(x) > Goun(y) +1 > 1.
z—y,c€E

It follows that u(z) — +oo as * — y along E, so (3) holds.
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1.7 Reduced functions
For u e U(Q), u > 0, put
Prgi={veU(Q):v>00nQv>uon F}.

and define the reduced function of u with respect to (F, )

g ;= inf .
F,Q(»T)- Ulef}b%v(f)

In general, RY is not Ls.c. For example, for n > 3, let @ = R", F' = {0}, and
U(z) = |z|*>~™. Then we have

0 T #y,
R%Q(;v) = { .
+oo T =uy.
So it is not l.s.c.
Definition 15. We let

RY o () = liminf R% o (y), z € R™
, mint fip,

We call it the reqularized reduced function or balayage.
One reduced function and balayage we will usually use is
Ria: Rig.
Lemma 1.19. With the same notations as above:
1. 0<RLo<RhLo <
2. R};)Q =1 onF;
3. R};Q = Rpq on intF U F¢, they are different only on a polar set of OF .

4. Assume F is a compact subset of Q, then ]%}F,Q 1s a potential fQ Gal(z,y)dpy.

Then R};Q is superharmonic in Q and harmonic in F¢. It is also called the
capacitary potential of I with respect to Q). Its Riesz measure is supported
on F and is called the capacitary distribution of F.

5. R};Q = RlFuEQ if E is a polar set.
One may refer to [4, Theorem 5.3.4, 5.3.5] for the proof.

Lemma 1.20. Let E C ) be thin at xzo. Then R}EmB(xo,r) — 0 forr — 0T,
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Proof. By Theorem 1.18, we know there exists a superharmonic function v > 0
such that
0< < = liminf .
U(IO) +oo E'Bml*)nizé{lmyéxo u(x)
Choose € > 0, we can pick r > 0 so that u(z) > @ for all z € ENB(xo, r)\{z0}

The set {z} has capacity 0, hence RlEﬂB(zo = R}EHB(IO N\ {ao}- Lhen we know

1
REﬂB(zo,r) < €u(l‘0)

on E N B(xg,r) and moreover E}EHB(:EO,T’) < RJlE'ﬁB(xo,r) for any 0 < v’ < r, as

F(r) is a decreasing sequence.
O

Lemma 1.21. If E is not thin at xo € 0%, then R%EOB(wow)(xo) =1 forallr > 0.

Proof. Ry py, »|E =1, hence

RlE'ﬂB(:EOJ‘) =1

outside a polar set F on the boundary of E N B(xg,r). Still (E\F) N B(xg, ) is
not thin at xg. Then we may assume there is a sequence (EAF)\{zo} 2z, — x0
in fine topology. So Ry p ., »(%0) = 1.

O

1.8 Regular boundary points

Now we consider the third problem. Let © C RN, N > 2 be a bounded open
set and ¢(x) € C(£2). One useful method to solve this problem is due to Perron.
Consider

Hy = inf{v € U(Q);liminf v(y) > ¢(x) forany x € 9N}.

Qoy—ax

From standard argument, for example, from Chapter 2 of [3], we know fl¢ is
harmonic in €.

Definition 16. zo € 0N is called a regular boundary point, if for any ¢(z) €
C(), .
lim Hy(y) = ¢(x).

Qoy—z

Now we characterize the regular points.

Definition 17. Let Q@ C R™ be an open set. A function w = wy,(z) a called a
(local) barrier function at xg € O if it is defined on WNQ for some neighborhood
W of xoy and has the following properties:

1. w is superharmonic on W N €Y;
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2. w>0o0nWNQ;
3.

lim  w(z)=0.
WnNQsz—xg

From Lemma 6.6.3 of [4], we know the following lemma holds.

Lemma 1.22. If there is a (local) barrier at y € 0N, then there exists a global
barrier v at y such that v € U () and infg\, v > 0 for every open neighborhood

w of y.

Lemma 1.23. (Lemma 7.3.4 of [4])
Let F C Q and u >0, u € U(Q). Assume u peaks at vo € Q and u(wg) < 0.
Then F s thin at o if and only if R}, o(y) < u(y).

