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A«~^È©C�/ª�L:1

K(p, x) È©«m ¶¡

e−ipx (p�¢ê) (−∞,+∞) FourierC�
e−px (p�Eê) [0,+∞) LaplaceC�

xJν(px), ν ≥ −1
2 (p�¢ê) [0,+∞) HankelC�

xp−1 (p�Eê) [0,+∞) MellinC�

1Jν(px)´ν�Bessel¼ê.
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1 8!FourierC�

1. FourierC��½ÂÚ�3^�
2. FourierC��5�
3. FourierC��A^Þ~

2 Ô!LaplaceC�
1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

3 l!δ¼ê
1. δ¼ê�½Â
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1. FourierC��½ÂÚ�3^�

FourierC��½Â

f̃ (ω) =
1

(2π)1/2

∫ +∞
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f (x)e−iωxdx

Ù¥ω�¢ê.
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ef̃ (ω)�3,K¡§´f (x)�FourierC�, f (x)�
�¼ê, f̃ (ω)��¼ê. df̃ (ω)¦f (x)¡�¦_
C�½¦�ü.

f (x) =
1

(2π)1/2

∫ +∞

−∞

f̃ (ω)eiωxdω.

^ÎÒ{L«:

F[f (x)] = f̃ (ω); F−1[f̃ (ω)] = f (x).
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FourierC���3^�:
�3?Ûk�«�þ, f (x)÷vDirichlet^�:

lim
p→∞

∫ a

−a
f (x + t)

sin pt
t

dt = πf (x).

� f (x)ýé�È,=
∫ +∞
−∞
|f (x)|dx�3.
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õ�¼ê�FourierC�

f (~r) = f (x, y, z),

f̃ (~k) ≡ f̃ (k1, k2, k3) =
1

(2π)3/2

∫ +∞

−∞

f (x, y, z)e−i~k·~rdxdydz.

�A/,�ü�

f (~r) =
1

(2π)3/2
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−∞

f̃ (~k)ei~k·~rd~k.
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2. FourierC��5�

5�(1)

F[af (x) + bg(x)] = aF[f (x)] + bF[g(x)],

a, b�~ê.(�5�)

5�(2)

F[f ′(x)] = iωF[f (x)]; F[f (n)(x)] = (iω)nF[f (x)].
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2. FourierC��5�
y²:

F[f ′(x)] =
1
√

2π

∫ +∞

−∞

f ′(x)e−iωxdx

=
1
√

2π
f (x)e−iωx

∣∣∣∣∣∣+∞
−∞

−
1
√

2π

∫ +∞

−∞

(−iω)f (x)e−iωxdx

= iω ·
1
√

2π

∫ +∞

−∞

f (x)e−iωxdx ( lim
x→±∞

f (x) = 0)

= iωF[f (x)].
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5�(3)

F
[∫ x

x0
f (x)dx

]
= 1

iωF[f (x)].

y²: -g(x) =
∫ x

x0
f (x)dx,Kg′(x) = f (x).

F[f (x)] = F[g′(x)] = iωF[g(x)] = iωF
[∫ x

x0

f (x)dx
]

=

F
[∫ x

x0

f (x)dx
]
=

1
iω

F[f (x)].
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5�(4)ò´½n

F[f (x − x0)] = e−iωx0F[f (x)].

y²: F[f (x − x0)]

=
1
√

2π

∫ +∞

−∞

f (x − x0)e−iωxdx

= e−iωx0 ·
1
√

2π

∫ +∞

−∞

f (x − x0)e−iω(x−x0)d(x − x0)

= e−iωx0F[f (x)].
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1
√

2π

∫ +∞

−∞

eiω0xf (x)e−iωxdx

=
1
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2π
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2. FourierC��5�

ü�¼êf1(x), f2(x)�òÈ½Â�:

f1(x) ∗ f2(x) ≡
∫ +∞

−∞

f1(t) f2(x − t) dt.

5�(6)òÈ½n(òÈ½n)

F[f1(x) ∗ f2(x)] =
√

2πF[f1(x)] · F[f2(x)]
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y²:

F[f1(x) ∗ f2(x)] =
1
√

2π

∫ +∞

−∞

e−iωxdx ·
∫ +∞

−∞

f1(t)f2(x − t)dt

=

∫ +∞

−∞

dt f1(t) ·
1
√

2π

∫ +∞

−∞

f2(x − t)e−iωxdx

=

∫ +∞

−∞

dt f1(t) · e−iωtF[f2(x)]

=
√

2π ·
1
√

2π

∫ +∞

−∞

f1(t)e−iωtdt · F[f2(x)]

=
√

2πF[f1(x)] · F[f2(x)].
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2. FourierC��5�

