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�DÑ��§(>��§)(p.111 − 113)
�þ!���î�Ä(p.113 − 114)

�(Æ�§(p.114)
�>^Å�§(p.115)

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.1ÅÄ�§��Ñ

ÅÄ�§£ã�y�({ü8B)µ
�u�î�Ä(Öp.109 − 111)
�\�p�Ä(Öp.111)
�DÑ��§(>��§)(p.111 − 113)
�þ!���î�Ä(p.113 − 114)
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2.1ÅÄ�§��Ñ

ÅÄ�§£ã�y�({ü8B)µ
�u�î�Ä(Öp.109 − 111)
�\�p�Ä(Öp.111)
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.1ÅÄ�§��Ñ

~1
\�p�Ä�§��Ñ.a

aRobert Hooke (1639-1703)=IÔnÆ[,u²[
Ì��z:
1660c,��(�5)½Æ
1664c,uy�r�1Ê(
1672c,uyû�y�
1678c,uy1($Ä²��'Æ
,	,Äk¦^“cell”([�)�c,�¤��ª"�º�.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.1ÅÄ�§��Ñ

Xeã,�\þ��ãx→ x+ dx(Bã)5ïÄ.

§�$ÄA÷vÚî1�½Æ.

ÎÒ¹Âµu(x, t)L«t��, xà� £;
u(x + dx, t)L«t��x + dxà� £.

Döf êÆÔn�{ùÂ
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Xeã,�\þ��ãx→ x+ dx(Bã)5ïÄ.
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3. ½)^���Ñ
4. ½)¯K�·½5

2.1ÅÄ�§��Ñ

w,,
u(x + dx, t) = u + du.

½ÂBã(x→ x + dx)��é��þ:

u(x + dx, t) − u(x, t)
dx

=
u + du − u

dx
=
∂u
∂x
= ux.

Hooke½ÆµBüà�ÜAå(ü î�¡È
þ��p�^å)©O�Yux|xÚYux|x+dx,Ù¥Y¡
�
¼�þ.

Döf êÆÔn�{ùÂ
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=
u + du − u

dx
=
∂u
∂x
= ux.
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=
u + du − u
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=
∂u
∂x
= ux.

Hooke½ÆµBüà�ÜAå(ü î�¡È
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¼�þ.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê
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2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.1ÅÄ�§��Ñ

�\�î�¡�S, \��Ý�ρ, KBã�$
Ä�§�:

ρ(Sdx)utt = YSux|x+dx−YSux|x = YS
∂ux

∂x
dx = YSuxxdx

¤±
ρutt − Yuxx = 0

ù´\�gdp�Ä�§.

Döf êÆÔn�{ùÂ
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�\�î�¡�S, \��Ý�ρ, KBã�$
Ä�§�:

ρ(Sdx)utt = YSux|x+dx−YSux|x = YS
∂ux

∂x
dx = YSuxxdx

¤±
ρutt − Yuxx = 0
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2.1ÅÄ�§��Ñ

eρ, Y�~ê(þ!\),K

utt − a2uxx = 0, a2 ≡ Y/ρ.

Döf êÆÔn�{ùÂ
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2.1ÅÄ�§��Ñ

e3\��Ä��þ\�	åf (x, t)(ü ¡
È,ü �Ýþ�å).

K$Ä�§�:

utt − a2uxx = f (x, t)

ù´\�É½�Ä�§.

Döf êÆÔn�{ùÂ
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2.1ÅÄ�§��Ñ

e3\��Ä��þ\�	åf (x, t)(ü ¡
È,ü �Ýþ�å).
K$Ä�§�:

utt − a2uxx = f (x, t)

ù´\�É½�Ä�§.

Döf êÆÔn�{ùÂ
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~2
>^Å�§

dMaxwell�§|µ ∇ · ~D = ρ
∇ × ~E = −∂~B

∂t

,

 ∇ · ~B = 0
∇ × ~H = ∂~D

∂t +
~J

Döf êÆÔn�{ùÂ
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~2
>^Å�§

dMaxwell�§|µ ∇ · ~D = ρ
∇ × ~E = −∂~B

∂t

,

 ∇ · ~B = 0
∇ × ~H = ∂~D

∂t +
~J
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�n!¥¼ê

1�oÙ!Î¼ê
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2.1ÅÄ�§��Ñ

3ý�¥, ρ = 0, ~J = 0,�~D = ε0~E, ~B = µ0~H.

¤± ∇ · ~E = 0
∇ × ~E = −µ0

∂~H
∂t

 ∇ · ~H = 0
∇ × ~H = ε0

∂~E
∂t

Döf êÆÔn�{ùÂ
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3ý�¥, ρ = 0, ~J = 0,�~D = ε0~E, ~B = µ0~H.
¤± ∇ · ~E = 0

∇ × ~E = −µ0
∂~H
∂t

 ∇ · ~H = 0
∇ × ~H = ε0

∂~E
∂t

Döf êÆÔn�{ùÂ
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2.1ÅÄ�§��Ñ
d1�|1�ª,�

−µ0
∂2~H
∂t2 = ∇ ×

∂~E
∂t

= ∇ ×
1
ε0

(∇ × ~H) (|^1�|1�ª)

=
1
ε0

[∇(∇ · ~H) − ∇2~H]

= −
1
ε0
∇2~H (|^1�|1�ª)

Döf êÆÔn�{ùÂ
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1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5
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¤±

~Htt −
1

ε0µ0
∇2~H = 0

Döf êÆÔn�{ùÂ
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2.1ÅÄ�§��Ñ

�Ä� c2 = 1
ε0µ0

,Ù¥c´1�,

¤±
~Htt − c2∇2~H = 0,

ù´ý�¥>^Å�§.
Ón��:

~Ett − c2∇2~E = 0.

Döf êÆÔn�{ùÂ
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2.2Ñ$�§��Ñ

~1
9D��§a

aïÄ§Ý3��¥�üzÚ©ÙG�

96rÝ~q,þj[q] =
[9þ]

[¡È][�m] .

Fourier½Æµ
~q = −k∇u,Ù¥k�9D�Xê, u�§Ý.

Döf êÆÔn�{ùÂ
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96rÝ~q,þj[q] =
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e¡dFourier½ÆÚ9þÅð½Æí�9D
��§.

∆v¥�Ô�µ'9�c;�þ�Ý�ρ;�U�
39
�F(x, y, z).

Döf êÆÔn�{ùÂ
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e¡dFourier½ÆÚ9þÅð½Æí�9D
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∆v¥�Ô�µ'9�c;�þ�Ý�ρ;�U�
39
�F(x, y, z).
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�â9þÅð½Æ�:

∂

∂t

$
∆v
ρcudv =

	
S
−~q · d~S +

$
∆v

F(x, y, z)dv.

þª�>�L«ü �mS∆v¥9þ�O\,
m>1���ü �mÏLL¡S6\�9þ,
m>1��L«ü �m3∆v¥d9
¼ê�)
�9þ.

Döf êÆÔn�{ùÂ
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3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

b½k(9D�Xê)´~ê§=þ!Ô�§
�ρ, cØ��mUC,Kþª{z�

ρc
∂u
∂t
= k∇2u + F,

=

ut − a2∇2u = f ,

Ù¥

a2 ≡ k/(ρc), f ≡ F/(ρc).

Döf êÆÔn�{ùÂ
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= k∇2u + F,

=

ut − a2∇2u = f ,

Ù¥

a2 ≡ k/(ρc), f ≡ F/(ρc).
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

b½k(9D�Xê)´~ê§=þ!Ô�§
�ρ, cØ��mUC,Kþª{z�

ρc
∂u
∂t
= k∇2u + F,

=

ut − a2∇2u = f ,

Ù¥

a2 ≡ k/(ρc), f ≡ F/(ρc).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

~2
*Ñ�§a

aïÄßÝ3��¥�üzÚ©Ù�¹

A��'Ônþ�'X:

*Ñ6rÝ~q,þj�[q]=
[�þ]

[¡È][�m] .

*Ñ½Æµ~q = −D∇u.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

~2
*Ñ�§a

aïÄßÝ3��¥�üzÚ©Ù�¹

A��'Ônþ�'X:

*Ñ6rÝ~q,þj�[q]=
[�þ]

[¡È][�m] .

*Ñ½Æµ~q = −D∇u.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

~2
*Ñ�§a

aïÄßÝ3��¥�üzÚ©Ù�¹

A��'Ônþ�'X:

*Ñ6rÝ~q,þj�[q]=
[�þ]

[¡È][�m] .

*Ñ½Æµ~q = −D∇u.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

~2
*Ñ�§a

aïÄßÝ3��¥�üzÚ©Ù�¹

A��'Ônþ�'X:

*Ñ6rÝ~q,þj�[q]=
[�þ]

[¡È][�m] .

*Ñ½Æµ~q = −D∇u.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

D�*ÑXê, u�ßÝ.
Åð½Æã«

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

d�þÅð½Æ�:
∂

∂t

$
∆v

udv =
	

S
−~q · d~S +

$
∆v

Fdv.

þª�>��ü �mS∆v¥�þ�O\,
m>1���ü �mÏLL¡S6\�Ô
�þ, m>1���ü �mS3∆v¥dÔ
�
¼ê�)�Ô�þ.

þª�§�z�:

ut − D∇2u = F.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.2Ñ$�§��Ñ

d�þÅð½Æ�:
∂

∂t

$
∆v

udv =
	

S
−~q · d~S +

$
∆v

Fdv.

þª�>��ü �mS∆v¥�þ�O\,
m>1���ü �mÏLL¡S6\�Ô
�þ, m>1���ü �mS3∆v¥dÔ
�
¼ê�)�Ô�þ.
þª�§�z�:

ut − D∇2u = F.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

Simeon Denis Poisson (1781-1840){IêÆ
[

Ì��z:
½È©,>^nØÚVÇØ��¡;
VÇØ¥�Poisson©Ù(1837)
Ì�Í�:
5åÆ;Ø6!59�êÆnØ6�.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

Simeon Denis Poisson (1781-1840){IêÆ
[

Ì��z:
½È©,>^nØÚVÇØ��¡;
VÇØ¥�Poisson©Ù(1837)

Ì�Í�:
5åÆ;Ø6!59�êÆnØ6�.

Döf êÆÔn�{ùÂ
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1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

Simeon Denis Poisson (1781-1840){IêÆ
[

Ì��z:
½È©,>^nØÚVÇØ��¡;
VÇØ¥�Poisson©Ù(1837)
Ì�Í�:
5åÆ;Ø6!59�êÆnØ6�.

Döf êÆÔn�{ùÂ
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

{
ÅÄ�§

Ñ$�§

� ∂u
∂t =0�
=⇒ Poisson�§.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

~1
·>|,­ð>6|,­ð^|

·>|µ∇ · ~D = ρ, ∇ × ~E = 0.
Ú\>³φ, ~E = −∇φ,K

∇2φ = −
ρ

ε
(~D = ε~E).

Döf êÆÔn�{ùÂ
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1�oÙ!Î¼ê

1. �§���50�
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3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

~1
·>|,­ð>6|,­ð^|

·>|µ∇ · ~D = ρ, ∇ × ~E = 0.

Ú\>³φ, ~E = −∇φ,K

∇2φ = −
ρ

ε
(~D = ε~E).

Döf êÆÔn�{ùÂ
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

~1
·>|,­ð>6|,­ð^|

·>|µ∇ · ~D = ρ, ∇ × ~E = 0.
Ú\>³φ, ~E = −∇φ,K

∇2φ = −
ρ

ε
(~D = ε~E).

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

­ð>6|µ∇ ·~j = 0, ∇ × ~E = 0,�~j = σ~E.

Ú\>³ φ, ~E = −∇φ,K1

∇2φ = 0

d�Laplace�§,½φ�NÚ¼ê.

1ë�Öp.119-120.
Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

­ð>6|µ∇ ·~j = 0, ∇ × ~E = 0,�~j = σ~E.
Ú\>³ φ, ~E = −∇φ,K1

∇2φ = 0

d�Laplace�§,½φ�NÚ¼ê.

1ë�Öp.119-120.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

­ð^|:

∇ · ~B = 0, ∇ × ~H =~j, ~B = µ~H.

(1)�~j = 0�, ∇ × ~H = 0
Ú\^I³φm,¦�~H = −∇φm,K

∇2φm = 0.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

­ð^|:

∇ · ~B = 0, ∇ × ~H =~j, ~B = µ~H.

(1)�~j = 0�, ∇ × ~H = 0

Ú\^I³φm,¦�~H = −∇φm,K

∇2φm = 0.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

­ð^|:

∇ · ~B = 0, ∇ × ~H =~j, ~B = µ~H.

(1)�~j = 0�, ∇ × ~H = 0
Ú\^I³φm,¦�~H = −∇φm,K

∇2φm = 0.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

(2)Ï�∇ · ~B = 0

Ú\¥³~A,¦�2

~B = ∇ × ~A

K

∇ ×
1
µ
~B =~j, ∇ × (∇ × ~A) = µ~j

=
∇(∇ · ~A) − ∇2~A = µ~j.

2~A�����FÝ�, ~A→ ~A + ∇Λ,K~BØC.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{
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�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
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3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

(2)Ï�∇ · ~B = 0
Ú\¥³~A,¦�2

~B = ∇ × ~A

K

∇ ×
1
µ
~B =~j, ∇ × (∇ × ~A) = µ~j

=
∇(∇ · ~A) − ∇2~A = µ~j.

2~A�����FÝ�, ~A→ ~A + ∇Λ,K~BØC.
Döf êÆÔn�{ùÂ
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1. �§���50�
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3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

(2)Ï�∇ · ~B = 0
Ú\¥³~A,¦�2

~B = ∇ × ~A

K

∇ ×
1
µ
~B =~j, ∇ × (∇ × ~A) = µ~j

=
∇(∇ · ~A) − ∇2~A = µ~j.

2~A�����FÝ�, ~A→ ~A + ∇Λ,K~BØC.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ
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�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

(2)Ï�∇ · ~B = 0
Ú\¥³~A,¦�2

~B = ∇ × ~A

K

∇ ×
1
µ
~B =~j, ∇ × (∇ × ~A) = µ~j

=
∇(∇ · ~A) − ∇2~A = µ~j.

2~A�����FÝ�, ~A→ ~A + ∇Λ,K~BØC.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

À�Coulomb5�∇ · ~A = 0,K

∇2~A = −µ~j

ù´¥þ/ª�Poisson�§.

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

À�Coulomb5�∇ · ~A = 0,K

∇2~A = −µ~j

ù´¥þ/ª�Poisson�§.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

~2
Ø�Ø 6N�Ã
!Ã^!­½6Ä

Ã
�ëY5�§:

∂ρ

∂t
+ ∇ · (ρ~v) = 0.

Ø�Ø µρ�ØrÃ'3

3=ρØ��m�I
Cz.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª
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�n!¥¼ê
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2.3 Poisson�§��Ñ

~2
Ø�Ø 6N�Ã
!Ã^!­½6Ä

Ã
�ëY5�§:

∂ρ

∂t
+ ∇ · (ρ~v) = 0.

Ø�Ø µρ�ØrÃ'3

3=ρØ��m�I
Cz.
Döf êÆÔn�{ùÂ
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2.3 Poisson�§��Ñ

~2
Ø�Ø 6N�Ã
!Ã^!­½6Ä

Ã
�ëY5�§:

∂ρ

∂t
+ ∇ · (ρ~v) = 0.

Ø�Ø µρ�ØrÃ'3

3=ρØ��m�I
Cz.
Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

­½:4
∂ρ

∂t
= 0.

¤±
ρ∇ · ~v = 0.

4ρØ��mCz.
Döf êÆÔn�{ùÂ
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2.3 Poisson�§��Ñ

­½:4
∂ρ

∂t
= 0.

¤±
ρ∇ · ~v = 0.

4ρØ��mCz.
Döf êÆÔn�{ùÂ
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1. �§���50�
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3. ½)^���Ñ
4. ½)¯K�·½5

2.3 Poisson�§��Ñ

Ã^�^�µ∇ × ~v = 0.

Ïd�±Ú\³¼êu,

~v = −∇u

¤±
∇2u = 0

d�Laplace�§.

Döf êÆÔn�{ùÂ
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2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.1>.^���Ñ

w,,3�NS~E1 = 0,�=~D1 = 0.
d∇ · ~D = ρ,Àîª>.�Ã¡��ÎN,K

�à =

$
∇·~Ddv =

	
~D·d~S = ~n·(~D2 − ~D1)

∣∣∣∣
Σ
∆S

5µ�Îph → 0�, ý¡þ�~D�~nR�, �éÈ
©Ã�z!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.1>.^���Ñ

mà =

$
ρdv = σ∆S

Ù¥σ�¡>Ö�Ý.

¤±

~n · (~D2 − ~D1)
∣∣∣∣
Σ
= σ.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.1>.^���Ñ

mà =

$
ρdv = σ∆S

Ù¥σ�¡>Ö�Ý.
¤±

~n · (~D2 − ~D1)
∣∣∣∣
Σ
= σ.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.1>.^���Ñ

qÏ�

~D1 = 0, ~D2 = ε~E2 = −ε∇u,

¤±

− ε
∂u
∂n

∣∣∣∣∣
Σ

= σ.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.1>.^���Ñ

qÏ�

~D1 = 0, ~D2 = ε~E2 = −ε∇u,

¤±

− ε
∂u
∂n

∣∣∣∣∣
Σ

= σ.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.1>.^���Ñ

8B>.^��eZA::
? (i)>.^��/ªõ«õ�;
? (ii) �Ñ>.^���â��Ñ�§��â�
Ó;
? (iii) Ã>.^��¯K(>.�K����«
�.) {

�mþ��l(«��l>.)
�mþØ�(åÐ©��)

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.2Ð©^���Ñ

ÅÄ�§utt − a2∇2u = 0,I�ü�Ð�^�:

u(~r, 0)Ú ut(~r, 0);

Ñ$�§ut − a2∇2u = 0�I��Ð©^�:

u(~r, 0).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.2Ð©^���Ñ

ÅÄ�§utt − a2∇2u = 0,I�ü�Ð�^�:

u(~r, 0)Ú ut(~r, 0);

Ñ$�§ut − a2∇2u = 0�I��Ð©^�:

u(~r, 0).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.2Ð©^���Ñ

`²:

(i) Ð©^�7L�ÑXÚ��:�Ð©G
�,ØU==�Ñ�O:�Ð©G�;
(ii)vkÐ��¯K:
(l)Ð©^�é¯K�)vkK�;
(2)��müzªu­½�¯K(X{Z�Ä).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.2Ð©^���Ñ

`²:
(i) Ð©^�7L�ÑXÚ��:�Ð©G
�,ØU==�Ñ�O:�Ð©G�;

(ii)vkÐ��¯K:
(l)Ð©^�é¯K�)vkK�;
(2)��müzªu­½�¯K(X{Z�Ä).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.2Ð©^���Ñ

`²:
(i) Ð©^�7L�ÑXÚ��:�Ð©G
�,ØU==�Ñ�O:�Ð©G�;
(ii)vkÐ��¯K:
(l)Ð©^�é¯K�)vkK�;
(2)��müzªu­½�¯K(X{Z�Ä).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.2Ð©^���Ñ

~1Xã,�-�î�Ä

u(x, 0) =
{ 2u0

l x, 0 ≤ x ≤ l
2 ,

2u0
l (l − x), l

2 ≤ x ≤ l.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.2Ð©^���Ñ

5µu(x, 0) = u0´�Ø�,§==´x = l
2:�Ð©

 �,Ø´��u�Ð©^�.

ut(x, 0) = 0.

d^�L«: ���m,z:�Ð�Ý�".

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.3g,>.^���Ñ

ÄuÔnþ��Ä, é,
AÏ:�¼ê�
N\k.Úü���¦.

~2
¥�IX¥, (r, θ, ψ)�(r, θ, ψ+2π)3�mþ´Ó�
:.eu(r, θ, ψ)´�*ÿþ,K�¦a

u(r, θ, ψ) = u(r, θ, ψ + 2π).
aü�5�¦,�¡±Ï5>.^�.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.3g,>.^���Ñ

ÄuÔnþ��Ä, é,
AÏ:�¼ê�
N\k.Úü���¦.

~2
¥�IX¥, (r, θ, ψ)�(r, θ, ψ+2π)3�mþ´Ó�
:.eu(r, θ, ψ)´�*ÿþ,K�¦a

u(r, θ, ψ) = u(r, θ, ψ + 2π).
aü�5�¦,�¡±Ï5>.^�.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

4.4ë(^���Ñ

ïÄ«�dØÓ0�|¤, ØÓ«�¥�§
ªØÓ.ÏLÔnþ��Ä,é�ØÓ«�Ônþ
�m�éX.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.4ë(^���Ñ

~1ü«á�|¤�\�p�Ä¯K.
á�1µ0 ≤ x < c, Y1, ρ1, u1.
á�2µc < x ≤ l, Y2, ρ2, u2.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.4ë(^���Ñ

�g$Ä�§©O�:

∂2u1

∂t2 − a2
1
∂2u1

∂x2 = 0, a2
1 = Y1/ρ1.

∂2u2

∂t2 − a2
2
∂2u2

∂x2 = 0, a2
2 = Y2/ρ2.

