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ρ = ∞, ϕØ(½.
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ez = x + iy,K
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z1�z2�Ú½Â�:

z1 = x1 + iy1, z2 = x2 + iy2.

K z1 + z2 = (x1 + x2) + i(y1 + y2).

5�:
��ÆÚ(ÜÆ¤á.
|z1 + z2| ≤ |z1| + |z2|.
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z1z2 ≡ (x1x2 − y1y2) + i(x1y2 + x2y1)
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��Æ!(ÜÆ!©�Æþ¤á.
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z1z2 = ρ1eiϕ1 · ρ2eiϕ2 = ρ1ρ2ei(ϕ1+ϕ2)

= ρ1ρ2[cos(ϕ1 + ϕ2) + i sin(ϕ1 + ϕ2)].

z1/z2 = ρ1eiϕ1/(ρ2eiϕ2) = ρ1
ρ2

ei(ϕ1−ϕ2)

=
ρ1
ρ2

[cos(ϕ1 − ϕ2) + i sin(ϕ1 − ϕ2)].

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.Eê9Ù$�
2.EC¼ê
3.õ�¼ê(Æ)gÆ)

1.2Eê�$�–È�û

|^Eê��êª�¦{�Ø{éN´!

z1z2 = ρ1eiϕ1 · ρ2eiϕ2 = ρ1ρ2ei(ϕ1+ϕ2)

= ρ1ρ2[cos(ϕ1 + ϕ2) + i sin(ϕ1 + ϕ2)].

z1/z2 = ρ1eiϕ1/(ρ2eiϕ2) = ρ1
ρ2

ei(ϕ1−ϕ2)

=
ρ1
ρ2

[cos(ϕ1 − ϕ2) + i sin(ϕ1 − ϕ2)].

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.Eê9Ù$�
2.EC¼ê
3.õ�¼ê(Æ)gÆ)

1.2Eê�$�–È�û

|^Eê��êª�¦{�Ø{éN´!

z1z2 = ρ1eiϕ1 · ρ2eiϕ2 = ρ1ρ2ei(ϕ1+ϕ2)

= ρ1ρ2[cos(ϕ1 + ϕ2) + i sin(ϕ1 + ϕ2)].

z1/z2 = ρ1eiϕ1/(ρ2eiϕ2) = ρ1
ρ2

ei(ϕ1−ϕ2)

=
ρ1
ρ2

[cos(ϕ1 − ϕ2) + i sin(ϕ1 − ϕ2)].

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.Eê9Ù$�
2.EC¼ê
3.õ�¼ê(Æ)gÆ)

1.2Eê�$�–¦�

D′emoiveúª(�#£)

z = ρeiϕ z = ρ(cosϕ + i sinϕ)
↓ ↓

zn = ρneinϕ zn = ρn(cosϕ + i sinϕ)n.
= ρn(cos nϕ + i sin nϕ)

D′emoiveúª: (cosϕ + i sinϕ)n = cos nϕ + i sin nϕ.
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1.2Eê�$�–¦�
�Ñn�¼ê���úª. d��ª½n:

(cosϕ + i sinϕ)n =

n∑
l=0

Cl
n(i sinϕ)l(cosϕ)n−l

=

[ n
2 ]∑

l=0

(−1)lC2l
n (sinϕ)2l(cosϕ)n−2l

+ i
[ n−1

2 ]∑
l=0

(−1)lC2l+1
n (sinϕ)2l+1(cosϕ)n−2l−1.
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Ù¥,

Cl
n ≡ (l
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l!(n − l)![n
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]
=
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2, n is even,
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z = ρeiϕ = Wn = rneinθ,

¤± ρ = rn, ϕ + 2kπ = nθ, k = 0,±1,±2, · · ·

¤± r = n
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ρ = ρ

1
n , θ = ϕ+2kπ

n , k = 0, 1, 2, · · · , n − 1.
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2.1.1EC¼ê�ã«

W = f (z) = u+ iv, z = x+ iy; u = ReW, v = ImW.
òEC¼êW©)¤¢ÜÚJÜ.

EC¼ê: lz²¡�W²¡�N�.
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ëY5½Â:
?¿�½�þε > 0,o�±é�δ > 0,

�|z− z0| < δ�, | f (z)− f (z0)| < ε,K¡ f (z)3z0:ë

Y.
½:
�z→ z0(?¿�ª),klimz→z0 f (z) = f (z0),

K¡ f (z)3z0ëY.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.Eê9Ù$�
2.EC¼ê
3.õ�¼ê(Æ)gÆ)

2.1.2ëY5½Â

,	, W = u(x, y) + iv(x, y), Ù¥u, v���¢
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2.2~��Ð�EC¼ê

(1)õ�ª

W = a0 + a1z + · · · + anzn, n ∈ N,

Ù¥ a0, a1, · · · , an ∈ C,Xê�E~ê, NL«��
ê.
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(2)kn©ª

W =
a0 + a1z + · · · + anzn

b0 + b1z + · · · , bmzm , n,m ∈ N,

Ù¥ a0, a1, · · · , an; b0, b1, · · · , bm ∈ C, Xê�E~
ê.
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2.2~��Ð�EC¼ê

(3)�ê¼ê

W = ez = ex(cos y + i sin y).

±Ï5: ±Ï�Jê2πi.
õ�5: z + 2kπi, k = 0,±1,±2, · · · , éAuÓ
��ez. Ïd,Ù�¼ê7�õ��.
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2.2~��Ð�EC¼ê

(4)n�¼ê

sin z ≡
eiz − e−iz

2i
, cos z ≡

eiz + e−iz

2
.

�¢Cn�¼ê�«O:
� zØ�L�Ý,
� | sin z| ≤ 1, | cos z| ≤ 1Ø�3.
¢±Ï: 2π.
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2.2~��Ð�EC¼ê

(5)V­¼ê

sinh z =
ez − e−z

2
, cosh z =

ez + e−z

2
.

J±Ï2πi.
n�¼ê�V­¼ê�éX:{

cos iz = cosh z
cosh iz = cos z ,

{
sin iz = i sinh z
sinh iz = i sin z .
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3.õ�¼ê(Æ)gÆ)

2.2~��Ð�EC¼ê

(6)éê¼ê
W = ln z ≡ ln |z| + iArgz = ln |z| + i arg z + i2kπ.

Ù¥k = 0,±1,±2, · · · .

Kê�éêk¿Â1.

ln(−1) = ln 1 + iπ + i2kπ = i(2k + 1)π.

ln 1 = i2kπ.

1Ù¥1��ln 1�¢ê�þ��0,1��ln 1�Eê�þ��2kπi.
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W = ln z ≡ ln |z| + iArgz = ln |z| + i arg z + i2kπ.
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Kê�éêk¿Â1.

ln(−1) = ln 1 + iπ + i2kπ = i(2k + 1)π.
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2.2~��Ð�EC¼ê

(7)��ê�¼ê

W = zs = es ln z,

Ù¥s´��ê.

(8)�ª

W = n
√

z, n ∈ N.
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2.2~��Ð�EC¼ê

ez = ρeiϕ,KW = ρ
1
n ei ϕ+2kπ

n , k = 0, 1, 2, · · · , n − 1.

W = n
√

z � y = n
√

x �'�:
↓ ↓

{
�õ�5
�KêUm
óêg�

{
�ü�5
�Kê�óê
g�Ø�3
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(9)�¼ê
~X,��u¼ê:

sin−1z =
1
i

ln[iz ±
√
−z2 + 1].

Ï�W = sin−1 z,=sin W = z = eiW−e−iW

2i ,
¤±eiW − e−iW = 2iz.
)ÑW=�§§kü|.
sin−1 z ´õ�¼ê, õ�5dsin z�±Ï5¤
�!
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3.õ�¼ê(Æ)gÆ)

3.1��oùõ�¼êº

õ�¼ê

EC¼ê�õ�©|�mk'é, ØU{ü��
�pÕá�ü�©|w�.
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EC¼ê��ê

1�Ù!EC¼ê��ê
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2.)Û¼ê

1.1½Â!¦�5KÚúª

ü�¼êW = f (z),XJ∆z±?¿�ªªu"
�,4�

lim
∆z→0

∆ f
∆z
= lim
∆z→0

f (z + ∆z) − f (z)
∆z

÷v^�µ��3, ���, �k�, K¡d
4�� f (z)3z:��ê,P� f ′(z),½ d

dz f (z).

¦�5KÚúª�¢C¼ê¥aq.
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∆ f
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4�� f (z)3z:��ê,P� f ′(z),½ d
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1.�ê
2.)Û¼ê

1.2 Cauchy − Riemann^�

£¢C¼êÃCauchy−Riemann^�¤

f (z) = u(x, y) + iv(x, y),

f (z + ∆z) = u(x + ∆x, y + ∆y) + iv(x + ∆x, y + ∆y).
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1.2 Cauchy − Riemann^�

1�Ú:-∆z÷x¶ªu",=∆z = ∆x→ 0,K

∆ f = u(x + ∆x, y) + iv(x + ∆x, y) − u(x, y) − iv(x, y).

¤±,

lim
∆z→0

∆ f
∆z

= lim
∆x→0

[
u(x + ∆x, y) − u(x, y)

∆x
+ i

v(x + ∆x, y) − v(x, y)
∆x

]
=

∂u
∂x
+ i

∂v
∂x
.
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1.2 Cauchy − Riemann^�

1�Ú:-∆z = i∆y,K

lim
∆z→0

∆ f
∆z
= lim
∆y→0

∆u + i∆v
i∆y

= −i
∂u
∂y
+
∂v
∂y
.