öS:y²F[f1(x) · f2(x)] = f̃1(ω) ∗ f̃2(ω)

f̃1(ω) ∗ f̃2(ω)

=

∫ +∞

−∞

f̃1(ω′) f̃2(ω − ω′)dω′

=

∫ +∞

−∞

dω′ ·
1
√

2π

∫ +∞

−∞

f1(x)e−iω′xdx

·
1
√

2π

∫ +∞

−∞

f2(y)e−i(ω−ω′)ydy
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f̃1(ω) ∗ f̃2(ω)

=

∫ +∞

−∞

f̃1(ω′) f̃2(ω − ω′)dω′

=

∫ +∞

−∞

dω′ ·
1
√

2π

∫ +∞
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f1(x)e−iω′xdx
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1
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2π
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2. FourierC��5�

=

∫ +∞

−∞

dxdyf1(x)f2(y)e−iωy ×
1

2π

∫ +∞

−∞

e−iω′(x−y)dω′

=

∫ +∞

−∞

dxdyf1(x)f2(y)δ(x − y)e−iωy

= F[f1(x) · f2(x)].
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2. FourierC��5�

5�(7) (��öS)

F[xf (x)] = i
d

dω
F[f (x)] = i

d
dω

f̃ (ω)

F[xf ′(x)] = i
d

dω
{iωF[f (x)]} = i

d
dω

[
iωf̃ (ω)

]
.
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~1¦)È©�©�§

af ′(x) + bf (x) + c
∫ x

x0

f (t)dt = g(x),

Ù¥, a, b, c�~ê, g(x)´®�¼ê.

Ú½:

��C�,¦�¼ê÷v��§C¤�¼ê÷v
��§(�ê�§);
�¦�¼ê;
�¦�ü.
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¤±§��ü�µ

f (x) =
1
√

2π

∫ +∞

−∞

iωg̃(ω)
−aω2 + ibω + c
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Ï~|^3ê½nO�dÈ©.
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¤±,�§´'uũ���f,)�

ũ = Ceiωat + De−iωat

C, D��½Xê,�tÃ'.

��ü,�

u(x, t) =
1
√

2π

∫ +∞

−∞

ũ(ω, t)eiωxdω

=
1
√

2π

∫ +∞
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Ð©^�
u(x, 0) = 1

√
2π

∫ +∞
−∞

(C + D)eiωxdω

= ψ(x) = 1
√

2π

∫ +∞
−∞

ψ̃(ω)eiωxdω

ut(x, 0) = 1
√

2π

∫ +∞
−∞
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)�: C = D = 1
2ψ̃(ω).¤±

u(x, t) =
1
2

1
√

2π

∫ +∞

−∞

[
ψ̃(ω)eiωat + ψ̃(ω)e−iωat

]
eiωxdω

=
1
2

1
√

2π

∫ +∞

−∞

[
ψ̃(ω)ei(x+at)ω + ψ̃(ω)ei(x−at)ω

]
dω

=
1
2
ψ(x + at) +

1
2
ψ(x − at).
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ÆÆÆ)))���¯̄̄KKK: O�

I =
∫ 2π

0

1
cos2x

dx.

ØU|^a.I�úªO�,Ï� 1
cos2x3[0, 2π]þ

ØëY!
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LaplaceC��½Â
�ψ(t)�½Â��[0,+∞), =t < 0�, ψ(t) = 0. ½
ÂÈ©

ψ̃(p) =
∫ +∞

0
ψ(t)e−ptdt

Ù¥p´Eê.

e3E²¡p�,�«�þψ̃(p)�3,K¡ψ̃(p)
�ψ(t)�LaplaceC�.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

1. LaplaceC��½ÂÚ�3^�

LaplaceC��½Â
�ψ(t)�½Â��[0,+∞), =t < 0�, ψ(t) = 0. ½
ÂÈ©

ψ̃(p) =
∫ +∞

0
ψ(t)e−ptdt

Ù¥p´Eê.

e3E²¡p�,�«�þψ̃(p)�3,K¡ψ̃(p)
�ψ(t)�LaplaceC�.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

1. LaplaceC��½ÂÚ�3^�

ψ(t)��¼ê; ψ̃(p)��¼ê; e−pt�C��Ø. P
�:

L[ψ(t)] = ψ̃(p),

L−1[ψ̃(p)] = ψ(t);

½
ψ(t) ; ψ̃(p),

ψ̃(p) : ψ(t).
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LaplaceC��FourierC��éX:

-p = σ + iω,K

ψ̃(p) =
∫ +∞

0
ψ(t)e−σt · e−iωtdt

Ú\ f (t),

f (t) =
{ √

2πψ(t)e−σt , t ≥ 0,
0 , t < 0,
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K

ψ̃(p) =
1
√

2π

∫ +∞

−∞

f (t)e−iωtdt.