ë(^�(�yë(?Øäm�)µ{
u1|x=c = u2|x=c

Y1S∂u1
∂x

∣∣∣
x=c = Y2S∂u2

∂x

∣∣∣
x=c

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

3.4ë(^���Ñ

�g$Ä�§©O�:

∂2u1

∂t2 − a2
1
∂2u1

∂x2 = 0, a2
1 = Y1/ρ1.

∂2u2

∂t2 − a2
2
∂2u2

∂x2 = 0, a2
2 = Y2/ρ2.

ë(^�(�yë(?Øäm�)µ{
u1|x=c = u2|x=c

Y1S∂u1
∂x

∣∣∣
x=c = Y2S∂u2

∂x

∣∣∣
x=c

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

4. ½)¯K�·½5

'5n��¡:

)��35¯K

)���5¯K

)�­½5¯K

êÆ[�'5.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. �§���50�
2. na�§��Ñ
3. ½)^���Ñ
4. ½)¯K�·½5

4. ½)¯K�·½5

'5n��¡:

)��35¯K

)���5¯K

)�­½5¯K

êÆ[�'5.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

êÆÔn�§�©aÚ�K��úª

1�Ù!êÆÔn�§�©aÚ�K�
�úª

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1. êÆÔn�§�©a

���5 �©�§���5?Ø.

��§0��na�§´���5 �©�

§�n«A½/ª.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1. êÆÔn�§�©a

���5 �©�§���5?Ø.
��§0��na�§´���5 �©�

§�n«A½/ª.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§

��/ª(�ÊH�/ª):
n∑

j=1

n∑
i=1

aijuxixj +

n∑
i=1

biuxi + cu + f = 0,

Ù¥x1, x2, · · · , xn´n�gCþ,
u = u(x1, x2, · · · , xn);
aij, bi, c, fþ�n�gCþxi (i = 1, 2, · · · , n)�®�
¼ê.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§
?A�Vgµ

(i)�5�§µ'uu, uxi ≡
∂u
∂xi
, uxixj ≡

∂2u
∂xi∂xj
þ´

�g�.

(ii)àg�§

f (x1, x2, · · · , xn) = 0.

(iii)�àg�§

f (x1, x2, · · · , xn) , 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§
?A�Vgµ

(i)�5�§µ'uu, uxi ≡
∂u
∂xi
, uxixj ≡

∂2u
∂xi∂xj
þ´

�g�.

(ii)àg�§

f (x1, x2, · · · , xn) = 0.

(iii)�àg�§

f (x1, x2, · · · , xn) , 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§
?A�Vgµ

(i)�5�§µ'uu, uxi ≡
∂u
∂xi
, uxixj ≡

∂2u
∂xi∂xj
þ´

�g�.
(ii)àg�§

f (x1, x2, · · · , xn) = 0.

(iii)�àg�§

f (x1, x2, · · · , xn) , 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§
?A�Vgµ

(i)�5�§µ'uu, uxi ≡
∂u
∂xi
, uxixj ≡

∂2u
∂xi∂xj
þ´

�g�.
(ii)àg�§

f (x1, x2, · · · , xn) = 0.

(iii)�àg�§

f (x1, x2, · · · , xn) , 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§
?A�Vgµ

(i)�5�§µ'uu, uxi ≡
∂u
∂xi
, uxixj ≡

∂2u
∂xi∂xj
þ´

�g�.
(ii)àg�§

f (x1, x2, · · · , xn) = 0.

(iii)�àg�§

f (x1, x2, · · · , xn) , 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§

àg�5�§�­�5�µ)�U\5(U\
�n).

U\�nµeu´àg�§�),=u÷v
n∑

j=1

n∑
i=1

aijuxixj +

n∑
i=1

biuxi + cu = 0,


v�´Tàg�§�),=v÷v
n∑

j=1

n∑
i=1

aijvxixj +

n∑
i=1

bivxi + cv = 0,

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§

àg�5�§�­�5�µ)�U\5(U\
�n).
U\�nµeu´àg�§�),=u÷v

n∑
j=1

n∑
i=1

aijuxixj +

n∑
i=1

biuxi + cu = 0,


v�´Tàg�§�),=v÷v
n∑

j=1

n∑
i=1

aijvxixj +

n∑
i=1

bivxi + cv = 0,

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§

Ku�v��5|Ü(U\)c1u + c2v�´þã�§�
),=�3

n∑
j=1

n∑
i=1

aij(c1uxixj + c2vxixj)

+

n∑
i=1

bi(c1uxi + c2vxi) + c(c1u + c2v) = 0,

Ù¥c1, c2�?¿~ê.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§

~ Schrodinger�§´�5�

i~
∂ψ

∂t
= (−

~2

2m
∇2 + U)ψ,

Ù¥ψ£ãXÚ�G�,¡�Å¼ê.

¤±�3�A���U\�n.10 Ïd, Å¼
ê�AÇ)º�êÆÄ:´�§��5A�.

10Å¼ê�AÇ)º.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.1���5 �©�§

~ Schrodinger�§´�5�

i~
∂ψ

∂t
= (−

~2

2m
∇2 + U)ψ,

Ù¥ψ£ãXÚ�G�,¡�Å¼ê.

¤±�3�A���U\�n.10 Ïd, Å¼
ê�AÇ)º�êÆÄ:´�§��5A�.

10Å¼ê�AÇ)º.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

��/ª:
a11uxx + 2a12uxy + a22uyy + b1ux + b2uy + cu + f = 0,

Ù¥11 
a11 = a11(x, y), b1 = b1(x, y),
a12 = a12(x, y), b2 = b2(x, y),
a22 = a22(x, y), c = c(x, y),

f = f (x, y).



11'ux, y�®�¼ê.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

��/ª:
a11uxx + 2a12uxy + a22uyy + b1ux + b2uy + cu + f = 0,

Ù¥11 
a11 = a11(x, y), b1 = b1(x, y),
a12 = a12(x, y), b2 = b2(x, y),
a22 = a22(x, y), c = c(x, y),

f = f (x, y).


11'ux, y�®�¼ê.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

Ú\ü�#�gCþξ, η,�Xe�C�:{
x = x(ξ, η)
y = y(ξ, η)

�¦Ù_C��3,=k{
ξ = ξ(x, y)
η = η(x, y)

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

Ú\ü�#�gCþξ, η,�Xe�C�:{
x = x(ξ, η)
y = y(ξ, η)

�¦Ù_C��3,=k{
ξ = ξ(x, y)
η = η(x, y)

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

ù�^��duC��JacobianØ�",=∣∣∣∣∣∂(ξ, η)
∂(x, y)

∣∣∣∣∣ ≡
∣∣∣∣∣∣∣
∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

∣∣∣∣∣∣∣ , 0

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

y²:

dξ =
∂ξ

∂x
dx +

∂ξ

∂y
dy, dη =

∂η

∂x
dx +

∂η

∂y
dy,

�¤Ý
/ª(
dξ
dη

)
=

 ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

 ( dx
dy

)

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

y²:

dξ =
∂ξ

∂x
dx +

∂ξ

∂y
dy, dη =

∂η

∂x
dx +

∂η

∂y
dy,

�¤Ý
/ª(
dξ
dη

)
=

 ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

 ( dx
dy

)

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

-Y ≡
(

dξ
dη

)
, X ≡

(
dx
dy

)
, C ≡

 ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

,

KY = CX.
Ï�X = C−1Y�3,¤±detC , 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

-Y ≡
(

dξ
dη

)
, X ≡

(
dx
dy

)
, C ≡

 ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

,
KY = CX.

Ï�X = C−1Y�3,¤±detC , 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

-Y ≡
(

dξ
dη

)
, X ≡

(
dx
dy

)
, C ≡

 ∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

,
KY = CX.
Ï�X = C−1Y�3,¤±detC , 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

e¡±ξ, η�gCþ,�Ñ�§���/ª.

Ì�O�ó�µ
òuxx, uxy, uyy, ux, uyC�¤uξξ, uξη, uηη, uξ, uη
Úξ, ηL«�/ª.
Ï�O����ûk�q5,¤±±uxx�~!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

e¡±ξ, η�gCþ,�Ñ�§���/ª.
Ì�O�ó�µ
òuxx, uxy, uyy, ux, uyC�¤uξξ, uξη, uηη, uξ, uη
Úξ, ηL«�/ª.

Ï�O����ûk�q5,¤±±uxx�~!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

e¡±ξ, η�gCþ,�Ñ�§���/ª.
Ì�O�ó�µ
òuxx, uxy, uyy, ux, uyC�¤uξξ, uξη, uηη, uξ, uη
Úξ, ηL«�/ª.
Ï�O����ûk�q5,¤±±uxx�~!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

u(x, y) = u(x(ξ, η), y(ξ, η)), u(ξ, η) = u(ξ(x, y), η(x, y)),

ux ≡
∂u
∂x
=
∂u
∂ξ

∂ξ

∂x
+
∂u
∂η

∂η

∂x
= uξξx + uηηx,

uy ≡
∂u
∂y
=
∂u
∂ξ

∂ξ

∂y
+
∂u
∂η

∂η

∂y
= uξξy + uηηy,

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

uxx =
∂

∂x
(uξξx + uηηx)

=
∂

∂x
uξ · ξx + uξξxx +

∂

∂x
uη · ηx + uηηxx

= (uξξξx + uξηηx) · ξx + uξξxx

+(uηηηx + uηξξx) · ηx + uηηxx

= uξξξ2
x + 2uξηξxηx + uηηη2

x + uξξxx + uηηxx.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

Ón��Ñuxy, uyy,12�\�5���/ª�

�§¥,

A11uξξ+2A12uξη+A22uηη+B1uξ+B2uη+Cu+F = 0.

5µ#Xêþ�L«�ξ, η�®�¼ê.

12�Öp.129.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

Ón��Ñuxy, uyy,12�\�5���/ª�

�§¥,

A11uξξ+2A12uξη+A22uηη+B1uξ+B2uη+Cu+F = 0.

5µ#Xêþ�L«�ξ, η�®�¼ê.

12�Öp.129.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

Ù¥

A11 = a11ξ
2
x + 2a12ξxξy + a22ξ

2
y ,

A22 = a11η
2
x + 2a12ηxηy + a22η

2
y,

A12 = a11ξxηx + a12(ξxηy + ξyηx) + a22ξyηy,
B1 = a11ξxx + 2a12ξxy + a22ξyy + b1ξx + b2ξy,
B2 = a11ηxx + 2a12ηxy + a22ηyy + b1ηx + b2ηy,
C = c,
F = f .

C��A:µ�§��55�ØC!

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

Ù¥

A11 = a11ξ
2
x + 2a12ξxξy + a22ξ

2
y ,

A22 = a11η
2
x + 2a12ηxηy + a22η

2
y,

A12 = a11ξxηx + a12(ξxηy + ξyηx) + a22ξyηy,
B1 = a11ξxx + 2a12ξxy + a22ξyy + b1ξx + b2ξy,
B2 = a11ηxx + 2a12ηxy + a22ηyy + b1ηx + b2ηy,
C = c,
F = f .

C��A:µ�§��55�ØC!
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

e¡�ó�´z{���§.13

�{´µÀ�AÏ�C�

ξ = ξ(x, y), η = η(x, y),

¦�

A11 = A22 = 0.

13z{�Kµ�±���§�5�,¿k¦�Uõ�Xê¼ê�".
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

e¡�ó�´z{���§.13

�{´µÀ�AÏ�C�

ξ = ξ(x, y), η = η(x, y),

¦�

A11 = A22 = 0.

13z{�Kµ�±���§�5�,¿k¦�Uõ�Xê¼ê�".
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

�14

a11z2
x + 2a12zxzy + a22z2

y = 0.

e¡y²µd��5�§kü�A), ©O
�À�ξ, η,K7,�y

A11 = A22 = 0.

14'uz(x, y)���5 �©�§!
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

�14

a11z2
x + 2a12zxzy + a22z2

y = 0.

e¡y²µd��5�§kü�A), ©O
�À�ξ, η,K7,�y

A11 = A22 = 0.

14'uz(x, y)���5 �©�§!
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

C/�§:

a11(−
zx

zy
)2 − 2a12(−

zx

zy
) + a22 = 0.

?�Úò

z(x, y) = const.
��½ÂÛ¼êy(x)��§,K

dz = 0 =
∂z
∂x

dx +
∂z
∂y

dy = zxdx + zydy,

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

C/�§:

a11(−
zx

zy
)2 − 2a12(−

zx

zy
) + a22 = 0.

?�Úò

z(x, y) = const.
��½ÂÛ¼êy(x)��§,K

dz = 0 =
∂z
∂x

dx +
∂z
∂y

dy = zxdx + zydy,
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=
dy
dx
= −

zx

zy
.

Ïd, z(x, y)���5 �©�§z{���
5~�©�§15

a11(
dy
dx

)2 − 2a12
dy
dx
+ a22 = 0.

15ù´��5~�©�§,¡��5u(x, y)�§�A��§.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

=
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dx
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zx

zy
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Ïd, z(x, y)���5 �©�§z{���
5~�©�§15

a11(
dy
dx

)2 − 2a12
dy
dx
+ a22 = 0.

15ù´��5~�©�§,¡��5u(x, y)�§�A��§.
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A��§�©)�ü�16

dy
dx
=

a12 +

√
a2

12 − a11a22

a11
,

dy
dx
=

a12 −

√
a2

12 − a11a22

a11
.

16=ü�)a,©OéAuξÚη.
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d
√

a2
12 − a11a22��, K½"��/, ò �

©�§©a:
a2

12 − a11a22 > 0, V­.
a2

12 − a11a22 = 0, �Ô.
a2

12 − a11a22 < 0, ý�.

5µdua11, a12, a22´x, y�¼ê. Ïd, éÊ
H�§
ó,3x, y�ØÓ«�,§éAuØÓ
a.��§.
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C��5�:
�±y²

A2
12 − A11A22 = (a2

12 − a11a22)(ξxηy − ξyηx)2.

¤±,gCþ�C�ØUC�§�a.!
5: ξxηy − ξyηx , 0, §TÐ´

∣∣∣∣∂(ξ,η)
∂(x,y)

∣∣∣∣, =§´C�
�Jacobi1�ª.
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ξ(x, y) = ~ê,
η(x, y) = ~ê.

�ξ, η�#�gCþ, KA11 = A22 = 0, =, �
�/ª�§z{�

uξη = −
1

2A12
(B1uξ + B2uη + Cu + F).
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�
�z¤IO�V­.�§, Ú\α, β�
Oξ, η,§��m�éX´:{

ξ ≡ α + β
η ≡ α − β

½

{
α = 1

2(ξ + η)
β = 1

2(ξ − η)

|^α, β�gCþ,Kþã�§z�17

uαα−uββ = −
1

A12
[(B1+B2)uα+(B1−B2)uβ+2Cu+2F].

17ù´IO�V­.�§.
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�z¤IO�V­.�§, Ú\α, β�
Oξ, η,§��m�éX´:{

ξ ≡ α + β
η ≡ α − β

½

{
α = 1

2(ξ + η)
β = 1

2(ξ − η)

|^α, β�gCþ,Kþã�§z�17

uαα−uββ = −
1

A12
[(B1+B2)uα+(B1−B2)uβ+2Cu+2F].

17ù´IO�V­.�§.
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'u�Ô.Úý�.�§�IO/ª, ë�
Öp.131 − 132.

'uõgCþ(n > 2)��§�©a, ë�
Öp.132 − 134.
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(2)~Xê�5�§�z{

~DÑ��§

LCutt − uxx + (LG + RC)ut + RGu = 0.

A::
� L, C, G, Rþ�~ê;
�Ãutx, ux�,��§´àg�.
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Ú\v(x, t),�u(x, t)�v(x, t)�'X�:18

u(x, t) = eλx+µtv(x, t),

Ù¥λ, µ��½~ê.

18ù´³²�ß�!
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ux = eλx+µt(vx + λv),
ut = eλx+µt(vt + µv),
uxx = eλx+µt(vxx + 2λvx + λ

2v),
uxt = eλx+µt(vxt + λvt + µvx + λµv),
utt = eλx+µt(vtt + 2µvt + µ

2v).
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òutt, uxx, ut, u�\��§�:19

LCvtt − vxx − 2λvx + [2µLC + (LG + RC)]vt

+[LCµ2 − λ2 + µ(LG + RC) + RG]v = 0.

19q��E,
?
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�
¦vt, vx���,�{
λ = 0,
2µLC + (LG + RC) = 0.

)Ñ�½Xêλ = 0, µ = −(LG + RC)/(2LC).
¤±  u(x, t) = e−

LG+RC
2LC tv(x, t),

LCvtt − vxx −
(LG−RC)2

4LC v = 0.
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λ = 0,
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¯K)�µp.135, 1.(3)
ò uxx + 4uxy + 5uyy + ux + 2uy = 0z�IO/ª.

)µéì��/ª,�ÑXê:

a11 = 1, a12 = 2, a22 = 5, b1 = 1, b2 = 2, c = f = 0.

�Oª a2
12 − a11a22 = −1 < 0 =⇒ý�.�§.
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¯K)�µp.135, 1.(3)
ò uxx + 4uxy + 5uyy + ux + 2uy = 0z�IO/ª.

)µéì��/ª,�ÑXê:

a11 = 1, a12 = 2, a22 = 5, b1 = 1, b2 = 2, c = f = 0.

�Oª a2
12 − a11a22 = −1 < 0 =⇒ý�.�§.
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A��§µ
dy
dx
= 2 ± i,

)Ñ: y = (2 ± i)x + c.

¤±À�20 {
ξ = (2 + i)x − y
η = (2 − i)x − y

20÷vξ = η∗.
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A��§µ
dy
dx
= 2 ± i,

)Ñ: y = (2 ± i)x + c.
¤±À�20 {

ξ = (2 + i)x − y
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20÷vξ = η∗.
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dA11 = A22 = 0,��IO.:

uξη = −
1

2A12
[B1uξ + B2uη + cu + f ].

�ÑA12 = 2, B1 = i, B2 = −i,¿�Ä�c = f =
0.¤±

uξη = −
i
4

(uξ − uη).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

1.2ü�gCê��§�©a

dA11 = A22 = 0,��IO.:
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?�ÚÚ\α, β,¦�{
ξ = α + iβ
η = α − iβ =⇒

{
α = 1

2(ξ + η)
β = 1

2i(ξ − η)

�

uαα + uββ = −
1

A12
[(B1 + B2)uα + i(B2 − B1)uβ]

= −
1
2

[0 · uα + i(−2i)uβ]
= −uβ.
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?�ÚÚ\α, β,¦�{
ξ = α + iβ
η = α − iβ =⇒

{
α = 1

2(ξ + η)
β = 1

2i(ξ − η)

�

uαα + uββ = −
1

A12
[(B1 + B2)uα + i(B2 − B1)uβ]

= −
1
2

[0 · uα + i(−2i)uβ]
= −uβ.
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¤±
uαα + uββ + uβ = 0,

� {
α = 2x − y,
β = x.
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¤±
uαα + uββ + uβ = 0,

� {
α = 2x − y,
β = x.
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2. �K��(d’Alembert)úª
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1
2
ϕ(x − at) −

1
2a

∫ x−at

x0

ψ(ξ)dξ −
1
2
[
f1(x0) − f2(x0)

]
,
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�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

=21

u(x, t) =
1
2
[
ϕ(x + at) + ϕ(x − at)

]
+

1
2a

∫ x+at

x−at
ψ(ξ)dξ.

21d�d’Alembertúª.
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1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª
ü«AÏ�/:

Case(i)eÐ�ψ(x) = 0,K22

u(x, t) =
1
2

[ϕ(x + at) + ϕ(x − at)]

Case(ii)eu|t=0 = ϕ(x) = 0,
ut|t=0 = ψ(x) , 0,
K

u(x, t) =
1
2a

∫ x+at

x−at
ψ(ξ)dξ.

22Q^FourierC���Ld(J.
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ü«AÏ�/:

Case(i)eÐ�ψ(x) = 0,K22

u(x, t) =
1
2

[ϕ(x + at) + ϕ(x − at)]

Case(ii)eu|t=0 = ϕ(x) = 0,
ut|t=0 = ψ(x) , 0,
K

u(x, t) =
1
2a

∫ x+at

x−at
ψ(ξ)dξ.

22Q^FourierC���Ld(J.
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2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª
ü«AÏ�/:

Case(i)eÐ�ψ(x) = 0,K22

u(x, t) =
1
2

[ϕ(x + at) + ϕ(x − at)]

Case(ii)eu|t=0 = ϕ(x) = 0,
ut|t=0 = ψ(x) , 0,
K

u(x, t) =
1
2a

∫ x+at

x−at
ψ(ξ)dξ.

22Q^FourierC���Ld(J.
Döf êÆÔn�{ùÂ
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1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

e¡|^d′Alembertúª�Ñ�Ã.23u½\

�$Ä5Æ.

½)¯Kµ

utt − a2uxx = 0 (0 ≤ x < ∞){
u|t=0 = ϕ(x)
ut|t=0 = ψ(x) (0 ≤ x < ∞)

u|x=0 = 0 (à:�½§1�a>.^�)

23�k��>.^�.
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1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

�{µ
é1�a>.^�, òÐ©^��Ûò

ÿ, ò�Ã.¯K=z�Ã.¯K, ,�|
^d’Alembertúª.