Theorem 1.24. Let Q) be a bounded open set that has a Green function and
xg € 0. Then the following statements are equivalent:

1. xg is a regular boundary point;
2. There exists a barrier at xg;
3. Q¢ is not thin at xg.

Proof. (1) <= (2)

Suppose first that z is regular and consider the function w(z) = |zg — x|,z €
09 Notice that H,, is harmonic in , H,, > 0 in Q by strong maximum principle,
and

lim H,(z) =0.
Qdz—xo
Then we know H,(z) is a barrier function at z.

Now we assume there is a barrier function w in B, (2¢) N§2. Then from Lemma
1.22, we may assume w is a barrier function defined in Q with info\, w > 0 for
every open neighborhood w of y.

Then let M = sup|¢|. By the continuity of ¢, there are constants 6 and k
such that |¢(z) — ¢(zo)| < € if |z — 20| < 0 and kw(x) > 2M if |z — x| > §. The
functions

6(w0) — & — ku(x) < u(w) < (&) + = + ku(x)

or
u(z) = ¢(§)] < € + kw(z).
Since w(x) — 0 as © — &, we obtain u(x) — ¢(§) as x — &.
(1) <= (3)
Assume Q€ is not thin at zp and consider the ball B = B(zg,1). Define the
positive superharmonic function u(z) = 1 — |z — x9|? on B (—Au = 2n > 0); now
build the positive superharmonic function

u
wi=u— R, 5
Qeng
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where the balayage is with respect to B. w has to be strictly positive on B N ;
in fact, if there is z € B N Q such that w(z) = 0, by maximum principle w = 0
on all BN, hence u = Rﬁcm}’ there and u is harmonic on B N2, but this would
be a contradiction since Au < 0 there. As u peaks in xy, Theorem 1.23 and the
assumption imply that w(zo) = 0, therefore w is a barrier at o and this implies
xg is regular.

Suppose now g is regular. Pick 7’ small enough so that Q' = QU B(zo, )
still has a Green function; for each 0 < r < 7’ define

)1z €0Qn B(xo,r),
Jrlw) = {O x € O\ B(xo,T).

Let E(r) = B(zg,7r)\Q. Taking the reduced functions with respect to €' and
recalling Lemma (1.2.1):

-’%}z(r),sz/ (zo) < 1.

However for any superharmonic function 0 < w € Y(€'), w > 1 on E(r), we have

liminf w(z) > liminf Hy (z) = f.(20) = 1

Q>z—x0 Q>z—x0

as xg is regular.
So we know

. 1 o
hzrglzrrl)f Rpy o (z) =1.

Then
. 51 .
hmrglzrgf Rpy o (z) =1.

Hence ]:2}3(7«)79, (xo) =1 for all 0 < r < ¢/; Then from Lemma 1.21, we know
Q¢ is not thin at xg. O
1.9 Wiener Criterion

Let  be a Greenian domain and £ C RY and y € Q. We fix a > 1. Let
A, ={z eRY :a" <Uy(z) <o} neN.

Theorem 1.25. Suppose N > 3. Letn' € N be such that U, = {z : U,(z) > o™}
is contained in Q. The following are equivalent:

1. E is thin at y;
2. >0 a"Capy(EN Ay, Q) < 400;

35 R}%An (y) < +o0, where I%}%An (y) = R}mAmQ(y).

Proof. (2) <= (3)
For n > n/, R%EnAn (y) is the capacitary potential of E'N A,, with respect to €.
Let u, be the Riesz measure associated with the potential R}m A, (y) on Q, which
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is the capacitary distribution ([4, Definition 5.4.1]) on E N A,, and is supported
on ENA,. Then u,(Q?) = Cap,(EN A,,Q).
Notice that from the Item 4 of Lemma 1.19

Rba (y) = /Q Galy, 2)din(2).
Notice that for z € EN A,

Gal(y,2) = U.(y) — hz(v),

where h(y) is the greatest harmonic minorant of U,(y). As long as z stays in a
compact subset of Q, we see that h,(y) is bounded. Then we know Gq(y,z) ~
U.(y) ~a™ for z € EN A,.