(Ø: f (t)�FourierC�éAuψ(t)�LaplaceC
�!
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Öp.90−91ÏL3FourierC��Ä:þ,òFourierC
���3^��°,=Ú\g(t) = e−σtf (t),dFourierC
zLÞ�LaplaceC�.ù´��Ö�;.�{,�
~·ÜÐÆön)ÚÝº. (ù�L§�þã?Ø
�L§TÐ��.)
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2π
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ψ̃(p)e(σ+iω)tdω

=
1

2πi

∫ +∞

−∞

ψ̃(p)eptdiω

=
1

2πi

∫ σ+i∞

σ−i∞
ψ̃(p)eptdp. (p = σ + iω)
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LaplaceC���3^�:

�30 ≤ t < ∞�?�k�«mþ, Ø
k�
�1�amä:a	, ¼êψ(t)9Ù�êA?
?ëY;

��3~êM > 0Úσ0 ≥ 0,¦�

|ψ(t)| < Meσ0t,

Ù¥σ�e.¡�ÂñîI,^σ0L«.

a½Â:XJ:x0´¼êf (x)�mä:,�f (x0 + 0)Úf (x0 − 0)Ñ�3�,
¡x0´f (x)�1�amä:.
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a½Â:XJ:x0´¼êf (x)�mä:,�f (x0 + 0)Úf (x0 − 0)Ñ�3�,
¡x0´f (x)�1�amä:.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

1. LaplaceC��½ÂÚ�3^�

LaplaceC���3^�:

�30 ≤ t < ∞�?�k�«mþ, Ø
k�
�1�amä:a	, ¼êψ(t)9Ù�êA?
?ëY;
��3~êM > 0Úσ0 ≥ 0,¦�

|ψ(t)| < Meσ0t,

Ù¥σ�e.¡�ÂñîI,^σ0L«.
a½Â:XJ:x0´¼êf (x)�mä:,�f (x0 + 0)Úf (x0 − 0)Ñ�3�,

¡x0´f (x)�1�amä:.
Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�

~1��¼ê

ψ(t) = H(t) =
{

1, 0 < t < +∞,
0, t < 0.

��¼ê

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�

~1��¼ê

ψ(t) = H(t) =
{

1, 0 < t < +∞,
0, t < 0.

��¼ê

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

�Rep > 0�,

ψ̃(p) =
∫ +∞

0
e−ptdt = −

1
p

e−pt
∣∣∣∣∣+∞
0

=
1
p
.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

~2

ψ(t) = t, 0 ≤ t < +∞.

ψ̃(p) =
∫ +∞

0
te−ptdt =

1
p2 ,

�Rep > 0�.
íØ: ψ(t) = tn ; n!

pn+1 , Rep > 0, n���ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

~2

ψ(t) = t, 0 ≤ t < +∞.

ψ̃(p) =
∫ +∞

0
te−ptdt =

1
p2 ,

�Rep > 0�.

íØ: ψ(t) = tn ; n!
pn+1 , Rep > 0, n���ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

~2

ψ(t) = t, 0 ≤ t < +∞.

ψ̃(p) =
∫ +∞

0
te−ptdt =

1
p2 ,

�Rep > 0�.
íØ: ψ(t) = tn ; n!

pn+1 , Rep > 0, n���ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

~3

ψ(t) = est, s =~ê.

ψ̃(p) =
∫ +∞

0
este−ptdt =

1
p − s

,

�Rep > Res�.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

~3

ψ(t) = est, s =~ê.

ψ̃(p) =
∫ +∞

0
este−ptdt =

1
p − s

,

�Rep > Res�.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

~4

ψ(t) = test, s =~ê.

ψ̃(t) =
∫ +∞

0
teste−ptdt =

1
(p − s)2 , Rep > Res.

íØ: ψ(t) = tnest ; n!
(p−s)n+1 , Rep > Res. n��

�ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

~4

ψ(t) = test, s =~ê.

ψ̃(t) =
∫ +∞

0
teste−ptdt =

1
(p − s)2 , Rep > Res.

íØ: ψ(t) = tnest ; n!
(p−s)n+1 , Rep > Res. n��

�ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

A�Ð�¼ê�LaplaceC�.

~4

ψ(t) = test, s =~ê.

ψ̃(t) =
∫ +∞

0
teste−ptdt =

1
(p − s)2 , Rep > Res.