�¦�ê�3,Kk

∂u
∂x
+ i

∂v
∂x
= −i

∂u
∂y
+
∂v
∂y
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1.2 Cauchy − Riemann^�

=2 
∂u
∂x =

∂v
∂y

∂u
∂y = −

∂v
∂x

2d=Cauchy − Riemann^�!
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1.2 Cauchy − Riemann^�-,�«/ª

�ÑEê9Ù�Ýµ

z = x + iy, z∗ = x − iy.

K)Ñµx = 1
2(z + z∗), y = 1

2i(z − z∗).
∂ f
∂z∗

=
∂ f
∂x

∂x
∂z∗
+
∂ f
∂y

∂y
∂z∗

=

(
∂u
∂x
+ i

∂v
∂x

)
·

1
2
+

(
∂u
∂y
+ i

∂v
∂y

)
·

i
2

=
1
2

(
∂u
∂x
−
∂v
∂y

)
+

i
2

(
∂v
∂x
+
∂u
∂y

)
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∂x

∂x
∂z∗
+
∂ f
∂y

∂y
∂z∗

=

(
∂u
∂x
+ i

∂v
∂x

)
·

1
2
+

(
∂u
∂y
+ i

∂v
∂y

)
·

i
2

=
1
2

(
∂u
∂x
−
∂v
∂y

)
+

i
2

(
∂v
∂x
+
∂u
∂y

)
Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.�ê
2.)Û¼ê

1.2 Cauchy − Riemann^�-,�«/ª

-
∂ f
∂z∗ = 0,K�Cauchy − Riemann^�.

∂ f
∂z∗ = 0�¹Â: f (z)���7�^�´z���
��NÑy.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.�ê
2.)Û¼ê

1.2 Cauchy − Riemann^�-,�«/ª

-
∂ f
∂z∗ = 0,K�Cauchy − Riemann^�.

∂ f
∂z∗ = 0�¹Â: f (z)���7�^�´z���
��NÑy.

Döf êÆÔn�{ùÂ
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�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.�ê
2.)Û¼ê

1.2 Cauchy − Riemann^�

~1µW = ln z,K

W ′ =
1
z

3z0 = 0?Ø�¦�! (�,ln z´z��N/ª)

~2µW1 = zRez, W2 = zImz
�3z0 = 0?�� (EC¼ê��´��é���
^�).

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg
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Ê!3ê½n

1.�ê
2.)Û¼ê

1.2 Cauchy − Riemann^�

~3µW=
√

Rez · Imz =
√

xy,3z = 0 (x = y = 0)?
��ê.

∂u
∂x

∣∣∣∣∣
z=0
= lim
∆x→0

∆u
∆x

∣∣∣∣∣
z=0
= lim
∆x→0

√
∆x · y
∆x

∣∣∣∣∣∣∣ x=0
y=0

= lim
∆x→0

0
∆x
= 0.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.�ê
2.)Û¼ê

1.2 Cauchy − Riemann^�

Ón,

∂u
∂y

∣∣∣∣∣
z=0
= 0,

∂v
∂x

∣∣∣∣∣
z=0
= 0,

∂v
∂y

∣∣∣∣∣
z=0
= 0.

¤±÷vCauchy − Riemann^�.

Döf êÆÔn�{ùÂ
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Ê!3ê½n

1.�ê
2.)Û¼ê

1.2 Cauchy − Riemann^�
�´,÷¶��ϕ���ªu"�,

=z = ρeiϕ,∆z = eiϕ∆ρ,K

lim
∆z→0

∆ f
∆z
= lim
∆z→0

√
∆x · ∆y
∆z

= lim
∆ρ→0

√
∆ρ cosϕ · ∆ρ sinϕ

eiϕ∆ρ

=
√

sinϕ cosϕe−iϕ , 0.

¤±,3z = 0:, W =
√

xyØ��!
Döf êÆÔn�{ùÂ
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1.�ê
2.)Û¼ê

1.3EC¼ê���¿�^�

EC¼ê���¿�^�

eW = u + iv3z:� �ê ∂u
∂x , ∂u

∂y , ∂v
∂x , ∂v

∂y�3!ë

Y�÷vCauchy − Riemann^�,KW3z:��.

Döf êÆÔn�{ùÂ
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1.3EC¼ê���¿�^�

y²: ux, uy, vx, vy�3!ëY,K

∆u = u(x + ∆x, y + ∆y) − u(x, y)
= u(x + ∆x, y + ∆y) − u(x, y + ∆y)
+u(x, y + ∆y) − u(x, y)

=
u(x+∆x,y+∆y)−u(x,y+∆y)

∆x ∆x + u(x,y+∆y)−u(x,y)
∆y ∆y

=
(
∂u
∂x + ε1

)
∆x +

(
∂u
∂y + ε2

)
∆y

= ∂u
∂x∆x + ∂u

∂y∆y + ε1∆x + ε2∆y.

Ù¥,�∆x,∆y→ 0�, ε1, ε2 → 0.

Döf êÆÔn�{ùÂ
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1.3EC¼ê���¿�^�

y²: ux, uy, vx, vy�3!ëY,K

∆u = u(x + ∆x, y + ∆y) − u(x, y)
= u(x + ∆x, y + ∆y) − u(x, y + ∆y)
+u(x, y + ∆y) − u(x, y)

=
u(x+∆x,y+∆y)−u(x,y+∆y)

∆x ∆x + u(x,y+∆y)−u(x,y)
∆y ∆y

=
(
∂u
∂x + ε1

)
∆x +

(
∂u
∂y + ε2

)
∆y

= ∂u
∂x∆x + ∂u

∂y∆y + ε1∆x + ε2∆y.

Ù¥,�∆x,∆y→ 0�, ε1, ε2 → 0.
Döf êÆÔn�{ùÂ
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1.�ê
2.)Û¼ê

1.3EC¼ê���¿�^�

,	,��

∆v = v(x + ∆x, y + ∆y) − v(x, y)

=
∂v
∂x
∆x +

∂v
∂y
∆y + ε3∆x + ε4∆y.

Ó�,�∆x,∆y→ 0�, ε3, ε4 → 0.
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o!Eê?ê

Ê!3ê½n

1.�ê
2.)Û¼ê

1.3EC¼ê���¿�^�

,	,��

∆v = v(x + ∆x, y + ∆y) − v(x, y)

=
∂v
∂x
∆x +

∂v
∂y
∆y + ε3∆x + ε4∆y.

Ó�,�∆x,∆y→ 0�, ε3, ε4 → 0.

Döf êÆÔn�{ùÂ
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1.�ê
2.)Û¼ê

1.3EC¼ê���¿�^�

¤±,

∆ f = ∆u + i∆v

=

(
∂u
∂x
+ i
∂v
∂x

)
∆x +

(
∂v
∂y
− i
∂u
∂y

)
i∆y

+O(∆x,∆y).
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1.�ê
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1.3EC¼ê���¿�^�

|^Cauchy − Riemann^�,

∆ f =
(
∂u
∂x
+ i

∂v
∂x

)
∆x +

(
∂u
∂x
+ i

∂v
∂x

)
i∆y + O(∆x,∆y)

=

(
∂u
∂x
+ i

∂v
∂x

)
∆z + O(∆z).

¤±, lim∆z→0
∆ f
∆z =

∂u
∂x+i∂v

∂x�3,��∆z→ 0�
�ªÃ'.
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1.3EC¼ê���¿�^�

|^Cauchy − Riemann^�,

∆ f =
(
∂u
∂x
+ i

∂v
∂x

)
∆x +

(
∂u
∂x
+ i

∂v
∂x

)
i∆y + O(∆x,∆y)

=

(
∂u
∂x
+ i

∂v
∂x

)
∆z + O(∆z).

¤±, lim∆z→0
∆ f
∆z =

∂u
∂x+i∂v

∂x�3,��∆z→ 0�
�ªÃ'.

Döf êÆÔn�{ùÂ
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1.4Û:!�áÛ:

XJ f (z)3z0Ø��,Kz0´ f (z)�Û:.

ekδ > 0,3|z − z0| < δSØz0Ø��	,Ù§
:þ��,K¡z0��áÛ:.
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1.�ê
2.)Û¼ê

1.4Û:!�áÛ:

XJ f (z)3z0Ø��,Kz0´ f (z)�Û:.
ekδ > 0,3|z − z0| < δSØz0Ø��	,Ù§
:þ��,K¡z0��áÛ:.
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1.�ê
2.)Û¼ê

2.1)Û¼ê�½Â

)Û¼ê�½Â

e f (z)3E²¡,�«�þ??��,K¡d¼ê
�3T«�þ�)Û¼ê.

3,�:)Û, `²3ù�:9Ù+�S�
�.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.�ê
2.)Û¼ê

2.1)Û¼ê�½Â

)Û¼ê�½Â

e f (z)3E²¡,�«�þ??��,K¡d¼ê
�3T«�þ�)Û¼ê.

3,�:)Û, `²3ù�:9Ù+�S�
�.
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1.�ê
2.)Û¼ê

2.2)Û¼ê�¿�^�

)Û¼ê�¿�^�

e3,«�þ, ux, uy, vx, vy�3!ëY, �÷
vCauchy − Riemann^�,KEC¼ê
f (z) = u(x, y) + iv(x, y)3d«�þ)Û.

)Û�¿�^�'���¿�^��¦p,
���3,:z÷vþã^�, 
)ÛK´
3z:9Ù+�÷vþã�¦.
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2.)Û¼ê

2.2)Û¼ê�¿�^�

)Û¼ê�¿�^�

e3,«�þ, ux, uy, vx, vy�3!ëY, �÷
vCauchy − Riemann^�,KEC¼ê
f (z) = u(x, y) + iv(x, y)3d«�þ)Û.