Ûòÿ

Φ(x) =
{

ϕ(x), x ≥ 0
−ϕ(−x), x < 0.

Ψ(x) =
{

ψ(x), x ≥ 0
−ψ(−x), x < 0.
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2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

�{µ
é1�a>.^�, òÐ©^��Ûò

ÿ, ò�Ã.¯K=z�Ã.¯K, ,�|
^d’Alembertúª.
Ûòÿ

Φ(x) =
{

ϕ(x), x ≥ 0
−ϕ(−x), x < 0.

Ψ(x) =
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−ψ(−x), x < 0.
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1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

K)�:

u(x, t) =
1
2

[Φ(x + at) + Φ(x − at)]+
1

2a

∫ x+at

x−at
Ψ(ξ)dξ.

��x ≥ 0�Ü©=�! (�[?Ø�Ö)
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2. �K��(d’Alembert)úª

K)�:

u(x, t) =
1
2

[Φ(x + at) + Φ(x − at)]+
1

2a

∫ x+at

x−at
Ψ(ξ)dξ.

��x ≥ 0�Ü©=�! (�[?Ø�Ö)
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2.�K��(d’Alembert)úª

�yd)�(÷v>.^� u(0, t) = 0.

w,

u(0, t) =
1
2

[Φ(at) + Φ(−at)] +
1
2a

∫ at

−at
Ψ(ξ)dξ
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�yd)�(÷v>.^� u(0, t) = 0.
w,
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1
2

[Φ(at) + Φ(−at)] +
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−at
Ψ(ξ)dξ

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

Ï�24

Φ(−at) = −Φ(at)

�25 ∫ at

−at
Ψ(ξ)dξ = 0

¤±
u(0, t) = 0.

24Φ´Û¼ê.
25Ψ�´Û¼ê,§3é¡«mÈ©�".
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Ï�24

Φ(−at) = −Φ(at)

�25 ∫ at

−at
Ψ(ξ)dξ = 0

¤±
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24Φ´Û¼ê.
25Ψ�´Û¼ê,§3é¡«mÈ©�".
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2. �K��(d’Alembert)úª

Ï�24

Φ(−at) = −Φ(at)

�25 ∫ at

−at
Ψ(ξ)dξ = 0

¤±
u(0, t) = 0.

24Φ´Û¼ê.
25Ψ�´Û¼ê,§3é¡«mÈ©�".
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2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

C�e¯Kµ
e�Ã.\�à:�gd�Ä, K>.

^�´1�a�,=

ux|x=0 = 0.
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1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

éd,òÐ©^��óòÿ=�,

Φ(x) =
{
ϕ(x), x ≥ 0,
ϕ(−x), x < 0.

Ψ(x) =
{
ψ(x), x ≥ 0,
ψ(−x), x < 0.

Ù{?ØÓþ.
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1. êÆÔn�§�©a
2. �K��(d’Alembert)úª

2. �K��(d’Alembert)úª

g�K:
eà:´1na>.^�

[u + Hux]|x=0 = 0.

XÛ¦)?
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1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

���IX¥�§�©lCþ{

1��Ù!���IX¥�§�©lC
þ{26

26©lCþ{,=ò �©�§=z¤õ�~�©�§?1¦).
Döf êÆÔn�{ùÂ
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2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

1. k.�m�àg�½�§(Fourier?
ê{)

��)(Ï))�±L«¤Fourier?ê�Ðm/ª.
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1.1©lCþ{��0�

 �©�§�Ï)��¦ØÑ5. =¦��
Ï),��¹?¿¼ê.¦?¿¼ê�L§¢
Sþ��)�§.

é �©�§��¦A).
©lCþ:

u(x, y, z, t) = X(x)Y(y)Z(z)T(t).

5µ·^���2,��ØU)Ñ¤k�§.
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 �©�§�Ï)��¦ØÑ5. =¦��
Ï),��¹?¿¼ê.¦?¿¼ê�L§¢
Sþ��)�§.
é �©�§��¦A).

©lCþ:

u(x, y, z, t) = X(x)Y(y)Z(z)T(t).
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Ï),��¹?¿¼ê.¦?¿¼ê�L§¢
Sþ��)�§.
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1.1©lCþ{��0�

 �©�§�Ï)��¦ØÑ5. =¦��
Ï),��¹?¿¼ê.¦?¿¼ê�L§¢
Sþ��)�§.
é �©�§��¦A).
©lCþ:

u(x, y, z, t) = X(x)Y(y)Z(z)T(t).

5µ·^���2,��ØU)Ñ¤k�§.
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2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

1.2üà�½�u�gd�Ä

¦)Ú½:
(1)ÀJ�I

(2)�Ñ½)¯K27
utt − a2uxx = 0, 0 < x < l, t > 0
u(0, t) = u(l, t) = 0, t ≥ 0
u(x, 0) = φ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l

27>.^�´1�a�.
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ü�gCþx, t,�

u(x, t) = X(x)T(t)

�\þã�§, ò�§!>.^�±9Ð©
^�©lCþµ

=⇒
XT ′′ − a2X′′T = 0 (X′′ ≡ d2X

dx2 , T ′′ ≡ d2T
dt2 )

X′′
X =

T ′′
a2T = −λ.

Ï� X(x)�T(t)�pÕá,¤±

X′′ + λX = 0, T ′′ + λa2T = 0.
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ut − a2uxx = 0
ux|x=0 = 0 ý9^�

x→ +∞à:´g,>.^��
u(x, 0) = φ(x)

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

2.2�Ã.�m

é1�a>.^�,Ð©^��óòÿ:
Ut − a2Uxx = 0, −∞ < x < +∞
Ux|x=0 = 0,

U(x, 0) =
{
φ(x), x > 0
φ(−x), x < 0

��U(x, t)�,�x > 0Ü©=�.

Döf êÆÔn�{ùÂ
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1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

2.2�Ã.�m

~2 
ut − a2uxx = 0
u|x=0 = 0 (1�a>.^�)
u(x, 0) = φ(x)
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2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

2.2�Ã.�m

Ûòÿ�,
Ut − a2Uxx = 0,
U|x=0 = 0,

U(x, 0) =
{

φ(x), x > 0
−φ(−x), x < 0 .
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2. Ã.�m�àg�½�§(FourierÈ©{)
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2.3k.�mÖ¿~K

k.�màg�½�§¦)(Fourier?ê{)
Ö¿~K

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

2.3k.�mÖ¿~K

~1��Laplace�§(���IX)a

a�Öp.152~3.

½)¯K: 
uxx + uyy = 0,
u|x=0 = u0, u|x=a = u0,
u|y=0 = u0, u|y=b = U.

A:µ>.^�´�àg�.34

34àgz>.^�.
Döf êÆÔn�{ùÂ
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~1��Laplace�§(���IX)a

a�Öp.152~3.

½)¯K: 
uxx + uyy = 0,
u|x=0 = u0, u|x=a = u0,
u|y=0 = u0, u|y=b = U.

A:µ>.^�´�àg�.34

34àgz>.^�.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

2.3k.�mÖ¿~K

�{�µ
�u(x, y) = v(x, y) + w(x, y), -v, w©O÷

vXe��§Ú>.^�.
vxx + vyy = 0
v|x=0 = u0, v|x=a = u0
v|y=0 = 0, v|y=b = 0

,


wxx + wyy = 0
w|x=0 = 0, w|x=a = 0
w|y=0 = u0, w|y=b = U

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
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3. Ö¿�£ (k'~�©�§�¦))

2.3k.�mÖ¿~K

év(x, y)
ó, y = 0, y = b?´1�aàg>
.^�;

éw(x, y)
óx = 0, x = a ?´1�aàg>
.^�.
¤±�|^c¡��{,35 ©Oév, w©lC
þ¦).

35)üà�½u��{.
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év(x, y)
ó, y = 0, y = b?´1�aàg>
.^�;
éw(x, y)
óx = 0, x = a ?´1�aàg>
.^�.

¤±�|^c¡��{,35 ©Oév, w©lC
þ¦).
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év(x, y)
ó, y = 0, y = b?´1�aàg>
.^�;
éw(x, y)
óx = 0, x = a ?´1�aàg>
.^�.
¤±�|^c¡��{,35 ©Oév, w©lC
þ¦).

35)üà�½u��{.
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�{�µ�u(x, y) = u0 + v(x, y),36 K½)¯K

C¤,
vxx + vyy = 0,
v|x=0 , v|x=a = 0, (ù�|�àgz)
v|y=0 = 0, v|y=b = U − u0.

,�,UÏ~��{év(x, y)©lCþ.

36=·^u�~.
Döf êÆÔn�{ùÂ
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vxx + vyy = 0,
v|x=0 , v|x=a = 0, (ù�|�àgz)
v|y=0 = 0, v|y=b = U − u0.

,�,UÏ~��{év(x, y)©lCþ.

36=·^u�~.
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~2
��Laplace�§(Î�IX)a

a�Öp.154~4.
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½)¯K:
∂2u
∂ρ2 +

1
ρ
∂u
∂ρ
+ 1

ρ2
∂2u
∂ϕ2 = 0, (ρ > a)

u|ρ=a = 0,
u|ρ→∞ → −E0ρ cosϕ,

þª1��ªfL«4�I¥�Laplace�
§,1�ªL«�N>³�",1nªL«Ã
��?E�!r>|~E0.
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¦)Ú½µ

1�µÔn¯K=z�½)¯K.37

1�µ¦)u(ρ, ϕ). (>³©Ù)
1nµ)�Ôn¿Â.38

37ë�ÖþQã.
38ë�ÖþQã.
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�u(ρ, ϕ) = R(ρ)Φ(ϕ),¿�\�§�:

1
R
ρ

d
dρ

(
ρ

dR
dρ

)
= −

1
Φ
Φ′′.

�müàA�u���Ó�ëêλ,Ïd{
Φ′′ + λΦ = 0,
ρ2R′′ + ρR′ − λR = 0.
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�u(ρ, ϕ) = R(ρ)Φ(ϕ),¿�\�§�:

1
R
ρ

d
dρ

(
ρ

dR
dρ

)
= −

1
Φ
Φ′′.

�müàA�u���Ó�ëêλ,Ïd{
Φ′′ + λΦ = 0,
ρ2R′′ + ρR′ − λR = 0.
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5¿µ�3��g,>.^�

u(ρ, ϕ + 2π) = u(ρ, ϕ),

=

Φ(ϕ + 2π) = Φ(ϕ).
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k?ØΦ(ϕ)�½)¯K:{
Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ).

©n«�¹µ

(i)eλ = 0,KΦ(ϕ) = c1ϕ + c2.w,Ø÷v±Ï5
^�.39

(ii) eλ < 0, KΦ(ϕ) = c1e
√
−λϕ + c2e−

√
−λϕ, �Ø÷

v±Ï5^�.
(iii)eλ > 0,KΦ(ϕ) = A cos

√
λϕ + B sin

√
λϕ.

39ec1 = 0,d)÷v±Ï5^�,§éAucase(iii)¥�m = 0.
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(i)eλ = 0,KΦ(ϕ) = c1ϕ + c2.w,Ø÷v±Ï5
^�.39
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√
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3. Ö¿�£ (k'~�©�§�¦))

2.3k.�mÖ¿~K

k?ØΦ(ϕ)�½)¯K:{
Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ).

©n«�¹µ
(i)eλ = 0,KΦ(ϕ) = c1ϕ + c2.w,Ø÷v±Ï5
^�.39

(ii) eλ < 0, KΦ(ϕ) = c1e
√
−λϕ + c2e−

√
−λϕ, �Ø÷

v±Ï5^�.
(iii)eλ > 0,KΦ(ϕ) = A cos

√
λϕ + B sin

√
λϕ.

39ec1 = 0,d)÷v±Ï5^�,§éAucase(iii)¥�m = 0.
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2.3k.�mÖ¿~K

d±Ï5^�,

A cos
√
λ(ϕ + 2π) + B sin

√
λ(ϕ + 2π)

= A cos
√
λϕ + B sin

√
λϕ,

�
√
λ = m,½ λ = m2,Ù¥ m = 0, 1, 2, · · · ,

Φ(ϕ) = A cos mϕ + B sin mϕ.

þãλ����§Φ(ϕ)���¼ê.
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d±Ï5^�,

A cos
√
λ(ϕ + 2π) + B sin

√
λ(ϕ + 2π)

= A cos
√
λϕ + B sin

√
λϕ,

�
√
λ = m,½ λ = m2,Ù¥ m = 0, 1, 2, · · · ,

Φ(ϕ) = A cos mϕ + B sin mϕ.

þãλ����§Φ(ϕ)���¼ê.
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2.3k.�mÖ¿~K

1�Úµ¦)R(ρ).
òλ = m2�\,�R(ρ)�½)¯K:40

ρ2 d2R
dρ2 + ρ

dR
dρ
− m2R = 0.

40Euler.~�©�§.
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2.3k.�mÖ¿~K

-ρ = et,=t = ln ρ,Kòþªz{�:

d2R
dt2 − m2R = 0,

Ù)�:

R =
{

Cemt + De−mt = Cρm + D 1
ρm (m , 0)

C + Dt = C + D ln ρ (m = 0)
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2.3k.�mÖ¿~K

-ρ = et,=t = ln ρ,Kòþªz{�:

d2R
dt2 − m2R = 0,

Ù)�:

R =
{

Cemt + De−mt = Cρm + D 1
ρm (m , 0)

C + Dt = C + D ln ρ (m = 0)
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Ïd,��)�:

u0(ρ, ϕ) = C0 + D0 ln ρ, (m = 0),

um(ρ, ϕ) = ρm(Am cos mϕ + Bm sin mϕ)
+ρ−m(Cm cos mϕ + Dm sin mϕ),
(m , 0)
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�Laplace�§���)�:

u(ρ, ϕ) = C0 + D0 ln ρ

+

∞∑
m=1

ρm(Am cos mϕ + Bm sin mϕ)

+

∞∑
m=1

ρ−m(Cm cos mϕ + Dm sin mϕ).
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e¡|^ρ�>.^�(½XêC0, D0, Am,
Bm, Cm, Dm.Ï�

u(ρ, ϕ)|ρ=a = 0,

¤±

C0 + D0 ln a +
∞∑

m=1

am(Am cos mϕ + Bm sin mϕ)

+

∞∑
m=1

a−m(Cm cos mϕ + Dm sin mϕ) = 0.
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e¡|^ρ�>.^�(½XêC0, D0, Am,
Bm, Cm, Dm.Ï�

u(ρ, ϕ)|ρ=a = 0,

¤±

C0 + D0 ln a +
∞∑

m=1

am(Am cos mϕ + Bm sin mϕ)

+

∞∑
m=1

a−m(Cm cos mϕ + Dm sin mϕ) = 0.
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2.3k.�mÖ¿~K

Fourier?ê�",L«¤k��Xê�",=
C0 + D0 ln a = 0,
amAm + a−mCm = 0,
amBm + a−mDm = 0,

)Ñ 
C0 = −D0 ln a,
Cm = −Ama2m,
Dm = −Bma2m.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

2.3k.�mÖ¿~K

Fourier?ê�",L«¤k��Xê�",=
C0 + D0 ln a = 0,
amAm + a−mCm = 0,
amBm + a−mDm = 0,

)Ñ 
C0 = −D0 ln a,
Cm = −Ama2m,
Dm = −Bma2m.
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,	,�ρ→ ∞�,41

u(ρ, ϕ)|ρ→∞ →
∞∑

m=1

ρm(Am cos mϕ + Bm sin mϕ)

éì>.^�u(ρ, ϕ)|ρ→∞ → −E0ρ cosϕ,�

Am = 0, Bm = 0, (m > 1).

41Ï�Ù§�,XC0 + D0 ln ρÚρ−m ���uρm,¤±�±Ñ�.
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,	,�ρ→ ∞�,41

u(ρ, ϕ)|ρ→∞ →
∞∑

m=1

ρm(Am cos mϕ + Bm sin mϕ)

éì>.^�u(ρ, ϕ)|ρ→∞ → −E0ρ cosϕ,�

Am = 0, Bm = 0, (m > 1).

41Ï�Ù§�,XC0 + D0 ln ρÚρ−m ���uρm,¤±�±Ñ�.
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'�ρ1�,kµA1 = −E0, B1 = 0.
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C1 = −A1a2 = E0a2,
Cm = 0, m > 1
Dm = 0, m ≥ 1.
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¤±,���)�:

u(ρ, ϕ) = D0 ln
ρ

a
− E0ρ cosϕ + E0

a2

ρ
cosϕ.

Ù¥m>1���Ôn¿Â´�ÎN¤�>
Ö�)�|,m>1��L«�!r>|,m
>1n�L«�ÎN±�é!r>|�?�.
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¤±,���)�:

u(ρ, ϕ) = D0 ln
ρ

a
− E0ρ cosϕ + E0

a2

ρ
cosϕ.

Ù¥m>1���Ôn¿Â´�ÎN¤�>
Ö�)�|,m>1��L«�!r>|,m
>1n�L«�ÎN±�é!r>|�?�.
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n�~Xêàg�5�§

y(n) + a1y(n−1) + · · · + an−1y′ + any = 0.

¦)y(x),Ù¥a1, a2, · · · , anþ�~ê.

éAþã�§�A��§´:

λn + a1λ
n−1 + · · · + an−1λ + an = 0.

ù´��ê�§, λ(n��)¡�A��.
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y(n) + a1y(n−1) + · · · + an−1y′ + any = 0.

¦)y(x),Ù¥a1, a2, · · · , anþ�~ê.

éAþã�§�A��§´:

λn + a1λ
n−1 + · · · + an−1λ + an = 0.

ù´��ê�§, λ(n��)¡�A��.
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){µ

�kéÑn��5Ã'�A);

�Ï)´n�A)��5|Ü.
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3.1 n�~Xêàg�5�§

A����5Ã'A)�éX:

A��

(i) λi(i = 1, 2, · · · , n)´pÉ¢�
éA��5Ã'�A)

yi(x) = eλix, i = 1, 2, · · · , n.
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A����5Ã'A)�éX:

A��

(ii) { λ = α + iβ´üE�,K
λ̄ = α − iβ�´A��.

éA��5Ã'�A){
y1(x) = eαx cos βx,
y2(x) = eαx sin βx.
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3.1 n�~Xêàg�5�§

A����5Ã'A)�éX:

A��

(iii) λ´r­¢�.
éA��5Ã'�A){

y1(x) = eλx, y2(x) = xeλx,
· · · , yr(x) = xr−1eλx.
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3.1 n�~Xêàg�5�§
A����5Ã'A)�éX:

A��

(iv)
λ = α + iβ´r­E�,K
λ̄ = α − iβ�´r­E�.
éA��5Ã'�A)

y1(x) = eαx cos βx, y2(x) = xeαx cos βx,
· · · , yr(x) = xr−1eαx cos βx;
yr+1(x) = eαx sin βx, yr+2(x) = xeαx sin βx,
· · · , y2r(x) = xr−1eαx sin βx.
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3.1 n�~Xêàg�5�§

~1 y′′ + ω2y = 0,{��Ä
A��§:

λ2 + ω2 = 0.

A��:
λ1 = iω, λ2 = −iω.
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r2 d2R
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dr
=
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dξ

dξ
dr
=
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r

dR
dξ
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d2R
dr2 =

d
dr

(
1
r

dR
dξ

)
= −

1
r2

dR
dξ
+

1
r

d2R
dξ2

dξ
dr

= −
1
r2

dR
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1
r2

d2R
dξ2 .

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)

�\��§�:42

d2R
dξ2 +

dR
dξ
− l(l + 1)R = 0.

42��~Xê�§.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)

A��§:

λ2 + λ − l(l + 1) = 0.

A��:

λ1,2 =
−1 ±

√
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2
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l

−(l + 1)
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R(r) = Crl +
D

rl+1 .
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Euler{0

Leonhard Euler (1707-1783)a¬êÆ[
ïÄ+�µ
AÛÆ,�È©,nØ6NÄåÆ,êØ.
Ì�Í�:
5Ã¡�©ÛÚØ6, 5�È©�n6, 5È©
Æ�n6.

Abel{0

Niels Henrik Abel (1802-1829)é%êÆ[
Ì��zµ
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U(1)+�¡�Abel+.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)
Euler{0

Leonhard Euler (1707-1783)a¬êÆ[

ïÄ+�µ
AÛÆ,�È©,nØ6NÄåÆ,êØ.
Ì�Í�:
5Ã¡�©ÛÚØ6, 5�È©�n6, 5È©
Æ�n6.

Abel{0

Niels Henrik Abel (1802-1829)é%êÆ[
Ì��zµ
ý�¼êØ(��IêÆ[K. G. J. Jacobi),
U(1)+�¡�Abel+.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)
Euler{0

Leonhard Euler (1707-1783)a¬êÆ[
ïÄ+�µ
AÛÆ,�È©,nØ6NÄåÆ,êØ.

Ì�Í�:
5Ã¡�©ÛÚØ6, 5�È©�n6, 5È©
Æ�n6.

Abel{0

Niels Henrik Abel (1802-1829)é%êÆ[
Ì��zµ
ý�¼êØ(��IêÆ[K. G. J. Jacobi),
U(1)+�¡�Abel+.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)
Euler{0

Leonhard Euler (1707-1783)a¬êÆ[
ïÄ+�µ
AÛÆ,�È©,nØ6NÄåÆ,êØ.
Ì�Í�:
5Ã¡�©ÛÚØ6, 5�È©�n6, 5È©
Æ�n6.