íØ: ψ(t) = tnest ; n!
(p−s)n+1 , Rep > Res. n��

�ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(1)�5

c1ψ1(t) + c2ψ2(t) ; c1ψ̃1(p) + c2ψ̃2(p)

Ù¥c1, c2�~ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(2)
eψ(t) ; ψ̃(p),Kψ′(t) ; pψ̃(p) − ψ(0).

y²:

ψ′(t) ;
∫ +∞

0
ψ′(t)e−ptdt

= ψ(t)e−pt
∣∣∣+∞
0 +

∫ +∞

0
pψ(t)e−ptdt

= pψ̃(p) − ψ(0).
(Rep > σ0)½ (lim

t→∞
ψ(t)e−pt = 0).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(2)
eψ(t) ; ψ̃(p),Kψ′(t) ; pψ̃(p) − ψ(0).

y²:

ψ′(t) ;
∫ +∞

0
ψ′(t)e−ptdt

= ψ(t)e−pt
∣∣∣+∞
0 +

∫ +∞

0
pψ(t)e−ptdt

= pψ̃(p) − ψ(0).
(Rep > σ0)½ (lim

t→∞
ψ(t)e−pt = 0).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

íØ:

ψ(n)(t) ; pnψ̃(p) − pn−1ψ(0) − pn−2ψ′(0)
− · · · − pψ(n−2)(0) − ψ(n−1)(0).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(3)

eψ(t) ; ψ̃(p), Ψ(t) =
∫ t

0 ψ(t′)dt′,KΨ(t) ; 1
pψ̃(p).

y²:
Ψ′(t) = ψ(t),

Ψ′(t) ; pΨ̃(p) − Ψ(0) = pΨ̃(p)

Ù¥ Ψ(0) =
∫ 0

0 ψ(t′)dt′ = 0,
= ψ(t) ; pΨ̃(p) = ψ̃(p).

Ψ̃(p) =
1
p
ψ̃(p) ½ Ψ(t) ;

1
p
ψ̃(p).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(3)

eψ(t) ; ψ̃(p), Ψ(t) =
∫ t

0 ψ(t′)dt′,KΨ(t) ; 1
pψ̃(p).

y²:
Ψ′(t) = ψ(t),

Ψ′(t) ; pΨ̃(p) − Ψ(0) = pΨ̃(p)

Ù¥ Ψ(0) =
∫ 0

0 ψ(t′)dt′ = 0,
= ψ(t) ; pΨ̃(p) = ψ̃(p).

Ψ̃(p) =
1
p
ψ̃(p) ½ Ψ(t) ;

1
p
ψ̃(p).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(3)

eψ(t) ; ψ̃(p), Ψ(t) =
∫ t

0 ψ(t′)dt′,KΨ(t) ; 1
pψ̃(p).

y²:
Ψ′(t) = ψ(t),

Ψ′(t) ; pΨ̃(p) − Ψ(0) = pΨ̃(p)

Ù¥ Ψ(0) =
∫ 0

0 ψ(t′)dt′ = 0,
= ψ(t) ; pΨ̃(p) = ψ̃(p).

Ψ̃(p) =
1
p
ψ̃(p) ½ Ψ(t) ;

1
p
ψ̃(p).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(4)ò´½n
XJ ψ(t) ; ψ̃(p),K ψ(t − τ) ; e−pτψ̃(p).

y²:

ψ(t − τ) ;
∫ +∞

0
ψ(t − τ)e−ptdt

=

∫ +∞

0
ψ(t − τ)e−p(t−τ)dt · e−pτ

Ï�ψ(t)�½Â��0 ≤ t < +∞,
=�0 ≤ t < τ�, ψ(t − τ) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(4)ò´½n
XJ ψ(t) ; ψ̃(p),K ψ(t − τ) ; e−pτψ̃(p).

y²:

ψ(t − τ) ;
∫ +∞

0
ψ(t − τ)e−ptdt

=

∫ +∞

0
ψ(t − τ)e−p(t−τ)dt · e−pτ

Ï�ψ(t)�½Â��0 ≤ t < +∞,
=�0 ≤ t < τ�, ψ(t − τ) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(4)ò´½n
XJ ψ(t) ; ψ̃(p),K ψ(t − τ) ; e−pτψ̃(p).

y²:

ψ(t − τ) ;
∫ +∞

0
ψ(t − τ)e−ptdt

=

∫ +∞

0
ψ(t − τ)e−p(t−τ)dt · e−pτ

Ï�ψ(t)�½Â��0 ≤ t < +∞,
=�0 ≤ t < τ�, ψ(t − τ) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

¤±

ψ(t − τ) ;
∫ τ

0
ψ(t − τ)e−p(t−τ)dt · e−pτ

+

∫ +∞

τ

ψ(t − τ)e−p(t−τ)dt · e−pτ

-t′ = t − τ,Kt : τ,+∞ =⇒ t′ : 0,+∞.¤±

ψ(t − τ) ;
∫ +∞

0
ψ(t′)e−pt′dt′ · e−pτ = e−pτψ̃(p).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

¤±

ψ(t − τ) ;
∫ τ

0
ψ(t − τ)e−p(t−τ)dt · e−pτ

+

∫ +∞

τ

ψ(t − τ)e−p(t−τ)dt · e−pτ

-t′ = t − τ,Kt : τ,+∞ =⇒ t′ : 0,+∞.¤±

ψ(t − τ) ;
∫ +∞

0
ψ(t′)e−pt′dt′ · e−pτ = e−pτψ̃(p).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

~1
®� 1

√
πt
; 1
√

p ,K

1
√
π(t − τ)

;
1
√

p
e−pτ.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(5) £½n
XJ ψ(t) ; ψ̃(p),Ka e−λtψ(t) ; ψ̃(p + λ).

ay²��öS!