)Û�¿�^�'���¿�^��¦p,
���3,:z÷vþã^�, 
)ÛK´
3z:9Ù+�÷vþã�¦.
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

(1) W = u + iv. u, v´���ÝNÚ¼ê.
NÚ¼êa�½Â: 3,«�¥ëY�këY
��!�� �ê�¢¼êu(x, y), e÷v�
�Laplace�§

∂2u
∂x2 +

∂2u
∂y2 = 0,

K¡u(x, y)���NÚ¼ê.
ad�¢C¼ê¥�Vg.
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

é)Û¼êW = u+iv,|^Cauchy−Riemann^
�,

∂u
∂x
=
∂v
∂y
,
∂u
∂y
= −

∂v
∂x
,

��µ

∂2u
∂x2 =

∂2v
∂x∂y

,
∂2u
∂y2 = −

∂2v
∂y∂x

,

Döf êÆÔn�{ùÂ
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Ê!3ê½n

1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

é)Û¼êW = u+iv,|^Cauchy−Riemann^
�,

∂u
∂x
=
∂v
∂y
,
∂u
∂y
= −

∂v
∂x
,

��µ

∂2u
∂x2 =

∂2v
∂x∂y

,
∂2u
∂y2 = −

∂2v
∂y∂x

,

Döf êÆÔn�{ùÂ
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Ê!3ê½n

1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

Ï�
∂2v
∂x∂y

=
∂2v
∂y∂x

,

¤±
∂2u
∂x2 +

∂2u
∂y2 = 0.

Ón�y:
∂2v
∂x2 +

∂2v
∂y2 = 0.
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

Ï�
∂2v
∂x∂y

=
∂2v
∂y∂x

,

¤±
∂2u
∂x2 +

∂2u
∂y2 = 0.

Ón�y:
∂2v
∂x2 +

∂2v
∂y2 = 0.
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2.3)Û¼ê�5�

Ï�
∂2v
∂x∂y

=
∂2v
∂y∂x

,

¤±
∂2u
∂x2 +

∂2u
∂y2 = 0.

Ón�y:
∂2v
∂x2 +

∂2v
∂y2 = 0.
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

(2) u = c1, v = c2ü|­���, Ù¥c1, c2�¢~

ê.

y²: u = c1�{��,

∇u =
∂u
∂x
~i +

∂u
∂y
~j.

Döf êÆÔn�{ùÂ
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

(2) u = c1, v = c2ü|­���, Ù¥c1, c2�¢~

ê.

y²: u = c1�{��,

∇u =
∂u
∂x
~i +

∂u
∂y
~j.
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

v = c2�{��,

∇v =
∂v
∂x
~i +

∂v
∂y
~j.

§��SÈ:3

∇u · ∇v =
∂u
∂x
∂v
∂x
+
∂u
∂y
∂v
∂y
= −

∂u
∂x
∂u
∂y
+
∂u
∂y
∂u
∂x
= 0.

3|^
C-R^�.
Döf êÆÔn�{ùÂ
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2.3)Û¼ê�5�

v = c2�{��,

∇v =
∂v
∂x
~i +

∂v
∂y
~j.

§��SÈ:3

∇u · ∇v =
∂u
∂x
∂v
∂x
+
∂u
∂y
∂v
∂y
= −

∂u
∂x
∂u
∂y
+
∂u
∂y
∂u
∂x
= 0.

3|^
C-R^�.
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

n)∇u = ∂u
∂x
~i + ∂u

∂y
~j´u(x, y) = c�{���.

eu(x, y) = c,Kdu = ∂u
∂xdx + ∂u

∂ydy = 0,=(
∂u
∂x
~i +

∂u
∂y
~j
)
·
(
~idx + ~jdy

)
= 0.

�ds =
√

(dx)2 + (dy)2�����Ý, Kþª
��¤:(

∂u
∂x
~i +

∂u
∂y
~j
)
·

(
~i

dx
ds
+ ~j

dy
ds

)
= 0.
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2.3)Û¼ê�5�

n)∇u = ∂u
∂x
~i + ∂u

∂y
~j´u(x, y) = c�{���.

eu(x, y) = c,Kdu = ∂u
∂xdx + ∂u

∂ydy = 0,=(
∂u
∂x
~i +

∂u
∂y
~j
)
·
(
~idx + ~jdy

)
= 0.

�ds =
√

(dx)2 + (dy)2�����Ý, Kþª
��¤:(

∂u
∂x
~i +

∂u
∂y
~j
)
·

(
~i

dx
ds
+ ~j

dy
ds

)
= 0.
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

n)∇u = ∂u
∂x
~i + ∂u

∂y
~j´u(x, y) = c�{���.

eu(x, y) = c,Kdu = ∂u
∂xdx + ∂u

∂ydy = 0,=(
∂u
∂x
~i +

∂u
∂y
~j
)
·
(
~idx + ~jdy

)
= 0.

�ds =
√

(dx)2 + (dy)2�����Ý, Kþª
��¤:(

∂u
∂x
~i +

∂u
∂y
~j
)
·

(
~i

dx
ds
+ ~j

dy
ds

)
= 0.
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

Ï�

~i
dx
ds
+ ~j

dy
ds

´ü ��þ,

¤±

∇u =
∂u
∂x
~i +

∂u
∂y
~j

7½´{�þ.
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Ê!3ê½n

1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

Ï�

~i
dx
ds
+ ~j

dy
ds

´ü ��þ,
¤±

∇u =
∂u
∂x
~i +

∂u
∂y
~j

7½´{�þ.

Döf êÆÔn�{ùÂ
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1.�ê
2.)Û¼ê

2.3)Û¼ê�5�

(3) u, v�p(½. ®�u(½v),��Ñv(½u).
)Û¼ê f (z) = u + iv. ®�u,¦v.

dv =
∂v
∂x

dx +
∂v
∂y

dy = −
∂u
∂y

dx +
∂u
∂x

dy.

K

v(x, y) =
∫ (x,y)

(x0,y0)
−
∂u
∂y
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x2 + y2

2

+ F′(t)
x2

(x2 + y2)3/2 .
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1
2t
.

È©�g
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1
2
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√

t
.
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t
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2È©�g,�

F(t) = c1
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v ≡ F(t) = c1
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2|^Öp.15~2�(J,�¢Ü�
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√
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√
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√
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z²¡þk�^­�l,§÷v: �©ã1w,�½Â

��ëY¼ê f (z). òl©¤nã,©:�z0, z1, · · · , zn,
3∆zk = zk − zk−1�m��:ξk.
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XJ4�

lim
n→∞,|∆zk |→0

n∑
k=1

f (ξk)(zk − zk−1)

�3,K¡� f (z)÷l�´»È©. P�
∫

l f (z)dz.
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l
(u + iv)(dx + idy)
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∫
l
(udx − vdy) + i

∫
l
(udy + vdx).

�duü�¢C¼ê��È©.
¢C¼ê�È©�5�þ·^uEC¼ê�

�/.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

1.2EC¼êÈ©�5�

d½Â�∫
l

f (z)dz =
∫

l
(u + iv)(dx + idy)

=

∫
l
(udx − vdy) + i

∫
l
(udy + vdx).

�duü�¢C¼ê��È©.

¢C¼ê�È©�5�þ·^uEC¼ê�

�/.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

1.2EC¼êÈ©�5�

d½Â�∫
l

f (z)dz =
∫

l
(u + iv)(dx + idy)

=

∫
l
(udx − vdy) + i

∫
l
(udy + vdx).

�duü�¢C¼ê��È©.
¢C¼ê�È©�5�þ·^uEC¼ê�

�/.
Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

1.2EC¼êÈ©�5�

~1Öp.24~K.O�

I1 =

∫
l1

Rezdz, I2 =
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Rezdz.
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):

I1 =

∫
l1

x(dx+idy) =
∫ 1

0
xdx+i

∫ 1

0
1·dy =

1
2
+i.

I2 =

∫
l2

x(dx + idy) =
∫ 1

0
0 · idy +

∫ 1

0
xdx =

1
2
.

¤±§I1 , I2,È©�´»�'.6

6�Ï´�È¼êRezØ´)Û¼ê.
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~2: f (z)´üëÏ«�B̄þ�)Û¼ê, K�y
²

∫
l f (z)dz�È©´»Ã'.

y²:∮
c

f (z)dz =
∮

c
(udx − vdy) + i

∮
c

(udy + vdx)

=

"
s

(
−
∂v
∂x
−
∂u
∂y

)
dxdy + i

"
s

(
∂u
∂x
−
∂v
∂y

)
dxdy

= 0.
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l f (z)dz�´»Ã'.
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üëÏ«��Cauchy½na

aA.L.Cauchy, 19­V{IêÆ[.

XJ f (z)3üëÏ«�B̄¥)Û, K÷B̄S?Û�
^©ã1w�4Ü£´�È©�".

y²�þ¡�~2.
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F(z) =
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f (z)dz.
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F(z)�5�:

�ü�¼ê,a �)Û¼ê,�F′(z) = f (z).
ad½Â�, F(z)�´»Ã'

e¡y²

lim
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∆F
∆z
= f (z).
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du

∆F
∆z
=

1
∆z

[∫ z+∆z

z0

f (ξ)dξ −
∫ z

z0

f (ξ)dξ
]

=
1
∆z

∫ z+∆z

z
f (ξ)dξ,

�Ä�:

f (z) =
1
∆z

∫ z+∆z

z
f (z)dξ,
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©Ûüö����:∣∣∣∣∣∆F
∆z
− f (z)

∣∣∣∣∣ =
∣∣∣∣∣∣ 1
∆z

∫ z+∆z

z
[ f (ξ) − f (z)]dξ

∣∣∣∣∣∣
≤

1
|∆z|

∫ z+∆z

z
| f (ξ) − f (z)| · |dξ| .