So we have .

R}EﬂA” (y) ~ anHﬂnH = a"CapQ(E NAg).

So we know (2) < (3).

(1) = (3)

For n > n/, suppose that (3) holds. Then there is a sequence b,, — 400 and
v(y) < 400, where superharmonic function

v(z) = anﬁ}mAn (x),z € Q.

Since R}mAn =1on ENA,, except for a polar set F,. We have v(z) — 400 as
x — y along E\ U F,. Hence E\ U F, is thin at y. So F is thin at y.

Suppose (1) holds, then there is a superharmonic function 0 < w(x) € U(Q)
such that w(y) < +oo and

lim w(z) = 4o0.
E3x—y

We let p be the Riesz measure of w(x) and pla, = pin.

Gaop = Gaplovuxa, + Z Gafin.

We now Gqu — w(z) is harmonic in 2. So

lim Gop =+
Esxz—y

and Gou(y) < +oo. So Y. Gaopn((y)) < +0o0. As long as we prove that for
n > n' large
Galpn-1+ pin + pny1) > 1, 2 € Ay N E, (7)

we can show

> Rina, () <3 ) Gapn(y) < +oo.

n'’ n'’—1
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We know for i =n',--- ,n—2,n+2,n+3,---, the distance from the ring A;
to A, is larger than C - d(A4;,{0}).

sup Go(pns + -+ + fin—2 + fng2 + -+ ) (@)

i

SCGQ(,U%/ + -+ Up—2 + Hn+42 + - )(0)
<CGau(0).

So (7) must hold.
O

Theorem 1.26. Let E C R?, let y € R? and let Q be a Greenian domain con-
taining y. Further, let 8 € (0,1), let

E,={zcE: " <|z—y|l <p"}
and let n’ be such that B(y, B"/_l) C Q. The following are equivalent:
1. E is thin at y;
2. 3 nCapy(Ey,, Q) < 0.

1.10 Structure of noncompact surface with nonnegative Gaus-
sian curvature.
Let u be a function, supermonic in B1(0) C R%. What is the behavior, of u near
z=0.
Let Aveu(r) = f,5 u. Then Aveu(r) is also a superharmonic function. By
studying the ordinary different inequality, we can prove

Aveu(r)
m
=0 5 log(1/7)

The question is whether there holds

Theorem 1.27. (Theorem 1.1-1.3 of [7], or Theorem 7.4.8. of [4])
There is a set E/, which is thin at 0, such that

1 T
e—00¢E 5-log Tal

Let geau = d2®+dy? be the standard flat metric on R?. Let g = e?“(da?+dy?)
be a complete comformal metric. We use K to denote the Gaussian curvature of
g. The question is: if K > 0, what is the behavior of u near infinity?
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Theorem 1.28. (Theorem 4.2 of [14])
There is a set E, which is 2-thin at infinity, such that

u(z)

r—00,xZF log ﬁ

where 0 < m < 1. Here 2-thin at infinity means that inversion

~ X
—{—iz€E
{Wﬂc }

1s 2-thin at 0.

Proof. First we do the inversion, and we may consider the end as defined in the
punctured ball B1(0)\{0}, e2%(d7? + d3). From the Gaussian curvature equation
we have

Aii+ Ke** = 0.
We use A, to denote the Laplacian with respect to the metric g, we then have
—Agtui =K >0.

So i i
Age ™ = e U (—Ayu+ |Vyil?) > 0.
Consider the following theorem of Peter Li and R. Schoen in [§].