~2
d sinωt ; ω

p2+ω2 ,� e−λt sinωt ; ω
(p+λ)2+ω2 ;

d cosωt ; p
p2+ω2 ,� e−λt cosωt ; p+λ

(p+λ)2+ω2 .

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(5) £½n
XJ ψ(t) ; ψ̃(p),Ka e−λtψ(t) ; ψ̃(p + λ).

ay²��öS!

~2
d sinωt ; ω

p2+ω2 ,� e−λt sinωt ; ω
(p+λ)2+ω2 ;

d cosωt ; p
p2+ω2 ,� e−λt cosωt ; p+λ

(p+λ)2+ω2 .

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(6)òÈ½n
eψ1(t) ; ψ̃1(p), ψ2(t) ; ψ̃2(p),K

ψ1(t) ∗ ψ2(t) ; ψ̃1(p) · ψ̃2(p).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

y²: dòÈ�½Â�,

ψ1(t) ∗ ψ2(t) =
∫ +∞

0
ψ1(τ)ψ2(t − τ)dτ

=

∫ t

0
ψ1(τ)ψ2(t − τ)dτ

+

∫ +∞

t
ψ1(τ)ψ2(t − τ)dτ

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

Ï�ψ2(t − τ)�¦0 ≤ t − τ < +∞,=τ ≤ t,¤±∫ +∞

t
ψ1(τ)ψ2(t − τ)dτ = 0

Ïd,2

ψ1(t) ∗ ψ2(t) =
∫ t

0
ψ1(τ)ψ2(t − τ)dτ

2e¡�y²Ø^dª.
Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

ψ1(t) ∗ ψ2(t) ;
∫ +∞

0
dte−pt ·

∫ +∞

0
ψ1(τ)ψ2(t − τ)dτ

=

∫ +∞

0
dτψ1(τ) ·

∫ +∞

0
ψ2(t − τ)e−ptdt

=

∫ +∞

0
dτψ1(τ) · e−pτψ̃2(p)

=

∫ +∞

0
e−pτψ1(τ)dτ · ψ̃2(p)

= ψ̃1(p) · ψ̃2(p).
Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(7)

tnψ(t) ; (−1)n dn

dpn ψ̃(p).

y²: n = 1�,

tψ(t) ;
∫ +∞

0
tψ(t)e−ptdt

= −
d
dp

∫ +∞

0
ψ(t)e−ptdt = (−1)1 d

dp
ψ̃(p).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(7)

tnψ(t) ; (−1)n dn

dpn ψ̃(p).

y²: n = 1�,

tψ(t) ;
∫ +∞

0
tψ(t)e−ptdt

= −
d
dp

∫ +∞

0
ψ(t)e−ptdt = (−1)1 d

dp
ψ̃(p).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(8) LaplaceC��¼ê�)Û5
ψ̃(p)´3Rep = σ > σ0��²¡þ�)Û¼ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

5�(8) LaplaceC��¼ê�)Û5
ψ̃(p)´3Rep = σ > σ0��²¡þ�)Û¼ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

e¡y²ψ̃(p)3Rep > σ0«�??��!

�	È© ∫ +∞

0

d
dp

[
ψ(t)e−pt

]
dt

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

2. LaplaceC��5�

e¡y²ψ̃(p)3Rep > σ0«�??��!
�	È© ∫ +∞

0

d
dp

[
ψ(t)e−pt

]
dt

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)
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√
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B
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C
p
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D
p + α
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¤±
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p3(p + α)

=
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α

1
p3 −

1
α2

1
p2 +

1
α3

1
p
−

1
α3
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p + α
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pn+1 :
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n!
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(p − s)n+1 :

tn
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est.

ω
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p
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1
ap2 + bp + c

:



2
√

b2−4ac
e−

b
2a t sinh

√
b2−4ac

2a t, b2 − 4ac > 0.

1
ate−

b
2a t, b2 − 4ac = 0.