Ï� f (z)3B̄¥ëY, ¤±?¿�½ε > 0, o
�±é�δ > 0. �|∆z| < δ�, | f (ξ) − f (z)| < ε.
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EëÏ«��Cauchy½n
e f (z)3EëÏ«�B̄¥ü�)Û,K∮

l
f (z)dz =

n∑
i=1

∮
li

f (z)dz,

Ù¥, l�B̄�	>.�, li�B̄�S>�; È©��
Ó�^��½���.

y²: ±ey²±i = 1�~.
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f (z)dz+
∫ B

A
f (z)dz+



l1

f (z)dz+
∫ A

B
f (z)dz = 0.
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2.2EëÏ«��Cauchy½n

Ï� f (z)´ü�)Û�,=∫ B

A
f (z)dz +

∫ A

B
f (z)dz = 0,

¤± ∮
l

f (z)dz =
∮

l1
f (z)dz

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

2.2EëÏ«��Cauchy½n

Ï� f (z)´ü�)Û�,=∫ B

A
f (z)dz +

∫ A

B
f (z)dz = 0,

¤± ∮
l

f (z)dz =
∮

l1
f (z)dz

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

2.2EëÏ«��Cauchy½n

~µO�
∮

l
dz

z−α .

(i) l��α¶ (ii) lØ��α.

): (i)±α��%, R��»��CR,

¦CR�±3lSÜ.

Döf êÆÔn�{ùÂ
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�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

2.2EëÏ«��Cauchy½n

~µO�
∮

l
dz

z−α .

(i) l��α¶ (ii) lØ��α.

): (i)±α��%, R��»��CR,

¦CR�±3lSÜ.
Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

2.2EëÏ«��Cauchy½n

dEëÏ«��Cauchy½n:7∮
l

dz
z − α

=

∮
CR

dz
z − α

=

∫ 2π

0

iReiψdψ
Reiψ = 2πi.

=8

1
2πi

∮
l

dz
z − α

= 1.

7Ï�z − α = Reiψ,¤±dz = iReiψdψ.
8ùpl��α.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

2.2EëÏ«��Cauchy½n

dEëÏ«��Cauchy½n:7∮
l

dz
z − α

=

∮
CR

dz
z − α

=

∫ 2π

0

iReiψdψ
Reiψ = 2πi.

=8

1
2πi

∮
l

dz
z − α

= 1.

7Ï�z − α = Reiψ,¤±dz = iReiψdψ.
8ùpl��α.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

2.2EëÏ«��Cauchy½n

(ii)lØ��α. w,,∮
l

dz
z − α

= 0.

5�

3EëÏ«�,���¹e
∫ z

z0
f (z)dz´õ��.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

2.2EëÏ«��Cauchy½n

(ii)lØ��α. w,,∮
l

dz
z − α

= 0.

5�

3EëÏ«�,���¹e
∫ z

z0
f (z)dz´õ��.

Döf êÆÔn�{ùÂ
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�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

e f (z)3±l�>.�«�B̄þ)Û,K

f (α) =
1

2πi

∮
l

f (z)
z − α

dz,

Ù¥, α�«�S?¿�:.

úª�¿Â:
ò)Û¼ê�>.�S:éXå5. S:��(ú
ª�à)d>.È©û½!

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

y²: 9

1
2πi

∮
l

f (z)
z − α

dz − f (α)

=
1

2πi

∮
l

f (z) − f (α)
z − α

dz

=
1

2πi

∮
Cε

f (z) − f (α)
z − α

dz

91���Ò|^
þ~�(J¶1���Ò|^
EëÏ«�

�Cauchy½n.
Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

©Ûþª��§∣∣∣∣∣∣ 1
2πi

∮
Cε

f (z) − f (α)
z − α

dz

∣∣∣∣∣∣
≤

1
2π

Max | f (z) − f (α)| ·
∮

Cε

|dz|
|z − α|

= Max | f (z) − f (α)| .

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

�z → α, =ε → 0�, Max| f (z) − f (α)| → 0§

�T4���4��εvk'X.

¤±,

f (α) =
1

2πi

∮
l

f (z)
z − α

dz,

Ù¥l�«��¤k>.,�÷���.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

�z → α, =ε → 0�, Max| f (z) − f (α)| → 0§

�T4���4��εvk'X.
¤±,

f (α) =
1

2πi

∮
l

f (z)
z − α

dz,

Ù¥l�«��¤k>.,�÷���.

Döf êÆÔn�{ùÂ
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�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

Ã.«��CauchyÈ©úª(y²�Öp.30)

XJ f (z)3{ü4Ü£´lþü�)Û,��
z→ ∞�, f (z)��ªu",K

f (α) =
1

2πi



l

f (z)
z − α

dz,

Ù¥α�l	�?¿�:.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

Ã.«��CauchyÈ©úª(y²�Öp.30)
XJ f (z)3{ü4Ü£´lþü�)Û,��
z→ ∞�, f (z)��ªu",K

f (α) =
1

2πi



l

f (z)
z − α

dz,

Ù¥α�l	�?¿�:.
Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

e±z�α, ξ�z,KCauchyÈ©úª�

f (z) =
1

2πi



l

f (ξ)
ξ − z

dξ.

Ônþ�¿Â: (d)Û¼ê f (z)L«�)²¡
|�>.^�û½«�SÜ�|.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.1 CauchyÈ©úª�/ª

e±z�α, ξ�z,KCauchyÈ©úª�

f (z) =
1

2πi



l

f (ξ)
ξ − z

dξ.

Ônþ�¿Â: (d)Û¼ê f (z)L«�)²¡
|�>.^�û½«�SÜ�|.

Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

(1))Û¼êk?¿��ê

y²: dCauchyÈ©úª

f (z) =
1

2πi

∮
l

f (ξ)
ξ − z

dξ.

þª½¡�)Û¼ê�È©L�ª. duξ3
>.lþ��, z´S:, Ïdξ − z , 0. =,
f (ξ)
ξ−z´z�ëY¼ê, ¤±�3È©Òe¦�
ê.

Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

(1))Û¼êk?¿��ê

y²: dCauchyÈ©úª

f (z) =
1

2πi

∮
l

f (ξ)
ξ − z

dξ.

þª½¡�)Û¼ê�È©L�ª. duξ3
>.lþ��, z´S:, Ïdξ − z , 0. =,
f (ξ)
ξ−z´z�ëY¼ê, ¤±�3È©Òe¦�
ê.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

O����êµ

f ′(z) =
1

2πi

∮
l

f (ξ)
(ξ − z)2 dξ,

f (n)(z) =
n!
2πi

∮
l

f (ξ)
(ξ − z)n+1 dξ.

|^)Û¼ê�3?¿��ê,�±y²: N
Ú¼ê?¿� �êE´NÚ¼ê(��g�
K).

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

O����êµ

f ′(z) =
1

2πi

∮
l

f (ξ)
(ξ − z)2 dξ,

f (n)(z) =
n!
2πi

∮
l

f (ξ)
(ξ − z)n+1 dξ.

|^)Û¼ê�3?¿��ê,�±y²: N
Ú¼ê?¿� �êE´NÚ¼ê(��g�
K).

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

(2)���½n
� f (z)3«�B̄þ)Û, K| f (z)|�U3>.þ�4
��.

y²: f (z)3B̄þ)Û, K[ f (z)]n3B̄þ�)Û,
Ïd§|^Cauchyúª�±��§

[ f (z)]n =
1

2πi

∮
l

[ f (ξ)]n

ξ − z
dξ.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

(2)���½n
� f (z)3«�B̄þ)Û, K| f (z)|�U3>.þ�4
��.

y²: f (z)3B̄þ)Û, K[ f (z)]n3B̄þ�)Û,
Ïd§|^Cauchyúª�±��§

[ f (z)]n =
1

2πi

∮
l

[ f (ξ)]n

ξ − z
dξ.

Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ
| f (ξ)|3lþ7k4��,P�M. |ξ− z|�4���δ,
K

| f (z)|n =
1

2π

∣∣∣∣∣∮
l

[ f (ξ)]n

ξ − z
dξ

∣∣∣∣∣
≤

1
2π

∮
l

| f (ξ)|n

|ξ − z|
|dξ|

≤
Mn

δ

L
2π

Ù¥L =
∮

l |dξ|.
Döf êÆÔn�{ùÂ
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o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

ü>mng�,�

| f (z)| ≤ M
( L
2πδ

) 1
n

.

du| f (z)|����nÃ',Ïd�n→ ∞��
| f (z)|��Ò´| f (z)|����.
¤±, n→ ∞�, | f (z)| ≤ M.

Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

ü>mng�,�

| f (z)| ≤ M
( L
2πδ

) 1
n

.

du| f (z)|����nÃ',Ïd�n→ ∞��
| f (z)|��Ò´| f (z)|����.

¤±, n→ ∞�, | f (z)| ≤ M.

Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

ü>mng�,�

| f (z)| ≤ M
( L
2πδ

) 1
n

.

du| f (z)|����nÃ',Ïd�n→ ∞��
| f (z)|��Ò´| f (z)|����.
¤±, n→ ∞�, | f (z)| ≤ M.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

(3) Livouville½n
e f (z)3�²¡)Û, 
��z → ∞�, | f (z)|k.,
K f (z)7�~ê.a

ad?”�²¡”Ø¹∞:.

y²:

f ′(z) =
1

2πi

∮
l

f (ξ)
(ξ − z)2 dξ,

Ù¥l�±z��%, R��»��.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

(3) Livouville½n
e f (z)3�²¡)Û, 
��z → ∞�, | f (z)|k.,
K f (z)7�~ê.a

ad?”�²¡”Ø¹∞:.

y²:

f ′(z) =
1

2πi

∮
l

f (ξ)
(ξ − z)2 dξ,

Ù¥l�±z��%, R��»��.
Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

Ï� f (z)k.,=| f (ξ)| ≤ N.

¤±,

| f ′(z)| ≤
1

2π
· N ·

1
R2 2πR =

N
R
.