Theorem 1.29. Suppose MY is a complete Riemannian manifold with Ric >
—(N — Dk,k > 0. Let zg € M for a nonnegative subharmonic function defined
in B, (x0), there holds for any 7 € (0, 3)

. 2 —C(14+VkEr) 1 / 2
sup v <7 v¥dvol .
BY__ (x0) vol(B}(0)) Jpar (ao)

Then let v = e~ %, we have

_ 1 i
—24 -C —2u
sup e <T 7/ e ““dvoly
Bla—rye(a0) vol(Br(0)) J 5yt (mo)

-
- voly(By(z0))
Now consider

Theorem 1.30. (Theorem A of [2])
If (M?,g) is a complete and K, > 0, then there is a constant C(M) such that,
forr <1,
voly(B,(z)) > C(M)r?.
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Now we have & — 400 as £ — 0 in B1(0)\{0}. So @ € U(B1(0)) and —Aa is
a Radon measure on B (0). }
Then from Theorem 1.27, we know for a set F/, 2-thin at 0
. u -
~lim — =m.
E3(3,5)-0, 10g 137

After do the inversion again, we can prove theorem, and 0 < m < 1 follows from
the fact that the metric is complete.
O

One result of Huber in [1] is the following.

Theorem 1.31. Suppose (M, g) is a complete noncompact Riemann surface with

/ K dpg < +o00.

M

Then there is a compact Riemann surface ¥ such that M is comformally equivalent
to Z\{ph T apk}

Here we use potential theory to prove a weak version.

Theorem 1.32. Suppose ) C (S?,gs2) is a domain, with a complete conformal
metric g = gsz. If Ky > 0, then 0Q = {p} or {p,q}. If O = {p,q}, then (2, 9)
s a cylinder.

Proof. Choose N € () as the north pole and use stereographic projection wxn to
map S?\N to R2. Let S be 7y (0Q) C D, where D is a bounded domain of R2.
Assume ¢ = €?gequ. We know

lim v(z) = +o0.
x—S

Then we know that v is superharmonic in D and S is a polar set since v|g = +o0.
The Hausdorff dimension of S is 0. Then it is totally disconnected. Each point
of S corresponds to an end of 2. From splitting theorem, there are at most two
points in S, and two point case corresponds to a cylinder.

O
2 Nonlinear Potential theory
We reter to [9, 6, 5, 11, 12] for materials of this section.
2.1 Introduction

For 1 < p < oo, first we consider
Iy(u) = / |Vul|Pde.
Q
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Given a function ¢ € W'?(Q), we consider
inf{/ |VulPda;u — ¢ € Wy P(Q)}.
Q
Then the minimizer ug must satisfy
d
7 |V (uog + tg)|Pdx|i=o = 0 for any ¢ € C{°.
Q

Then we have
/ < |VulP~2Vu,V¢ > dr = 0. (8)
Q

Then it satisfies the p-harmonic equation
Apu =0,2 € Q. ©))

Definition 18. Let Q be a domain in RYN. We sayu € I/Vllof(ﬂ) s a weak solution
of the p-harmonic equation (9) if for V¢ € C§° (), (8) holds.

If in addition, u is continuous (actually it always has a continuous represen-
tative), then we say that u is p-harmonic function.

Definition 19. A function v : Q — (—o00, 00| is called p-superharmonic in €, if
1. v is l.s.c. in Q;
2. v# 400 in )

3. for each domain D € Q the comparison principle holds: if h € C(D) is
p-harmonic in D and h|lsp < v|ap, then h < v in D.

The set of all p—superharmonic functions on Q are denoted by U, ().
A function u : Q — [—00,00) is called p-subharmonic, if —u is called super-
harmonic.

p=N
Example. 1. |£E|1;’*1 ,p # N and —log|z|,p = N are p-superharmonic func-
tions;

2. Although p-Laplace equation is not linear,

_ dp(y)
v() = /Q Iz — y|(N /(D)

is still superharmonic for 1 < p < N and u is a nonnegative Radon measure
(with compact support for instance);

3. For u,v € U(Q), min{u,v} € U(Q).
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Theorem 2.1. ([9, Theorem 5.11, 5.15])
Foruw e U(QY), we have for any D €

/ [v]? < o0
D

f0r0§q<%:;)mthecasel<p§]\7. And

/ Vo™ < o0
D

for0<qg< N(p—1)/(N—1) in the case 1 <p < N and ¢ = p in the case p > N.
From now on we assume 1 < p < n. We use u A k to represent min{u, k}.