Abel{0

Niels Henrik Abel (1802-1829)é%êÆ[
Ì��zµ
ý�¼êØ(��IêÆ[K. G. J. Jacobi),
U(1)+�¡�Abel+.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)
Euler{0

Leonhard Euler (1707-1783)a¬êÆ[
ïÄ+�µ
AÛÆ,�È©,nØ6NÄåÆ,êØ.
Ì�Í�:
5Ã¡�©ÛÚØ6, 5�È©�n6, 5È©
Æ�n6.

Abel{0

Niels Henrik Abel (1802-1829)é%êÆ[
Ì��zµ
ý�¼êØ(��IêÆ[K. G. J. Jacobi),
U(1)+�¡�Abel+.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)
Euler{0

Leonhard Euler (1707-1783)a¬êÆ[
ïÄ+�µ
AÛÆ,�È©,nØ6NÄåÆ,êØ.
Ì�Í�:
5Ã¡�©ÛÚØ6, 5�È©�n6, 5È©
Æ�n6.

Abel{0
Niels Henrik Abel (1802-1829)é%êÆ[

Ì��zµ
ý�¼êØ(��IêÆ[K. G. J. Jacobi),
U(1)+�¡�Abel+.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)
Euler{0

Leonhard Euler (1707-1783)a¬êÆ[
ïÄ+�µ
AÛÆ,�È©,nØ6NÄåÆ,êØ.
Ì�Í�:
5Ã¡�©ÛÚØ6, 5�È©�n6, 5È©
Æ�n6.

Abel{0
Niels Henrik Abel (1802-1829)é%êÆ[
Ì��zµ
ý�¼êØ(��IêÆ[K. G. J. Jacobi),
U(1)+�¡�Abel+.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)

¯K)�µ��o1�a>.^��Ûòÿ,
1�a>.^��óòÿ?

�:

e f (x)|x=0 = 0→ F(x) =
{

f (x), x > 0
−f (−x), x < 0 .

�x = 0�, f (0) = −f (0),=f (0) = 0 =⇒ F(0) = 0.

e f ′(x)|x=0 = 0→ F(x)
{

f (x), x > 0
f (−x), x < 0

�x = 0�, f ′(0) = −f ′(0),
=f ′(0) = 0 =⇒ F′(0) = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)

¯K)�µ��o1�a>.^��Ûòÿ,
1�a>.^��óòÿ?
�:

e f (x)|x=0 = 0→ F(x) =
{

f (x), x > 0
−f (−x), x < 0 .

�x = 0�, f (0) = −f (0),=f (0) = 0 =⇒ F(0) = 0.

e f ′(x)|x=0 = 0→ F(x)
{

f (x), x > 0
f (−x), x < 0

�x = 0�, f ′(0) = −f ′(0),
=f ′(0) = 0 =⇒ F′(0) = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)

¯K)�µ��o1�a>.^��Ûòÿ,
1�a>.^��óòÿ?
�:

e f (x)|x=0 = 0→ F(x) =
{

f (x), x > 0
−f (−x), x < 0 .

�x = 0�, f (0) = −f (0),=f (0) = 0 =⇒ F(0) = 0.

e f ′(x)|x=0 = 0→ F(x)
{

f (x), x > 0
f (−x), x < 0

�x = 0�, f ′(0) = −f ′(0),
=f ′(0) = 0 =⇒ F′(0) = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)

¯K)�µ��o1�a>.^��Ûòÿ,
1�a>.^��óòÿ?
�:

e f (x)|x=0 = 0→ F(x) =
{

f (x), x > 0
−f (−x), x < 0 .

�x = 0�, f (0) = −f (0),=f (0) = 0 =⇒ F(0) = 0.

e f ′(x)|x=0 = 0→ F(x)
{

f (x), x > 0
f (−x), x < 0

�x = 0�, f ′(0) = −f ′(0),
=f ′(0) = 0 =⇒ F′(0) = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)

¯K)�µ��o1�a>.^��Ûòÿ,
1�a>.^��óòÿ?
�:

e f (x)|x=0 = 0→ F(x) =
{

f (x), x > 0
−f (−x), x < 0 .

�x = 0�, f (0) = −f (0),=f (0) = 0 =⇒ F(0) = 0.

e f ′(x)|x=0 = 0→ F(x)
{

f (x), x > 0
f (−x), x < 0

�x = 0�, f ′(0) = −f ′(0),
=f ′(0) = 0 =⇒ F′(0) = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. k.�m�àg�½�§(Fourier?ê{)
2. Ã.�m�àg�½�§(FourierÈ©{)
3. Ö¿�£ (k'~�©�§�¦))

3.2 Euler�§(CXê)

¯K)�µ��o1�a>.^��Ûòÿ,
1�a>.^��óòÿ?
�:

e f (x)|x=0 = 0→ F(x) =
{

f (x), x > 0
−f (−x), x < 0 .

�x = 0�, f (0) = −f (0),=f (0) = 0 =⇒ F(0) = 0.

e f ′(x)|x=0 = 0→ F(x)
{

f (x), x > 0
f (−x), x < 0

�x = 0�, f ′(0) = −f ′(0),
=f ′(0) = 0 =⇒ F′(0) = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

¥!Î�IX¥àg�§�©lCþ

{

1��Ù!¥!Î�IX¥àg�§�
©lCþ{

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

¥!Î�IX¥àg�§�©lCþ

{

À�IX��Kµ
¦«��>.Ú��½A��I¡­Ü, ½

�â¯K�é¡55À.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.1¥!Î�IX¥�Laplace�Î

¥!Î�IX¥�Laplace�Î

∇2 =
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 ,

∇2 = ∇ · ∇, ∇ ≡~i
∂

∂x
+~j

∂

∂y
+ ~k

∂

∂z
.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.1¥!Î�IX¥�Laplace�Î

¥�IX:

∇2u =
1
r2

∂

∂r

(
r2 ∂

∂r
u
)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ
u
)

+
1

r2 sin2 θ

∂2

∂ϕ2 u

=
1
r
∂2

∂r2 (ru) +
1

r2 sin θ
∂

∂θ

(
sin θ

∂u
∂θ

)
+

1
r2 sin2 θ

∂2u
∂ϕ2 .

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.1¥!Î�IX¥�Laplace�Î

∇2~A =?k,�ögCí�.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.1¥!Î�IX¥�Laplace�Î

Î�IX:

∇2u =
1
ρ

∂

∂ρ

(
ρ
∂u
∂ρ

)
+

1
ρ2

∂2u
∂ϕ2 +

∂2u
∂z2

∇2~A = ~eρ

(
∇2Aρ −

1
ρ2 Aρ −

2
ρ2

∂Aϕ

∂ϕ

)
+~eϕ

(
∇2Aϕ −

1
ρ2 Aϕ +

2
ρ2

∂Aρ

∂ϕ

)
+ ~ez∇

2Az.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.1¥!Î�IX¥�Laplace�Î

í�∇2u, ∇2~A�Ú½:

�â∇u, ∇ · ~A, ∇ × ~A�½Â,¦Ñ§�3¥!
Î�IX¥�L�ª,2|^

∇2u = ∇ · ∇u,

∇2~A = ∇(∇ · ~A) − ∇ × (∇ × ~A).

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.1¥!Î�IX¥�Laplace�Î

í�∇2u, ∇2~A�Ú½:
�â∇u, ∇ · ~A, ∇ × ~A�½Â,¦Ñ§�3¥!
Î�IX¥�L�ª,2|^

∇2u = ∇ · ∇u,

∇2~A = ∇(∇ · ~A) − ∇ × (∇ × ~A).

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

(1)¥�I¥

∇2u =
1
r2

∂

∂r

(
r2∂u
∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂u
∂θ

)
+

1
r2 sin2 θ

∂2u
∂ϕ2 = 0.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

�43 u(r, θ, ϕ) = R(r)Y(θ, ϕ),�\�§�:

Y
r2

d
dr

(
r2 dR

dr

)
+

R
r2 sin θ

∂

∂θ

(
sin θ

∂Y
∂θ

)
+

R

r2 sin2 θ

∂2Y
∂ϕ2 = 0.

43Ù¥R(r)�»�¼ê, Y(θ, ϕ)���¼ê.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

�n�,

1
R

d
dr

(
r2 dR

dr

)
=

[
−

1
sin θ

∂

∂θ

(
sin θ

∂Y
∂θ

)
−

1
sin2 θ

∂2Y
∂ϕ2

]
1
Y

= l(l + 1),

Ù¥ l���ê,nd�¡ù.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

¤±44

r2 d2R
dr2 + 2r

dR
dr
− l(l + 1)R = 0.

ü��5Ã'�)�:

R(r) : rl, r−(l+1).

44��Euler.�§.
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

¤±44

r2 d2R
dr2 + 2r

dR
dr
− l(l + 1)R = 0.

ü��5Ã'�)�:

R(r) : rl, r−(l+1).

44��Euler.�§.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

,	, Y(θ, ϕ)÷v,45

1
sin θ

∂

∂θ

(
sin θ

∂Y
∂θ

)
+

1
sin2 θ

∂2Y
∂ϕ2 + l(l + 1)Y = 0.

45ù´¥¼ê�§, Y(θ, ϕ)¥�¼ê.
Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

?�Ú©lCþ,�

Y(θ, ϕ) = Θ(θ)Φ(ϕ),

K�\¥¼ê�§,�

Φ′′ + λΦ = 0,

sin θ
d
dθ

(
sin θ

dΘ
dθ

)
+

[
l(l + 1) sin2 θ − λ

]
Θ = 0.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

?�Ú©lCþ,�

Y(θ, ϕ) = Θ(θ)Φ(ϕ),

K�\¥¼ê�§,�

Φ′′ + λΦ = 0,

sin θ
d
dθ

(
sin θ

dΘ
dθ

)
+

[
l(l + 1) sin2 θ − λ

]
Θ = 0.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

�Ä�Φ(ϕ)�±Ï5>.^�,={
Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ),

��Φ(ϕ)����5Ã')�

Φ(ϕ) : cos mϕ, sin mϕ,
(λ = m2, m = 0,±1,±2, · · · )

Döf êÆÔn�{ùÂ
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

�Ä�Φ(ϕ)�±Ï5>.^�,={
Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ),

��Φ(ϕ)����5Ã')�

Φ(ϕ) : cos mϕ, sin mϕ,
(λ = m2, m = 0,±1,±2, · · · )

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

y3,=�eΘ(θ)��,§÷v��§�

sin θ
d
dθ

(
sin θ

dΘ
dθ

)
+

[
l(l + 1) sin2 θ − m2

]
Θ = 0.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

�x = cos θ, (θ ∈ [0, π]→ x ∈ [−1,+1]),
y(x) = Θ(θ),K46

d
dx

[(
1 − x2

) dy
dx

]
+

[
l(l + 1) −

m2

1 − x2

]
y = 0.

'ux�g,>.^�µ
�x = ±1,=θ = 0, π�, y(x)k.!

46d�5ÜLegendre�§.
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

�x = cos θ, (θ ∈ [0, π]→ x ∈ [−1,+1]),
y(x) = Θ(θ),K46

d
dx

[(
1 − x2

) dy
dx

]
+

[
l(l + 1) −

m2

1 − x2

]
y = 0.

'ux�g,>.^�µ
�x = ±1,=θ = 0, π�, y(x)k.!

46d�5ÜLegendre�§.
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

(2)Î�I¥

∇2u =
1
ρ

∂

∂ρ

(
ρ
∂u
∂ρ

)
+

1
ρ2

∂2u
∂ϕ2 +

∂2u
∂z2 = 0.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

©lCþ:

u(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z),

�\�§�:

ΦZ
ρ

d
dρ

(
ρ

dR
dρ

)
+

RZ
ρ2

d2Φ

dϕ2 + RΦ
d2Z
dz2 = 0.

üàÓ¦ 1
RΦZ ,�:

1
Rρ

d
dρ

(
ρ

dR
dρ

)
+

1
ρ2Φ

d2Φ

dϕ2 = −
1
Z

d2Z
dz2 = −µ.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

©lCþ:

u(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z),

�\�§�:

ΦZ
ρ

d
dρ

(
ρ

dR
dρ

)
+

RZ
ρ2

d2Φ

dϕ2 + RΦ
d2Z
dz2 = 0.

üàÓ¦ 1
RΦZ ,�:

1
Rρ

d
dρ

(
ρ

dR
dρ

)
+

1
ρ2Φ

d2Φ

dϕ2 = −
1
Z

d2Z
dz2 = −µ.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

©lCþ:

u(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z),

�\�§�:

ΦZ
ρ

d
dρ

(
ρ

dR
dρ

)
+

RZ
ρ2

d2Φ

dϕ2 + RΦ
d2Z
dz2 = 0.

üàÓ¦ 1
RΦZ ,�:

1
Rρ

d
dρ

(
ρ

dR
dρ

)
+

1
ρ2Φ

d2Φ

dϕ2 = −
1
Z

d2Z
dz2 = −µ.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

¤±

Z′′ − µZ = 0,
ρ

R
d

dρ

(
ρ

dR
dρ

)
+

1
Φ

d2Φ

dϕ2 = −µρ
2,

=

ρ

R
d

dρ

(
ρ

dR
dρ

)
+ µρ2 = −

1
Φ

d2Φ

dϕ2 = λ.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

¤±

Z′′ − µZ = 0,
ρ

R
d

dρ

(
ρ

dR
dρ

)
+

1
Φ

d2Φ

dϕ2 = −µρ
2,

=

ρ

R
d

dρ

(
ρ

dR
dρ

)
+ µρ2 = −

1
Φ

d2Φ

dϕ2 = λ.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

¤±

Φ′′ + λΦ = 0,
d2R
dρ2 +

1
ρ

dR
dρ
+

(
µ −

λ

ρ2

)
R = 0.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

n��§¥,k)Φ(ϕ).

�Ä�±Ï5>.^�,k{
Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ),

� Φ(ϕ) : cos mϕ, sin mϕ, 0 ≤ ϕ ≤ 2π;
λ = m2, m = 0,±1,±2, · · · .

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

n��§¥,k)Φ(ϕ).
�Ä�±Ï5>.^�,k{

Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ),

� Φ(ϕ) : cos mϕ, sin mϕ, 0 ≤ ϕ ≤ 2π;
λ = m2, m = 0,±1,±2, · · · .

Döf êÆÔn�{ùÂ
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1.2 Laplace�§�Cê©l

n��§¥,k)Φ(ϕ).
�Ä�±Ï5>.^�,k{

Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ),

� Φ(ϕ) : cos mϕ, sin mϕ, 0 ≤ ϕ ≤ 2π;
λ = m2, m = 0,±1,±2, · · · .

Döf êÆÔn�{ùÂ
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2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

2)Z(z)ÚR(ρ),§�÷v��§K�:

Z′′ − µZ = 0,
d2R
dρ2 +

1
ρ

dR
dρ
+

(
µ −

m2

ρ2

)
R = 0.

5µµ������6uZ�>.´àg�,
�´R(ρ)�>.´àg�!
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�n!¥¼ê
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

2)Z(z)ÚR(ρ),§�÷v��§K�:

Z′′ − µZ = 0,
d2R
dρ2 +

1
ρ

dR
dρ
+

(
µ −

m2

ρ2

)
R = 0.

5µµ������6uZ�>.´àg�,
�´R(ρ)�>.´àg�!
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{
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�n!¥¼ê
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

�/(i)µZ�>.^�àgz,47 Kµ ≤ 0.
(c¡?ØL, �§X′′ + λX = 0éA1�, �,
naàg>.^��, Xk�")�¦λ ≥ 0.)

Z(z), cos hz, sin hz; h ≡
√
−µ.

47þe.àg>.^�.
Döf êÆÔn�{ùÂ
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
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1.2 Laplace�§�Cê©l

-x =
√
−µρ,KR(x)÷v48

d2R
dx2 +

1
x

dR
dx
−

(
1 +

m2

x2

)
R = 0.

48ù´m�JmþBessel�§.
Döf êÆÔn�{ùÂ
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1.2 Laplace�§�Cê©l

�/(ii)µR(ρ)�>.^�àg,49 Kµ ≥ 0.50

Z(z) : e
√
µz, e−

√
µz.

-x =
√
µρ,KR(x)÷v51

d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0.

49ý¡àg>.^�.
50�y².
51ù´m�Bessel�§. XJ-x → ix, K§C¤m�JmþBessel�
§.
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2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.2 Laplace�§�Cê©l

�/(ii)µR(ρ)�>.^�àg,49 Kµ ≥ 0.50

Z(z) : e
√
µz, e−

√
µz.

-x =
√
µρ,KR(x)÷v51

d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0.

49ý¡àg>.^�.
50�y².
51ù´m�Bessel�§. XJ-x → ix, K§C¤m�JmþBessel�
§.
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1.3 Helmholtz�§�©lCþ

Helmholtz�§��)

Hermann Ludwig Ferdinard von Helmholtz, 1821-
1894,�IÔnÆ[,)nÆ[.

Döf êÆÔn�{ùÂ
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1.3 Helmholtz�§�©lCþ

(1)5gÅÄ�§

utt − a2∇2u = 0.

©lCþu(~r, t) = v(~r)T(t),�\�§�:

vT ′′ − a2T∇2v = 0,

½52

T ′′

a2T
=
∇2v

v
= −k2,

52��o�u−k2?
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.3 Helmholtz�§�©lCþ

(1)5gÅÄ�§

utt − a2∇2u = 0.

©lCþu(~r, t) = v(~r)T(t),�\�§�:

vT ′′ − a2T∇2v = 0,

½52

T ′′

a2T
=
∇2v

v
= −k2,

52��o�u−k2?
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1.3 Helmholtz�§�©lCþ

(1)5gÅÄ�§

utt − a2∇2u = 0.

©lCþu(~r, t) = v(~r)T(t),�\�§�:

vT ′′ − a2T∇2v = 0,

½52

T ′′

a2T
=
∇2v

v
= −k2,

52��o�u−k2?
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1.3 Helmholtz�§�©lCþ

¤±53

∇2v + k2v = 0,
T ′′ + k2a2T = 0.

T(t)�ü��5Ã'�A)�:

T(t) : cos kat, sin kat, (k , 0)
1, t, (k = 0)

53v÷v��§Ò´Helmholtz�§.
Döf êÆÔn�{ùÂ
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1.3 Helmholtz�§�©lCþ

¤±53

∇2v + k2v = 0,
T ′′ + k2a2T = 0.

T(t)�ü��5Ã'�A)�:

T(t) : cos kat, sin kat, (k , 0)
1, t, (k = 0)

53v÷v��§Ò´Helmholtz�§.
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1.3 Helmholtz�§�©lCþ

(2)5gÑ$�§

ut − a2∇2u = 0.

�u(~r, t) = v(~r)T(t),�\�§�:

T ′

a2T
=
∇2v

v
= −k2.

EÀ'~~ê� −k2.
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1.3 Helmholtz�§�©lCþ

(2)5gÑ$�§

ut − a2∇2u = 0.

�u(~r, t) = v(~r)T(t),�\�§�:

T ′

a2T
=
∇2v

v
= −k2.

EÀ'~~ê� −k2.
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1.3 Helmholtz�§�©lCþ

(2)5gÑ$�§

ut − a2∇2u = 0.

�u(~r, t) = v(~r)T(t),�\�§�:

T ′

a2T
=
∇2v

v
= −k2.

EÀ'~~ê� −k2.
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1.3 Helmholtz�§�©lCþ

¤±

∇2v + k2v = 0, (Helmholtz�§)
T ′ + k2a2T = 0.

Ïd,�)Ñ�mÜ©�¼ê,

T(t) : e−k2a2t.

Döf êÆÔn�{ùÂ
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1.3 Helmholtz�§�©lCþ

¤±

∇2v + k2v = 0, (Helmholtz�§)
T ′ + k2a2T = 0.

Ïd,�)Ñ�mÜ©�¼ê,

T(t) : e−k2a2t.
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1.3 Helmholtz�§�©lCþ

(1)¥�IX¥,

∂

∂r

(
r2∂v
∂r

)
+

1
sin θ

∂

∂θ

(
sin θ

∂v
∂θ

)
+

1
sin2 θ

∂2v
∂ϕ2 +k2r2v = 0.

Döf êÆÔn�{ùÂ
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1.3 Helmholtz�§�©lCþ

-v(r, θ, ϕ) = R(r)Y(θ, ϕ),�\�§�:

1
R

d
dr

(
r2 dR

dr

)
+ k2r2 =

[
−

1
sin θ

∂

∂θ

(
sin θ

∂Y
∂θ

)
−

1
sin2 θ

∂2Y
∂ϕ2

]1
Y

= l(l + 1).

Döf êÆÔn�{ùÂ
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1.3 Helmholtz�§�©lCþ

¤±54

1
sin θ

∂

∂θ

(
sin θ

∂Y
∂θ

)
+

1
sin2 θ

∂2Y
∂ϕ2 + l(l + 1)Y = 0,

d
dr

(
r2 dR

dr

)
+

[
k2r2 − l(l + 1)

]
R = 0.

541�ª�¥¼ê�§§1�ª�¥Bessel�§.
Döf êÆÔn�{ùÂ
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1.3 Helmholtz�§�©lCþ

-x = kr, R(r) =
√

π
2xy(x), K¥Bessel�§z

�:55

y′′ +
1
x

y′ +

1 −
(
l + 1

2

)2

x2

 y = 0.