2
√

4ac−b2
e−

b
2a t sin

√
4ac−b2

2a t, b2 − 4ac < 0.
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�{(3)
|^LaplaceC��5�

~3
¦�ü e−ap

p(p+b) , a, b�~ê.
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�{�:

e−ap

p(p + b)
=

1
b

(
1
p
−

1
p + b

)
e−ap

=
1
b

1
p

e−ap −
1
b

1
p + b

e−ap

Ï� 1
p : H(t)���¼ê, 1

p+b : H(t)e−bt,
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¤±,2|^ò´½n�

e−ap

p(p + b)
:

1
b

H(t − a) −
1
b

H(t − a)e−b(t−a)

=
1
b

H(t − a)
[
1 − e−b(t−a)

]
.
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�{�: |^òÈ½n

e−ap

p(p + b)
=

1
p

e−ap ·
1

p + b

Ï�

1
p
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p + b
: e−btH(t)
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¤±

e−ap

p(p + b)
:

∫ t

0
H(τ − a) · H(t − τ)e−b(t−τ)dτ

=

∫ a

0
H(τ − a)H(t − τ)e−b(t−τ)dτ

+

∫ t

a
H(τ − a)H(t − τ)e−b(t−τ)dτ
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�{(4)ÊH�üúª (Riemann-Mellinúª)

ψ(t) =
1

2πi

∫ σ+i∞

σ−i∞
ψ̃(p)eptdp, p = σ + iω
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dt2 + (1 − n)dy
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−
d
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z{�
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+ [(1 + n)p − 1]ỹ = 0.
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ỹ(p) = c
1

pn+1 e−
1
p .

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

�L (�Ö p.396, No.29)�:

y(t) = ct
n
2 Jn(2

√
t),

Ù¥JnL«n�Bessel¼ê.

5): �,kü�½)^�,�´àg�§�
)E�����'~Xê. ey0(t) = t

n
2 Jn(2

√
t)�

), Kcy0(t)�½�´), Ï�ò�§üàÓ
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~2¦)>´�§

L
dj
dt
+ Rj +

1
C

∫ t

0
jdt = E, j(0) = 0.

): �LaplaceC�:

Lpj̃(p) + Rj̃(p) +
1

Cp
j̃(p) =

E
p
.

ò�©�§z{��ê�§! ¤±

j̃(p) =
E

Lp2 + Rp + 1
C

.
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4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

~2¦)>´�§

L
dj
dt
+ Rj +

1
C

∫ t

0
jdt = E, j(0) = 0.

): �LaplaceC�:

Lpj̃(p) + Rj̃(p) +
1

Cp
j̃(p) =

E
p
.

ò�©�§z{��ê�§! ¤±

j̃(p) =
E

Lp2 + Rp + 1
C

.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

~2¦)>´�§

L
dj
dt
+ Rj +

1
C

∫ t

0
jdt = E, j(0) = 0.

): �LaplaceC�:

Lpj̃(p) + Rj̃(p) +
1

Cp
j̃(p) =

E
p
.

ò�©�§z{��ê�§! ¤±

j̃(p) =
E

Lp2 + Rp + 1
C

.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

�ü�,

j(t) =


2E√
R2− 4L

C

e−
R
2L t sinh

√
R2− 4L

C
2L t, R2 − 4L

C > 0
E
L te−

R
2L t, R2 − 4L

C = 0,
2E√
4L
C −R2

e−
R
2L t sin

√
4L
C −R2

2L t, R2 − 4L
C < 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

¯K:Öp.7317K.

'�: d^�f ′(0) = 0, f (l) = 0À�Fourier?êÐ
m���¼ê!
���¼ê�: X(x) = cosωx (Ï�f ′(0) = 0),2|
^f (l) = 0,=X(l) = 0,�cosωl = 0.
dd½Ñω = 2n+1

2l π,Ù¥n = 0, 1, 2, · · · .
¤± X(x) = cos (2n+1)π

2l x,
Ïd, f (x) =

∑∞
n=0 an cos (2n+1)π

2l x.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

~3
¦)��f�§9Ùí2��àg/ª.

��f�§:

ẍ(t) + ω2x(t) = 0.

üà�LaplaceC�:

p2x̃(p) − px(0) − ẋ(0) + ω2x̃(p) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

~3
¦)��f�§9Ùí2��àg/ª.

��f�§:

ẍ(t) + ω2x(t) = 0.

üà�LaplaceC�:

p2x̃(p) − px(0) − ẋ(0) + ω2x̃(p) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

~3
¦)��f�§9Ùí2��àg/ª.

��f�§:

ẍ(t) + ω2x(t) = 0.