�R→ ∞�, | f ′(z)| ≤ N
R → 0,¤± f ′(z) = 0. =

f (z) = c,

Ù¥c�E~ê.

Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

Ï� f (z)k.,=| f (ξ)| ≤ N.
¤±,

| f ′(z)| ≤
1

2π
· N ·

1
R2 2πR =

N
R
.

�R→ ∞�, | f ′(z)| ≤ N
R → 0,¤± f ′(z) = 0. =

f (z) = c,

Ù¥c�E~ê.
Döf êÆÔn�{ùÂ
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o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

zn(n���ê), ez, sin z, cos z, sinh z, coth z3�
²¡)Û,�§�¿Ø´~ê, �Ï´§�´
Ã.�.

Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

~µ CauchyÈ©úªA^Þ~(Öp.3112K).

):

Ψ(t, x) =
1

1 − t
e−

xt
1−t ,

Ù¥, x�ëê, t�ECê. ù´.X�õ�ª�
1¼ê,�Öp.411N¹��.

dCauchyÈ©úª�:
∂nΨ

∂tn =
n!
2πi

∮
Ψ(ξ, x)

(ξ − t)n+1 dξ.

Döf êÆÔn�{ùÂ
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n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

~µ CauchyÈ©úªA^Þ~(Öp.3112K).

):

Ψ(t, x) =
1

1 − t
e−

xt
1−t ,

Ù¥, x�ëê, t�ECê. ù´.X�õ�ª�
1¼ê,�Öp.411N¹��.

dCauchyÈ©úª�:
∂nΨ

∂tn =
n!
2πi

∮
Ψ(ξ, x)

(ξ − t)n+1 dξ.

Döf êÆÔn�{ùÂ
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o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

Ïd,

∂nΨ

∂tn

∣∣∣∣∣
t=0
=

n!
2πi

∮
Ψ(ξ, x)
ξn+1 dξ =

n!
2πi

∮
e−

xξ
1−ξ

(1 − ξ)ξn+1 dξ.

�È©CêC��µξ = (z− x)/z = 1− x/z,K

1 − ξ =
x
z
, dξ =

x
z2 dz.

Döf êÆÔn�{ùÂ
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�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ

Ïd,

∂nΨ

∂tn

∣∣∣∣∣
t=0
=

n!
2πi

∮
Ψ(ξ, x)
ξn+1 dξ =

n!
2πi

∮
e−

xξ
1−ξ

(1 − ξ)ξn+1 dξ.

�È©CêC��µξ = (z− x)/z = 1− x/z,K

1 − ξ =
x
z
, dξ =

x
z2 dz.

Döf êÆÔn�{ùÂ
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�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1.EC¼ê�È©
2.Cauchy½n
3.CauchyÈ©úª

3.2 CauchyÈ©úª�íØ
¤±,10
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3�V(Taylor)?ê
4ÛK(Laurent)?ê

2.2���?ê

'uK�Ü©

- t = (z−z0)−1,K
∑∞

k=1 a−k(z−z0)−k =
∑∞

k=1 a−ktk.

ét5`,Âñ�» R′2 = limk→∞

∣∣∣∣ a−k
a−k−1

∣∣∣∣ = 1
R2

.
�|t| < R′2,=|z − z0| > R2�,∑∞

k=1 a−ktk =
∑∞

k=1 a−k(z−z0)−k���ýéÂñ.
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1. Eê?ê���Vg
2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

2.2���?ê

¤±, nÜå5, XJR2 < R1, K���?ê
3R2 < |z − z0| < R1���S���ýéÂñ.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1. Eê?ê���Vg
2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

2.3�?ê�)Û¼ê�'X

��?ê
∞∑

k=0

ak(z − z0)k.

(z − z0)k3�²¡)Û, 
?ê�3Âñ�S��
Âñ¿)Û.
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1. Eê?ê���Vg
2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

2.3�?ê�)Û¼ê�'X

Ïd, f (z) =
∑∞

k=0 ak(z − z0)k 3Âñ�S)Û,12 


�

f (n)(z) =
∞∑

k=0

ak
dn

dzn (z − z0)k .

=,¦Ú�¦����^S.

12y²�Öp.36,|^
CauchyÈ©úª.
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2.3�?ê�)Û¼ê�'X

~1: 1 + z + z2 + · · · , ak = 1, z0 = 0, R = 1.

1 + z + z2 + · · · =
1

1 − z
, |z| < 1.

Ú¼ê3Âñ�±þkÛ:+1.

~2: 1 − z2 + z4 − z6 + · · · .

1 − z2 + z4 − z6 + · · · =
1

1 + z2 , |z| < 1.

Ú¼ê3Âñ�±þkÛ:±i.
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2.3�?ê�)Û¼ê�'X

���?ê,
∑∞

k=0 ak(z−z0)k+
∑∞

k=1 a−k(z−z0)−k�

L��Âñ��SÜ�)Û¼ê.

~3

−
1
2

∞∑
k=0

( z
2

)k
−

1
z

∞∑
k=0

(
1
z

)k
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���?ê,
∑∞

k=0 ak(z−z0)k+
∑∞

k=1 a−k(z−z0)−k�

L��Âñ��SÜ�)Û¼ê.

~3
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2
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2.3�?ê�)Û¼ê�'X

�|z| < 2�,

−
1
2

∞∑
k=0

( z
2

)k
= −

1
2
·

1
1 − z

2
=

1
z − 2

�|z| > 1�,

−
1
z

∞∑
k=0

(
1
z

)k

= −
1
z
·

1
1 − 1

z

= −
1

z − 1
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�|z| < 2�,

−
1
2

∞∑
k=0

( z
2

)k
= −

1
2
·

1
1 − z

2
=

1
z − 2

�|z| > 1�,

−
1
z

∞∑
k=0

(
1
z

)k

= −
1
z
·

1
1 − 1

z

= −
1

z − 1
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2.3�?ê�)Û¼ê�'X

¤±,

−
1
2

∞∑
k=0

( z
2

)k
−

1
z

∞∑
k=0

(
1
z

)k

=
1

z − 2
−

1
z − 1

=
1

(z − 1)(z − 2)
,

Ù¥, 1 < |z| < 2´Âñ��.
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3.1�V(Taylor)?ê�/ª

� f (z)3CRþ, |z − z0| = R, 9ÙSÜ)Û, �
¦r f (z)Ðm¤±z0�¥%��?ê.

dCauchyúª:

f (z) =
1

2πi

∮
CR

f (ξ)
ξ − z

dξ.
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∮
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3.1 Taylor?ê�/ª

5: z´CR�S:, ξ3CRþ��,¤±

|ξ − z0| > |z − z0|.

1
ξ − z

=
1

(ξ − z0) − (z − z0)
=

1
ξ − z0

·
1

1 − z−z0
ξ−z0

=
1

ξ − z0

∞∑
k=0

(
z − z0

ξ − z0

)k

.

d?êéξ
ó3CRþ��Âñ.
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5: z´CR�S:, ξ3CRþ��,¤±

|ξ − z0| > |z − z0|.

1
ξ − z

=
1

(ξ − z0) − (z − z0)
=

1
ξ − z0

·
1

1 − z−z0
ξ−z0
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∞∑
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K13

f (z) =
1

2πi

∮
CR

f (ξ)
∞∑

k=0

(z − z0)k

(ξ − z0)k+1 dξ ≡
∞∑

k=0

ak(z− z0)k

Ù¥

ak ≡
1

2πi

∮
CR

f (ξ)
(ξ − z0)k+1 dξ =

f (k)(z0)
k!

.

13éuÂñ?ê,È©�¦Ú����S.
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Ïd,

f (z) =
∞∑

k=0

f (k)(z0)
k!

(z − z0)k.

ùÒ´ f (z)�Taylor?ê.

þ¡ò��)Û¼êÐm¤
±z0�¥%

�Taylor?ê!14

14TÐmª´���,y²�Öp.39.
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Ïd,

f (z) =
∞∑

k=0

f (k)(z0)
k!

(z − z0)k.

ùÒ´ f (z)�Taylor?ê.
þ¡ò��)Û¼êÐm¤
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�Taylor?ê!14
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2.�?ê
3�V(Taylor)?ê
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3.1 Taylor?ê�/ª

Taylor, LaurentÐm�¿Â:

(1) )Û¼ê��?êÐm��?êéA�)Û
¼ê´p_�¯K.
(2)¦)�©�§�rkåóä,?ê){(ò�©
�§=z��ê�§¦).)
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Ê!3ê½n

1. Eê?ê���Vg
2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

3.2 Taylor?ê�Ðm�ª
(1)��¦ f (k)(z0).

~1 f (z) = ez, z0 = 0.

dk

dzk ez

∣∣∣∣∣∣
z=0
= 1.

¤±,

ez =

∞∑
k=0

1
k!

zk, |z| < ∞.
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2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

3.2 Taylor?ê�Ðm�ª

~2 f (z) = ln(1 + z), z0 = 0.

dk

dzk ln(1 + z)

∣∣∣∣∣∣
z=0
= (−1)k−1(k − 1)!

¤±,

ln(1 + z) = ln 1 +
∞∑

k=1

(−1)k−1

k
zk, |z| < 1.
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2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

3.2 Taylor?ê�Ðm�ª

(2)|^®�?ê

~3 f (z) = 1
z , z0 = −1.

1
z
=

−1
1 − (z + 1)

= −

∞∑
k=0

(z + 1)k, |z + 1| < 1.

þª|^
 1
1−z =

∑∞
k=0 zk, |z| < 1.
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3�V(Taylor)?ê
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3.2 Taylor?ê�Ðm�ª

~4 f (z) = e
1
z , z0 = ∞.

e
1
z =

∞∑
k=0

1
k!

(
1
z

)k

, |z| > 0.