Theorem 2.2. For a superharmonic function uw € U(Q). —Apu is a well defined
Radon measure.

Proof. Since |Vu|P~2Vu € L' from Theorem 2.1. We know
180) = [ [9uP2Vuvods
is well defined for ¢ € C§°. Then from dominated convergence theorem
/Q |Vu|P2VuVodp = leIlgo/Q |Vu A kP2 (uA k) - Voda.

Notice that u A k € W,2?(€) and still superharmonic. Then we know

loc

|VuAkP=2(uAk) - Vodr >0
Q

for 0 < ¢ € C§°(Q2). Let k — oo, we know L (¢) > 0 for 0 < ¢ € C§°(€2). Then
from Riesz representation theorem, we can prove the conclusion.
O

On the other hand, we have the following theorem.

Theorem 2.3. Suppose that §) is bounded and p € M™(Q) is finite. Then there
s an p-superharmonic function u in Q such that

—Ayu=p

and u A k = WyP(Q) for all k> 0.
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2.2 Wolff Potential and generalization of Riesz decomposi-
tion theorem

Definition 20. Let 1 < p < n. Let Q) be a domain, and p is a Radon measure in
Q, we define the p-Wolff Potential by

T
w(B(xg,7)) _dt
Wll”fp((]jmr) :/O (%)1/@ 1)?

One easily infers that W', (zo,00) is the Newtonian potential of .
As the generalization of Riesz decomposition theorem for A, we have the
following very important theorem.

Theorem 2.4. (/5, Theorem 1.6])
Suppose u is a nonnegative p-superharmonic function in B(xo,3r). If p =
—Apu, then

aWi,(xo,7) < uzg) < ¢ B(inf )u +csWi' (20, 2r).
Zo,T

2.3 Wiener Criterion
Now we study the Wiener Criterion for p-harmonic equation. Consider

{Apu =0 z €l (10)

u—feW;"(Q)
We assume f € WIP(Q) N C(Q). Then there is a unique solution u.

Definition 21. zo € 9§ is called p-regular, if the solution us to (10) has the
limit value f(xo) whenever f € WHP(Q) N C(Q).

Definition 22. The p-fine topology is the coarsest topology that makes every p-
superharmonic function continuous.
Suppose E C Q and xg € Q. E is called p-thin at xg, if ¢ is not the fine limit

of E\{zo}.

Theorem 2.5. Suppose E C 2 and xg € (Q, then the following statements are
equivalent:

1. E is p-thin at xq;
2. There is a p-superharmonic function in 0 such that

lim inf > ;
onlffelél\{xo}u(x) u(zg)

3. There is a p-superharmonic function in € such that

liminf  w(z) =00
z—zo,2€E\{zo}

and u(xg) < +00;
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Theorem 2.6. A boundary point xq is p-reqular if and only if Q¢ is not p-thin
at xg.

Theorem 2.7. Wiener Criterion for p-Laplacian operator, 1 <p <n
Let E C Q and xg € Q, E is p-thin at xo if and only if
/1 Cap, (B(xo,t) N E, B(xo, 2t))
0 Capp(B(xO, t), B(zo, 2t))

dt
)1/(p—1) ? < 400

The necessary part is proved by Maz’ya in 1970 and the sufficient part is
proved by Kilpelainen and Maly in 1994, in [5].

When p = 2 and N > 3, the above Wiener Criterion coincide with Theorem
1.25. For this, we note that

Cap, (B(wo,t), B(xo,2t)) ~ t" 2.

So
/1 Cap,,(B(wo,t) N E, B(xo, 2t)))1/(p71)@
0 Capp(B(xo,t)7B(x0,2t)) t
N/a+ 127" Capy(B(wo, 1) 1 B, Bz, 2)) %

~ Z a"Capy (A, N E,Q).