5µ©lHelmholtz�§, �Ú\n�©l~
ê,§�©O´ k, l, m.

55ù´(l + 1
2 )�Bessel�§.
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1.3 Helmholtz�§�©lCþ

-x = kr, R(r) =
√

π
2xy(x), K¥Bessel�§z

�:55

y′′ +
1
x

y′ +

1 −
(
l + 1

2

)2

x2

 y = 0.

5µ©lHelmholtz�§, �Ú\n�©l~
ê,§�©O´ k, l, m.

55ù´(l + 1
2 )�Bessel�§.
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1.3 Helmholtz�§�©lCþ

(2)Î�IX¥,

1
ρ

∂

∂ρ

(
ρ
∂v
∂ρ

)
+

1
ρ2

∂2v
∂ϕ2 +

∂2v
∂z2 + k2v = 0.
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1.3 Helmholtz�§�©lCþ

©lCþv(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z),�\�§:

ΦZ
ρ

d
dρ

(
ρ

dR
dρ

)
+

RZ
ρ2

d2Φ

dϕ2 + RΦ
d2Z
dz2 + k2RΦZ = 0,

©l�gCþ,

1
Rρ

d
dρ

(
ρ

dR
dρ

)
+

1
ρ2Φ

d2Φ

dϕ2 + k2 = −
1
Z

d2Z
dz2 = −µ,
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1.3 Helmholtz�§�©lCþ

©lCþv(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z),�\�§:

ΦZ
ρ

d
dρ

(
ρ

dR
dρ

)
+

RZ
ρ2

d2Φ

dϕ2 + RΦ
d2Z
dz2 + k2RΦZ = 0,

©l�gCþ,

1
Rρ

d
dρ

(
ρ

dR
dρ

)
+

1
ρ2Φ

d2Φ

dϕ2 + k2 = −
1
Z

d2Z
dz2 = −µ,
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1.3 Helmholtz�§�©lCþ

Ïd,
Z′′ − µZ = 0,

2©l�gCþ,

1
R
ρ

d
dρ

(
ρ

dR
dρ

)
+

(
k2 + µ

)
ρ2 = −

1
Φ

d2Φ

dϕ2 = λ,
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1.3 Helmholtz�§�©lCþ

Ïd,
Z′′ − µZ = 0,

2©l�gCþ,

1
R
ρ

d
dρ

(
ρ

dR
dρ

)
+

(
k2 + µ

)
ρ2 = −

1
Φ

d2Φ

dϕ2 = λ,
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1.3 Helmholtz�§�©lCþ

¤±,
Φ′′ + λΦ = 0,
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�§ÚÑ$�§,§ØÓuPoisson�§. Z�R�
>.^�Ñ´àg�!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.3 Helmholtz�§�©lCþ

d½)¯K {
Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ),

��:

Φ(ϕ) : cos mϕ, sin mϕ; λ = m2, m = 0, ±1, ±2, · · · .

'uR(ρ)ÚZ(z),duHelmholtz�§5gÅÄ
�§ÚÑ$�§,§ØÓuPoisson�§. Z�R�
>.^�Ñ´àg�!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.3 Helmholtz�§�©lCþ

d½)¯K {
Φ′′ + λΦ = 0,
Φ(ϕ + 2π) = Φ(ϕ),

��:

Φ(ϕ) : cos mϕ, sin mϕ; λ = m2, m = 0, ±1, ±2, · · · .

'uR(ρ)ÚZ(z),duHelmholtz�§5gÅÄ
�§ÚÑ$�§,§ØÓuPoisson�§. Z�R�
>.^�Ñ´àg�!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.3 Helmholtz�§�©lCþ

Z ���½)¯K:{
Z′′ − µZ = 0,
ZþNkàg>.^�.

��)�Z(z) : cos hz, sin hz;

h2 ≡ −µ, µ ≤ 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.3 Helmholtz�§�©lCþ

Z ���½)¯K:{
Z′′ − µZ = 0,
ZþNkàg>.^�.

��)�Z(z) : cos hz, sin hz;

h2 ≡ −µ, µ ≤ 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

1.3 Helmholtz�§�©lCþ

R(ρ)÷v��§:

d2R
dρ2 +

1
ρ

dR
dρ
+

(
k2 + µ −

m2

ρ2

)
R = 0.

- x ≡
√

k2 + µρ =
√

k2 − h2ρ,K56

d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0.

56ù´ m�Bessel�§.
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Ù¥p(z), q(z)�®��EC¼ê.

~:µXJ3z0:, p(z), q(z))Û,K¡z0��
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Û:µXJ3z0:, p(z), q(z)��Ø)Û½ü
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½n1XJp(z), q(z)3|z− z0| < Rü�)Û,K�§

W ′′ + p(z)W ′ + q(z)W = 0

3|z − z0| < Rk��), §�±L«¤d«�þ
�Taylor?ê

W(z) =
∞∑

k=0

ak(z − z0)k,
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� W(z0) = c0, W ′(z0) = c1½Ñ.
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e¡±Legendre�§�~¦).

5ÜLegendre�§:

d
dx

[(
1 − x2

) dy
dx

]
+

[
l(l + 1) −

m2

1 − x2

]
y = 0,

Ù¥x = cos θ, θ ∈ [0, π], x ∈ [−1,+1], y(x) = Θ(θ);
m = 0,±1,±2, · · · .
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XJ¯Kk¶é¡5,é¡¶�4¶,
Ku(r, θ, ϕ)�ϕÃ',=m = 0. 57

¤±

d
dx

[(
1 − x2

) dy
dx

]
+ l(l + 1)y = 0.

ùÒ´Legendre�§, Ù)¡�Legendreõ
�ª.

57Ï�Φ(ϕ) : cos mϕ, sin mϕ.
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½58

(1 − x2)y′′ − 2xy′ + l(l + 1)y = 0,

y′′ −
2x

1 − x2 y′ +
l(l + 1)
1 − x2 y = 0.

58ù´Legendre�§.
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éìÊH���CXê�5�§,k

p(x) = −
2x

1 − x2 , q(x) =
l(l + 1)
1 − x2 .

w,, x0 = 0´Legendre�§�~:!
x0 = ±1´Legendre�§�Û:!
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�Legendre�§�3?ê):

y(x) =
∞∑

k=0

akxk.
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(1 − x2)
∞∑

k=0

k(k − 1)akxk−2 − 2x
∞∑

k=0

kakxk−1

+l(l + 1)
∞∑

k=0

akxk = 0.
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½

∞∑
k=0

k(k − 1)akxk−2 −
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k(k − 1)akxk

−2
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kakxk + l(l + 1)
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k=0

akxk = 0.
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(n+2)(n+1)an+2−n(n−1)an−2nan+l(l+1)an = 0.

=59

an+2 =
n(n + 1) − l(l + 1)

(n + 2)(n + 1)
an.

59Xêm�4í'X.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

2. ~:+��?ê){

Ó�g�Xê7�", xn�Xê:

(n+2)(n+1)an+2−n(n−1)an−2nan+l(l+1)an = 0.

=59

an+2 =
n(n + 1) − l(l + 1)

(n + 2)(n + 1)
an.

59Xêm�4í'X.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

2. ~:+��?ê){

e�a0 = 1,Ka0 → a2 → a4 → · · · ,��A)
y1(x)�¹x�óg�;

e�a1 = 1,Ka1 → a3 → a5 → · · · ,,��A
) y2(x)�¹x�Ûg�.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

2. ~:+��?ê){

e�a0 = 1,Ka0 → a2 → a4 → · · · ,��A)
y1(x)�¹x�óg�;
e�a1 = 1,Ka1 → a3 → a5 → · · · ,,��A
) y2(x)�¹x�Ûg�.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

2. ~:+��?ê){

¤±, y1(x), y2(x)�Legendre�§�ü��5
Ã'A).

ÙÏ)�:

y(x) = c0y1(x) + c1y2(x),

Ù¥c0, c1�?¿~ê.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

2. ~:+��?ê){

¤±, y1(x), y2(x)�Legendre�§�ü��5
Ã'A).
ÙÏ)�:

y(x) = c0y1(x) + c1y2(x),

Ù¥c0, c1�?¿~ê.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

2. ~:+��?ê){

y1(x), y2(x)�Âñ�»:

R = lim
n→∞

an

an+2
= 1.

,	,�y:60

y1, y2 3x = ±1 (=θ = 0, π?) uÑ,=�§�Ï
) c0y1 + c1y2 ½uÑ.
x = ±1, =θ = 0, π. y1, y2 3x = ±1 uÑ, éA
uy1, y2 3��4¶þuÑ=⇒Ônþ�gñ.

60ë�ÖþN¹o, p.397.
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Ôn�/µ
Ï��§´àg�, =éAÃ
��¹,

ù�¦3���m(�)4¶þ)ÑAk)!61

ù�g,>.^�=⇒ y1, y2AT´õ�ª(Ø
uÑ),= l���ê.

61��ug,>.^�.
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Ï~À

al =
(2l)!

2l(l!)2 .

Kal → al−2 → al−4 · · · .

ù�À½Xê�� lgõ�ªP� Pl(x).62 ,
	,uÑ)P� Ql(x).
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[ l

2 ]∑
k=0

(−1)k (2l − 2k)!
2lk!(l − k)!(l − 2k)!

xl−2k,

Ù¥ [
l
2

]
=

{ l
2 , l�óê,

l−1
2 , l�Ûê.
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���5CXê�§:

W ′′(z) + p(z)W ′(z) + q(z)W(z) = 0,

Ù¥p(z), q(z)�®��EC¼ê.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3. �KÛ:+�þ�?ê){

e)W(z)3z0�+�0 < |z − z0| < R�kk�
�K�g�,K¡z0´�§��KÛ:.

�±y²µ
ep(z)3z0�Øpu���4:, q(z)3z0�

Øpu���4:,Kz0´W(z)�KÛ:.
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8B�KÛ:z0+��?ê){Ú½:

(1)òp(z), q(z)3z0+�Ðm¤Laurent?ê

p(z) =
p−1

z − z0
+

∞∑
k=0

pk(z − z0)k,

q(z) =
q−2

(z − z0)2 +

∞∑
k=−1

qk(z − z0)k.
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(2)�W(z) = (z − z0)s ∑∞
k=0 Ck(z − z0)k,�\�§�:

∞∑
k=0

(s + k)(s + k − 1)Ck(z − z0)s+k−2

+

 ∞∑
k=−1

pk(z − z0)k

 ·  ∞∑
k=0

(s + k)ck(z − z0)s+k−1


+

 ∞∑
k=−2

qk(z − z0)k

 ·  ∞∑
k=0

Ck(z − z0)s+k

 = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3. �KÛ:+�þ�?ê){

þª�$g�(k = 0)��:

s(s − 1)C0(z − z0)s−2 + p−1sC0(z − z0)s−2

+q−2C0(z − z0)s−2 = 0.

d C0 , 0 =⇒ÙXê�",=63

s(s − 1) + p−1s + q−2 = 0

63ù´�I�§.
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=Ck�m�'X.
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(3)
d�I�§)Ñü��s1, s2 (Ï~Às1 > s2).

(i)es1 − s2 ,�ê,K�§�ü�A)W1(z),
W2(z)�5Ã',=

W1(z) =
∞∑

k=0

ak(z − z0)s1+k,

W2(z) =
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bk(z − z0)s2+k.
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Ï)�

W(z) = AW1(z) + BW2(z).
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(ii)es1− s2 =�ê,KþãW1(z), W2(z)�5�
'.Ïd,�

W2(z) = gW1(z) ln(z−z0)+(z−z0)s2

∞∑
k=0

bk(z−z0)k.

�\��§, ��Xê�4í'9g�bk�m

�'X, ¿dd(½�W1(z)�5Ã'�1�
�A)W2(z).
e¡±Bessel�§�~, |^þãnÚ½¦
).
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�A)W2(z).

e¡±Bessel�§�~, |^þãnÚ½¦
).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3. �KÛ:+�þ�?ê){

(ii)es1− s2 =�ê,KþãW1(z), W2(z)�5�
'.Ïd,�

W2(z) = gW1(z) ln(z−z0)+(z−z0)s2

∞∑
k=0

bk(z−z0)k.

�\��§, ��Xê�4í'9g�bk�m

�'X, ¿dd(½�W1(z)�5Ã'�1�
�A)W2(z).
e¡±Bessel�§�~, |^þãnÚ½¦
).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

��ê� (ν ,�ê½�Ûê) Bessel�§:

y′′ +
1
x

y′ +
(
1 −

ν2

x2

)
y = 0.

x0 = 0´�KÛ:!
Ï�p(x) = 1

x , x0 = 0´��4:,
q(x) = 1 − ν2

x2 , x0 = 0´��4:.

�I�§:

s(s − 1) + 1 · s − ν2 = 0, = s2 − ν2 = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

��ê� (ν ,�ê½�Ûê) Bessel�§:

y′′ +
1
x

y′ +
(
1 −

ν2

x2

)
y = 0.

x0 = 0´�KÛ:!
Ï�p(x) = 1

x , x0 = 0´��4:,
q(x) = 1 − ν2

x2 , x0 = 0´��4:.

�I�§:

s(s − 1) + 1 · s − ν2 = 0, = s2 − ν2 = 0.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

¤±s1 = ν, s2 = −ν, ��¦ s1 − s2 = 2ν , 0
½��ê. (eØ÷v, Ke¡ü�A)Ò�
5�'.)

¤±,ü��5Ã'�A)�:

y1(x) = xν
∞∑

k=0

akxk,

y2(x) = x−ν
∞∑

k=0

bkxk.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

¤±s1 = ν, s2 = −ν, ��¦ s1 − s2 = 2ν , 0
½��ê. (eØ÷v, Ke¡ü�A)Ò�
5�'.)
¤±,ü��5Ã'�A)�:

y1(x) = xν
∞∑

k=0

akxk,

y2(x) = x−ν
∞∑

k=0

bkxk.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

�A)���/ª�: y(x) =
∑∞

k=0 akxk+s,

�\Bessel�§,�

∞∑
k=0

(k + s)(k + s − 1)akxk+s−2

+

∞∑
k=0

(k + s)akxk+s−2 +

(
1 −

ν2

x2

) ∞∑
k=0

akxk+s = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

�A)���/ª�: y(x) =
∑∞

k=0 akxk+s,
�\Bessel�§,�

∞∑
k=0

(k + s)(k + s − 1)akxk+s−2

+

∞∑
k=0

(k + s)akxk+s−2 +

(
1 −

ν2

x2

) ∞∑
k=0

akxk+s = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

dxk+s−2�Xê�"�,

(s + k)(s + k − 1)ak + (s + k)ak + ak−2 − ν
2ak = 0.

©Ûcü�Xêa0, a1:{
k = 0, (s2 − ν2)a0 = 0, a0 , 0.
k = 1,

[
(s + 1)2 − ν2

]
a1 = 0, a1 = 0.

¤±,Xê�4í'X�:

ak =
−1

(s + k)2 − ν2 ak−2 = −
1

(s + k + ν)(s + k − ν)
ak−2.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

dxk+s−2�Xê�"�,

(s + k)(s + k − 1)ak + (s + k)ak + ak−2 − ν
2ak = 0.

©Ûcü�Xêa0, a1:{
k = 0, (s2 − ν2)a0 = 0, a0 , 0.
k = 1,

[
(s + 1)2 − ν2

]
a1 = 0, a1 = 0.

¤±,Xê�4í'X�:

ak =
−1

(s + k)2 − ν2 ak−2 = −
1

(s + k + ν)(s + k − ν)
ak−2.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

dxk+s−2�Xê�"�,

(s + k)(s + k − 1)ak + (s + k)ak + ak−2 − ν
2ak = 0.

©Ûcü�Xêa0, a1:{
k = 0, (s2 − ν2)a0 = 0, a0 , 0.
k = 1,

[
(s + 1)2 − ν2

]
a1 = 0, a1 = 0.

¤±,Xê�4í'X�:

ak =
−1

(s + k)2 − ν2 ak−2 = −
1

(s + k + ν)(s + k − ν)
ak−2.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

À�s1 = +ν,K

ak = −
1

k(2ν + k)
ak−2.

=

a2 = −
1

2(2ν + 2)
a0 = −

1
1!(ν + 1)

1
22 a0,

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

À�s1 = +ν,K

ak = −
1

k(2ν + k)
ak−2.

=

a2 = −
1

2(2ν + 2)
a0 = −

1
1!(ν + 1)

1
22 a0,

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

Ù¦Xê�,

a4 = −
1

4(2ν + 4)
a2 = −

1
2(ν + 2)

1
22 a2

= +
1

2!(ν + 1)(ν + 2)
1
24 a0,

...

a2k = (−1)k 1
k!(ν + 1)(ν + 2) · · · (ν + k)

1
22k a0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

Ï�

a1 = 0,

¤±

a3 = 0→ a5 = 0→ · · · a2k+1 = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

Ï�

a1 = 0,

¤±

a3 = 0→ a5 = 0→ · · · a2k+1 = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

¤±, ν�Bessel�§���A)´

y1(x) = a0xν
[
1 −

1
1!(ν + 1)

(x
2

)2

+
1

2!(ν + 1)(ν + 2)

(x
2

)4
− · · ·

+(−1)k 1
k!(ν + 1)(ν + 2) · · · (ν + k)

(x
2

)2k

+ · · ·

]
.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

Âñ�»

R =

√
lim
k→∞

∣∣∣∣∣ak−2

ak

∣∣∣∣∣ = √
lim
k→∞

22k(2ν + k) = ∞.

�«�Âñ!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

Âñ�»

R =

√
lim
k→∞

∣∣∣∣∣ak−2

ak

∣∣∣∣∣ = √
lim
k→∞

22k(2ν + k) = ∞.

�«�Âñ!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

eÀ�64

a0 =
1

2νΓ(ν + 1)
,

)�L«�

Jν(x) =
∞∑

k=0

(−1)k 1
k!Γ(ν + k + 1)

(x
2

)ν+2k
.

ùÒ´ ν� Bessel¼ê.

64Γ¼ê½Â� p.413N¹�n.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

eÀ�64

a0 =
1

2νΓ(ν + 1)
,

)�L«�

Jν(x) =
∞∑

k=0

(−1)k 1
k!Γ(ν + k + 1)

(x
2

)ν+2k
.

ùÒ´ ν� Bessel¼ê.
64Γ¼ê½Â� p.413N¹�n.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

Ón,eÀ�s2 = −ν,Kν�Bessel�§�,�
�A)�

J−ν(x) =
∞∑

k=0

(−1)k 1
k!Γ(−ν + k + 1)

(x
2

)−ν+2k
.

¤±, ν�Bessel�§�Ï)�

y(x) = C1Jν(x) + C2J−ν(x).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

Ón,eÀ�s2 = −ν,Kν�Bessel�§�,�
�A)�

J−ν(x) =
∞∑

k=0

(−1)k 1
k!Γ(−ν + k + 1)

(x
2

)−ν+2k
.

¤±, ν�Bessel�§�Ï)�

y(x) = C1Jν(x) + C2J−ν(x).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.1��ê�Bessel�§

eÀν�Neumann¼ê

Nν(x) =
Jν(x) cos νπ − J−ν(x)

sin νπ

�1��A), Kν�Bessel�§�Ï)��
¤

y(x) = C1Jν(x) + C2Nν(x).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

�Ûê
(
l + 1

2

)
�Bessel�§,=¥Bessel�§:

x2 d2y
dx2 + x

dy
dx
+

x2 −

(
l +

1
2

)2 y = 0.

5
uHelmholtz�§3¥�IX¥©lCþ
�R(r)Ü©.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

�Ûê
(
l + 1

2

)
�Bessel�§,=¥Bessel�§:

x2 d2y
dx2 + x

dy
dx
+

x2 −

(
l +

1
2

)2 y = 0.

5
uHelmholtz�§3¥�IX¥©lCþ
�R(r)Ü©.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

k�ÄAÏ�¹ l = 0,K 1
2 �Bessel�§�,

x2y′′ + xy′ +

x2 −

(
1
2

)2 y = 0.

�I�§:

s2 −

(
1
2

)2

= 0 =⇒ s1 =
1
2
, s2 = −

1
2
.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

k�ÄAÏ�¹ l = 0,K 1
2 �Bessel�§�,

x2y′′ + xy′ +

x2 −

(
1
2

)2 y = 0.

�I�§:

s2 −

(
1
2

)2

= 0 =⇒ s1 =
1
2
, s2 = −

1
2
.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

w,,�§���A)´ 1
2 �Bessel¼ê,

J 1
2
(x) =

∞∑
k=0

(−1)k 1
k!Γ(k + 3

2)

(x
2

) 1
2+2k

.

|^Γ¼ê�5�,�z{þã�§�,

J 1
2
(x) =

√
2
πx

∞∑
k=0

(−1)k 1
(2k + 1)!

x2k+1 =

√
2
πx

sin x.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

w,,�§���A)´ 1
2 �Bessel¼ê,

J 1
2
(x) =

∞∑
k=0

(−1)k 1
k!Γ(k + 3

2)

(x
2

) 1
2+2k

.

|^Γ¼ê�5�,�z{þã�§�,

J 1
2
(x) =

√
2
πx

∞∑
k=0

(−1)k 1
(2k + 1)!

x2k+1 =

√
2
πx

sin x.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

dus1 − s2 = 1 (�ê),

¤±1��A)A��65

y2(x) = AJ 1
2
(x) ln x + x−

1
2

∞∑
k=0

bkxk.