þª|^
ez =
∑∞

k=0
1
k!z

k, |z| < ∞.
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3.2 Taylor?ê�Ðm�ª

©Û

e f (t) = et,Ket =
∑∞

k=0
1
k!t

k, |t| < ∞.
� t = 1

z ,K t0 = 0 =⇒ z0 = ∞,
�
|t| < ∞ =⇒

∣∣∣1
z

∣∣∣ < ∞,= |z| > 0,

¤± e
1
z =

∑∞
k=0

1
k!

(
1
z

)k
, |z| > 0.

5µz0 = ∞´e
1
z�~:,��ut0 = 0´et�~

:.
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©Û

e f (t) = et,Ket =
∑∞
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1
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k, |t| < ∞.
� t = 1

z ,K t0 = 0 =⇒ z0 = ∞,
�
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(3)Å�¦�½¦È©

~5

f (z) =
1

(1 − z)2 , z0 = 0.

1
(1 − z)2 =

d
dz

1
1 − z

=
d
dz

∞∑
k=0

zk =

∞∑
k=0

kzk−1, |z| < 1.
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3.2 Taylor?ê�Ðm�ª

~6 f (z) = ln(1 + z), z0 = 0.

ln(1 + z) =
∫ z

0

dξ
1 + ξ

+ ln 1 = ln 1 +
∫ z

0

 ∞∑
k=0

(−1)kξk

 dξ

= ln 1 +
∞∑

k=0

(−1)k

k + 1
zk+1, |z| < 1.
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3.2 Taylor?ê�Ðm�ª

(4)kn©ª©)¤Ü©©ª

~7

f (z) =
1

z2 − 3z + 2
, z0 = 0
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3�V(Taylor)?ê
4ÛK(Laurent)?ê

3.2 Taylor?ê�Ðm�ª

1
z2 − 3z + 2

=
1

(z − 2)(z − 1)
= −

1
z − 1

+
1

z − 2

=
1

1 − z
−

1
2

1
1 − z

2

=

∞∑
k=0

zk −
1
2

∞∑
k=0

( z
2

)k

=

∞∑
k=0

(
1 −

1
2k+1

)
zk, |z| < 1.
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(5)?ê�¦

~8

1
(z − 2)(z − 1)

=
1
2

1
1 − z

2
·

1
1 − z

=

∞∑
k=0

zk

2k+1 ·

∞∑
l=0

zl.

-m = k + l, k = m− l.Ï� k��´ 0,¤± l��
´ m. Ïd§
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1
z2 − 3z + 2

=

∞∑
m=0

zm ·

m∑
l=0

1
2m−l+1

=

∞∑
m=0

zm 1
2m+1 ·

m∑
l=0

2l

=

∞∑
m=0

zm 1
2m+1

(
2m+1 − 1

)
=
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1 −
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)
zm.
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?�~�,	�«){:
-m = k+ l, m : 0,∞. qk = m− l,Ï�k����0,
¤±l���´m. Ïd,

1
(z − 2)(z − 1)

=

∞∑
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2l+1 =

∞∑
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~9

f (z) = sec z =
1
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, z0 = 0.

·���,
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∞∑

k=0

(−1)k
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- f (z) = sec z =
∑∞

k=0 akzk,Kk
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a0 + a1z + a2z2 + · · ·
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1 −

z2

2!
+

z4

4!
− · · ·
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8�: ïÄEC¼êÛ:�5�.15

15ÛK?ê´��S)Û¼ê��?êÐm/ª.
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4.1ÛK?ê�/ª

� f (z)3 R2 ≤ |z − z0| ≤ R1 S)Û.
CR1: |z − z0| = R1; CR2: |z − z0| = R2.
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|^CauchyÈ©úª:

f (z) =
1

2πi

�
CR1

f (ξ)
ξ − z

dξ +
1

2πi



CR2

f (ξ)
ξ − z

dξ.
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3CR1þ:

1
ξ − z

=
1

(ξ − z0) − (z − z0)
=

1
ξ − z0

1
1 − z−z0

ξ−z0

=
1

ξ − z0

∞∑
k=0

(
z − z0

ξ − z0

)k

=

∞∑
k=0

(z − z0)k

(ξ − z0)k+1 ,

∣∣∣∣∣ z − z0

ξ − z0
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3CR2þ:

1
ξ − z

=
1

(ξ − z0) − (z − z0)
= −

1
z − z0

1

1 − ξ−z0
z−z0

= −

∞∑
k=0

(ξ − z0)k
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�Ä�È©�¦Ú�±��^S§�µ

1
2πi



CR2

f (ξ)
ξ − z

dξ = −
1

2πi



CR2

∞∑
k=0

(ξ − z0)k

(z − z0)k+1 f (ξ)dξ

= −

∞∑
k=0

1
2πi



CR2

f (ξ)
(ξ − z0)k

(z − z0)k+1 dξ.

e¡ò
∮

CR2
C¤

∮
CR1

!

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1. Eê?ê���Vg
2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

4.1ÛK?ê�/ª

-l = −(k + 1),Kk = −l − 1,Ïd16

1
2πi



CR2

f (ξ)
ξ − z

dξ =
−∞∑

l=−1

1
2πi

�
CR2

f (ξ)
(ξ − z0)l+1 dξ · (z − z0)l

=

−∞∑
l=−1

1
2πi

�
CR1

f (ξ)
(ξ − z0)l+1 dξ · (z − z0)l.

161���ª|^
EëÏ��Cauchy½n.
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¤±µ f (z) =
∞∑

k=0

1
2πi

�
CR1

f (ξ)
(ξ − z0)k+1 dξ · (z − z0)k

+

−∞∑
l=−1

1
2πi

�
CR1

f (ξ)
(ξ − z0)l+1 dξ · (z − z0)l

=

+∞∑
k=−∞

1
2πi

�
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þª´ f (z)�ÛK?ê,Q¹���,q¹K��,
Ù¥17

ak ≡
1

2πi

�
CR1

f (ξ)
(ξ − z0)k+1 dξ ,

f (k)(z0)
k!

.

17Ø�Ò�Ñy´Ï� f (ξ)Ø÷vCauchyÈ©úª�^�, d^��
¦§3CR1þ9ÙSÜ)Û.
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� z0 ´ f (z) ��áÛ:, z1 ´l z0 �C�

f (z) �,���áÛ:. e |z1 − z0| = R1, K
f (z)3 0 < |z1 − z0| < R1 S)Û,Ïd f (z)�
Ðm¤± z0 �¥%� Laurent?ê.

f (z) =
+∞∑

k=−∞

ak(z−z0)k, ak =
1

2πi

�
CR

f (ξ)
(ξ − z0)k+1 .
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(1)��¦Xê(vk���¢^d�)

(2)|^®�?ê

~1

f (z) =
sin z

z
, z0 = 0.
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f (z) =
1
z

∞∑
k=0

(−1)k

(2k + 1)!
z2k+1

=

∞∑
k=0

(−1)k

(2k + 1)!
z2k, |z| < ∞.

A:: ÃK��, z0 = 0¡���Û:.
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~2 f (z) = 1
(z−1)(z−2) , z0 = 1.

f (z) =
1

z − 1
·

−1
1 − (z − 1)

= −
1

z − 1

∞∑
k=0

(z − 1)k

= −

∞∑
k=0

(z − 1)k−1, |z − 1| < 1.

A:: �3k�õ�K��(d~¥´��K��), z0 = 1¡
�4:(d~¥���4:).
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~3

f (z) = e
1
z , z0 = 0.

f (z) =
∞∑

k=0

1
k!

(
1
z

)k

,

∣∣∣∣∣1z
∣∣∣∣∣ < ∞, ½ |z| > 0.

A:: kÃ�õ�K��, z0 = 0¡��5Û:.
Laurent?ê���Ü©�)ÛÜ©, K�Ü©�
Ì�Ü©(NyÛ:�5�).

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1. Eê?ê���Vg
2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

4.3Ã¡�:���Laurent?ê

XJ f (z)3 R < |z| < ∞S)Û,K3d��
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- t = 1
z , 3 t = 0 ���S�Ðm, =éA z

3Ã¡�:�Ðm.
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¦�3 z0 = 0 :���Taylor?êÒ´Ã¡
����Laurent?ê.
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~1

ez =

∞∑
k=0

1
k!

zk, e
1
z =

∞∑
k=0

1
k!

(
1
z

)k

.

1��ÐmªQL«":�Taylor?ê,�L
«Ã¡�:�Laurent?ê.
1��ÐmªQL«Ã¡�:�Taylor?ê,
�L«":�Laurent?ê.
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¤Laurent?ê

f (z) =
+∞∑
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e¡©O?Ø z0 �k��:ÚÃ¡�:ü«

�/.
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�/ I: z0 �k��:

(1)��Û::
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(2)4::
z0 ��� Laurent?ê�3k��K�g�,K z0
´ f (z)�4:. �(��`,e

f (z) = a−m(z − z0)−m + a−m+1(z − z0)−m+1 + · · ·

+a0 + a1(z − z0) + · · · ,

K¡ z0� f (z)� m�4:,�k limz→z0 f (z) = ∞.
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~X,

f (z) =
1

(z − 1)(z − 2)
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∞∑
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Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1. Eê?ê���Vg
2.�?ê
3�V(Taylor)?ê
4ÛK(Laurent)?ê

4.4Û:©a

(3)�5Û::
z0 ���Laurent?êkÃ¡õK�g�,
� limz→z0 f (z)vk(½�,K¡ z0 � f (z)��5
Û:.

~X,

f (z) = e
1
z =

∞∑
k=0

1
k!