üà�LaplaceC�:

p2x̃(p) − px(0) − ẋ(0) + ω2x̃(p) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

=�¼ê�,

x̃(p) = x(0)
p

p2 + ω2 +
ẋ(0)
ω

ω

p2 + ω2

¤±

x(t) = x(0) cosωt +
ẋ(0)
ω

sinωt,

Ù¥x(0), ẋ(0)©OL«�f�Ð©�IÚÐ
©�Ý.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

=�¼ê�,

x̃(p) = x(0)
p

p2 + ω2 +
ẋ(0)
ω

ω

p2 + ω2

¤±

x(t) = x(0) cosωt +
ẋ(0)
ω

sinωt,

Ù¥x(0), ẋ(0)©OL«�f�Ð©�IÚÐ
©�Ý.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

í2��{ü��àg/ª:

ẍ(t) + ω2x(t) = c

Ù¥c�~ê.

Óþ,üà�LaplaceC�,

p2x̃(p) − px(0) − ẋ(0) + ω2x̃(p) = c ·
1
p
.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

í2��{ü��àg/ª:

ẍ(t) + ω2x(t) = c

Ù¥c�~ê.
Óþ,üà�LaplaceC�,

p2x̃(p) − px(0) − ẋ(0) + ω2x̃(p) = c ·
1
p
.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

�¼ê�,

x̃(p) =
c
ω

1
p
·

ω

p2 + ω2+x(0)
p

p2 + ω2+
ẋ(0)
ω

ω

p2 + ω2 .

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

Ï�

1
p
·

ω

p2 + ω2 :

∫ t

0
H(τ) sinω(t − τ)dτ

=

∫ t

0
H(t) sin(ωt − ωτ)dτ

=
1
ω

cos(ωt − ωτ)
∣∣∣∣∣t
0

=
1
ω
−

1
ω

cosωt.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

¤±

x(t) =
c
ω

1
ω

(1 − cosωt) + x(0) cosωt +
ẋ(0)
ω

sinωt

=
c
ω2 +

(
x(0) −

c
ω2

)
cosωt +

ẋ(0)
ω

sinωt.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. LaplaceC��½ÂÚ�3^�
2. LaplaceC��5�
3. LaplaceC���ü
4. LaplaceC�A^Þ~(¦)�©�§)

4. LaplaceC�A^Þ~()�©�§)

g�K:Á¦)e����ÍÜ�§,
ẍ(t) + 2ωẏ(t) − ω2x(t) = c1,

ÿ(t) − 2ωẋ(t) − ω2y(t) = c2,

Ù¥c1, c2, ω�~ê.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â
δ¼êã«

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â

��/ª:

δ(x − x0) =
{

0, x , x0,
∞, x = x0,

��¦∫ +∞

−∞

δ(x − x0)dx =
∫ x0+ε

x0−ε

δ(x − x0)dx = 1.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â

��/ª:

δ(x − x0) =
{

0, x , x0,
∞, x = x0,

��¦∫ +∞

−∞

δ(x − x0)dx =
∫ x0+ε

x0−ε

δ(x − x0)dx = 1.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â

��/ª:

δ(~ρ − ~ρ0) =
{

0, ~ρ , ~ρ0,
∞, ~ρ = ~ρ0,

��¦∫
D
δ(~ρ − ~ρ0)d~ρ = 1, D�¹~ρ0,

Ù¥3 δ(~ρ − ~ρ0) ≡ δ(x − x0)δ(y − y0).

3���I¥�/ª.
Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â

��/ª:

δ(~ρ − ~ρ0) =
{

0, ~ρ , ~ρ0,
∞, ~ρ = ~ρ0,

��¦∫
D
δ(~ρ − ~ρ0)d~ρ = 1, D�¹~ρ0,

Ù¥3 δ(~ρ − ~ρ0) ≡ δ(x − x0)δ(y − y0).
3���I¥�/ª.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â

4�I¥�/ª:

δ(x − x0)δ(y − y0) =
1
ρ
δ(ρ − ρ0)δ(ϕ − ϕ0)

½

δ(~ρ) =
1
πρ
δ(ρ)

�ρ0 → 0�, ϕ0Ã¿Â.Ïd,~^»�δ(ρ)�
Oδ(~ρ).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â

4�I¥�/ª:

δ(x − x0)δ(y − y0) =
1
ρ
δ(ρ − ρ0)δ(ϕ − ϕ0)

½

δ(~ρ) =
1
πρ
δ(ρ)

�ρ0 → 0�, ϕ0Ã¿Â.Ïd,~^»�δ(ρ)�
Oδ(~ρ).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â

n�/ª:

δ(~r −~r0)
(���I¥) = δ(x − x0)δ(y − y0)δ(z − z0)

(¥�I¥) =
1

r2 sin θ
δ(r − r0)δ(θ − θ0)δ(ϕ − ϕ0)

(Î�I¥) =
1
ρ
δ(ρ − ρ0)δ(ϕ − ϕ0)δ(z − z0)

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

1. δ¼ê�½Â

�±y²,

δ(~r) =
1

2πr2δ(r).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(1) δ(x)´ó¼ê, δ′(x)´Û¼ê.