65ë�Ö p.197.
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

dus1 − s2 = 1 (�ê),
¤±1��A)A��65

y2(x) = AJ 1
2
(x) ln x + x−

1
2

∞∑
k=0

bkxk.

65ë�Ö p.197.
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

�
½ÑXêAÚ{bk},òy2(x)�\ 1
2�Bessel�

§,

A
[
x2J′′1

2
+ xJ′1

2
+

(
x2 −

1
4

)
J 1

2

]
ln x + 2AxJ′1

2

+

∞∑
k=0

(
k −

1
2

) (
k −

3
2

)
bkxk− 1

2 +

∞∑
k=0

(
k −

1
2

)
bkxk− 1

2

+

∞∑
k=0

bkxk+ 3
2 −

∞∑
k=0

1
4

bkxk− 1
2 = 0.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

þª1���¥)Ò�u"(��o?).

'���g� (x−
1
2 , x

1
2 , x

3
2 , · · · )�Xê�66

A = 0,
b1 = 0,
b0 ?¿.

66��Öp.202.
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

þª1���¥)Ò�u"(��o?).
'���g� (x−

1
2 , x

1
2 , x

3
2 , · · · )�Xê�66

A = 0,
b1 = 0,
b0 ?¿.

66��Öp.202.
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

¤±,4í'X�:

b2 = −
1
2

b0,

b4 = −
1

4 × 3
b2 =

1
4!

b0,

b6 = −
1

6 × 5
b4 = −

1
6!

b0,

...

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§


b3 = b5 = · · · = 0,

¤±1��A)´,

y2(x) = b0 x−
1
2

(
1 −

x2

2!
+

x4

4!
−

1
6!

x6 + · · ·

)
= b0

1
√

x
cos x.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§


b3 = b5 = · · · = 0,
¤±1��A)´,

y2(x) = b0 x−
1
2

(
1 −

x2

2!
+

x4

4!
−

1
6!

x6 + · · ·

)
= b0

1
√

x
cos x.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

e�b0 =
√

2/π,K

y2(x) = J− 1
2
(x) =

√
2
πx

cos x.

¤±, 1
2 �Bessel�§�Ï)�,

y(x) = C1J 1
2
(x) + C2J− 1

2
(x).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

e�b0 =
√

2/π,K

y2(x) = J− 1
2
(x) =

√
2
πx

cos x.

¤±, 1
2 �Bessel�§�Ï)�,

y(x) = C1J 1
2
(x) + C2J− 1

2
(x).

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

Ón§é
(
l + 1

2

)
�Bessel�§§ÙÏ)�

y(x) = C1Jl+ 1
2
(x) + C2J−(l+ 1

2 )(x),

Ù¥,

Jl+ 1
2
(x) =

∞∑
k=0

(−1)k

k!Γ(l + 1
2 + k + 1)

(x
2

)l+ 1
2+2k

,

J−(l+ 1
2 )(x) =

∞∑
k=0

(−1)k

k!Γ(−l − 1
2 + k + 1)

(x
2

)−l− 1
2+2k

.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.2�Ûê�Bessel�§

Ón§é
(
l + 1

2

)
�Bessel�§§ÙÏ)�

y(x) = C1Jl+ 1
2
(x) + C2J−(l+ 1

2 )(x),

Ù¥,

Jl+ 1
2
(x) =

∞∑
k=0

(−1)k

k!Γ(l + 1
2 + k + 1)

(x
2

)l+ 1
2+2k

,

J−(l+ 1
2 )(x) =

∞∑
k=0

(−1)k

k!Γ(−l − 1
2 + k + 1)

(x
2

)−l− 1
2+2k

.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

�êm�Bessel�§:

x2y′′ + xy′ +
(
x2 − m2

)
y = 0,

Ù¥m�g,ê.

5
uHelmholtz�§3Î�IX¥©lCþ
�R(ρ).

Döf êÆÔn�{ùÂ
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

�êm�Bessel�§:

x2y′′ + xy′ +
(
x2 − m2

)
y = 0,

Ù¥m�g,ê.

5
uHelmholtz�§3Î�IX¥©lCþ
�R(ρ).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

�I�§

s2 − m2 = 0 =⇒ s1 = m, s2 = −m.

és1 = m,A)´m�Bessel¼ê.

Jm(x) =
∞∑

k=0

(−1)k 1
k!(m + k)!

(x
2

)m+2k
,

Ù¥|^
Γ(m + k + 1) = (m + k)!.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

�I�§

s2 − m2 = 0 =⇒ s1 = m, s2 = −m.

és1 = m,A)´m�Bessel¼ê.

Jm(x) =
∞∑

k=0

(−1)k 1
k!(m + k)!

(x
2

)m+2k
,

Ù¥|^
Γ(m + k + 1) = (m + k)!.
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

éAus2 = −m,ÙA)Ø´J−m(x),Ï�J−m(x)
�Jm(x)�5�'.

e¡y²�.

J−m(x) =
∞∑

k=0

(−1)k 1
k!Γ(−m + k + 1)

(x
2

)−m+2k
.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

éAus2 = −m,ÙA)Ø´J−m(x),Ï�J−m(x)
�Jm(x)�5�'.
e¡y²�.

J−m(x) =
∞∑

k=0

(−1)k 1
k!Γ(−m + k + 1)

(x
2

)−m+2k
.

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

Γ¼ê5�µ
ek < m,= −m + k + 1 ≤ 0,K Γ→ ∞.

¤± J−m(x)¥¦Úl k = mm©âØ�".

J−m(x) =
∞∑

k=m

(−1)k 1
k!Γ(−m + k + 1)

(x
2

)−m+2k
.

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

-l = k − m, l = 0, 1, 2, · · · ,K

J−m(x) =
∞∑

l=0

(−1)l+m 1
(l + m)!Γ(l + 1)

(x
2

)m+2l

= (−1)m
∞∑

l=0

(−1)l 1
(l + m)!l!

(x
2

)m+2l

= (−1)mJm(x).

¤±, J−m(x)Ø´1��A).
Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

À�m�Neumann¼ê67

Nm(x) = lim
ν→m

Jν(x) cos νπ − J−ν(x)
sin νπ

.

��1��A)!

¤±ém�Bessel�§,ÙÏ)�

y(x) = C1Jm(x) + C2Nm(x).

67��Ö p.402N¹Ô.
Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

À�m�Neumann¼ê67

Nm(x) = lim
ν→m

Jν(x) cos νπ − J−ν(x)
sin νπ

.

��1��A)!
¤±ém�Bessel�§,ÙÏ)�

y(x) = C1Jm(x) + C2Nm(x).

67��Ö p.402N¹Ô.
Döf êÆÔn�{ùÂ
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

":5�µ
�x→ 0�,k (ν > 0):{

J0(x)→ 1, Jν(x)→ 0, J−ν(x)→ ∞,
Nν(x)→ ±∞, Nm(x)→ −∞,

d5� =⇒ x = 0?�g,>.^�.

Döf êÆÔn�{ùÂ
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�n!¥¼ê
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

":5�µ
�x→ 0�,k (ν > 0):{

J0(x)→ 1, Jν(x)→ 0, J−ν(x)→ ∞,
Nν(x)→ ±∞, Nm(x)→ −∞,

d5� =⇒ x = 0?�g,>.^�.
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�n!¥¼ê
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

é�¹x = 0�«�,üØuÑ):

N0(x), Nm(x), J−v(x), Nν(x),


��3k�):

J0(x), Jm(x), Jν(x).

eÙòÞ~`².

Döf êÆÔn�{ùÂ
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
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3.3�êm�Bessel�§

é�¹x = 0�«�,üØuÑ):

N0(x), Nm(x), J−v(x), Nν(x),


��3k�):

J0(x), Jm(x), Jν(x).

eÙòÞ~`².
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�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.3�êm�Bessel�§

é�¹x = 0�«�,üØuÑ):

N0(x), Nm(x), J−v(x), Nν(x),


��3k�):

J0(x), Jm(x), Jν(x).

eÙòÞ~`².
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1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

(1) ν�JmþBessel�§,

x2 d2R
dx2 + x

dR
dx
−

(
x2 + ν2

)
R = 0,

Ù¥ν ,�ê,�Ûê.

Döf êÆÔn�{ùÂ
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�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{
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�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

�ξ = ix,K

dR
dx
=

dR
dξ

dξ
dx
= i

dR
dξ
,

þª�§C¤ ν�Bessel�§,

ξ2 d2R
dξ2 + ξ

dR
dξ
+

(
ξ2 − ν2

)
R = 0,

§�)� Jν(ξ)Ú J−ν(ξ)½ Nν(ξ),

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

�ξ = ix,K

dR
dx
=

dR
dξ

dξ
dx
= i

dR
dξ
,

þª�§C¤ ν�Bessel�§,

ξ2 d2R
dξ2 + ξ

dR
dξ
+

(
ξ2 − ν2

)
R = 0,

§�)� Jν(ξ)Ú J−ν(ξ)½ Nν(ξ),
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

=

Jν(ξ) = Jν(ix) = iν
∞∑

k=0

1
k!Γ(ν + k + 1)

(x
2

)ν+2k
,

J−ν(ξ) = J−ν(ix) = i−ν
∞∑

k=0

1
k!Γ(−ν + k + 1)

(x
2

)−ν+2k
,

½

Nν(ξ) = Nν(ix) =
Jν(ix) cos νπ − J−ν(ix)

sin νπ
.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

=

Jν(ξ) = Jν(ix) = iν
∞∑

k=0

1
k!Γ(ν + k + 1)

(x
2

)ν+2k
,

J−ν(ξ) = J−ν(ix) = i−ν
∞∑

k=0

1
k!Γ(−ν + k + 1)

(x
2

)−ν+2k
,

½

Nν(ξ) = Nν(ix) =
Jν(ix) cos νπ − J−ν(ix)

sin νπ
.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

du Jν(ξ), J−ν(ξ)Ú Nν(ξ)¥¹ i,¦^ØB.�
d, Ú\e¡�¢¼ê, ¡�JmþBessel¼
ê:

Iν(x) = i−νJν(ix) =
∞∑

k=0

1
k!Γ(ν + k + 1)

(x
2

)ν+2k
,

I−ν(x) = iνJ−ν(ix) =
∞∑

k=0

1
k!Γ(−ν + k + 1)

(x
2

)−ν+2k
.

Döf êÆÔn�{ùÂ
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

¤±, ν�JmþBessel�§�)�,

C1Iν(x) + C2I−ν(x).

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

(2)�êm�JmþBessel�§

x2 d2R
dx2 + x

dR
dx
−

(
x2 + m2

)
R = 0,

Ù¥m��ê.

5
uLaplace�§3Î�I¥©lCþ
�R(ρ)Ü©.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

(2)�êm�JmþBessel�§

x2 d2R
dx2 + x

dR
dx
−

(
x2 + m2

)
R = 0,

Ù¥m��ê.

5
uLaplace�§3Î�I¥©lCþ
�R(ρ)Ü©.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

Óþ,-ξ = ix,Kz¤m�Bessel�§:

ξ2 d2R
dξ2 + ξ

dR
dξ
+

(
ξ2 − m2

)
R = 0.

�I�§

s2 − m2 = 0 =⇒ s1 = m, s2 = −m.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

Óþ,-ξ = ix,Kz¤m�Bessel�§:

ξ2 d2R
dξ2 + ξ

dR
dξ
+

(
ξ2 − m2

)
R = 0.

�I�§

s2 − m2 = 0 =⇒ s1 = m, s2 = −m.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

éAs1 = m�A)�JmþBessel¼ê,

Im(x) = i−mJm(ix) =
∞∑

k=0

1
k!(m + k)!

(x
2

)m+2k
.

éAs2 = −m�A)ÀJmþ�Hankel¼ê,

Km(x) = lim
ν→m

π

2
I−ν(x) − Iν(x)

sin νπ
.

¤±, m�Bessel�§�)�,

C1Im(x) + C2Km(x).

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

éAs1 = m�A)�JmþBessel¼ê,

Im(x) = i−mJm(ix) =
∞∑

k=0

1
k!(m + k)!

(x
2

)m+2k
.

éAs2 = −m�A)ÀJmþ�Hankel¼ê,

Km(x) = lim
ν→m

π

2
I−ν(x) − Iν(x)

sin νπ
.

¤±, m�Bessel�§�)�,

C1Im(x) + C2Km(x).

Döf êÆÔn�{ùÂ
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. AÏ¼ê~�©�§��Ñ
2. ~:+��?ê){
3. �KÛ:+�þ�?ê){

3.4JmþBessel�§

éAs1 = m�A)�JmþBessel¼ê,

Im(x) = i−mJm(ix) =
∞∑

k=0

1
k!(m + k)!

(x
2

)m+2k
.

éAs2 = −m�A)ÀJmþ�Hankel¼ê,

Km(x) = lim
ν→m

π

2
I−ν(x) − Iν(x)

sin νπ
.

¤±, m�Bessel�§�)�,

C1Im(x) + C2Km(x).
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

¥¼ê

1�nÙ!¥¼ê

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.1¶é¡¥¼ê�?êL�ª

Laplace�§3¥�IX¥©lCþ

∇2u = 0

-u(r, θ, ϕ) = R(r)Y(θ, ϕ),

r2 d2R
dr2 + 2r

dR
dr
− l(l + 1)R = 0,

sin θ
∂

∂θ
(sin θ

∂Y
∂θ

) +
∂2Y
∂ϕ2 + sin2 θ l(l + 1)Y = 0,

Ù¥§R(r) : rl, r−(l+1).

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.1¶é¡¥¼ê�?êL�ª

Laplace�§3¥�IX¥©lCþ

∇2u = 0

-u(r, θ, ϕ) = R(r)Y(θ, ϕ),

r2 d2R
dr2 + 2r

dR
dr
− l(l + 1)R = 0,

sin θ
∂

∂θ
(sin θ

∂Y
∂θ

) +
∂2Y
∂ϕ2 + sin2 θ l(l + 1)Y = 0,

Ù¥§R(r) : rl, r−(l+1).
Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.1¶é¡¥¼ê�?êL�ª

-Y(θ, ϕ) = Θ(θ)Φ(ϕ),��

Φ′′ + m2Φ = 0 ⇒ Φ(ϕ) : cos mϕ, sin mϕ,

¿�§

(1 − x2)
d2Θ

dx2 − 2x
dΘ
dx
+

[
l(l + 1) −

m2

1 − x2

]
Θ = 0,

Ù¥x = cos θ. d=�5ÜLegendre�§.

Döf êÆÔn�{ùÂ
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.1¶é¡¥¼ê�?êL�ª

-Y(θ, ϕ) = Θ(θ)Φ(ϕ),��

Φ′′ + m2Φ = 0 ⇒ Φ(ϕ) : cos mϕ, sin mϕ,

¿�§

(1 − x2)
d2Θ

dx2 − 2x
dΘ
dx
+

[
l(l + 1) −

m2

1 − x2

]
Θ = 0,

Ù¥x = cos θ. d=�5ÜLegendre�§.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.1¶é¡¥¼ê�?êL�ª

¶é¡�/µm = 0,

(1 − x2)
d2Θ

dx2 − 2x
dΘ
dx
+ l(l + 1)Θ = 0.

d~:+��?ê){§�

Θ(θ) = Pl(x) =
[l/2]∑
k=0

(−1)k (2l − 2k)!
2l k!(l − k)!(l − 2k)!

xl−2k,

¤±§Y(θ, ϕ) =~ê×Pl(cos θ),¡Y(θ, ϕ)½
Pl(cos θ) (Legendreõ�ª)�¶é¡¥¼ê.

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.1¶é¡¥¼ê�?êL�ª

¶é¡�/µm = 0,

(1 − x2)
d2Θ

dx2 − 2x
dΘ
dx
+ l(l + 1)Θ = 0.

d~:+��?ê){§�

Θ(θ) = Pl(x) =
[l/2]∑
k=0

(−1)k (2l − 2k)!
2l k!(l − k)!(l − 2k)!

xl−2k,

¤±§Y(θ, ϕ) =~ê×Pl(cos θ),¡Y(θ, ϕ)½
Pl(cos θ) (Legendreõ�ª)�¶é¡¥¼ê.

Döf êÆÔn�{ùÂ
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��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.1¶é¡¥¼ê�?êL�ª

¶é¡�/µm = 0,

(1 − x2)
d2Θ

dx2 − 2x
dΘ
dx
+ l(l + 1)Θ = 0.

d~:+��?ê){§�

Θ(θ) = Pl(x) =
[l/2]∑
k=0

(−1)k (2l − 2k)!
2l k!(l − k)!(l − 2k)!

xl−2k,

¤±§Y(θ, ϕ) =~ê×Pl(cos θ),¡Y(θ, ϕ)½
Pl(cos θ) (Legendreõ�ª)�¶é¡¥¼ê.

Döf êÆÔn�{ùÂ
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��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

•y²�©ªµ

Pl(x) =
1

2l l!
dl

dxl (x
2 − 1)l.

y²µ|^��ªÐmúª,

(x2 − 1)l =

l∑
k=0

l!
k!(l − k)!

(x2)l−k(−1)k,

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

•y²�©ªµ

Pl(x) =
1

2l l!
dl

dxl (x
2 − 1)l.

y²µ|^��ªÐmúª,

(x2 − 1)l =

l∑
k=0

l!
k!(l − k)!

(x2)l−k(−1)k,

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

òþª�© lg,¿Ø± 2l l!,Kk,

1
2l l!

dl

dxl (x
2 − 1)l

=

[l/2]∑
k=0

1
2l l!

l!
k!(l − k)!

(−1)k

×(2l − 2k)(2l − 2k − 1) · · · (2l − 2k − l + 1)xl−2k,

�Ä� l − 2k < 0§= k > l
2 �Ø�3(�u

"),Ïdþª�¦Ú���[l/2].

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

òþª�© lg,¿Ø± 2l l!,Kk,

1
2l l!

dl

dxl (x
2 − 1)l

=

[l/2]∑
k=0

1
2l l!

l!
k!(l − k)!

(−1)k

×(2l − 2k)(2l − 2k − 1) · · · (2l − 2k − l + 1)xl−2k,

�Ä� l − 2k < 0§= k > l
2 �Ø�3(�u

"),Ïdþª�¦Ú���[l/2].
Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

¤±§

1
2l l!

dl

dxl (x
2 − 1)l

=

[l/2]∑
k=0

(−1)k (2l − 2k)!
2l k!(l − k)!(l − 2k)!

xl−2k

= Pl(x).

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

•y²È©ªµ

Pl(cos θ) =
1
π

∫ π

0

[
cos θ + i sin θ cosψ

]l dψ.

y²µCauchyÈ©úª�,

f (l)(z0) =
l!

2πi

�
C

f (z)
(z − z0)l+1 dz.

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

•y²È©ªµ

Pl(cos θ) =
1
π

∫ π

0

[
cos θ + i sin θ cosψ

]l dψ.

y²µCauchyÈ©úª�,

f (l)(z0) =
l!

2πi

�
C

f (z)
(z − z0)l+1 dz.

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

� f (x) = (x2 − 1)l§K f (l)(x) = dl

dxl (x2 − 1)l,

Ïd§

f (l)(x) =
l!

2πi

�
C

(z2 − 1)l

(z − x)l+1 dz,

=§

Pl(x) =
1

2πi
1
2l

�
C

(z2 − 1)l

(z − x)l+1 dz.

Döf êÆÔn�{ùÂ
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�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

� f (x) = (x2 − 1)l§K f (l)(x) = dl

dxl (x2 − 1)l,
Ïd§

f (l)(x) =
l!

2πi

�
C

(z2 − 1)l

(z − x)l+1 dz,

=§

Pl(x) =
1

2πi
1
2l

�
C

(z2 − 1)l

(z − x)l+1 dz.
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l!
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�
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(z2 − 1)l
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�
C

(z2 − 1)l

(z − x)l+1 dz.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

À�A½´»C§x��%§
√

1 − x2��»��§
=

z − x =
√

x2 − 1eiψ, ψ ∈ [−π,+π],

dz = i
√

x2 − 1eiψdψ.

ò§��\CauchyÈ©úª,��:
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Pl(x)

=
1

2πi2l

∫ π

−π

[(x +
√

x2 − 1eiψ)2 − 1]l

(
√

x2 − 1eiψ)l+1
i
√

x2 − 1eiψdψ

=
1

2π

∫ π

−π

x2 + 2x
√

x2 − 1eiψ + (x2 − 1)ei2ψ − 1

2
√

x2 − 1eiψ

l

dψ

=
1

2π

∫ π

−π

2x
√

x2 − 1eiψ + (x2 − 1)eiψ(eiψ + e−iψ)

2
√

x2 − 1eiψ

l

dψ
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Pl(x) =
1

2π

∫ π

−π

[
x +

1
2

√
x2 − 1(eiψ + e−iψ)

]l

dψ

=
1
π

∫ π

0

[
x +

1
2

√
x2 − 1(eiψ + e−iψ)

]l

dψ.