(
1
z
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,�«�{O� Res f (∞).

f (z) =
ez

z2 + a2 =

 ∞∑
k=0

1
k!

zk

 · 1
z2

1

1 + a2

z2

=

 ∞∑
k=0

1
k!

zk

 · 1
z2

∞∑
l=0

(−1)l

(
a2

z2

)l

, a < |z| < ∞

=

∞∑
k=0

1
k!

zk ·

∞∑
l=0

(−1)l a2l

z2l+2

=

∞∑
k=0

∞∑
l=0

1
k!

zk−2l−2(−1)la2l.
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-k − 2l − 2 = n, n : −∞, +∞.

2l = k − n − 2

¤±

f (z) =
∞∑

k=0

+∞∑
n=−∞

1
k!

zn(−1)
k−n−2

2 ak−n−2

=

+∞∑
n=−∞

zn ·

 ∞∑
k=0

1
k!

(−1)
k−n−2

2 ak−n−2
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� n = −1�,þã¥)ÒÒ´ a−1:

a−1 =

∞∑
k=0

(−1)
k−1

2
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e¡O�ù�ê�?ê.
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∞∑
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(−1)m 1
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·

∞∑
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NNN\\\~~~KKK1: p.48 (15)

f (z) =
1

z2(z2 − 1)2 , 0 < |z| < 1; 1 < |z| < ∞.

31��Ðm«� 0 < |z| < 1,

f (z) =
1
z2 + 2 + 3z2 + 4z4 + · · · + kz2k−4 + · · · ;

31��Ðm«� 1 < |z| < ∞,

f (z) =
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z6 +

2
z8 +

3
z10 + · · · +

k − 2
z2k + · · · .
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e� t = 1
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Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

1.33ê�O�

£££���:
(1) é��(½�EC¼ê f (z), ØÓ�Âñ«�
Ù?ê�/ª��ØÓ.
(2)� t = 1

z ,K�A/, f (z)C¤µ

f (t) =
1(

1
t

)2
[(

1
t

)2
− 1

]2 =
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t �/ª,=
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3
t2 +

4
t4 + · · ·+
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z0 = 0´õ��¼ê f (z)�|:.3ê½n��9
�Û:,¿Ø�9|:.

,	, Laurent?ê´'u��
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1.33ê�O�

kw1��È©:

a
∫ z

z0

ez

z3 dz = −
a
2

∫ z

z0

ezd
1
z2 = −

a
2

ez

z2

∣∣∣∣∣z
z0

+
a
2

∫ z

z0

ez

z2 dz

= −
a
2

ez

z2

∣∣∣∣∣z
z0

−
a
2

∫ z

z0

ezd
1
z

= −
a
2

ez

z2

∣∣∣∣∣z
z0

−
a
2

ez

z

∣∣∣∣∣z
z0

+
a
2

∫ z

z0

ez

z
dz.
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1.33ê�O�

∫ z

z0

ez

(
1
z
+

a
z3

)
dz

= −
a
2

(
ez

z
+

ez

z2

)∣∣∣∣∣∣z
z0

+

(
1 +

a
2

) ∫ z

z0

ez

z
dz

= −
a
2

(
ez

z
+

ez

z2

)∣∣∣∣∣∣z
z0

+

(
1 +

a
2

) ∫ z

z0

ezd ln z

= −
a
2

(
ez

z
+

ez

z2

)∣∣∣∣∣∣z
z0

+

(
1 +

a
2

) (
ez ln z|zz0

−

∫ z

z0

ez ln zdz
)
.
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1.33ê�O�

þª1��´ü�¼ê, 
1��¥¹õ�
¼ê ln z,

¤±,� 1 + a
2 = 0,=

a = −2

�,�5�È©ª´ü�¼ê.
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1.33ê�O�

þª1��´ü�¼ê, 
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¼ê ln z,
¤±,� 1 + a

2 = 0,=

a = −2

�,�5�È©ª´ü�¼ê.
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2.1ò½È©C¤EC¼ê�£´È©

(1)CêC�

(2) \þ�ã´» C, ¦
∫

C f (z)dz = 0 ½´u
O�.
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(1)CêC�
(2) \þ�ã´» C, ¦

∫
C f (z)dz = 0 ½´u

O�.
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aaa... I

I =
∫ 2π

0
R(cos x, sin x)dx,

Ù¥ R� cos x, sin x�kn¼ê,3 [0, 2π]þë
Y.
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1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©

-z = eix,K cos x = 1
2(z + z−1),

sin x = 1
2i(z − z−1),

dx =
dz
iz

¤±

I =
∮
|z|=1

R
(
z + z−1

2
,

z − z−1

2i

)
dz
iz
.
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-z = eix,K cos x = 1
2(z + z−1),

sin x = 1
2i(z − z−1),

dx =
dz
iz

¤±

I =
∮
|z|=1

R
(
z + z−1

2
,

z − z−1

2i

)
dz
iz
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~1

I =
∫ 2π

0

dx
(1 + ε cos x)2 , 0 < ε < 1.

)µÄk�C�

I =
∮
|z|=1

1(
1 + ε z+z−1

2

)2

dz
iz
=

4
iε2

∮
|z|=1

z(
z2 + 2

ε
z + 1

)2 dz.
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~1

I =
∫ 2π

0

dx
(1 + ε cos x)2 , 0 < ε < 1.

)µÄk�C�

I =
∮
|z|=1

1(
1 + ε z+z−1

2

)2

dz
iz
=

4
iε2

∮
|z|=1

z(
z2 + 2

ε
z + 1

)2 dz.
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2.1ò½È©C¤EC¼ê�£´È©

w,, f (z) = z
(z2+ 2

ε
z+1)2 3 |z| = 1 S�Û:�

−1+
√

1−ε2

ε
,Ù3ê�

Res f (
−1 +

√
1 − ε2

ε
) =

ε2

4(1 − ε2)3/2 .

¤±

I =
4

iε2 · 2πiRes f (
−1 +

√
1 − ε

ε
) =

2π
(1 − ε2)3/2 .
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w,, f (z) = z
(z2+ 2

ε
z+1)2 3 |z| = 1 S�Û:�

−1+
√

1−ε2

ε
,Ù3ê�

Res f (
−1 +

√
1 − ε2

ε
) =

ε2

4(1 − ε2)3/2 .

¤±

I =
4

iε2 · 2πiRes f (
−1 +

√
1 − ε

ε
) =

2π
(1 − ε2)3/2 .
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2.1ò½È©C¤EC¼ê�£´È©

aaa... II

I =
∫ +∞

−∞

f (x)dx

�¦:
� f (z) 3¢¶þÃÛ:, �3þ�²¡�kk�
�Û:.
�� z3þ�²¡½3¢¶þªu ∞�, z f (z)�
�ªu".
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1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©

�±y²: I = 2πi[ f (z) 3þ�²¡¤kÛ:
3ê�Ú].

y²:

I =
∫ +∞

−∞

f (x)dx = lim
R→∞

∫ R

−R
f (x)dx.
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2.1ò½È©C¤EC¼ê�£´È©

�±y²: I = 2πi[ f (z) 3þ�²¡¤kÛ:
3ê�Ú].
y²:

I =
∫ +∞

−∞

f (x)dx = lim
R→∞

∫ R

−R
f (x)dx.
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2.1ò½È©C¤EC¼ê�£´È©

£´ l: [−R, R] +CR.∮
l

f (z)dz =
∫ R

−R
f (x)dx +

∫
CR

f (z)dz.

þª1��´O\
��ã´»È©.
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£´ l: [−R, R] +CR.∮
l

f (z)dz =
∫ R

−R
f (x)dx +

∫
CR

f (z)dz.

þª1��´O\
��ã´»È©.
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1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©
w,§|^3ê½n:

lim
R→∞

∮
l

f (z)dz

= 2πi[ f (z)3þ�²¡¤kÛ:�3êÚ].

=

∫ +∞

−∞

f (x)dx + lim
R→∞

∫
CR

f (z)dz.

∣∣∣∣∣∣
∫

CR

f (z)dz

∣∣∣∣∣∣ ≤
∫

CR

|z f (z)|
∣∣∣∣∣dz

z

∣∣∣∣∣ ≤ Max |z f (z)|CR
·π

R→∞
→ 0.
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2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©

~2

I =
∫ +∞

−∞

x2m

x2n + 1
dx, n > m, ��ê.

): f (z) = z2m

z2n+1 ÷v^��Ú�.
§3þ�²¡k n���4:,

zk = ei (2k+1)π
2n , k = 0, 1, · · · , (n − 1).
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2.1ò½È©C¤EC¼ê�£´È©

~2

I =
∫ +∞

−∞

x2m

x2n + 1
dx, n > m, ��ê.

): f (z) = z2m

z2n+1 ÷v^��Ú�.
§3þ�²¡k n���4:,

zk = ei (2k+1)π
2n , k = 0, 1, · · · , (n − 1).

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1. 3ê½n
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2.1ò½È©C¤EC¼ê�£´È©

c¡�~K®�Ñ§��3ê�:

Res f (zk) = −
1

2n
ei (2k+1)(2m+1)

2n π

¤±19

I = 2πi
(
−

1
2n

) n−1∑
k=0

ei (2m+1)π
2n (2k+1) =

π
n

sin (2m+1)
2n π

.

19�'ê�n�Úúª.
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2.1ò½È©C¤EC¼ê�£´È©

c¡�~K®�Ñ§��3ê�:

Res f (zk) = −
1

2n
ei (2k+1)(2m+1)

2n π

¤±19

I = 2πi
(
−

1
2n

) n−1∑
k=0

ei (2m+1)π
2n (2k+1) =

π
n

sin (2m+1)
2n π

.

19�'ê�n�Úúª.
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1. 3ê½n
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2.1ò½È©C¤EC¼ê�£´È©

aaa... III

I =
∫ +∞

0
F(x) cos mxdx,

½

I =
∫ +∞

0
G(x) sin mxdx.
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1. 3ê½n
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�¦:20

� m > 0;
� F(x)�ó¼ê, G(x)�Û¼ê;
� F(z), G(z)3¢¶þÃÛ:,3þ�²¡k

k��Û:;
�� z3þ�²¡Ú¢¶þªu∞�, F(z), G(z)

��ªu".