δ(x) = δ(−x), δ′(x) = −δ′(−x)

y²: Ï�∫ +ε

−ε

δ(x)dx =
∫ −ε

+ε

δ(−x)d(−x) =
∫ +ε

−ε

δ(−x)dx = 1.

¤±

δ(x) = δ(−x).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(1) δ(x)´ó¼ê, δ′(x)´Û¼ê.

δ(x) = δ(−x), δ′(x) = −δ′(−x)

y²: Ï�∫ +ε

−ε

δ(x)dx =
∫ −ε

+ε

δ(−x)d(−x) =
∫ +ε

−ε

δ(−x)dx = 1.

¤±

δ(x) = δ(−x).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(1) δ(x)´ó¼ê, δ′(x)´Û¼ê.

δ(x) = δ(−x), δ′(x) = −δ′(−x)

y²: Ï�∫ +ε

−ε

δ(x)dx =
∫ −ε

+ε

δ(−x)d(−x) =
∫ +ε

−ε

δ(−x)dx = 1.

¤±

δ(x) = δ(−x).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(2)éu3x0:ëY�?Û¼êf (x),k∫ +∞

−∞

f (x)δ(x − x0)dx = f (x0).

½3È©¿Âe,n)�:

f (x)δ(x − x0) = f (x0)δ(x − x0).

A~:

xδ(x − x0) = x0δ(x − x0), xδ(x) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(2)éu3x0:ëY�?Û¼êf (x),k∫ +∞

−∞

f (x)δ(x − x0)dx = f (x0).

½3È©¿Âe,n)�:

f (x)δ(x − x0) = f (x0)δ(x − x0).

A~:

xδ(x − x0) = x0δ(x − x0), xδ(x) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(3)∫ +∞
−∞

f (x)δ′(x − x0)dx = −f ′(x0).

���/:∫ +∞

−∞

f (x)δ(n)(x − x0)dx = (−1)nf (n)(x0).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(3)∫ +∞
−∞

f (x)δ′(x − x0)dx = −f ′(x0).

���/:∫ +∞

−∞

f (x)δ(n)(x − x0)dx = (−1)nf (n)(x0).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

y²: ∫ +∞

−∞

f (x)δ′(x − x0)dx

=

∫ +∞

−∞

f (x)dδ(x − x0)

= f (x)δ(x − x0)|+∞−∞ −
∫ +∞

−∞

δ(x − x0)f ′(x)dx

= −f ′(x0).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(4)e¼êφ(x) = 0kn�ü�xk,Ù¥
k = 1, 2, · · · , n,K

δ[φ(x)] =
n∑

k=1

δ(x − xk)
|φ′(xk)|

.

y²:

δ[φ(x)] =
{

0, �φ(x) , 0,
∞, �φ(x) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

5�(4)e¼êφ(x) = 0kn�ü�xk,Ù¥
k = 1, 2, · · · , n,K

δ[φ(x)] =
n∑

k=1

δ(x − xk)
|φ′(xk)|

.

y²:

δ[φ(x)] =
{

0, �φ(x) , 0,
∞, �φ(x) = 0.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

� ∫ φ(xk+ε)

φ(xk−ε)
δ[φ(x)]dφ(x) = 1,

�φ(xk + ε) > φ(xk − ε).

duxkþ�φ(x) = 0�ü�,��

δ[φ(x)] =
n∑

k=1

ckδ(x − xk).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

� ∫ φ(xk+ε)

φ(xk−ε)
δ[φ(x)]dφ(x) = 1,

�φ(xk + ε) > φ(xk − ε).
duxkþ�φ(x) = 0�ü�,��

δ[φ(x)] =
n∑

k=1

ckδ(x − xk).

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�

üàéxÈ©:∫ xi+ε

xi−ε

δ[φ(x)]dx =
n∑

k=1

ck

∫ xi+ε

xi−ε

δ(x − xk)dx = ci.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê

1. δ¼ê�½Â
2. δ¼ê�5�
3. δ¼ê��
L�ª
4. δ¼ê�2ÂFourierC�

2. δ¼ê�5�
=

ci =

∫ xi+ε

xi−ε

δ[φ(x)]dx

=

∫ φ(xi+ε)

φ(xi−ε)
δ[φ(x)]

dφ(x)
φ′(x)

(dx→
dφ(x)
φ′(x)

)

=

 1
φ′(xi)

, φ(xi + ε) > φ(xi − ε), φ′ > 0
− 1
φ′(xi)

, φ(xi + ε) < φ(xi − ε), φ′ < 0

=
1

|φ′(xi)|
.

Döf êÆÔn�{ùÂ



8¹

8!FourierC�
Ô!LaplaceC�

l!δ¼ê
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