���Ú|^
ψ�ó¼êÈ©. ¤±,

Pl(x) =
1
π

∫ π

0

[
cos θ + i sin θ cosψ

]l dψ.
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1.2¶é¡¥¼ê��©ªÚÈ©ª

dÈ©L«��XeíØµ

(i) |Pl(x)| ≤ 1.

(ii) Pl(1) = 1.
(iii) Pl(−1) = (−1)l.
(iv) Pl(−x) = (−1)lPl(x).
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1.2¶é¡¥¼ê��©ªÚÈ©ª

(i) |Pl(x)| ≤ 1.

y²: |Pl(x)| ≤
1
π

∫ π

0
|cos θ + i sin θ cosψ|l dψ

=
1
π

∫ π

0

(
cos2 θ + sin2 θ cos2 ψ

)l/2
dψ

≤
1
π

∫ π

0

(
cos2 θ + sin2 θ

)l/2
dψ

=
1
π

∫ π

0
dψ = 1.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.2¶é¡¥¼ê��©ªÚÈ©ª

(ii) Pl(1) = 1.

y²µx = 1= θ = 0§¤±

Pl(1) =
1
π

∫ π

0
1 · dψ = 1.
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(ii) Pl(1) = 1.
y²µx = 1= θ = 0§¤±

Pl(1) =
1
π

∫ π

0
1 · dψ = 1.
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(iii) Pl(−1) = (−1)l.

y²µx = −1§= θ = π§¤±

Pl(−1) =
1
π

∫ π

0
(−1)l · dψ = (−1)l.
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(iii) Pl(−1) = (−1)l.
y²µx = −1§= θ = π§¤±

Pl(−1) =
1
π

∫ π

0
(−1)l · dψ = (−1)l.
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(iv)d�©ª��µ

Pl(−x) = (−1)lPl(x).
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1. ¶é¡¥¼ê
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1.3 Pl(x)���5!��592
ÂFourierÐm

1.3.1 Pl(x)���5∫ 1

−1
Pl(x)Pk(x)dx = 0, �l , k.
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1.3.1 Pl(x)���5

y²µ
dPl(x)÷v��§(Legendre�§)Ñu,

(1 − x2)
d2Pl

dx2 − 2x
dPl

dx
+ l(l + 1)Pl = 0, (1)

(1 − x2)
d2Pk

dx2 − 2x
dPk

dx
+ k(k + 1)Pk = 0. (2)

d(1) × Pk − (2) × Pl = 0§�µ
d
dx

[
(1 − x2)(PkP′l − PlP′k)

]
= [k(k+1)−l(l+1)]PlPk,

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.3.1 Pl(x)���5

y²µ
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(1 − x2)
d2Pl

dx2 − 2x
dPl

dx
+ l(l + 1)Pl = 0, (1)

(1 − x2)
d2Pk

dx2 − 2x
dPk

dx
+ k(k + 1)Pk = 0. (2)

d(1) × Pk − (2) × Pl = 0§�µ
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[
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]
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1.3.1 Pl(x)���5

È©µ

�à =

∫ 1

−1
dx

d
dx

[(1 − x2)(PkP′l − PlP′k)]

= (1 − x2)(PkP′l − PlP′k)
∣∣∣∣1
−1
= 0.

mà = [k(k + 1) − l(l + 1)]
∫ 1

−1
PlPkdx.

ek , l§K7kµ
∫ 1
−1 Pl(x)Pk(x)dx = 0.
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È©µ

�à =

∫ 1

−1
dx

d
dx

[(1 − x2)(PkP′l − PlP′k)]

= (1 − x2)(PkP′l − PlP′k)
∣∣∣∣1
−1
= 0.
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−1
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1.3 Pl(x)���5!��592
ÂFourierÐm

1.3.2 Pl(x)��Nl

N2
l ≡

∫ 1

−1
Pl(x)Pl(x)dx.

�±y²§Nl =
√

2/(2l + 1).
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1.3.2 Pl(x)��Nl

y²µ

N2
l =

(
1

2l l!

)2 ∫ 1

−1

[
dl

dxl (x
2 − 1)l

]2

dx

=
1

22l(l!)2

∫ 1

−1

dl

dxl (x
2 − 1)l · d

[
dl−1

dxl−1 (x2 − 1)l
]

e¡æ^©ÜÈ©{. 5¿�kþe���þ�
".
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1.3.2 Pl(x)��Nl

=
1

22l(l!)2

dl

dxl (x
2 − 1)l ·

dl−1

dxl−1 (x2 − 1)l
∣∣∣∣1
−1

−
1

22l(l!)2

∫ 1

−1

dl−1

dxl−1 (x2 − 1)l ·
dl+1

dxl+1 (x2 − 1)ldx

(lg�) =
1

22l(l!)2 (−1)l
∫ 1

−1
(x2 − 1)l ·

d2l

dx2l (x
2 − 1)ldx

=
1

22l(l!)2 (−1)l(2l)!
∫ 1

−1
(x2 − 1)ldx.
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1.3.2 Pl(x)��Nl

- I =
∫ 1

−1
(x2 − 1)ldx =

∫ +1

−1
(x − 1)l(x + 1)ldx

=

∫ 1

−1

1
l + 1

(x − 1)l d(x + 1)l+1

=
1

l + 1
(x − 1)l(x + 1)l+1

∣∣∣∣∣1
−1

−
1

l + 1

∫ 1

−1
(x + 1)l+1l(x − 1)l−1dx
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1.3.2 Pl(x)��Nl

= −
l

l + 1

∫ 1

−1
(x − 1)l−1(x + 1)l+1dx

= −
l

l + 1
1

l + 2

∫ 1

−1
(x − 1)l−1d(x + 1)l+2

= −
l

l + 1
1

l + 2
(x − 1)l−1(x + 1)l+2

∣∣∣∣∣1
−1

+
l

l + 1
l − 1
l + 2

∫ 1

−1
(x + 1)l+2(x − 1)l−2dx
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(lg�)

= (−1)l l
l + 1

l − 1
l + 2

· · ·
2

l + l − 1
1
2l

∫ 1

−1
(x + 1)2l(x − 1)0dx

= (−1)l (l!)2

(2l)!
1

2l + 1

∫ 1

−1
d(x + 1)2l+1
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= (−1)l (l!)2

(2l)!
1

2l + 1
(x + 1)2l+1

∣∣∣∣∣∣1
−1

= (−1)l 2
2l(l!)2

(2l)!
2

2l + 1
.

¤±§

N2
l =

2
2l + 1

.
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∣∣∣∣∣∣1
−1

= (−1)l 2
2l(l!)2

(2l)!
2

2l + 1
.

¤±§

N2
l =

2
2l + 1

.
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1.3 Pl(x)���5!��592
ÂFourierÐm

1.3.3 Pl(x)�2ÂFourierÐm
e f (x) 3 [−1, 1] ëY§K± Pl(x) ��Ä., ò
f (x)Ðm�,

f (x) =
∞∑

l=0

fl Pl(x),
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1.3.3 Pl(x)�2ÂFourierÐm

Ù¥,|^ Pl(x)���5Ú�úª,k

fl =
2l + 1

2

∫ 1

−1
Pl(x) f (x)dx.
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1.3.3 Pl(x)�2ÂFourierÐm

,�«/ªµe f (θ)3 [0, π]ëY§K

f (θ) =
∞∑

l=0

fl Pl(cos θ).

Ù¥

fl =
2l + 1

2
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1

r − 1
=
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r
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1 − 1/r
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∞∑
l=0

(
1
r

)l
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rl+1 .
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Ïd§Bl = 1. ¤±,�r > 1�,
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√

1 − 2r cos θ + r2
=

∞∑
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1
rl+1 Pl(cos θ).

Ón§e¥��»�R§K1¼ê'X�

1
√

R2 − 2rR cos θ + r2
=


∑∞

l=0
1

Rl+1 rlPl(cos θ), (r < R),∑∞
l=0 Rl 1

rl+1 Pl(cos θ), (r > R).
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öSµgÆp.237,~K6. (d~�Ñ>�{�êÆ
y²)

4í'Xµ

(k + 1)Pk+1(x) − (2k + 1)xPk(x) + kPk−1(x) = 0,

Ù¥ k ≥ 1. þª�ÑØÓ�Legendreõ�ª�m
�'X.d$��Pk−1, Pk�Ñp��Pk+1.4í'
X�A^uO��
E,�½È©.
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∞∑
l=0

l rl−1Pl(x),

=

x − r
√

1 − 2rx + r2
= (1 − 2rx + r2)

∞∑
l=0

l rl−1Pl(x).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.41¼êÚ4í'X

ér¦�:

x − r
(1 − 2rx + r2)3/2 =

∞∑
l=0

l rl−1Pl(x),

=

x − r
√

1 − 2rx + r2
= (1 − 2rx + r2)

∞∑
l=0

l rl−1Pl(x).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.41¼êÚ4í'X

�à2|^�g1¼êL�ª

(x − r)
∞∑
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rlPl(x) = (1 − 2rx + r2)
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xPk(x) − Pk−1(x) = (k + 1)Pk+1(x) − 2kxPk(x)
+(k − 1)Pk−1(x),

=
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Ù¥k ≥ 1. Ù{4íúª� p.239.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.41¼êÚ4í'X

éìüàr�Ó�g�Xê§Xrk�Xê§�

xPk(x) − Pk−1(x) = (k + 1)Pk+1(x) − 2kxPk(x)
+(k − 1)Pk−1(x),

=

(k + 1)Pk+1(x) − (2k + 1)xPk(x) + kPk−1(x) = 0,

Ù¥k ≥ 1. Ù{4íúª� p.239.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

1.41¼êÚ4í'X

~K:4í'X�A^.

O�
∫ 1
−1 xPk(x)Pl(x)dx,Ù¥k, l�g,ê.
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·

2
2l + 1

δk−1,l

=


2k

(2k+1)(2k−1) , l = k − 1,
2(k+1)

(2k+3)(2k+1) , l = k + 1,
0, l , k − 1, k + 1.

1�ª|^
��5Ú��5�.
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2.15ÜLegendreõ�ª

5ÜLegendreõ�ª

Y(θ, ϕ) = (A cos mϕ + B sin mϕ)Θ(θ).

-x = cos θ,K69

(1 − x2)
d2Θ

dx2 − 2x
dΘ
dx
+

[
l(l + 1) −

m2

1 − x2

]
Θ = 0.

x = ±1´�§��KÛ:.

69d�5ÜLegendre�§.
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(1 − x2)
d2Θ

dx2 − 2x
dΘ
dx
+

[
l(l + 1) −

m2

1 − x2

]
Θ = 0.

x = ±1´�§��KÛ:.
69d�5ÜLegendre�§.
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l (x) =

1
2πi

(l + m)!
2l l!

�
C

(
i
z − x
eiψ

)m (z2 − 1)l

(z − x)l+m+1 dz
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im
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√
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5�64í'X
Ù¥��'Xª (k ≥ 1)µ

(2k + 1)xPm
k (x) = (k +m)Pm

k−1(x) + (k −m + 1)Pm
k+1(x).

y²µ|^Legendreõ�ª�4íúª,

(k+1)Pk+1(x)− (2k+1)xPk(x)+kPk−1(x) = 0, �
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(k + 1)P[m]
k+1(x) − (2k + 1)xP[m]

k (x)

−m(2k + 1)P[m−1]
k (x) + kP[m]

k−1(x) = 0, �
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k−1(x).�
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l�!�éá, ��P[m−1]
k (x), 2üàÓ¦Ï

f(1 − x2)m/2,�

(2k + 1)xPm
k (x) = (k + m)Pm

k−1(x)
+(k − m + 1)Pm
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l (cos θ)
{

sin mϕ
cos mϕ

}
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¥¼ê,s)ÒL«?�Ù�.
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70Õá�E´2l + 1�.
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=
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[
P|m|l (cos θ)

]2
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2
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=
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2l + 1
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(l + |m|)!

P|m|l (cos θ)eimϕ,
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ê/ª�5�ë���Ö!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

2.2��¥¼ê

^��8�z�¥¼ê�2ÂFourierÐm:

f (θ, ϕ) =
∞∑

l=0

l∑
m=−l

ClmYlm(θ, ϕ),

Ù¥

Clm =

∫ 2π

0

∫ π

0
f (θ, ϕ)Y∗lm(θ, ϕ) sin θdθdϕ.

5µ±þ¥¼ê5�þ±Eê/ªL«, ¢
ê/ª�5�ë���Ö!

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

2.2��¥¼ê

^��8�z�¥¼ê�2ÂFourierÐm:

f (θ, ϕ) =
∞∑

l=0

l∑
m=−l

ClmYlm(θ, ϕ),

Ù¥

Clm =
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f (θ, ϕ)Y∗lm(θ, ϕ) sin θdθdϕ.
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√
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= Ue|r=r0
(>³ëY)

εε0
∂Ui
∂r

∣∣∣
r=r0
= ε0

∂Ue
∂r

∣∣∣
r=r0
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Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. ¶é¡¥¼ê
2. ��¥¼ê

2.2��¥¼ê

�Äé(^�µ
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∣∣∣
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�
|^é(^�,òUe(r, θ)¥:>Ö�³
z¤Pl(cos θ)�U\.
�r3r0NC�, r < d,Ïd,

q
√

d2 − 2dr cos θ + r2
=

q
d

1√
1 − 2( r

d ) cos θ + ( r
d )2

=
q
d

∞∑
l=0

(
r
d

)lPl(cos θ) = q
∞∑

l=0

1
dl+1 rlPl(cos θ).
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¤±, Ui|r=r0
= Ue|r=r0

�Ñ,

∞∑
l=0

Alrl
0Pl(cos θ) =

∞∑
l=0

q
dl+1 rl

0Pl(cos θ)

+

∞∑
l=0

Bl

rl+1
0

Pl(cos θ),
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,��^� εε0
∂Ui
∂r

∣∣∣
r=r0
= ε0

∂Ue
∂r

∣∣∣
r=r0
�Ñ,

ε

∞∑
l=0

lAlrl−1
0 Pl(cos θ) =

∞∑
l=0

qlrl−1
0

dl+1 Pl(cos θ)

−

∞∑
l=0

(l + 1)Bl

rl+2
0

Pl(cos θ).
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'�þãüª¥Ó�Pl(cos θ)�Xê,�:

Alrl
0 =

qrl
0

dl+1 +
Bl

rl+1
0

,

εlrl−1
0 Al =

qlrl−1
0

dl+1 − (l + 1)
Bl

rl+2
0

.
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éá¦)þª�,

Al =
q(2l + 1)

[(ε + 1)l + 1] dl+1 ,

Bl = −q(ε − 1)
lr2l+1

0

[(ε + 1)l + 1] dl+1 .
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¤±,¥S	>³©Ù�:

Ui(r, θ) = q
∞∑

l=0

2l + 1
[(ε + 1)l + 1]dl+1 rlPl(cos θ),

Ue(r, θ) =
q

√
d2 − 2dr cos θ + r2

−q(ε − 1)
∞∑

l=0

lr2l+1
0

[(ε + 1)l + 1]dl+1

1
rl+1 Pl(cos θ).
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2.2.6¥¼êA^Þ~
~2:Öp.255~5.�¶é¡¥¼ê�A^.

½)¯K:

∇2U = 0 (r > r0)

∂U
∂r

∣∣∣
r=r0
= U0(sin2 θ sin2 ϕ − 1

3)

U|r→∞ → 0.
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¦)µ

1�Ú, �ÑLaplace�§3¥�IX¥©l
Cþ/ª,

R(r) : rl, r−(l+1)

Φ(ϕ) : sin mϕ, cos mϕ, m = 0, 1, 2, · · · ; m ≤ l
Θ(θ) : Pm

l (cos θ)
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¦)µ

1�Ú, �ÑLaplace�§3¥�IX¥©l
Cþ/ª,

R(r) : rl, r−(l+1)

Φ(ϕ) : sin mϕ, cos mϕ, m = 0, 1, 2, · · · ; m ≤ l
Θ(θ) : Pm

l (cos θ)
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1�Ú, dU(r, θ, ϕ) = R(r)Θ(θ)Φ(ϕ)�EÑ�
��/ª�)(Ï)),

U(r, θ, ϕ)

=

∞∑
m=0

∞∑
l=m

rl[Am
l cos mϕ + Bm

l sin mϕ]Pm
l (cos θ)

+

∞∑
m=0

∞∑
l=m

1
rl+1 [Cm

l cos mϕ + Dm
l sin mϕ]Pm

l (cos θ).

¹o|�½Xê{Am
l }, {B

m
l }, {C

m
l }, {D

m
l }.
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1nÚ,d>.^�(½�½Xê.
(1)g,>.^�

U|r→∞ → 0⇒ Am
l = 0, Bm

l = 0.

Ïd,

U(r, θ, ϕ) =
∞∑

m=0

∞∑
l=m

1
rl+1

[
Cm

l cos mϕ

+Dm
l sin mϕ

]
Pm

l (cos θ).
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(2)dr = r0?�>.^��:

∞∑
m=0

∞∑
l=m

−
l + 1
rl+2

0

[
Cm

l cos mϕ + Dm
l sin mϕ

]
Pm

l (cos θ)

= U0

(
sin2 θ sin2 ϕ −

1
3

)
.
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'�üà'uPm
l (cos θ)�Xê,òmàU

¥¼êÐm:

U0

(
sin2 θ sin2 ϕ −

1
3

)
=

U0

3

[
−P2(cos θ) −

1
2

P2
2(cos θ) cos 2ϕ

]
.

¤±,kC0
2, C2

2Ø�",Ù{Cm
l = 0,

�¤kDm
l = 0.
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'�üà'uPm
l (cos θ)�Xê,òmàU

¥¼êÐm:

U0

(
sin2 θ sin2 ϕ −

1
3

)
=

U0

3

[
−P2(cos θ) −

1
2

P2
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]
.

¤±,kC0
2, C2

2Ø�",Ù{Cm
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�¤kDm
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3
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0

C0
2 = −

U0

3
, −

3
r4

0

C2
2 = −

U0

6
.

dd��:

C0
2 =

1
9

U0r4
0,

C2
2 =

1
18

U0r4
0.
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0
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3
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0
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6
.
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1
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1
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¤±,

U(r, θ, ϕ) =
1
9

U0r4
0 ·

1
r3 P2(cos θ)

+
1
18

U0r4
0 ·

1
r3 P2

2(cos θ) cos 2ϕ.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. Î¼ê�5
Ú©a
2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
4. Î¼êA^Þ~

Î¼ê

1�oÙ!Î¼ê

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. Î¼ê�5
Ú©a
2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
4. Î¼êA^Þ~

1.1 Laplace�§3Î�IX¥©lC
þ

Laplace�§3Î�I¥©lCþ

∇2u = 0,

1
ρ

∂

∂ρ

(
ρ
∂u
∂ρ

)
+

1
ρ2

∂2u
∂ϕ2 +

∂2u
∂z2 = 0,

u(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z).
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1.1 Laplace�§3Î�I¥©lCþ

d{
Φ′′ + λΦ = 0
Φ(ϕ + 2π) = Φ(ϕ) ⇒

{
λ = m2, m = 0, 1, 2, · · ·
Φ(ϕ) : sin mϕ, cos mϕ.




d2Z
dz2 − µZ = 0,

1
ρ

d
dρ

(
ρ

dR
dρ

)
+

(
µ −

m2

ρ2

)
R = 0.
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d{
Φ′′ + λΦ = 0
Φ(ϕ + 2π) = Φ(ϕ) ⇒

{
λ = m2, m = 0, 1, 2, · · ·
Φ(ϕ) : sin mϕ, cos mϕ.




d2Z
dz2 − µZ = 0,

1
ρ

d
dρ

(
ρ

dR
dρ

)
+

(
µ −
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ρ2

)
R = 0.
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1.1 Laplace�§3Î�I¥©lCþ

1.e�Îý¡�àg>.^�,K µ ≥ 0,71

Z(z) : e
√
µz, e−

√
µz.

- x =
√
µρ,K R÷v m� Bessel�§,

d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0.

71�Ò=é1�aàg>.^�¤á,� Z(z) : 1, z.
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1.1 Laplace�§3Î�I¥©lCþ

1.e�Îý¡�àg>.^�,K µ ≥ 0,71

Z(z) : e
√
µz, e−

√
µz.

- x =
√
µρ,K R÷v m� Bessel�§,

d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0.

71�Ò=é1�aàg>.^�¤á,� Z(z) : 1, z.
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1.1 Laplace�§3Î�I¥©lCþ

2.e�Îþe.¡�àg>.^�,
K µ ≤ 0,72

Z(z) : cos
√
−µz, sin

√
−µz.