20e F(x)Q�ó¼ê,q�Û¼ê,K F(x) = 1
2 [F(x)+F(−x)]+ 1

2 [F(x)−
F(−x)],1���ó,1���Û.
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1. 3ê½n
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�±y²µ

I =
∫ +∞

0 F(x) cos mxdx = πi[F(z)eimz 3þ�²¡¤

kÛ:�3êÚ].
I =

∫ +∞
0 G(x) sin mxdx = π[G(z)eimz 3þ�²¡¤

kÛ:�3êÚ].
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1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©

y²:∫ +∞

0
F(x) cos mxdx =

1
2

∫ +∞

−∞

F(x)eimxdx

l : [−R,R] +CR.∮
l
F(z)eimzdz =

∫ R

−R
F(x)eimxdx+

∫
CR

F(z)eimzdz.
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y²:∫ +∞

0
F(x) cos mxdx =

1
2

∫ +∞

−∞

F(x)eimxdx

l : [−R,R] +CR.∮
l
F(z)eimzdz =

∫ R

−R
F(x)eimxdx+

∫
CR

F(z)eimzdz.
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1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©

lim
R→∞

∮
l
F(z)eimzdz

= 2πi[F(z)eimz 3þ�²¡¤kÛ:�3êÚ].

=

∫ +∞

−∞

F(x)eimxdx + lim
R→∞

∫
CR

F(z)eimzdz.

|^��ÚnO�þª1��(��Ún9Ùy²
ë�Ö p.60).
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|^��Ún,�±y²:

limR→∞

∫
CR

F(z)eimzdz = 0.

¤±∫ +∞
0 F(x) cos mxdx = πi[F(z)eimz 3þ�²¡

¤kÛ:�3êÚ].
Ón�y,∫ +∞

0 G(x) sin mxdx = π[G(z)eimz 3þ�²¡¤

kÛ:�3êÚ].
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|^��Ún,�±y²:

limR→∞

∫
CR

F(z)eimzdz = 0.

¤±∫ +∞
0 F(x) cos mxdx = πi[F(z)eimz 3þ�²¡

¤kÛ:�3êÚ].

Ón�y,∫ +∞
0 G(x) sin mxdx = π[G(z)eimz 3þ�²¡¤

kÛ:�3êÚ].
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|^��Ún,�±y²:

limR→∞

∫
CR

F(z)eimzdz = 0.

¤±∫ +∞
0 F(x) cos mxdx = πi[F(z)eimz 3þ�²¡

¤kÛ:�3êÚ].
Ón�y,∫ +∞

0 G(x) sin mxdx = π[G(z)eimz 3þ�²¡¤

kÛ:�3êÚ].
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1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©

a. II�a. III�m�'X:21

a. II:
∫ +∞
−∞

f (x)dx, limz→∞ z f (z) = 0.
a. III:∫ +∞

0
F(x) cos mxdx =

1
2

∫ +∞

−∞

F(x)eimxdx,

lim
z→∞

F(z) = 0.

21a. III'a. II�^�°t.
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2.1ò½È©C¤EC¼ê�£´È©

a. II�a. III�m�'X:21

a. II:
∫ +∞
−∞

f (x)dx, limz→∞ z f (z) = 0.

a. III:∫ +∞

0
F(x) cos mxdx =

1
2

∫ +∞

−∞

F(x)eimxdx,

lim
z→∞

F(z) = 0.

21a. III'a. II�^�°t.
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~3

I =
∫ +∞

0

cos x
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�)Ûòÿ

f (z) =
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þ�²¡��ü4:: ia, ib.
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Res f (ia) =
e−a

2ia(−a2 + b2)
, Res f (ib) =

e−b

2ib(a2 − b2)
.

¤±

I = πi ·
1

2i(a2 − b2)

(
−

e−a

a
+

e−b

b

)
=

π

2(a2 − b2)

(
e−b

b
−

e−a

a

)
.
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I =
∫ b

a
f (x)dx

¢¶þkÛ:, f (x)kÛ: c,� a < c < b.
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2ÂÈ©:
XJ

∫ b
a f (x)dxØ�3,� limε1→0

∫ c−ε1

a f (x)dx

Ú limε2→0
∫ b

c+ε2
f (x)dx�3 (ε1, ε2 > 0),

K¡
∫ b

a f (x)dx�2ÂÈ©�3,�½Â�

lim
ε1→0

∫ c−ε1

a
f (x)dx + lim

ε2→0

∫ b
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f (x)dx.
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È©Ì�:XJ
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a f (x)dx�2ÂÈ©Ø�3,

= limε1→0
∫ c−ε1

a f (x)dx Ú limε2→0
∫ b

c+ε2
f (x)dx

����Ø�3,�´

lim
ε→0

[∫ c−ε

a
f (x)dx +

∫ b

c+ε
f (x)dx

]
�3, K¡

∫ b
a f (x)dx 3 Cauchy Ì�¿Âe

�3,¿¡d4��
∫ b

a f (x)dx�È©Ì�.

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©

P�

P
∫ b

a
f (x)dx ≡ lim

ε→0

[∫ c−ε

a
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]
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I =
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−∞

f (x)dx

� f (z) 3¢¶þk n ���4: bk, k =
1, 2, · · · , n; 3þ�²¡k��?k m �Û
: al, l = 1, 2, · · · ,m.
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�� z3þ�²¡½¢¶þªu ∞�, z f (z)
��ªu",K

P
∫ +∞

−∞

f (x)dx = 2πi
m∑

l=1

Res f (al)+πi
n∑

k=1

Res f (bk).

Döf êÆÔn�{ùÂ



8¹

�!EC¼ê���Vg

�!EC¼ê��ê

n!EC¼ê�È©

o!Eê?ê

Ê!3ê½n

1. 3ê½n
2. |^3ê½nO�¢C¼ê�½È©

2.1ò½È©C¤EC¼ê�£´È©

y²: ± z0 = 0 ��%, R ��»�þ��
CR; ± bk ��%, ρ ��»�þ�� Ck, �
R > |bk|.
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Ïd, P
∫ +∞

−∞

f (x)dx

= lim
R→∞

{
lim
ρ→0

[∫ b1−ρ

−R
f (x)dx +

∫ b2−ρ

b1+ρ

f (x)dx

+ · · · +

∫ R

bn+ρ

f (x)dx
]}
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7m¢¶þ�ü4:§3þ�²¡��´È©
�µ∮

l
f (z)dz = P

∫ +∞
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f (x)dx +
∫

CR

f (z)dz +
n∑

k=1

∫
Ck

f (z)dz.
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� R→ ∞�,

lim
R→∞

∮
l

f (z)dz = 2πi
m∑

l=1

Res f (al).

lim
R→∞

∫
CR

f (z)dz = 0.

3 bk ��, f (z)� Laurent?ê�:

f (z) =
a−1

z − bk
+ P(z).
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P(z)3 bk ��S)Û§k∫
Ck

a−1

z − bk
dz = −πia−1,

,
∣∣∣∣∣∣
∫

Ck

P(z)dz

∣∣∣∣∣∣ ≤
∫

Ck

|P(z)| |dz| ≤ Max |P(z)|Ck
·πρ

ρ→0
→ 0.
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Oa. III

I1 =

∫ +∞

−∞

F(x) cos mxdx,

I2 =

∫ +∞

−∞

G(x) sin mxdx.
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�¦:
� m > 0;
� F(x)�ó¼ê, G(x)�Û¼ê;
� F(z), G(z)3¢¶þk n���4:, bk, k =

1, 2, · · · , n;3þ�²¡k l�Û: ak′, k′ = 1, 2, · · · , l;
� z3¢¶Úþ�²¡ªu ∞�, F(z), G(z)

��ªu".
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K I1 � CauchyÈ©Ì��:

P
∫ +∞

−∞

F(x) cos mxdx = 2πi
l∑

k=1

Res f (ak)

+πi
n∑

k=1

Res f (bk),

Ù¥, f (z) = F(z)eimz.
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G(x) sin mxdx = 2π
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~4∫ +∞

0

sin x
x

dx =
1
2

∫ +∞

−∞

sin x
x

dx =
1
2
· π · 1 =

π

2
.
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aaa... V
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~5

I =
∫ +∞

0

xα−1

1 + x
dx, 0 < α < 1.

xα−1

1+x
)Ûòÿ
−→ zα−1

1+z õ�¼ê,|:� 0, ∞.
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ü�z: l 0� ∞���.£´(Ø
U�L��): l1 +CR + l2 +Cε. Ïd,∮

l

zα−1

1 + z
dz =

[∫
l1
+

∫
CR

+

∫
l2
+

∫
Cε

]
zα−1

1 + z
dz.
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� R→ ∞,� ε→ 0�,∮
l

zα−1

1 + z
dz = 2πiRes

(
zα−1

1 + z

)
= 2πi(−1)α−1

= 2πieiπ(α−1).

©Û�ªmà�o�È©

lim
R→∞, ε→0

∫
l1

xα−1

1 + x
dx =

∫ +∞

0

xα−1

1 + x
dx.
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lim
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∫
l2

zα−1

1 + z
dz =

∫ 0

+∞

(xei2π)α−1

1 + x
dx

= −ei2πα
∫ +∞

0
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1 + x
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� R→ ∞�:∣∣∣∣∣∣
∫

CR

zα−1

1 + z
dz

∣∣∣∣∣∣ ≤
∫

CR

∣∣∣∣∣ zα

1 + z

∣∣∣∣∣ ∣∣∣∣∣dz
z

∣∣∣∣∣
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