For N > 3 and p = N, the Wiener Criterion is equivalent to for some o > 1

S Cap,(Bro,27") N B, Blao, 27 ")) < oo,
In our study, we will propose a different /N-thin notion.

2.4 Conformal geometry and N-Laplacian equation.

First we have a new observation. Suppose (M, gps) is an N-manifold and Q is a
domain, with a conformal metric g = e2“gy,.
Then due to direct calculations we have

Rij = Rij — gijAMu + (2 — N)uij + (N — 2)’uin + (2 — N)‘VU‘Q(QM)”

Usually we take trace on both sides, we get Yamabe equation. Here we take values
in Vu direction. We get

Vu

[Vl

Vgu
[Vgulg

Anu — |VulN 2 Ric(-=—) + |[Vu|V "2 Ric( )e2u = 0.

This is another generaliztion of
Au— K+ Kze** =0
for N = 2.
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Theorem 2.8. ([18, Theorem 1])

Suppose (2, g) is a domain of (SV, gs) for N > 3, and gs is the standard round
metric. If g = e?“gs is complete and Ricg >0, 0Q consists of at most two points.
The two point case corresponds to S¥ ! x R.

Proof. We use N-Laplacian equation to prove this theorem.
Choose ¢ € 2 and use stereographic projection 7 to map 9 to S = w(9Q) C
RY. In a neighborhood D with metric gequ, we have

2
g=e ugedw

And

v
A+ Ricg(ﬁ)wgu\n*e% = 0.
g=ig

From [10, Proposition 8.1], we know

lim u(z) = +o0.
z—S
Then we know u is N-superharmonic in D, even across S and S is N-polar set,
which has 0 N-capacity.
So 01 is totally disconnected. From splitting theorem, we know the conclusion
holds.
O

Now it is interesting to understand the case when 9Q = {p}, that is Q is
conformally equivalent to RY.
Consider a complete conformal metric g = €2“geqy, if Ricy > 0, does
u()

lim —=m
z—oo log Tal

hold?

Theorem 2.9. ([11, Theorem 1.1])
Let w be an N-superharmonic function in B(0,2) C RN and

7ANU):,U,20

for a Radon measure u € M*(B(0,2)). Then there is a set E C RN which is
N*-thin at 0, such that

w()

22 E,x—0 log ﬁ a=0 " log 1y

and

w(z) > mlogﬁ -C
x

forz € B(0,1)\{0} and some C. Moreover ifw € C*(B(0,2)\{0}) and (B(0,2)\{0}, e**|dx|?)
is complete at 0, then m > 1.
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Let

)={reRN 27" < |z —y| <27%}
Qy,i) ={z e RN : 2772 < |z —y| <271}
)={r e RN :2" < |z —y| < 2T}
Q(00,i) = {z e RN : 2071 < |z — y| < 2012,

A set E is called N* -thin at y if

> N Capy(E Nw(y, i), Ay, i) < +oc.

n=n’

A set F is called N* -thin at oo if

Z nN"tCapy (F Nw(00,1), Q(c0,i)) < +oo.

n=n'
With this we proved

Theorem 2.10. ([11, Theorem 1.3])
Suppose that (RN, e2“|dx|?) is complete with nonnegative Ricci. Then there is
a set E, N*-thin at infinity, such that

L(m) = lim inf o) =
@ E,x—00 lOg |71\ T—00 IOg ﬁ
and 1
o(x) > mlogm —L

for some constant L, where m € [0,1]. Moreover,
e m =0 if and only if g is flat;

o if Ricy is bounded, then
L ol)
im

T—00 ]og ﬁ

From Theorem 2.9, we can generalize the Huber’s theorem to the following
one.

Theorem 2.11. (/12, Corollary 1.1])
For N > 3, let Q be a domain in the standard unit round sphere (SN, gs).
Suppose on 2, there is a complete conformal metric g = e*“gs satisfying

1. Ric, € LY(Q,9) N L>®(Q,g);
2. Ry € L™(,9) and [VIR,| € L>™(Q,g);
Then 092 = SN\Q is a finite point set.
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