72�Ò=é1�aàg>.^�¤á,� Z(z) : 1, z.
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Ú©a
2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
4. Î¼êA^Þ~

1.1 Laplace�§3Î�I¥©lCþ

- x =
√
−µρ,K R÷vJmþ Bessel�§,

d2R
dx2 +

1
x

dR
dx
−

(
1 +

m2

x2

)
R = 0.

e- t = ix,K R(t)÷v Bessel�§,

d2R
dt2 +

1
t

dR
dt
+

(
1 −

m2

t2

)
R = 0.
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1.1 Laplace�§3Î�I¥©lCþ

- x =
√
−µρ,K R÷vJmþ Bessel�§,

d2R
dx2 +

1
x

dR
dx
−

(
1 +

m2

x2

)
R = 0.

e- t = ix,K R(t)÷v Bessel�§,

d2R
dt2 +

1
t

dR
dt
+

(
1 −

m2

t2

)
R = 0.
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1. Î¼ê�5
Ú©a
2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
4. Î¼êA^Þ~

1.2 Helmholtz�§3Î�I¥©lCþ

Helmholtz�§3Î�I¥©lCþ

∇2v + k2v = 0,

v(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z)
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1.2 Helmholtz�§3Î�I¥©lCþ

�ÝÜ©,{
Φ′′ + λΦ = 0
Φ(ϕ + 2π) = Φ(ϕ) ⇒

{
λ = m2, m = 0, 1, 2, · · ·
Φ(ϕ) : sin mϕ, cos mϕ.

z¶Ü©,{
Z′′ − µZ = 0
þe.àg>.^�

⇒


Z(z) : cos

√
−µz,

sin
√
−µz,

(½µ���.
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1.2 Helmholtz�§3Î�I¥©lCþ

�ÝÜ©,{
Φ′′ + λΦ = 0
Φ(ϕ + 2π) = Φ(ϕ) ⇒

{
λ = m2, m = 0, 1, 2, · · ·
Φ(ϕ) : sin mϕ, cos mϕ.

z¶Ü©,{
Z′′ − µZ = 0
þe.àg>.^�

⇒


Z(z) : cos

√
−µz,

sin
√
−µz,

(½µ���.
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1.2 Helmholtz�§3Î�I¥©lCþ

��e R(x)Ü©,

d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0,

Ù¥§

x ≡
√

k2 + µρ.

ý¡àg>.^�(½ k���.
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1.2 Helmholtz�§3Î�I¥©lCþ

��e R(x)Ü©,

d2R
dx2 +

1
x

dR
dx
+

(
1 −

m2

x2

)
R = 0,

Ù¥§

x ≡
√

k2 + µρ.

ý¡àg>.^�(½ k���.
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2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
4. Î¼êA^Þ~

1.3 Helmholtz�§3¥�I¥©lCþ

Helmholtz�§3¥�I¥©lCþ

∇2v + k2v = 0

v(r, θ, ϕ) = R(r)Y(θ, ϕ)
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3. ¥ Bessel¼ê9Ù5�
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1.3 Helmholtz�§3¥�I¥©lCþ

R(r)÷v¥ Bessel�§,

r2 d2R
dr2 + 2r

dR
dr
+

[
k2r2 − l(l + 1)

]
R = 0,

- x = kr, R(r) =
√

π
2xy(x), Ky(x)÷v��ê

� Bessel�§,

d2y
dx2 +

1
x

dy
dx
+

1 −
(
l + 1

2

)2

x2

 y = 0.
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Ú©a
2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
4. Î¼êA^Þ~

1.3 Helmholtz�§3¥�I¥©lCþ

R(r)÷v¥ Bessel�§,

r2 d2R
dr2 + 2r

dR
dr
+

[
k2r2 − l(l + 1)

]
R = 0,

- x = kr, R(r) =
√

π
2xy(x), Ky(x)÷v��ê

� Bessel�§,

d2y
dx2 +

1
x

dy
dx
+

1 −
(
l + 1

2

)2

x2

 y = 0.
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1.4 Bessel�§�)

1.e ν���ê,K)�,

Jν(x), J−ν(x);

½

Jν(x), Nν(x);

Ù¥ Neumann¼ê�½Â´,

Nν =
Jν(x) cos νπ − J−ν(x)

sin νπ
.
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1.4 Bessel�§�)

2.e m��ê,K)�,

Jm(x), Nm(x).
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1.4 Bessel�§�)

3. ν´�ê½��ê
Ú\1�aÚ1�a Hankel¼ê:

H(1)
ν (x) = Jν(x) + iNν(x),

H(2)
ν (x) = Jν(x) − iNν(x).

Bessel�§�)o´�±L«¤:

H(1)
ν (x), H(2)

ν (x).
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1.4 Bessel�§�)

3. ν´�ê½��ê
Ú\1�aÚ1�a Hankel¼ê:

H(1)
ν (x) = Jν(x) + iNν(x),

H(2)
ν (x) = Jν(x) − iNν(x).

Bessel�§�)o´�±L«¤:

H(1)
ν (x), H(2)

ν (x).
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1.4 Bessel�§�)

ò Jν(x), Nν(x), H(1)
ν (x), H(2)

ν (x) Ú¡�Î¼ê,
��Xe(<�)�©a:

1�aÎ¼êµ Jν(x),
1�aÎ¼êµ Nν(x),
1naÎ¼êµ H(1)

ν (x), H(2)
ν (x).
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2.1 x→ 0Úx→ ∞��1�

�x→ 0�µ
J0(x)→ 1, Jν(x)→ 0, J−ν(x)→ ∞,
N0(x)→ −∞, Nν(x)→ ±∞.

Ïd,ÎS)¥A�� J−ν(x)Ú Nν(x),��3
Jν(x).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. Î¼ê�5
Ú©a
2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
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2.1 x→ 0Úx→ ∞��1�

�x→ 0�µ
J0(x)→ 1, Jν(x)→ 0, J−ν(x)→ ∞,
N0(x)→ −∞, Nν(x)→ ±∞.

Ïd,ÎS)¥A�� J−ν(x)Ú Nν(x),��3
Jν(x).
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2.1 x→ 0Úx→ ∞��1�

� x→ ∞�,Î¼ê�ìC1�Xe:

Jν(x) ∼

√
2
πx

cos
(
x − ν

π

2
−
π

4

)
,

Nν(x) ∼

√
2
πx

sin
(
x − ν

π

2
−
π

4

)
,

Döf êÆÔn�{ùÂ
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3. ¥ Bessel¼ê9Ù5�
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2.1 x→ 0Úx→ ∞��1�

� x→ ∞�,Î¼ê�ìC1�Xe:

H(1)
ν (x) ∼

√
2
πx

exp
[
i
(
x − ν

π

2
−
π

4

)]
,

H(2)
ν (x) ∼

√
2
πx

exp
[
−i

(
x − ν

π

2
−
π

4

)]
.

w,,§��Ñªu".
Ïd, Î	)A�¹ü��5Ã'�A),
Jν(x), Nν(x)½ H(1)

ν (x), H(2)
ν (x).

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. Î¼ê�5
Ú©a
2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
4. Î¼êA^Þ~

2.24í'X

(1) J′ν(x) = −Jν+1(x) + νJν(x)/x.

y²µ

Jν(x) =
∞∑

k=0

(−1)k

k!Γ(ν + k + 1)

(x
2

)ν+2k
,

Jν(x)
xν
=

∞∑
k=0

(−1)k

k!Γ(ν + k + 1)

(
1
2

)ν+2k

x2k,

d
dx

[
Jν(x)

xν

]
=

∞∑
k=1

(−1)k2k
k!Γ(ν + k + 1)

(
1
2

)ν+2k

x2k−1.
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2.24í'X

(1) J′ν(x) = −Jν+1(x) + νJν(x)/x.
y²µ

Jν(x) =
∞∑

k=0

(−1)k

k!Γ(ν + k + 1)

(x
2

)ν+2k
,

Jν(x)
xν
=

∞∑
k=0

(−1)k

k!Γ(ν + k + 1)

(
1
2

)ν+2k

x2k,

d
dx

[
Jν(x)

xν

]
=

∞∑
k=1

(−1)k2k
k!Γ(ν + k + 1)

(
1
2

)ν+2k

x2k−1.
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2.24í'X
- k = l + 1,K

d
dx

[
Jν(x)

xν

]
=

∞∑
l=0

(−1)l+12(l + 1)
(l + 1)!Γ(ν + l + 1 + 1)

(
1
2

)ν+2l+2

x2l+1

= −
1
xν

∞∑
l=0

(−1)l

l!Γ(ν + 1 + l + 1)

(x
2

)ν+1+2l

= −
Jν+1(x)

xν
,

=, J′ν(x) = −Jν+1(x) + νJν(x)/x.
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2.24í'X

(2) J′ν(x) = Jν−1(x) − νJν(x)/x. (y²�{Óþ.)

(3)d(1)Ú(2),�� J′ν(x)�:

Jν+1(x) −
2νJν(x)

x
+ Jν−1(x) = 0.

(4)d(1)Ú(2),�� Jν(x)�:

J′ν(x) =
1
2

[Jν−1(x) − Jν+1(x)] .
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2.24í'X

(2) J′ν(x) = Jν−1(x) − νJν(x)/x. (y²�{Óþ.)
(3)d(1)Ú(2),�� J′ν(x)�:

Jν+1(x) −
2νJν(x)

x
+ Jν−1(x) = 0.

(4)d(1)Ú(2),�� Jν(x)�:

J′ν(x) =
1
2

[Jν−1(x) − Jν+1(x)] .
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2.24í'X

(2) J′ν(x) = Jν−1(x) − νJν(x)/x. (y²�{Óþ.)
(3)d(1)Ú(2),�� J′ν(x)�:

Jν+1(x) −
2νJν(x)

x
+ Jν−1(x) = 0.

(4)d(1)Ú(2),�� Jν(x)�:

J′ν(x) =
1
2

[Jν−1(x) − Jν+1(x)] .
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2.3���Ú":¯K

���Ú":¯K

e�Îý¡kàg>.^�µµ ≥ 0.
éµ > 0, R(ρ)´ m� Bessel¼ê Jm(

√
µρ).

éÎS),�m ≥ 0.
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2.3���Ú":¯K

(1)é1�aàg>.^� R(ρ0) = 0, (ρ0�Î

��»),K Jm(
√
µρ0) = 0,=

µ(m)
n =

x(m)
n

ρ0

2

,

Ù¥ x(m)
n ´ Jm(x)�1 n�":.
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2.3���Ú":¯K

(2)é1�aàg>.^�, R′(ρ0) = 0,=

d
dρ

Jm(
√
µρ)

∣∣∣∣
ρ=ρ0
=
√
µJ′m(

√
µρ0) = 0.

eµ , 0,Kþã�du

J′m(
√
µρ0) = 0.
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2.3���Ú":¯K

(2)é1�aàg>.^�, R′(ρ0) = 0,=

d
dρ

Jm(
√
µρ)

∣∣∣∣
ρ=ρ0
=
√
µJ′m(

√
µρ0) = 0.

eµ , 0,Kþã�du

J′m(
√
µρ0) = 0.
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2
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(3)é1naàg>.^�,

R(ρ0) + HR′(ρ0) = 0,

=

Jm(
√
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Jm(x0) =
x0

h + m
Jm+1(x0),

Ù¥��� µ(m)
n =

(
x(m)

n
ρ0

)2
, x(m)

n ´þª�1 n
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(ii)":��êÃ¡õ. lìC/ª�wÑ,

Jm(x)
x→∞
−→

√
π

2x
cos(x − mπ/2 − π/4).

(iii) Jm(x) Ú Jm+1(x) �":´üü�m, �
Jm(x) ���":' Jm+1(x) ���":��
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73Ï� Jm(−x) ∝ Jm(x)
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2d4í'X:
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xm
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= −
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Ón,d,��4í'X:

d
dx

[
xm+1Jm+1(x)

]
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d¥�½n�,
d
dx

[
xm+1Jm+1(x)

]∣∣∣∣
x=ξ
= 0.

d4í'X�§d¥�½n=�Ñ:

[xm+1Jm(x)]
∣∣∣
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2.4��5!�!2ÂFourierÐm

ØÓ��� (µn, µl)�Ó�Bessel¼ê��∫ ρ0

0
Jm(
√
µnρ) Jm(

√
µlρ) ρdρ = 0, n , l.

y²ë�Ö p.215 − 217.
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� (í��Ö p.268)

[N(m)
n ]2 =

∫ ρ0

0

[
Jm(

√
µ(m)

n ρ)
]2

ρdρ

=
1
2

[
ρ2

0 −
m2

µ(m)
n

] [
Jm(

√
µ(m)

n ρ0)
]2

+
1
2
ρ2

0

[
J′m(

√
µ(m)

n ρ0)
]2

.

5µ��àg>.^��a.k'.
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[N(m)
n ]2 =

∫ ρ0

0

[
Jm(

√
µ(m)

n ρ)
]2

ρdρ

=
1
2

[
ρ2

0 −
m2

µ(m)
n

] [
Jm(

√
µ(m)

n ρ0)
]2

+
1
2
ρ2

0

[
J′m(

√
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é1�aàg>.^� Jm(
√
µ(m)

n ρ0) = 0,k

[N(m)
n ]2 =

1
2
ρ2

0

[
J′m(

√
µ(m)

n ρ0)
]2

=
1
2
ρ2

0

[
Jm+1(

√
µ(m)

n ρ0)
]2

,

Ù¥1�ª|^
4í'X.
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J′m = −
Jm√
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n H
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�Ñ��/ª�,

[N(m)
n ]2 =

1
2

ρ2
0 −

m2

µ(m)
n

+
ρ2

0

µ(m)
n H

 [Jm(
√
µ(m)

n ρ0)
]2

.
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e f (ρ)3 [0, ρ0]þëY,K

f (ρ) =
+∞∑
n=1

fn Jm(
√
µ(m)

n ρ),

fn =
1

[N(m)
n ]2

∫ ρ0

0
f (ρ) Jm(

√
µ(m)

n ρ) ρdρ.
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e f (ρ)½Â3 [0,+∞)þ,K

f (ρ) =
∫ +∞

0
f̄ (ω) Jm(ωρ)ωdω,

f̄ (ω) =
∫ +∞

0
f (ρ) Jm(ωρ) ρdρ.
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ò e
1
2 x(z− 1

z ) Ðm¤ z��?ê/ª:

e
1
2 xz · e−

1
2

x
z =

∞∑
l=0

1
l!

(
1
2

xz
)l

·

∞∑
n=0

1
n!

(
−

1
2

x
z

)n

.
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- m = l − n,K m ∈ (−∞, +∞),Ïd,

e
1
2 x(z− 1

z ) =

+∞∑
m=−∞

zm
∞∑

n=0

1
n!

(
−

x
2

)n 1
(m + n)!

(x
2

)m+n

=

+∞∑
m=−∞

zm
∞∑

n=0

(−1)n 1
n!Γ(m + n + 1)

(x
2

)m+2n

=

+∞∑
m=−∞

Jm(x)zm, 0 < |z| < +∞.
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Bessel¼ê�1¼ê: e
1
2 x(z− 1

z ).

- z = eiψ,K z − 1
z = eiψ − e−iψ = 2i sinψ,

�\1¼ê,

eix sinψ =

+∞∑
m=−∞

Jm(x)eimψ.
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¤±,

Jm(x) =
1

2π

∫ +π

−π

eix sinψe−imψdψ

=
1

2π

∫ +π

−π

ei(x sinψ−mψ)dψ

=
1

2π

∫ +π

−π

cos (x sinψ − mψ)dψ.
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3.1�5Õá)

¥ Bessel�§

r2 d2R
dr2 + 2r

dR
dr
+

[
k2r2 − l(l + 1)

]
R = 0.

�C� x = kr, R(r) =
√

π
2xy(x), ¥Bessel�§

z�l + 1
2 �Bessel�§,

x2 d2y
dx2 + x

dy
dx
+

x2 −

(
l +

1
2

)2 y = 0.
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r2 d2R
dr2 + 2r

dR
dr
+
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k2r2 − l(l + 1)

]
R = 0.

�C� x = kr, R(r) =
√

π
2xy(x), ¥Bessel�§

z�l + 1
2 �Bessel�§,

x2 d2y
dx2 + x

dy
dx
+
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(
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2

)2 y = 0.

Döf êÆÔn�{ùÂ



Ê!�§Ú½)^���Ñ

�!êÆÔn�§�©aÚ�K��úª

��!���IX¥�§�©lCþ{

��!¥!Î�IX¥àg�§�©lCþ{

�n!¥¼ê

1�oÙ!Î¼ê

1. Î¼ê�5
Ú©a
2. Î¼ê�5�
3. ¥ Bessel¼ê9Ù5�
4. Î¼êA^Þ~

3.1�5Õá)

d�§��5Õá)Ï~��e�/ª��:
Jl+1/2(x), J−(l+1/2)(x),
Jl+1/2(x), Nl+1/2(x),
H(1)

l+1/2(x), H(2)
l+1/2(x).
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½Â¥ Bessel¼ê:

jl(x) =
√

π

2x
Jl+1/2(x), j−l(x) =

√
π

2x
J−(l+1/2)(x);

¥ Neumann¼ê:

nl(x) =
√

π

2x
Nl+1/2(x);
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3.1�5Õá)

¥ Hankel¼ê:

h(1)
l (x) =

√
π

2x
H(1)

l+1/2(x);

h(2)
l (x) =

√
π

2x
H(2)

l+1/2(x).
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3.24í'X

^ zl(x)�Ljl(x), j−l(x), nl(x), h(1)
l (x), h(2)

l (x)¥
?Û�a,=

zl(x) =
√

π

2x
Zl+1/2(x),

Ù¥ Zl+1/2(x)L« Jl+1/2, J−(l+1/2), Nl+1/2, H(1)
l+1/2

½ H(2)
l+1/2.
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3.24í'X

|^±c'u Zl+1/2(x)�4í'X��:

Zl+3/2(x) − (2l + 1)Zl+1/2(x)/x + Zl−1/2(x) = 0.

½ö^ zl(x)L«¤:

zl+1(x) =
2l + 1

x
zl − zl−1.
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Zl+3/2(x) − (2l + 1)Zl+1/2(x)/x + Zl−1/2(x) = 0.
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3.3Ð�¼êL«ª

|^

J1/2(x) =

√
2
πx

sin x,

J−1/2(x) =

√
2
πx

cos x,

��

j0(x) =
sin x

x
, j−1(x) =

cos x
x

.
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3.3Ð�¼êL«ª

|^

J1/2(x) =

√
2
πx

sin x,

J−1/2(x) =

√
2
πx

cos x,

��

j0(x) =
sin x

x
, j−1(x) =

cos x
x

.
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3.3Ð�¼êL«ª

,	,�Ä�

nl(x) = (−1)l+1j−(l+1)(x),

��

n0(x) = −
cos x

x
, n−1(x) =

sin x
x
.

é¥ Hankel¼ê,k

h(1)
l (x) = jl(x) + inl(x), h(2)

l (x) = jl(x) − inl(x).
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,	,�Ä�

nl(x) = (−1)l+1j−(l+1)(x),

��

n0(x) = −
cos x

x
, n−1(x) =

sin x
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.
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3.4 x→ 0Ú x→ ∞��1�

d jl(x), nl(x)�?êL�ª,

jl(x) =
√
π

2

∞∑
k=0

(−1)k 1
k!Γ(l + k + 3

2)

(
1
2

)l+ 1
2+2k

xl+2k,

nl(x) = (−1)l+1

√
π

2

∞∑
k=0

(−1)k 1
k!Γ(−l + k + 1

2)

·

(
1
2

)−l− 1
2+2k

x−l+2k−1,
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3.4 x→ 0Ú x→ ∞��1�

��:� x→ 0�,

j0(x)→ 1, jl(x)→ 0; nl(x)→ ∞.

d x→ ∞��ìC1�:

jl(x) ∼
1
x

cos(x −
l + 1

2
π),

nl(x) ∼
1
x

sin(x −
l + 1

2
π),
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jl(x) ∼
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3.4 x→ 0Ú x→ ∞��1�

h(1)
l (x) ∼

1
x

eix(−i)l+1,

h(2)
l (x) ∼

1
x

e−ix(−i)l+1.

w,,¥	)�¹ü�Ü©,=�5Ã'�ü
�A).
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~1: p.280, No.5

1�Ú,À��IX,�Ñ½)¯K.

∇2u = 0, (­ðG�ut = 0)
u
∣∣∣∣
z=0
= u0ρ

2,

u
∣∣∣∣
z=L
= u1,

∂u
∂ρ

∣∣∣∣
ρ=ρ0
= 0.
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~1: p.280, No.5

1�Ú,À��IX,�Ñ½)¯K.

∇2u = 0, (­ðG�ut = 0)
u
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z=0
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1�Ú,©lCþ,�ÑÏ).

u(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z).
Φ(ϕ) : cos mϕ, sin mϕ; m = 0, 1, 2, · · ·

¶é¡¯K=⇒ m = 0, 74

R(ρ) : J0(
√
µρ).

d∂u
∂ρ

∣∣∣∣
ρ=ρ0
= 0 =⇒

√
µJ′0(
√
µρ0) = 0.

74ÎS)�� N0(
√
µρ).
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u(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z).
Φ(ϕ) : cos mϕ, sin mϕ; m = 0, 1, 2, · · ·

¶é¡¯K=⇒ m = 0, 74

R(ρ) : J0(
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µρ).

d∂u
∂ρ
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= 0 =⇒
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~2: p.280, No.7

1�Ú,À��IX,�Ñ½)¯K.
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u
∣∣∣∣
t=0
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ut
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t=0
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u
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ρ=ρ0
= 0.
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u = vT =⇒
{
∇2v + k2v = 0,
T ′′ + k2a2T = 0.

¤±,

T(t) : cos kat, sin kat;
v(ρ, ϕ, z) = R(ρ)Φ(ϕ)Z(z),
Φ(ϕ) : cos mϕ, sin mϕ; m = 0, 1, 2, · · · .
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